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Interface-type, analog memristors have quite a reputation for real-time applications in edge sensorics,
edge computing, and neuromorphic computing. The n-type conducting BiFeOs (BFO) is such an interface-
type, analog memristor, which is also nonlinear and can therefore not only store, but also process data in
the same memristor cell without data transfer between the data-storage unit and the data-processing unit.
Here we present a physical memristor model, which describes the hysteretic current-voltage curves of the
BFO memristor in the small and large current-voltage range. Extracted internal state variables are recon-
figured by the ion drift in the two write branches and are determining the electron transport in the two read
branches. Simulation of electronic circuits with the BFO interface-type, analog memristors was not pos-
sible so far because previous physical memristor models have not captured the full range of internal state
variables. We show quantitative agreement between modeled and experimental current-voltage curves
exemplarily of three different BFO memristors in the small and large current-voltage ranges. Extracted
dynamic and static internal state variables in the two full write branches and in the two full read branches,
respectively, can be used for simulating electronic circuits with BFO memiristors, e.g., in edge sensorics,

edge computing, and neuromorphic computing.
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L. INTRODUCTION

The advent of the Internet of Things (IoT) has trans-
formed our technologically interconnected society, leading
to a surge in the demand for computational resources. This
increase in computational needs is intimately linked with a
growth in energy consumption, a situation that is becom-
ing increasingly untenable as we approach the limitations
defined by Moore’s law. Consequently, the pursuit of more
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efficient computational methodologies has become imper-
ative for the next phase of technological advancement.
Research has pointed to innovative pathways such as the
development of improved algorithms [1-3] and the explo-
ration of alternative memory elements [4—6] that devi-
ate from conventional semiconductor technology. Such
alternative memory elements are one of the core enablers
for artificial intelligence (AI) accelerator hardware. Al
design needs to handle a lot of design corners, e.g., the
development of physical models describing the core
enabler hardware. Within this context, memristors have
emerged as a promising solution.

Memristors serve as pivotal elements with extensive
applicability [7—10] in advancing the domains of Al
[11,12], neural networks [13,14], and secure electron-
ics [15,16]. In particular, the bismuth iron oxide BiFeO;
(BFO) has attracted attention as a useful material for
interface-type, analog, and nonlinear memristors [17,18].
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BFO thin films are intrinsically n-type conducting due to
the formation of oxygen vacancy donor ions during fab-
rication. The current-voltage characteristics of BFO thin
films with two metallically conducting electrodes may
reveal hysteretic behavior. Such BFO-based structures are
called BFO memristors. The hysteretic current-voltage
characteristics of BFO memristors reveal four current-
voltage branches, two full reconfigurable write branches
with dynamic internal state variables and two full unal-
tered read branches with static internal state variables [19].
Oxygen vacancies in BFO thin films with two metalli-
cally conducting electrodes only drift between the two
metallically conducting electrodes in the two write
branches and not in the two read branches in the elec-
tric field of the applied voltage [20]. The redistribution
of oxygen vacancies in the two write branches can be
described by a rigid-point ion model [7]. In BFO memris-
tors, the diffusion of oxygen vacancies due to a chemical
or thermal gradient is suppressed by substitutional Ti**
ions trapping the oxygen vacancies. Both the quasi-Fermi-
level (Er (BFO)) and the conduction-band minimum in
BFO (E¢) depend on the distribution of the oxygen vacan-
cies and determine the internal-state variables of the BFO
memristor. Because the distribution of oxygen vacancies
does not change in the two read branches, the internal-
state variables in the two read branches are unaltered
and static. Because the distribution of oxygen vacancies
changes in the two write branches, the internal-state vari-
ables in the two write branches are reconfigurable and
dynamic. Whether the BFO memristor is operated in the
read or in the write mode solely depends on whether
the oxygen-vacancy distribution in the BFO memristor
remains unchanged or is continuously changed, respec-
tively. BFO memristors show a changing memristance in
the two full-write branches and no change of memristance
in the two full-read branches [21]. Furthermore, due to
the nonlinear current voltage curves, the resistance of the
BFO memristor is continuously changed in the two full-
read branches. Self-rectification characteristics are often
observed in memristors with reconfigurable Schottky bar-
rier, which appear in both measured and modeled data,
but the corresponding analysis is inadequate [22,23]. For
example, the study by Chen et al. [22] models experi-
mental hysteretic current-voltage curves of BFO memris-
tors only adequately at large voltages. And the study by
Yarragolla et al. [23] models hysteretic current-voltage
curves of BFO memristors adequately at small and large
voltages, but assumes a change of Schottky barrier not
only in the two full-write branches but also in the two full-
read branches. This results in inconsistencies pertaining
to the reconfiguration of the quasi-Fermi-level and to the
modulation of the Schottky-barrier height of the two metal-
lically conducting electrodes attached to the BFO memris-
tor. The model presented here correctly describes that the
Schottky-barrier height can be reconfigured only in the two

full-write branches and not in the two full-read branches.
For advancing the development of electronic circuits with
BFO memristors a clear understanding of the dependence
of internal-state parameters on the operation of BFO mem-
ristors is necessary [24]. The physical memristor model of
hysteretic current-voltage curves of interface-type mem-
ristors has to account for the dominating ion drift in the
two write branches and its influence on the internal-state
variables, which determine the electron drift in the two
read branches. Such a model will pave the way for alterna-
tive electrical and electronic devices with BFO memristors
that merge data processing and storage in the same device
cell, essentially combining memory and processing with-
out data transfer between memory and processor. Building
on this, we propose a physical memristor model where the
internal-state variables change only in the two complete
write branches, leaving the read branches unaffected. This
approach accurately reproduces the hysteretic /- charac-
teristics of n-type conducting, interface-type memristors
in both small and large bias ranges and aligns the ten-
dencies of the reconfigurable Schottky-barrier height with
theoretical band-alignment predictions.

Figure 1 offers an insightful perspective into the read
and write operation of BFO memristors. BFO is a mul-
tiferroic material with ferroelectric ordering (ferroelectric
Curie temperature 7, = 1083 K [25]) and antiferromag-
netic ordering (antiferromagnetic Néel temperature 7y =
643 K [26]). When a voltage is sourced to operate the
BFO memristor below the ferroelectric Néel tempera-
ture, spontaneous electric polarization can be reversed
and a polarization switching current flows [27]. Resistive
switching in BFO thin films with a metallically conduct-
ing bottom electrode and a metallically conducting top
electrode has been reported and attributed to ferroelec-
tric polarization current [17,28]. We observed another type
of resistive switching in BFO thin films and attributed it
to a reconfigurable Schottky barrier height of the elec-
trodes [7,29]. In this work, we focus on analyzing the
hysteretic current-voltage curves of BFO thin films reveal-
ing exclusively resistive switching due to reconfigurable
Schottky barrier heights of the electrodes and revealing
no ferroelectric switching. We call BFO memristors with
such a hysteretic current-voltage curve “memristors with
an ideal current” response [Fig. 1(c)]. The ideal current
response is obtained from experimental current-voltage
hysteresis curves [Fig. 1(a)] by subtracting the contribu-
tion of possible polarization currents due to ferroelec-
tric switching from experimental hysteretic current-voltage
curves [30]. Presented physical memristor model describes
an ideal current response and has been tested on ideal
hysteretic current-voltage curves of three different BFO
thin films [29], which we obtained by subtracting the
tiny contribution of polarization currents due to ferroelec-
tric switching from experimental hysteretic current-voltage
curves.
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FIG. 1. (a) Schematics of a current density vs voltage (J-V) characteristic curve of a BFO memristor before ferroelectric correction
(black-solid line) and superimposed schematics of a J-V characteristic curve of ferroelectric polarization current (red dotted line). (b)
Distribution of ferroelectric polarization charge and of neutral and ionized oxygen vacancies in a BFO memristor in different cases
i—iv, where the voltage is sourced to the top electrode (TE) (red-lined box) of BFO memristor with bottom electrode (BE) (green-
lined box) being grounded: case i corresponds to the end of branch 4 and the start of branch 1 at zero applied bias V= 0 V. Case ii
portrays the initiation of branch 2 and the termination of branch 1 with a maximum positive bias V" = + V.« V. Case iii represents the
commencement of branch 3 and the end of branch 2 at zero bias V' = 0 V. Case iv depicts the onset of branch 4 and the end of branch
3 under maximum negative bias V' = — V¢ V. Distribution of polarization charges (+/—) and neutral oxygen vacancies® (V,), along
with ionized oxygen vacancies = (V}, V1), is depicted from case i to case iv [green squares in (a)]. The extension of the depletion
layer of the TE and of the BE with ionized oxygen vacancies and the width of the undepleted layer with neutral oxygen vacancies is not
to be scaled. The boundary of the depletion region below the TE and the boundary of the depletion region below the BE is marked by
dotted gray lines. There are only the ferroelectric polarization charges in the depletion region. The ferroelectric switching is indicated
by a polarity change of polarization charges. The positive polarization charges (+) and negative polarization charges (—) are flipped
when going from case iv to case i [red triangles on branch 4 in (a)] and when going from case ii to case iii [red triangles on branch 2
in (a)]. (c¢) Schematics of an ideal J-V characteristic curve of a BFO memristor after ferroelectric correction (black-solid line). In this
work, we present a physical model that describes ideal J-V curves after ferroelectric correction [solid line in (c)].
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First, we analyze the change of the internal-state vari-
ables of BFO thin films with ideal current-voltage (/-V)
characteristic curves under the electric field in the two
write branches and relate it with the redistribution of
oxygen vacancies in BFO memristors. Here, the current
density J, J =1/A, with A being the area of the top
electrode (TE) of BFO memiristors is introduced, because
that way extracted internal-state parameters are indepen-
dent of the area of the TE. We show experimental current
density—voltage curves in Fig. 1(a) and ideal current den-
sity—voltage curves in Fig. 1(c). The current / flows when
the voltage V' is ramped. We use ideal J-V hysteresis
loops to extract the internal-state variables based on the
simulation. We also present the unique aspects of oxygen
vacancy drift in BFO memristor interface switching with
the metallic conducting TE and the metallic conducting
bottom electrode (BE), the TE and BE form a Schottky
contact on the BFO thin film where they are attached. The
extension of the depletion layer is indicated with a gray
scattered line in Fig. 1(b). Notably, the ideal J-V curve is
divided into four branches: branch 1 and branch 3 act as
write branches, allowing modification to the internal state
of the memristor, while branch 2 and branch 4 serve as
read branches for retrieving the internal state, which have
been written in branch 1 and branch 3, respectively. This
partitioning is essential in comprehending the underlying
operational principles of the BFO memristor. Accompa-
nying the J-V curve, visualization of the distribution of
mobile oxygen vacancies (V,, V), V;") in these differ-
ent branches under various biases is explicitly depicted in
Fig. 1(b). In particular, the figure portrays neutral oxygen
vacancies (V,) in the undepleted region and ionized oxy-
gen vacancies in the depletion layer (¥}, V'/*). Oxygen
vacancies drift only in an electric field in branch 1 and
branch 3. They drift in the direction of the electric field
and are continuously redistributed after a threshold elec-
tric field strength. The final distribution of ionized oxygen
vacancies depends on the voltage vs time ramping profile
(v = v(¢)) in branches 1 and 3. If the internal-state param-
eter at the beginning of a write branch is the same, then
always the same memristance curve (flux charge) will be
recorded for the same memristor. It does not matter how a
given distribution of ionized oxygen vacancies is reached.

In our study, we investigate four distinct current-voltage
branches 1-4. The four /-V branches differ with respect to
the distributions of polarization charges and oxygen vacan-
cies in BFO memristors. The analysis yields internal-state
variables of BFO memristors in the four /-7 branches 1-4.
Armed with these insights into the internal-state variables,
it will become feasible to design and develop electronic
circuits with BFO memristors that unify data processing
and storage functionality in the same cell without data
transfer [29], while also successfully suppressing ferro-
electric switching, thereby enhancing their applicability
and performance. In more insulating conventional BFO

thin-film scenarios, the ferroelectric current predominantly
manifests within the insulating region [28], particularly in
the area defined as the depletion region. It typically occurs
when there is an incremental increase in the potential
applied across the ferroelectric material. Contrary to this
established behavior, our observations reveal an intrigu-
ing anomaly: the insulating region in our investigation
is synonymous with the depletion region at the TE and
BE, which form a Schottky contact. Given that the poten-
tial within this region is inversely related to the applied
potential, the ferroelectric current is found to emerge as
the applied potential diminishes [22]. This unexpected
phenomenon presents another aspect of ferroelectric
current behavior, opening an alternative dimension in our
understanding of the underlying mechanics and may carry
substantial implications for the design and operation of
multiferroic memristors with interface switching where
ferroelectric switching and its contribution to the current-
voltage characteristics need to be suppressed, e.g., by
random alignment of ferroelectric polarization in poly-
crystalline multiferroic memristors [31]. The multifaceted
insights provided by Fig. 1 serve as a vital framework for
future exploration and application in the field of memristor
technology, as well as in the realm of multiferroic materi-
als and oxygen vacancies drifting under the electric field in
the write operation.

II. MODELING

From now on we use area independent internal-state
variables, which are extracted from the current density
J vs voltage curves. When examining the relationship
between current density—voltage (J-V) characteristics of
BFO memristors, we denote the layer structure of BFO
memristor as TE/BFO/BE, with TE representing the top
electrode, BFO representing the BFO layer, and BE rep-
resenting the bottom electrode. Both junctions, the top
electrode junction (TE/BFO) and the bottom electrode
junction (BFO/BE) function as Schottky barriers (Fig. 1).
Schottky barriers (Fig. 2) play an instrumental role in the
electronic properties of metal-semiconductor devices. In
Fig. 2, we specify the TE material as Au and the BE
material as Pt/Ti. Specifically, in the TE/BFO/BE het-
erostructure, potential barriers emerge at the interfaces
between the gold (Au) top electrode and the n-type semi-
conductor BFO, as well as between BFO and the Pt/Ti
bottom electrode. When a metal, like Au with a work func-
tion of ®,, = 5.15 eV [32], or Pt with a work function
of ®p; = 5.65 eV [33], contacts the n-type semiconductor
BFO with xgro = 3.3 eV [34], electron migration occurs
from the semiconductor to the metal until equilibrium
is reached through Fermi-level alignment. The oxygen
vacancies are redistributed in the two full-write branches
of the hysteretic current-voltage curves of BFO memris-
tors. It is worthwhile to note that the alignment of the
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FIG. 2. Energy-band diagrams and relevant parameters of studied TE/BFO/BE structure where the TE, BFO, and BE are not in
contact. The quasi-Fermi-level in BFO (Er (BFO)), the work functions of the TE (®1g) and BE (®pg), and the position-dependent
conduction-band minimum of BFO (E() are depicted with respect to the vacuum level (Ey,.) in (a) An intermediate state in branch
1, (b) entire branch 2, (c) an intermediate state in branch 3, and (d) entire branch 4. The susceptibility of BFO xggo is the difference
between Ey,. and Ec. Work functions and Fermi-level positions for the TE and BE are given as &1 and Er(TE), and ®gg and Ex(BE),
respectively. The barrier heights at the TE/BFO and BFO/BE interfaces are denoted as ®brg/pro and ®bprosse, respectively. The color
scheme is TE (red) for the top electrode, BFO (green) for the n-type semiconductor, and BE (blue) for the bottom electrode. Listed

are (e) the variation of the energy difference Ey,¢

— E¢ within BFO and (f) the barrier height ®; at the TE/BFO interface and at the

BFO/BE interface in dependence on the distribution of oxygen vacancies in branch 4 — branch 1 — branch 2, in branch 2, in branch
2 — branch 3 — branch 4, and in branch 4 by oxygen-vacancy concentration.

quasi-Fermi-level Er and of the conduction-band mini-
mum E¢ depends on the distribution of free carriers and
of oxygen vacancies, respectively. The dependence of the
alignment of the conduction-band minimum E¢ has been
related with the distribution of the oxygen vacancies and
the partial density of states of oxygen vacancies around
the conduction-band minimum of BFO [35]. Because of
reconfigured alignment of Er and of Ec, it is expected
that also the internal-state variables of the BFO mem-
ristor depend on the oxygen-vacancy distribution. In the
presented Fig. 2, the intricate energy-band dynamics of a
TE/BFO/BE heterostructure are meticulously showcased.
Initial sections (a) to (d) provide comprehensive band
diagrams depicting the transition and evolution of elec-
tronic states across different branches. Subsequently, (e)
and (f) sections offer insights into the influence of oxygen-
vacancy concentration on the energy difference within the
BFO at the interfaces and the barrier-height parameters.
This visualization is paramount in comprehending the cor-
relation between susceptibility of BFO, work functions,
Fermi levels, and barrier heights. The color coding further

simplifies the understanding, wherein the top electrode
(TE), the n-type semiconductor (BFO), and the bottom
electrode (BE) are represented in shades of red, green, and
blue, respectively. The figure’s comprehensive represen-
tation is pivotal for grasping the advanced principles and
nuances of TE/BFO/BE heterostructures, presenting it as a
cornerstone for researchers and experts in the domain.
The Schottky barrier’s magnitude, ®b, is determined by
the energy difference between the conduction-band min-
imum of BFO (E¢) and the metal’s work function ($rg
or &gg). Interestingly, the total density of states at the
conduction-band minimum of BFO (E¢) is only deter-
mined by the partial density of states of oxygen and
iron, and not by the partial density of states of bismuth
[35]. Missing oxygen atoms will reduce the total density
of states at the conduction-band minimum of BFO (E¢).
Therefore, in comparison to stoichiometric BFO with-
out oxygen vacancies, for stoichiometric BFO with oxy-
gen vacancies, the conduction-band minimum is shifted
upwards and increases on the energy scale with increasing
concentration of oxygen vacancies. The electron affinity
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is reduced correspondingly. Figures 2(a)-2(d) demonstrate
the variation in the energy difference between the vac-
uum level (Ey,.) and the conduction-band minimum (E¢),
as well as the energy difference between the conduction-
band minimum (E¢) and the metal’s Fermi level (Ex(TE)
or Er(BE)) for different oxygen-vacancy distributions
(branches 1-4), respectively. Qualitative values for these
energy differences provided in Fig. 2(e) shows the energy
difference between E,. and E¢, and in Fig. 2(f) presents
the energy difference between E¢ and Ex(TE) or Er(BE).
The barrier heights at the interfaces of the Au top elec-
trode/BFO and BFO/Pt/Ti bottom electrode are denoted
as ©,(TE/BFO) and ®,(BFO/BE), respectively. Because
oxygen vacancies are intrinsic donors in BFO, when
being redistributed they consequentially modify the align-
ment of the quasi-Fermi-level in n-BFO [Figs. 2(a)-2(d)].
Therefore, the energy difference between the conduction-
band edge and the Fermi level in BFO, labeled as
Ec — Ep, is regulated by the oxygen-vacancy distribu-
tion. In essence, the Schottky barriers at the Au/BFO and
BFO/Pt/Ti interfaces significantly impact the electronic
properties of the heterostructure. Their heights are not only
contingent upon the materials’ work functions but are also
affected by internal factors like the oxygen-vacancy dis-
tribution and the donor-quasi-Fermi-level concentrations
in BFO. Comprehensive understanding of these potential
barriers is pivotal for predicting and enhancing the perfor-
mance of devices stemming from such TE/BFO/BE layer
structures.

Figure 3(a) shows an example a linear voltage-time pro-
file. The voltage-time profile determines the dynamics of
internal parameter changes in the two full-write branches.
However, it does not influence the internal parameters
in the two full-read branches with their unique relation
between applied voltage and applied current, which does
not depend on the charge flown and the history of the
voltage during read operation. Applied voltage sweep is
classified into four current-density branches, 1 (branch 1,
0 to +Vmax), 2 (branch 2, +V.x to 0), 3 (branch 3, 0 to
—Vmax) and 4 (branch 4, —Vyax to 0). The correspond-
ing equivalent circuits are shown in Fig. 3(b) and used
to model measured current density—voltage curves of three
BFO memristors (Fig. 2 in Ref. [29]).

The corresponding equivalent circuits are shown in
Fig. 3(b) and used to model measured current den-
sity—voltage curves of three BFO memristors (Fig. 2 in
Ref. [29]). If, for a given depletion layer, the leakage
resistance R, X A is very large, the leakage resistance can
be neglected in the analysis of the corresponding Schot-
tky barrier. Current flow over the leakage resistance R, X
A in the depletion layer of the top electrode [branch 2
in Fig. 3(b)] or over the leakage resistance Ry X 4 in
the depletion layer of the bottom electrode [branch 4 in
Fig. 3(b)] can be neglected if the concentration of oxy-
gen vacancies is small. The extracted leakage resistance

Rs X A in the depletion layer with large concentration of
oxygen vacancies, i.e., in the depletion layer of the bot-
tom electrode [branch 2 in Fig. 3(b)] and in the depletion
layer of the top electrode [branch 4 in Fig. 3(b)] are
listed in Table I and range between a few to hundreds
of k mm?. Also, the Schottky barrier depends on the
concentration of oxygen vacancies [36,37]. The promi-
nent physical parameters describing the Schottky barriers
are the reverse saturation current density (Js) and the ide-
ality factor (n). These parameters are integrated into the
Schottky-barrier equation, J; oc e~ @8/%8D) a5 follows:

ksT . (J
V;:an(—H), (1)
q Js

where ¢p, J, J;, q, Vi, n, kg, and T are barrier poten-
tial, current density, reverse saturation current density, the
charge of an electron, voltage drop across the barrier, ide-
ality factor, Boltzmann constant, and temperature. The
reverse saturation current density (Jy) provides insight into
the minority carrier activities, while the ideality factor
(n) quantifies the divergence of the Schottky diode’s real
behavior from the ideal Schottky diode.

In the present study, we also address the influence of the
position-dependent quasi-Fermi-energy Er in the n-type

Ness (TE) R, (TE)xA Ness (BE) R, (BE)xA
(a) Voltage (V) 2 1 (88)
+Vmax
)z <

Time (s)

» %
-V,

max

(b) Branch 1

Branch 2

Branch 3

Branch 4

FIG. 3. [Illustration of the linear voltage sweep and its corre-
sponding equivalent circuit for the four distinct branches: branch
1 (0 V to +Vpax), branch 2 (+Vyax to 0 V), branch 3 (0 V
to —Vmax), and branch 4 (—Vyax to 0 V). The equivalent cir-
cuit includes a description of two Schottky diodes with ideality
factor (nef) and reverse saturation current (J), along with a par-
allel leakage resistor (R;). The TE/BFO and BFO/BE include the
interface between BFO and the top electrode and between BFO
and the bottom electrode, respectively. Black crossed-over lines
within the diagram represent an insignificant circuit element for
the specific branch under consideration. For example, the resistor
in the connection TE/BFO is an insignificant circuit element in
branch 1.
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You et al. [29] where (a),(d) are sample 1, (b),(e) are sample 2, and (c),(f) are sample 3. J in (a)~(c) is in log scale and (d)—(f) is in
linear scale. Switching directions of the samples are 1 (branch 1) — 2 (branch 2) — 3 (branch 3) — 4 (branch 4). (1, 3) and (2, 4)

correspond to WRITE and READ branches, respectively.

BFO layer as demonstrated in the energy-band diagrams
of Fig. 2, on the ideality factor n. It has been observed
that » is contingent upon the recombination mechanisms
and remains constant provided that the energy difference
Ec — Er between the conduction-band minimum and the
donor quasi-Fermi-energy within the BFO remains uni-
form throughout. However, as the energy diagrams in
Fig. 2 parts (a) and (d) indicate, the presence of oxygen-
vacancy drift introduces variability in Ec — Ep at the
interface of the TE/BFO/BE layer structure. This variation
and also the variation of Ergroy in (b) and (c) necessi-
tates a revision of the conventional ideality factor n to
incorporate a dependency on the applied voltage, as the
band-alignment changes dynamically fluctuate due to the
dynamic drift of oxygen vacancies. Consequently, a mod-
ification to the ideality factor is proposed as a function of
voltage, allowing for a more nuanced understanding of the
Schottky-barrier behavior in the presence of nonuniform
oxygen-vacancy distribution in the BFO layer and result-
ing nonuniform alignment of the donor-quasi-Fermi-level
Er@®ro) (Fig. 2).

Instead of relating the ideality factor with the total
applied voltage across the TE/BFO/BE structure, we
introduce a current-density-dependent effective ideality
factor, denoted as n.g. This effective ideality factor
accounts for the voltage drop across the specific contact
under investigation. The relationship between the effective

ideality factor, voltage drop across the barrier V;, and
current density J is given as follows:

Heg = n 4 (k < V3),

keT [ J
neﬂ=n<1+kiln<—+1>>.
q Js

Here, n is the conventional ideality factor from Eq. (1)
and k (V') is the proportionality constant. This refor-
mulation offers a more targeted description of the device
behavior, thereby enhancing the precision of the mod-
eling and analysis specific to the contact configuration
of interest. This approach paves the way for more accu-
rate simulations and optimizations in various applications
where the understanding of contact-specific behavior is
crucial.

The TE/BFO junction is modeled as a forward-biased
Schottky diode (FB), and the BFO/BE junction as a
reverse-biased Schottky diode (RB), under conditions
where the TE is positively biased and the BE is grounded
(Fig. 3(b), branch 1 and branch 2). Conversely, when
the TE is negatively biased and the BE is grounded, the
TE/BFO junction is represented by a reverse-biased Schot-
tky diode and the BFO/BE junction by a forward-biased
Schottky diode (Fig. 3(b), branch 3 and branch 4).

(22)

where

(2b)
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Figure 4 shows double hysteresis switching characteris-
tics of BFO memristor samples. The measured /-7 data
was taken from You et al. [29]. BFO memristor shows
an interface switching, the physical model parameters pre-
sented do not depend on the area of TE and BE. Therefore,
we took the area (4 = 4.53 x 1072 mm?) of TE to model
the current density J (J = [/A4)—voltage (V) (red solid
lines) characteristics and extract the physical model param-
eters in terms of J and RA. The branches corresponding to
WRITE branches are 1 and 3 and READ branches are 2
and 4. WRITE branches are characterized by the applica-
tion of high-voltage ramping and the memristor is switched
from one stable state (high resistance state) to the other
(low resistance state). By applying opposite polarity, the
resistance state (low resistance state) of READ branches
(2,4) can be reversed. A circuit model is developed with a
set of Eq. (3) to simulate the effect of different distributions
on the oxygen vacancies on the switching characteristics
of BFO samples. In the following, we apply the pre-
sented simulation model to the current density—voltage
hysteresis loops of three different BFO memristors. We
call J-V curves with a hysteresis in the first and third
J-V quadrant double J-V hysteresis. Those BFO memris-
tors with double J-J" hysteresis have been fabricated and
investigated in a previous work [29] to demonstrate the
reconfigurability of BFO memristors into the 16 Boolean
logic gates. This was a key step towards data process-
ing and storage in the same memristor device without
data transfer. However, only now can one estimate the
power consumption, speed, size, and cost of electronic
|

All branches

k
eff B
Hgp = (nRB + nrgkrp—— In

JDRB = SRB[J] (eA - 1) s

kgT

ney = ("FB + nFBkFBT In

kgT
ff
V= ngh o

( J
In
q Ssppl/]

In Eq. (3), we present a comprehensive mathematical
description of the J -V characteristics of a memristor, mod-
eled as a series combination of a forward-bias diode and
a reversed-bias diode. The effective ideality factors for the
reverse- and forward-biased diodes are represented by Sk
and nﬁflg, respectively, as shown in Egs. (3a) and (3¢c). These
effective ideality factors incorporate both the original ide-
ality factors (ngrp and ngg), the proportionality factors (krp
and kgg), and the thermal voltage (kzT/q), modified by
the current density (J) and the saturation current densities
(Jsgp and Jy) of the respective diodes similar to Eq. (2b).

circuits with BFO memristors using the presented phys-
ical model for electronic design automation simulations.
The experimental current density—voltage hysteresis loops
of the three different BFO memristors presented only in
Ref. [29] contain small contributions from the ferroelectric
polarization current density. We removed the ferroelec-
tric polarization current density and obtained an ideal
current density (Fig. 1). In the following, we report in
detail on the extraction of the internal state variables
[Fig. 3(b)] from the double J-V hysteresis with, branches
1-4 [Fig. 1(c)].

A comprehensive investigation of the double J-V hys-
teresis (Fig. 4) reveals two prominent resistance states,
necessitating two distinct input signals for transition
between them, as evidenced by the experimental data in
Ref. [29]. The measured J-V characteristic curves of sam-
ple 1, sample 2, and sample 3 from You et al. [29] are
depicted in Figs. 4(a)-4(c) on a logarithmic scale and
in Figs. 4(dy4(f) on a linear scale, after the subtrac-
tion of ferroelectric current density if necessary. Actually,
the ferroelectric contribution of sample 1 and sample 3
is negligible and only the J-J curve of sample 2 shows
a contribution from the ferroelectric polarization current
in the small voltage range. We provide an ideal current
density—voltage (J-V) data set, derived from the data as ini-
tially reported in You et al. [29]. Branch labels, 1-4, have
been included in both types of representations. The behav-
ior of the memristor can be partitioned into two diodes,
specifically, the forward-bias diode and the reverse-bias
diode, which is expressed by the following equation:

—Jp
In{ —2_+1)), 3
q (JSRB[—J] )) Gy
_ —qVrs
where A = neR%kBT, (3b)
J
(JSFB[J] + 1>) , and (3¢)
+ 1) + (J — JIpggl/]) X RrplJ] x 4. (3d)

(

In Eq. (3b), the current density through the reverse-
biased diode (Jpgg) is expressed as a function of the
applied voltage across the reverse-biased diode (Vgg), the
effective ideality factor (nSL), and the saturation current
density (Jszp)-

Finally, the overall voltage (V) across the memristor is
described in Eq. (3d) as a function of the current density
(), the effective ideality factor (nf;g), the saturation cur-
rent density (Jy;), the current density through the reverse
biased diode (Jpgy), the resistance of the reverse-biased
diode (Rgrg), and the area of the top electrode (4).

034028-8



TRANSPORT PROPERTIES OF INTERFACE-TYPE ANALOG... PHYS. REV. APPLIED 22, 034028 (2024)

TABLEI. Physical model parameters of samples 1—3 in branches 14, detailing the characteristics between the TE/BFO and BFO/BE
interfaces in forward-bias and reverse bias. Modeled parameters # and & are associated with the n. as described in Eq. (2). The current
density (J), reverse saturation current (Jy), and a log(Jy)/d log(J) is a proportionality constant are extracted from the modeled Egs.
(A1)~(A4) The leakage resistance (Ry) is multiplied with contact area (4 = 4.53 x 102 mm?). The extracted parameters do not depend
on the contact area. This representation is useful for memristors with interface switching. Subscripts TE and BE are inserted for #, £,
Js, Ry, and 0 log(J;)/d log(J) to represent top-electrode and bottom-electrode parameters.

TE/BFO BFO/BE BFO/BE TE/BFO
(11&2}—-TEFB,314—TERB)(11&2] — BERB)(+3&4 | — BE:FB,1 + - BE:RB) (3 1 &4 | — TE:RB)
Branch nTE kTE JSTE J :]OIgo(gJ(S}‘)E) RSBE.A d 1601go(§g]B)E) NBE kBE JSBE 9 golgo(gjil/a)E) RSTE A 9 15>ﬁ’(§})5)
V-'  nA/mm? k2 mm? V! nA/mm? k2 mm?
Sample 1
11 32.00 0.30 540.84 +0.45 21.34 —0.81 4.88 0.01 234.00
2] 24.00 2.75 540.84 21.34
31 24.00 60.00 540.84 e 23.00 0.40 234.00 +0.40 2.58 —-0.99
4] e e e 4.88 19.6 234.00 e 2.58 e
Sample 2
11 16.00  0.20 624.72 +0.65 3.64 —0.80 11.40 6500.00 206.62
2 15.80 0.33 624.72 3.64
31 15.80 4000.00 624.72 16.00 0.15 206.62 +0.20 25.55 —0.93
4] 1140 2.42 206.62 25.55
Sample 3
11 19.00 0.16 103.09 +0.30 2.17 —0.90 6.85 0.1 7.04
2] 924 450 103.09 2.17
3t 9.24 1200.00 103.09 e 19.00 3.30 7.04 +0.25 126.84 -1.10
4] e e e 6.85 18.10 7.04 ‘e 126.84

Together, these equations provide a comprehensive
mathematical framework with physical parameters for
understanding and modeling the electrical characteris-
tics of write and read states of memristors, represented
as a series combination of forward and reverse-biased
diodes.

(1) Write branch 1 and 3: The write branches are char-
acterized by the redistribution of oxygen vacancies under
applied write voltage. In write branch 1 oxygen vacancies
are drifting from the TE to the BE. And in write branch 3,
the oxygen vacancies are drifting from the BE to the TE.
The redistribution of oxygen vacancies changes the align-
ment of the quasi-Fermi-level in BFO with respect to the
conduction-band minimum and with that also the internal-
state parameter of the barrier height at the TE/BFO and at
the BFO/BE interface. The other changing internal param-
eters are g, Js, and Ry as a function of current density J
in Eq. (3).

(2) Read branch 2 and 4: This voltage does not redis-
tribute the oxygen vacancies as long as maximum ampli-
tude of read voltage is not larger than the maximum voltage
of previously applied write voltage. Distribution of oxygen
vacancies will occur only if a voltage of opposite polarity
in comparison to the previously applied write voltage is
applied to the BFO memristor. This again corresponds to
the voltage ramping in a write branch. The current density

at any voltage is accurately described by the internal-state
parameters, i.e., by the internal-state variables at the largest
bias of branch 1 for branch 2 and by the internal-state vari-
ables at the largest bias of branch 3 for branch 4: J; and
R,. However, the ideality factor niL here is dependent on
the voltage drop across the forward-bias Schottky contact

(Eq. 2)).

II1. METHODS

The fitting procedures for branches 1—4, as delineated
in Eq. (3), were executed using Python in distinct
methodologies to optimize accuracy and efficiency. Read
branch 2, defined in Eq. (3b), and read branch 4, as per
Eq. (3d), were subject to an automated fitting process.
This approach leveraged the least_squares function
in Python, a robust optimization tool commonly employed
in computational data analysis. The function iteratively
minimized the residuals between the observed data and
the model predictions, adjusting the parameters to best
fit the empirical observations. Conversely, write branch 1
(Eq. 3a) and write branch 3 (Eq. 3c) necessitated an iter-
ative manual fitting approach. Such a manual approach is
particularly beneficial in cases where the model behavior
is complex or nonlinear, as it permits a more tailored fit to
the dataset.
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IV. RESULTS

The interface switching in memristors is affected by the
physical properties of the memristor material involved, and
the relationships between the current density J and volt-
age V. The internal-state variables of the memristor are
crucial to understand its behavior and to develop electronic
circuits with memristors, e.g., Al accelerators. The pre-
sented equations in the appendix, Eqgs. (A1)}+(A4), and the
parameters listed in Table I are related to the analysis of
interface switching in three different BFO memristors.

Table I presents a comprehensive overview of the phys-
ical model parameters pertaining to the three BFO mem-
ristors (samples 1-3) as they relate to four operational
branches (1 1, 2 |, 3 1, 4 |). These branches represent
the intricate interactions occurring at the interfaces of
the TE/BFO and BFO/BE under varying bias conditions,
encompassing both forward and reverse biases. It is worth
highlighting that the parameters »n and k& employed in our
modeling are intricately linked to the effective parameter
nefr, as elaborated in Eq. (2).

Specifically, within branches 1 1 and 2 |, the TE/BFO
interface operates as a forward-bias diode, while the
BFO/BE interface functions as a reverse-bias diode [refer
to Egs. (A1)+(A4)]. Conversely, in branches 3 1 and 4 |,
this configuration is reversed, with the TE/BFO acting as
RB and BFO/BE as FB diodes. In the context of branches
2 ] and 4 |, it is noteworthy that the parameters n, k,
Js, and R, exhibit no discernible variation in response to
applied voltage changes. These parameters remain con-
stant, underscoring their stability in these specific opera-
tional conditions. In contrast, within branches 1 1 and 3 1,
we observe that the parameters n, k, and J; for the RB
diode remain unchanged over small voltage ranges, typi-
cally below 2 V. Furthermore, above 2 V, any variation in
these parameters with applied voltage is deemed negligible
for our modeling purposes. Notably, the parameters » and
k for the FB diode hold validity across all voltage ranges in
these branches and remain unaltered by changes in applied
voltage.

It is crucial to emphasize that the voltage-dependent
parameters in these branches are J; (FB) and R; (RB).
We observe that the logarithm of J; is directly propor-
tional to the logarithm of J, while the logarithm of R;
is directly proportional to the negative logarithm of J.
The precise proportionality constants governing these rela-
tionships are meticulously documented in Table I, as
0 log(Jste orBe)/0 log(J) and 0 log(RstE orBe)/0 log(J),
respectively. For a given cycle of resistive switching (RS)
in 2D memristors, which exhibit significant cycle-to-cycle
(C2C) variability, Spetzler et al. [38] also determined
a proportionality constant between log/; and log/ [38].
Given the negligible C2C variability in BFO memristors,
all parameters in Table I, including the proportionality con-
stant between log /; and log I, are applicable for all cycles

of RS in BFO memristors. It is noteworthy that as volt-
age increases, the barrier height of the FB diode decreases
(Jy increases), while the leakage resistance R; of the
RB diode decreases correspondingly. Consequently, there
exists an inverse relationship between the leakage resis-
tance R, of the RB diode and the barrier height of the RB
diode, with both parameters exhibiting voltage-dependent
behaviors.

Furthermore, our investigation revealed intriguing
insights into the behavior of these diodes as a function
of voltage. The order of change in the resistance param-
eter, denoted as Ry, of the reverse-bias diode is directly
correlated with the maximum electrical current (J) at both
the maximum positive voltage, denoted as +Vp,x, and the
maximum negative voltage, denoted as — V. This rela-
tionship can be exemplified by comparing our findings for
samples 1, 2, and 3, as illustrated in Fig. 4 and documented
in Table 1. For instance, at + V., wWe observed R, values
of 21.34 kQ mm?, 3.64 kQ mm?, and 2.17 kQ mm? for
samples 1, 2, and 3, respectively, while the correspond-
ing maximum J values were 1.35 x10~* A/mm?, 1.24
%1073 A/mm?, and 1.46 x 1073 A/mm?. Similarly, at
—Vmax, Ry values were 2.58 k2 mm?, 25.55 kQ mm?,
and 126.84 kQ mm? for the same samples 1, 2, and 3,
respectively, with corresponding maximum absolute J val-
ues of 8.74 x 1073 A/mm?, 1.75 x 10~* A/mm?, and
1.38 x 107> A/mm?.

Figure 5 shows the extracted parameters from Egs.
(A1)Y+A4). The extracted parameters for TE and BE
are shown in red and blue color, respectively. Fig-
ures 5(a)-5(c) show simulated voltage drop over sample
(TE/BFO/BE), and over junctions (TE/BFO and BFO/BE)
for current density J. The effective ideality factor param-
eter, denoted as n.s (Eq. (2)) and Jg, at the interfaces
of TE/BFO and BFO/BE during the transition between
operational branches (14— 2 |—> 31— 4|—11),is
depicted in Figs. 5(d)}-5(f) and in Figs. 5(g)-5(i), respec-
tively. The n.g and J; are parameters that influence
one another as they belong to the same diode. Simi-
larly, for reverse-bias diodes, the parameter R; is repre-
sented by solid lines in Figs. 5(G)-5(1). It is useful to
note that the dotted lines in the figure represent esti-
mated variations in an unknown branch, and these esti-
mates may not be perfectly accurate. J; typically changes
only above 2 V and R; also generally changes above
1 V, signifying the influence of the oxygen vacancy
drift only after a threshold has been reached. As illus-
trated in Figs. 5(g)-5(i), the saturation current density J;
exhibits a plateau beyond a certain high-voltage thresh-
old, indicating a stabilization in its value despite fur-
ther voltage increases. This behavior is in agreement
with the intermediate stages presented in Fig. 2, where
the ferroelectric diode barrier height ®B has reached its
minimum level, particularly at the BFO/BE interface in
branch 3, and the TE/BFO interface in branch 1. These
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(a)«c) Modeled current density versus voltage (J-V) curves for the BFO memristor with two depletion regions

(TE/BFO/BE), top electrode Schottky contact (TE/BFO), and the bottom electrode Schottky contact (BFO/BE). The modeled parame-
ters (d)(f) nerr, (g)—(1) Js, and (j)1) R, are shown as a function of voltage for samples 1-3. The physical model parameters encompass
the ideality factor (n.s), the reverse saturation current (J;), and the leakage resistance (R;). Extracted parameters for TE and BE are

shown in red and blue color, respectively.

insights are pivotal for simulating electronic circuits with
interface-type memristors tailored for particular applica-
tions.

In conclusion, the analysis of Table I and Fig. 5
reveals crucial characteristics of the three distinct mem-
ristor samples across the four different operation branches
1-4. These insights are pivotal for optimizing memris-
tor performance and can inform the design of memristors
with specific characteristics tailored for particular applica-
tions.

V. CONCLUSIONS AND OUTLOOK

A physical memristor model of hysteretic current-
voltage curves of the interface-type BFO memristor with
hysteretic current-voltage curves has been developed. It
assumes a change of internal-state variables in the two
write branches due to dominating ion drift and no change
of the internal-state variables in the two read branches
where electron drift dominates. Primarily, the interface-
type BFO memristor has been considered as a system
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with two Schottky diodes in series. Every Schottky diode,
the Schottky diode forming a depletion layer at the
bottom electrode (BE) and the Schottky diode form-
ing a depletion layer at the top electrode (TE), is
described by an ideal Schottky barrier and a leak-
age resistance in parallel. The Schottky barrier and
the leakage resistance of the reverse or forward Schot-
tky diode at the TE and of the forward or reverse
Schottky diode at the BE have been analyzed. Reported
changes of barrier heights and leakage resistance correctly
describe the current flow through the reverse or forward
Schottky diode at the TE and the forward or reverse
Schottky diode at the BE. Our findings rectify a
previously misconstrued model of the Schottky barriers in
interface-type, analog memristors, highlighting that both
electrodes possess barriers, albeit one being dominantly
shunted by the parallel leakage resistance. The redistribu-
tion of oxygen vacancies in the n — BiFeO3 (BFO) layer
and its effect on the position-dependent band alignment
of the conduction-band minimum and of the quasi-Fermi-
level in BFO have been meticulously analyzed. It is the
difference between Ec- and Ep at the TE/BFO interface
that influences the barrier height of the Schottky barrier
at the TE and it is the difference between E- and Er at
the BFO/BE interface that influences the barrier height of
the Schottky barrier at the BE. A redistribution of oxygen
vacancies will occur only and affect E¢ and Er and leakage
resistance in the write branches 1 and 3. Our analysis has
shed light on the correct dependence of Schottky-barrier
height on the branch type being either write branch 1
and branch 3 or read branch 2 and branch 4. This marks
a significant stride towards a physical memristor model
describing the internal-state variables at every point of the
hysteretic current-voltage curves of interface-type, analog
memristors.

The insights garnered from the presented study not only
contribute to the burgeoning literature on memristor tech-
nology, but also pave a promising avenue for the use of
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such interface-type, analog, and nonlinear memristors in
electronic circuits for Al accelerators. Using the presented
physical memristor model for electronic design automation
simulations, the power consumption, speed, size, and cost
of the electronic circuit can be estimated and compared
with standard CMOS solutions.
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APPENDIX A: J-V CHARACTERISTIC
EQUATION FOR ALL BRANCHES

In Egs. (Al1)+(A4), we present a detailed mathemat-
ical framework for different branches of a memristor’s
J-V characteristics. Each branch corresponds to a different
operational state of the memristor: write or read, as indi-
cated by the up arrow (1) for write branches and down
arrow () for read branches, and each branch has a unique
set of parameters.

For branch 1 (Eq. (A1)), the equations describe the oper-
ation during a write operation (indicated by the superscript
1 1) where n$T and rST are the effective ideality factors for
the BE and TE dlodes respectlvely, and Jpg;, is the current
density through the BE diode. V' is expressed as a function
of the current density J, effective ideality factors, and other
parameters.

Branch 2 (Eq. (A2)) describes the operation during a
read operation (indicated by the superscript 2 |), where
nlE is the effective ideality factor for the TE diode, and V/
is calculated based on the current density J, n, and other
parameters. The following are equations for read (2 and 4)
and write (1 and 3) branches:

)
——+1)), (Ala)
Tope =71 :
where A = —4Ve (A1b)
nBEkBT

J + 1)) d Al
T ] , an (Alc)
+ 1) + (J — JIpgp[J]) x ReelJ] x 4. (Ald)
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Branch 2
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kT . ([ —J,
st = (nTE + 3Tk3T 2 In ( Dre 1)) (A3a)
JsrelV]
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BE ( BE BE BE q JSBE [J]
i ksT
V=ndl x == In + 1)+ (J = JplJ] x RrelJ] x 4. (A3d)
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Branch 4
ksT —J
nBE = <n;§§ ns kb =2 n(— + 1)) and (Ada)
61 ISBE[_JmaX]
ksT —J
V=—nx =—In (— + 1) +J X Rrg[—Jmax] X A. (A4b)
off q JSBE[_JmaX] T

For branch 3 (Eq. (A3)), similar to branch 1 but for a
different segment of the write operation (indicated by the
superscript 3 1), n< and nS are the effective ideality fac-
tors for the TE and BE dlodes, respectively, and Jp,; is the
current density through the TE diode.

Finally, branch 4 (Eq. (A4)) corresponds to another read
operation (indicated by the superscript 4 |), where nffl?
is the effective ideality factor for the BE diode, and V is
calculated based on the current density J, nSr, and other
parameters.

Together, these equations describe the memristor’s
I-V characteristics for different operational states (write or
read) and enable a detailed understanding and modeling of
the memristor’s behavior.
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