
PHYSICAL REVIEW APPLIED 22, 034026 (2024)

Exceptional points in time-varying oscillators with enhanced sensing sensitivity
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We explore the exceptional points (EPs) in mass-spring oscillators with time-varying stiffness. The
second-order EPs result from the coalescences of the fundamental and harmonic eigenmodes that can be
achieved by a time modulation of the spring stiffness. The occurrence of EPs is first demonstrated in a
theoretical model by solving the eigenvalue problem with the state-space method. The signature of the EP
can be seen in the response spectrum when the system is subjected to an external excitation. The undamped
and damped cases are both considered in this mass-spring oscillator, and the impact of the damping ratio
and modulation amplitude on the EPs is systematically investigated. Based on an analogy of the equation
of motion with the Mathieu differential equation, we discuss the stability of the undamped time-varying
system under different modulation parameters and explore its connection to the EP phenomenon. As a
typical property of a second-order EP, the square-root dependence of the frequency splitting response to a
perturbation is studied by introducing an added mass. In a second part, the above theoretical concepts are
established by simulation methods in an elastic solid mass-spring model and an equivalent time-varying
stiffness is realized by shunting a piezoelectric patch with switch-controlled external negative capacitance
circuits. This work should pave the way for applications of crack or perturbation detection in elastic media
and inspire other elastic wave modulation functions in time-varying systems.

DOI: 10.1103/PhysRevApplied.22.034026

I. INTRODUCTION

In the field of wave physics, increasing attention is being
paid to the study of non-Hermitian systems, which are
closer to reality in terms of energy exchange than conser-
vative Hermitian systems [1–3]. The introduction of gain
and loss results in complex parameters of the systems,
exhibiting unusual physical properties and wave effects
[4–7]. The exceptional point (EP) is a non-Hermitian
degeneracy where the spectrum is transformed from pure
real to complex conjugate [8], which reflects the simultane-
ous coalescence of the eigenfrequencies and eigenmodes in
a finite structure [9–11] and of the eigenvalues and eigen-
vectors of the scattering matrix in a waveguide structure
[12,13]. Most studies on EPs are based on parity-time (PT)
symmetric systems with balanced gain and loss and the EP
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represents the transition point from symmetry being con-
served to being broken [7,14,15]. There are many related
studies of intriguing properties and applications, such as
unidirectional invisibility [16,17], laser mode selectiv-
ity [18], asymmetric mode switching [19], and enhanced
sensitivity [20–22].

Recently, the sensitive response of EPs to perturba-
tions has attracted increasing attention for high-precision
sensing applications [23]. It has been demonstrated that
a tiny perturbation of an nth-order-EP system can cause
lifted degeneracy, resulting in frequency splitting behav-
ing as the nth root of the perturbation, and thus a response
that is superior to the linear response in a Hermitian
system [24–26]. This has inspired many detection and
sensing methods based on EPs, for instance, nanoparti-
cle detection in a microcavity [27–29], crack detection
in elastic media [25,30], deposited mass detection [9,22],
and the sensing of minor changes of a coupling capaci-
tor in a sixth-order-EP circuit [31]. These methods are all
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established in time-invariant systems, without time being
set as a modulation parameter. However, introducing time
as an independent variable will give wave regulation a
new degree of freedom. For instance, in artificial struc-
tures, research on temporal or spatiotemporal modulation
structures is emerging with many functional applications
[32–36], such as frequency conversion [37], nonrecipro-
cal mode transition [38], nonreciprocal wave propagation
[39–44], parametric amplification [45], and unidirectional
amplification [46].

The EP phenomenon with time modulation in finite
structures has been the subject of a few investigations.
Recently, Kazemi et al. proposed an LC circuit with peri-
odic time variation for EP construction and theoretically
derived the EP’s existence condition without gain and loss
elements [47]. Only one resonator is needed to construct
the EP in the time-modulated system, in contrast to the
PT-symmetric system where two coupled resonators are
needed to produce gain and loss effects. This design route
inspired Yuan et al. to perform an analogous scheme in a
mechanical system, namely a resonant structure with time-
varying mass, that demonstrates the existence of an EP
and the capability for detecting defects in elastic materials
[48]. Koutserimpas et al. studied a temporally depen-
dent dynamic medium interacting with electromagnetic
waves and linked the resulting energy transitions with
EP theory [49]. Multiphysical interaction is a common
way to practically design time-modulated elastic struc-
tures and realize abnormal wave effects. A few examples
are an elastic beam with an integrated shunted piezoelec-
tric patch array [50,51], stiffness variations induced by
motor-driven geometrically phase-shifted resonators [43],
and an elastic beam embedded with ac-programming per-
manent magnets [52]. Trainiti et al. proposed a practical
scheme to experimentally implement stiffness modulation
via shunted piezoelectric patches controlled by a switching
circuit and realized the frequency-selective reflection of a
waveguide [53]. For a deeper understanding of the effect
of time-modulated parameters on mechanical resonances,
the conditions and mechanisms that induce EPs should be
further explored.

In this work, based on the concept of modulating the
stiffness of piezoelectric patches, we devised an equiva-
lent piezoelectric spring with time-varying stiffness which
we used to explore the EP phenomenon and its applica-
tion for the detection of small perturbations. This design
is based on the prior development of a theoretical mass-
spring model that we explain first. The manuscript is
organized as follows. In Sec. II, we theoretically derive
the EP’s existence for the mechanical oscillator with time-
varying stiffness by the state-space method. In Sec. III, we
combine the Mathieu equation to derive the stability condi-
tion of the undamped time-varying system, and discuss the
relationship between the EP and the stability threshold dur-
ing parameter modulation. In Sec. IV, the response spectra

under an external excitation are obtained with both a the-
oretical and a simulated model. In Sec. V, we introduce a
constant damping into the time-varying system and inves-
tigate its influence on the EPs and spectral responses. In
Sec. VI, we explore the detection capability of the design
at the EP by adding a small perturbing mass, and demon-
strate the square-root behavior of the frequency splitting
by both theoretical calculation and simulation. Section VII
proposes a practical scheme with a shunted piezoelectric
patch to realize the EP and perturbation detection. Finally,
we summarize this work in Sec. VIII.

II. EP INDUCED BY AN OSCILLATOR WITH
TIME-VARYING STIFFNESS

We consider a mass-spring mechanical oscillator with
mass M and time-varying stiffness K(t), as shown in
Fig. 1(a). The time variable is introduced in the cosine form
as K(t) = K0[1 +α cos(ωmt)], where α and ωm represent
the modulation amplitude and the modulation frequency,
K0 is the original stiffness, and ω0 = √

K0/M the natural
frequency. To obtain the evolution of the eigenfrequen-
cies of the time-modulated system, we use the state-space
method to solve the eigenvalue problem [48]. The equation
of motion of the system can be written as follows:

M
d2u(t)

dt2
+ K(t)u(t) = 0. (1)

We choose two independent state variables to describe
the two-level system; namely, the state vector is s = [du/dt,
u]T. Then Eq. (1) can be equivalently given by the follow-
ing state function:

d
dt

s(t) = H(t)s(t), (2)

with

H(t) =
⎡
⎣0 − 1

M
K(t)

1 0

⎤
⎦ . (3)

The state vector changing from t0 to t can be expressed
as s(t) = T(t, t0)s(t0), where T(t, t0) is the state transition
matrix, and note that T(t0, t0) = I (I is the unit matrix of
rank 2). By substituting the state vector into Eq. (2), the
evolution of the equation of motion can be obtained as
follows:

d
dt

T(t, t0) = H(t)T(t, t0). (4)

If we consider the evolution in one modulation period (t,
t + T) with T = 2π /ωm, the state vector can be similarly
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(a) (b) (c)

(d) (e) (f)

FIG. 1. (a) Schematic of the mass-spring model with constant mass M and time-varying stiffness K(t). (b) The variation of the real
parts of the eigenfrequencies as a function of ωm/ω0 with modulation amplitude α = 0. (c) Schematic of the time-varying stiffness with
α = 0.2. The variation of the (d) real and (e) imaginary parts of the eigenfrequencies and (f) |det(W)| (W is the associated eigenvector
matrix) as a function of ωm/ω0 when α = 0.2.

given as follows:

s(t + T) = T(t + T, t)s(t). (5)

When we divide the period T into N portions at intervals of
δ = T/N, for each portion of (ti, ti+1) (with i = 1,2,. . . ,N ),
we have s(ti+1) = T(ti+1, ti)s(ti). If δ is small enough, we
can express T(ti+1, ti) in the form of the Taylor expansion
as follows:

T(ti+1, ti) = T(ti+1, ti)|ti + δ
dT(ti+1, ti)

dt

∣∣∣∣
ti

+ δ2

2!
d2T(ti+1, ti)

dt2

∣∣∣∣∣
ti

+ o(δ2). (6)

By substituting Eq. (4) into Eq. (6) and ignoring the high-
order terms of δ, we obtain

T(ti+1, ti) = I + δH(ti) + δ2

2!

[
H2(ti) + d

dt
H(ti)

]
. (7)

Within a modulation period T, the state transition matrix is
given by

T(t + T, t) =
N∏

i=1

T(tN−i+2, tN−i+1). (8)

As a periodically time-varying system, the solution satis-
fies the Bloch theorem given by

s(t + T) = eiωTs(t), (9)

where ω is the mass vibration’s complex eigenfrequency
of a Floquet harmonic. From Eqs. (5) and (9), we have

T(t + T)s(t) = ei2πω/ωms(t). (10)

When �(ω/ωm) = ei2πω/ωm, the eigenfrequency and
eigenvector can be obtained by solving det(T(ωm) −
�(ω/ωm)I) = 0. The corresponding periodic solutions are
given by �(ω) =�(ω + kωm), where k is an integer. In
the following, we call W the matrix constructed from the
eigenvectors of the structure.

In the following calculations, we set N = 1000 steps.
First, we discuss the case of a constant stiffness with α = 0.
As shown in Fig. 1(b), we display the evolution of the real
eigenfrequencies ω versus the modulation frequency ωm
represented in dimensionless units. The horizontal curve
with ω/ω0= 1 corresponds to the fundamental frequency,
while the inclined dashed curve would represent the first-
order harmonic if the amplitude α were not strictly equal to
zero. These two curves exhibit an intersection at ωm/ω0= 2
and ω/ω0= 1.

When setting the stiffness as a time-dependent variable,
we find that the eigenfrequencies coalesce at a certain mod-
ulation frequency range. As an example, in Fig. 1(c), we set
the stiffness to vary harmonically with modulation ampli-
tude α = 0.2. By solving the eigenvalue problem in the
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sweeping range of ωm/ω0 from 1 to 3 (a broader range is
discussed in Appendix A), we obtain the real and imagi-
nary parts of the eigenfrequencies as shown in Figs. 1(d)
and 1(e), respectively. It is found that as ωm increases,
the bifurcated real eigenfrequency branches coalesce at
ωm/ω0= 1.9 and ω/ω0= 0.95, while, the imaginary parts
of the eigenfrequencies become nonzero from this coales-
cence point. In addition, the determinant of the matrix W
reaches a minimum and approaches zero at the coalescence
point [Fig. 1(f)], which demonstrates the EP behavior. The
transition of the real eigenfrequencies from coalescence to
rebifurcation appears at the second EP at ωm/ω0= 2.1 and
ω/ω0= 1.05 where the imaginary parts of the eigenfrequen-
cies turn to zero and the determinant of the eigenvector
reaches a new dip. Note that the branch of the eigenfre-
quency close to ω0 corresponds to the fundamental mode,
while the other inclined branch corresponds to the first-
order harmonic mode [48]. The periodic solutions with a
wider sweeping range of ωm/ω0 from 0 to 3 and eigen-
frequency range of ω/ω0 from 0 to 11 are presented in
Appendix A, where we can see multiple EPs when ωm/ω0
is less than 1. The real parts of the complex eigenfrequen-
cies have a period of ωm between two harmonic orders
according to �(ω) =�(ω + kωm), and the imaginary parts
are identical, which indicates the same rate of growth or
decay for each resonance.

III. STABILITY ANALYSIS OF THE
TIME-VARYING SYSTEM USING THE MATHIEU

EQUATION

The Mathieu equation describes a kind of system with
periodic parameters and can be used in the stability analy-
sis of nonlinear vibrations. In relation to our time-varying
system, the cosine time-modulated stiffness acts as the
periodic part of the Mathieu equation, which may cause
instability under some parameter combinations [45,54,
55]. We discuss the stability under different modulation
parameters and further explore its connection with the
EP phenomenon. First, we perform the following vari-
able substitutions to the equation of motion [Eq. (1)]:
τ =ωmt, λ= ω0

2/ωm
2, ξ = αω0

2/ωm
2. Then Eq. (1) can be

expressed as follows:

d2u
dτ 2 + [λ + ξ cos(τ )]u = 0. (11)

Equation (11) is the classical form of the Mathieu equation
where [λ + ξ cos(τ )] is the periodic part. The transition
curve in the λ-ξ plane is introduced to represent stability
changes of the solutions [55], as defined in Eq. (12). Dur-
ing one period of 0 ≤ τ ≤ 2π , we can obtain the solutions
at the end of the period under two types of initial condi-
tions: when [u, du/dτ ]τ =0= [1, 0], one gets u1(τ = 2π );
when [u, du/dτ ]τ =0= [0, 1], one gets u2(τ = 2π ). Then, we

can build the following modulus expression with matrix

C =
[

u1(τ ) u2(τ )

du1(τ )/dτ du2(τ )/dτ

]

as
g = |trC |τ=2π |. (12)

As a function of the parameter in the physical problem,
Eq. (12) defines a condition to distinguish the stability
(when g < 2) and instability (when g > 2) of the system,
separated by the transition curve (when g = 2), where g is
the criterion that reflects the system’s stability states. The
stability is determined by the eigenvalues of

C =
[

u1(τ ) u2(τ )

du1(τ )/dτ du2(τ )/dτ

]
,

which can be solved as
(

trC ± √
trC2 − 4

)
/2 (see

Ref. [55] for a detailed discussion). If g is larger than 2,
we can obtain two positive roots with one root’s modulus
less than unity and the other larger than unity, resulting in
an unstable case. If g is less than 2, both roots are complex
and unitary, resulting in a stable case.

The stability evaluation of the Mathieu differential
equation, Eq. (11), is based on an eigenvalue analysis that
does not need an external excitation. In Fig. 2(a), the unsta-
ble domain is highlighted in cyan, while the system is
stable in the white area, showing the criterion for system
stability. However, to illustrate the dynamical behavior of
the system over time, it is necessary to apply a source
and perform a time-domain analysis. The source-response
results depict the displacement variation with time and
further demonstrate whether the system is stable or not.
We apply an excitation force to the mass with the form
of F(t) = A sin(ωct), where A is the excitation amplitude,
set as 1, and ωc is the excitation frequency, set as 1.5ω0.
The choice of the latter frequency is motivated by the fact
that it allows an excitation of the resonant frequencies in
the considered domain while not being mixed with them,
especially in the coalescence regime.

Parametric amplification and frequency mixing in cou-
pled circuits have been reported in very early works
[56,57], where the spatiotemporal modulation of two
coupled transmission lines can convert energy between
waves of different frequencies. A similar amplification
effect can be realized here in the mechanical system
via the time modulation process acting as gain or loss.
In Figs. 2(b)–2(f), we illustrate the system’s vibration
response when we fix α = 0.2 and select five values of
ωm, marked as circles in Fig. 2(a). At the frequencies
of ωm/ω0= 1.7 and 2.3, in the white area of Fig. 2(a),
the response amplitudes are within a bounded range that
proves the stability of the system. In contrast, at ωm/ω0= 2
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(a) (b) (c)

(d) (e) (f)

FIG. 2. (a) Transition curves obtained by Mathieu equation, the unstable regions (g > 2) are color-filled, while the other white regions
represent the stability of the system. The blue, black, and orange circles mark different ωm with α = 0.2, as illustrated in (b)–(f). The
forced response over time with α = 0.2 at (b) ωm/ω0= 1.7, (c) ωm/ω0= 1.9, (d) ωm/ω0= 2, (e) ωm/ω0= 2.1, (f) ωm/ω0= 2.3.

and its vicinity, where the eigenfrequencies of the sys-
tem coalesce, the response function exhibits an increasing
exponential behavior over time, which confirms the insta-
bility of the system. Finally, at the two EPs [ωm/ω0= 1.9
in Figs. 2(c) and 2.1 in 2(e)] that fall on the transition
curves of Fig. 2(a), the vibration amplitudes show inter-
mediate states between oscillations with a bounded range
and exponential growth. Similar features at EPs that can be
explained with nonreciprocal coupling are demonstrated in
acoustic and circuit systems with time modulation [47,58].
In Fig. 9 of Appendix B, we show the results of solving the
Mathieu equation in a wider range of ωm/ω0 from 0 to 3.

It should be mentioned that when the eigenvalues are
real, the total energy and displacement amplitude of the
system are constant (such as in a simple harmonic or a
periodic motion). In contrast, complex eigenvalues imply
gain and loss, which are reflected in the variation of the
energy and the increase in the amplitude of some solu-
tions over time. In fact, this is consistent with the results
given by the Mathieu equation in Fig. 2; that is, the sys-
tem is stable in the region of real eigenvalues [Figs. 2(b)
and 2(f)], and becomes unstable in the region of com-
plex eigenvalues [Fig. 2(d)]. The EPs are on the transition
curves between the stability and instability areas and the
vibration responses increase slightly over time [Figs. 2(c)
and 2(e)]. Thus, these two methods provide similar physi-
cal conclusions.

IV. THEORETICAL AND SIMULATION RESULTS
OF RESPONSE SPECTRA

Under the external excitation force applied on the
mass, we calculate the theoretical time responses in the

normalized time domain of ω0t/(2π ) = 500, with ωm/ω0
ranging from 1.7 to 2.3 and α = 0.2, then do the Fourier
transform to get the results in the frequency domain.
The parameters of the excitation force F(t) = A sin(ωct)
are the same as in Sec. III. Figure 3(b) shows that the
response peaks from bifurcation to coalescence and then
to rebifurcation are consistent with the evolution of the
eigenfrequencies in Fig. 1(d); the positions of the reso-
nant peaks are represented by red dots. The magnitudes
of the responses along the z axis of the diagram have been
normalized with respect to their own peak for each modu-
lation parameter of ωm/ω0. The peaks around the frequency
of 1.5ω0 that are indicated by the red arrow are aroused
by the applied excitation force, and the peaks of the fun-
damental modes at ω0 are generally higher than those of
first-order harmonic modes. At the two EPs of ωm/ω0= 1.9
and 2.1, the two peaks of fundamental and first-order har-
monic modes coalesce at the eigenfrequency of ωm/2. In
the coalescing phase, the response peaks become smoother
because of the attenuation effect caused by the imaginary
parts of the eigenfrequencies. The vibration amplitude that
increases exponentially over time would be more dominant
than the excitation amplitude if we selected a long enough
time domain, so that the peaks at the excitation frequency
would vanish in the coalescing phase.

We also build a three-dimensional (3D) finite-element
model equivalent to the theoretical model, as shown in
Fig. 3(a). The upper cylindrical block analogous to the
mass is made of tungsten (Young’s modulus E1= 360 GPa,
density ρ = 17 800 kg/m3, Poisson’s ratio ν = 0.28), the
lower cylindrical patch analogous to the spring is made
of magnesium (Young’s modulus E2= 45 GPa, density
ρ = 1770 kg/m3, Poisson’s ratio ν = 0.35), their radii are
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(a)

(b) (c)

FIG. 3. (a) Schematic of the mass-spring oscillator (theoretical model) on the left. The three-dimensional finite-element model shown
on the right is analogous to the theoretical model; it consists of the upper tungsten mass (blue cylinder) and the lower magnesium spring
(white cylinder). (b) Theoretical normalized response spectrum with ωm/ω0 from 1.7 to 2.3 when α = 0.2. (c) Simulated normalized
response spectrum with ωm/ω0 from 1.7 to 2.3 when α = 0.2. The red dots mark the positions of the resonant peaks.

both 50 mm, and their heights are 90 and 10 mm, respec-
tively. We introduce time variation into the Young’s mod-
ulus of the magnesium patch as E(t) = E2[1 +α cos(ωmt)]
to realize time-varying stiffness, where α = 0.2. The excita-
tion force is applied on the tungsten cylinder’s top surface,
and the responses are detected at the same position. In
Fig. 3(c), the simulated response spectrum agrees well with
the theoretical result. It should be noted that in the theoret-
ical model, the excitation force is vertically applied and
only the vertical motion is considered. Therefore, in the
simulation, we select the first-occurring vertically vibrated
mode of the tungsten cylinder as the fundamental mode
with eigenfrequency ω0= 2π × 8012 Hz = 50 341 rad/s.
The two EPs are at ωm/ω0= 1.92 and 2.1, and the small
deviations from the theoretical results could come from
the errors generated by the simulation process and the
equivalent 3D modeling of the mass-spring oscillator.

V. EP INDUCED BY AN OSCILLATOR WITH
TIME-VARYING STIFFNESS AND CONSTANT

DAMPING

Next, we consider a mass-spring system with damping
c as shown in Fig. 4(a) and described by the following
equation of motion:

M
d2u(t)

dt2
+ c

du(t)
dt

+ K(t)u(t) = 0. (13)

We define a dimensionless damping ratio ζ = c/
(
2
√

K0M
)
.

We again set the state vector as s = [du/dt, u]T, and the

Hamiltonian H(t) of Eq. (2) becomes

H(t) =
⎡
⎣− c

M
− 1

M
K(t)

1 0

⎤
⎦ . (14)

The subsequent procedures to solve the eigenvalue prob-
lem are the same as in the undamped case in Sec. II.
We first study the case of constant stiffness (α = 0) with
a damping ratio ζ = 0.2. As shown in Fig. 4(b), the two
evolution curves intersect at a smaller modulation fre-
quency of ωm/ω0= 1.96 compared with the undamped
case. Meanwhile, the intersection is at ω/ω0= 0.98 and can
be explained by the expression of the damped fundamen-
tal frequency, which is given by ω = ω0

√
1 − ζ 2. Then

we introduce the time-varying stiffness with α = 0.2 and
ζ = 0.2, as shown in Fig. 4(c). The calculated complex
eigenfrequency spectrum is shown in Figs. 4(d) and 4(e),
and |det(W)| [W is the associated eigenvector matrix as
defined after Eq. (10)] is shown in Fig. 4(f). The coalesc-
ing phase, with imaginary parts in the eigenfrequencies,
symmetrically expands to both sides of ωm/ω0= 1.96, and
the two EPs occur at ωm/ω0= 1.83 and 2.09. Compared
with the undamped case, the damping of the system leads
to a wider coalescent frequency range and lower center
frequency of the coalescing phase. Outside the coales-
cent phase, the imaginary parts of the eigenfrequency are
at Im(ω/ω0) = 0.2. The periodic solutions with a wider
sweeping range of ωm/ω0 from 0 to 3 are presented in
Appendix C.
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(a) (b) (c)

(d) (e) (f)

FIG. 4. (a) Schematic of the mass-spring model with constant mass M, time-varying stiffness K(t), and constant damping c. (b) The
variation of the real parts of the eigenfrequencies as a function of ωm/ω0 when α = 0, damping ratio ζ = 0.2. (c) Schematic of the time-
varying stiffness with α = 0.2, ζ = 0.2 (c = 0.4 N s/m). The variation of the (d) real and (e) imaginary parts of the eigenfrequencies and
(f) |det(W)| (W is the associated eigenvector matrix) as a function of ωm/ω0 when α = 0.2, ζ = 0.2.

We explore the response spectra under the excitation
force F(t) = A sin(ωct) with different damping ratios ζ

when α = 0.2 and ωc= 1.5ω0. As shown in Figs. 5(a)–5(c),
the results are selected at three values of ωm/ω0= 1.7, 2,
2.3 rad/s, including before, within, and after the coalescing

phase. When ωm/ω0= 1.7 and 2.3, the resonant peaks
become broader and the peaks at the excitation frequency
vanish as the damping ratio increases. In the coalesc-
ing phase with ωm/ω0= 2, the response peak gets broader
as the damping ratio increases. The theoretical response

(a)

(d) (e)

(b) (c)

FIG. 5. Response curves with different damping ratios ζ and α = 0.2 when (a) ωm/ω0= 1.7, (b) ωm/ω0= 2, (c) ωm/ω0= 2.3.
Theoretical normalized response spectra when α = 0.2 and (d) ζ = 0.01, (e) ζ = 0.06 with ωm/ω0 from 1.7 to 2.3.
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spectra at ζ = 0.01 and 0.06 with ωm/ω0 from 1.5 to 2.5
are shown in Figs. 5(d) and 5(e), respectively. Owing
to the damping, response peaks at the excitation fre-
quency between the two eigenfrequencies do not appear,
as explained above, and the harmonic resonant peaks can
hardly be seen when ζ = 0.06.

VI. DETECTION OF PERTURBATION MASS AT
THE EP

One of the significant properties of the EP is the
enhanced sensitivity for the detection of small perturba-
tions. When a perturbation is introduced into the system
with an EP, the degeneracy will be lifted with a bifur-
cation of the coalesced eigenfrequencies and a frequency
splitting. The splitting has a square-root relationship with
the perturbation, which exhibits an enhanced sensitivity
compared with the linear responses in conventional res-
onant structures [9,25]. We introduce the perturbation in
the mass term of the equation of motion [Eq. (1)] as
M (1 + η), where η is the perturbation, and select the
EP at ωm/ω0= 2.1 to explore its detection. In Figs. 6(a)
and 6(b), we show the splitting of the eigenfrequencies
under increasing perturbation theoretically at two values
of the damping, ζ = 0 and 0.01. The insets of the figures
represent the splitting in a logarithmic scale in order to
extract the slope at the origin. The slopes are close to 0.5
and demonstrate the square-root behavior of the splitting.

Then a 3D finite-element simulation is conducted with
the same model as in Sec. IV. The EP at ωm/ω0= 2.1 is

(a) (b)

(c) (d)

FIG. 6. Theoretical results of the frequency splitting versus
perturbation when α = 0.2 with (a) ζ = 0 and (b) ζ = 0.01. (c)
Schematic of three-dimensional finite-element model with added
mass as perturbation applied on the top surface of tungsten
cylinder. (d) Simulation results of the frequency splitting versus
perturbation mass with α = 0.2 and ζ = 0.

selected to study the frequency splitting under perturbation
in the form of added mass applied on the tungsten cylin-
der’s top surface, as shown in Fig. 6(c). The frequency
splitting and logarithmic results are shown in Fig. 6(d):
the slope has a larger deviation from 0.5 than the theoret-
ical result because of the model calculation error but still
illustrates the enhanced sensitivity.

VII. EP CONSTRUCTION AND PERTURBATION
DETECTION BY PIEZOELECTRIC SCHEME

In this section, we propose a practical and feasible solu-
tion method to realize an EP in a time-varying system.
The design is based on shunted piezoelectric patches to
produce the analogue of a spring with time-varying stiff-
ness. As shown in Fig. 7(a), the upper cylinder refers to
the tungsten mass, while the lower cylinder refers to the
piezoelectric patch. The piezoelectric patch is made of
PZT-4 (Lead zirconate titanate), and the external circuit
consists of a switch and a negative capacitance subcircuit,
which can lead to the variation of the equivalent modulus
[53]. The parameters of the PZT-4 patch and the circuit
are shown in Table I. The piezoelectric coupling coeffi-
cient of the PZT-4 patch with strain and polarization both
along the thickness direction is k33= 0.7, CT

p is the stress-
free capacitance under constant force, which equals 0,
and CS

p = CT
p (1 − k33

2) is the strain-free capacitance under
constant extension, which equals 0 [59].

(a)

(b) (c)

FIG. 7. (a) Schematic of the mass-spring oscillator realized by
a piezoelectric mechanism, which consists of the upper tungsten
mass (blue cylinder) and the lower PZT (Lead zirconate titanate)
spring (white cylinder). (b) Response-normalized spectrum with
ωm/ω0 from 1.7 to 2.3. The red dots mark the positions of the
resonant peaks. (c) Simulation results of the frequency splitting
versus perturbation mass.
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TABLE I. Parameters of PZT-4 patch and the shunted circuit.

Property Value

Capacitance C 2 nF
Resistance R0 1 M�

Resistance R1 10 k�

Resistance R2 15 k�

Piezoelectric strain constants d31 −1.23 × 10−10 C/N
Piezoelectric strain constants d32 2.89 × 10−10 C/N
Piezoelectric strain constants d33 4.96 × 10−10 C/N
Density ρ 7500 kg/m3

Young’s modulus Ep 76.5 GPa
Strain-free capacitance CS

p 0.92 nF
Stress-free capacitance CT

p 1.8 nF

The obtained negative capacitance is −Cn= −(R2/R1)
C =−3 nF [60]. When the switch is on, the equivalent
elastic modulus of the piezoelectric patch is given as
follows [61]:

Ee
p = Ep

Cn - CT
p

Cn - CS
p

= Ep(1 − α). (15)

Substituting the corresponding parameters, we obtain a
modulation amplitude α = 0.42. Note that the practical
scheme with a switch-controlled circuit can only realize
the square-wave modulation of the modulus (the stiffness)
as follows:

Ee
p(t) = Ep + αEp

2
{sgn[cos(ωmt)] − 1}. (16)

The modulation law performs as follows: in the switch-
off period, the piezoelectric patch’s modulus corresponds

to Ep, while in the switch-on period, it becomes Ee
p.

Such square-wave modulation is different from the cosine
form in the former sections, but it can still exhibit the
EP phenomenon with the similar modulation frequency.
The eigenfrequency with vertical displacement mode is
ω0= 2π × 10 536 Hz = 66 200 rad/s. In the range of modu-
lation frequency from 1.7ω0 to 2.3ω0, we get the simulated
response spectrum shown in Fig. 7(b). One can note that
the center frequency of the coalescing phase is lower than
ωm/ω0= 2 with the two EPs at ωm/ω0= 1.914 and 2.006,
and the peaks are attenuated compared with the simulated
results in Fig. 3(c). The lowering and attenuation result
from the damping effect induced by the oscillation circuit.
We choose the EP at ωm/ω0= 2.006 to explore the capa-
bility of detecting the perturbation. Figure 7(c) shows the
splitting frequency as a function of a mass added on the top
surface of the tungsten cylinder. The logarithmic presenta-
tion in the inset confirms the close to square-root behavior
in the range of a small perturbation.

VIII. CONCLUSION

In summary, we have investigated the EP phenomenon
in a mass-spring oscillator with the time-varying stiffness.
By using the space-state method to solve the eigenfre-
quency problem, we found that the second-order EP results
from the coupling of the fundamental and harmonic modes.
The solutions of the Mathieu equation indicate the con-
nection between the EP and the stability threshold of the
system. Then a constant damping was introduced, which
can lead to a wider range and lower center frequency of the
coalescing phase. The theoretical results of the response
spectra illustrate the damping’s attenuation effect on the

(a) (b) (c)

(d) (e) (f)

FIG. 8. The periodic solutions of (a) real and (b) imaginary parts of the eigenfrequencies and (c) |det(W)| (W is the associated
eigenvector matrix) versus ωm/ω0 from 0 to 3 when α = 0.2. Panels (d)–(f) present results similar to those in (a)–(c) when α = 0.8.
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resonance and excitation peaks. In addition, the 3D finite-
element model of the undamped case with time-varying
modulus was conducted to obtain the response spectrum
and found to agree well with the theoretical results. A mass
added as a perturbation was introduced to study the detec-
tion capability of the EP and the enhanced sensitivity. The-
oretical and simulated results demonstrate the square-root
behavior of the frequency splitting versus the perturbation.
We also proposed a practical scheme to realize equiva-
lent periodically time-varying stiffness in the square-wave
form, realized via piezoelectric patch shunts with a switch-
able negative capacitance circuit. The response spectrum
shows the EP phenomenon, proving the feasibility and
showing that the frequency splitting under added mass also
exhibits enhanced sensitivity. Our work may inspire stud-
ies and applications in the elastic wave field, for instance,
in wave control by artificial structures [62,63], space-time
modulated metamaterials [46,50], high-sensitivity sensing
[22,23], and so on. Several interesting opportunities are
identified for future studies, such as novel schemes to con-
struct time-varying mechanical systems, other modulation
functions, higher-order EPs, and a method for detecting
tiny cracks.
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APPENDIX A: PERIODIC SOLUTIONS OF THE
UNDAMPED CASE IN THE RANGE OF ωm/ω0

FROM 0 TO 3

We obtain the periodic solutions of the eigenfrequency
spectra as shown in Fig. 8. The complex eigenfrequencies
have a period of ωm and share the same imaginary parts. In
the range of ωm/ω0 from 0 to 1, infinite EPs can be found
and the frequency ranges of the coalescing phases get

(a) (b) (c)

(d) (e) (f)

FIG. 10. The periodic solutions of (a) real and (b) imaginary parts of the eigenfrequencies and (c) |det(W)| (W is the associated
eigenvector matrix) versus ωm/ω0 from 0 to 3 when α = 0.2, ζ = 0.2. Panels (d)–(f) present results similar to those in (a)–(c) when
α = 0.8, ζ = 0.2.
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smaller as ωm/ω0 decreases. When the modulation ampli-
tude α increases, the imaginary parts of the eigenfrequen-
cies in the coalescing phases enlarge and the corresponding
maximum values increase.

APPENDIX B: TRANSITION CURVES IN THE
RANGE OF ωm/ω0 FROM 0 TO 3

As shown in Fig. 9, infinite unstable regions emerge
when ωm/ω0 is smaller than 1. This is consistent with
the infinite coalescing phases depicted in Appendix A. As
α increases, the ranges of the unstable regions become
wider, which is also consistent with the conclusion in
Appendix A.

APPENDIX C: PERIODIC SOLUTIONS OF THE
DAMPED CASE IN THE RANGE OF ωm/ω0 FROM

0 TO 3

We present the periodic complex eigenfrequency spectra
of the damped case in Fig. 10. In the range of ωm/ω0 from
0 to 1, infinite EPs can be found and the frequency ranges
of the coalescing phases get smaller as ωm/ω0 decreases.
When the damping ratio ζ increases, the coalescing phases
of spectra enlarge, the corresponding maximum values of
the imaginary parts increase, and the center frequencies of
the coalescing phases decrease.
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