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Crosstalk suppression of parallel gates for fault-tolerant quantum computation
with trapped ions via optical tweezers
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The ability to perform entangling operations in parallel with a low error is essential for a large-scale
fault-tolerant quantum computer. However, for trapped-ion systems, it is a challenging task due to the
crosstalk resulting from the collective motional modes. Here, we develop a highly paralleled quantum
circuit demonstrating a logical qubit based on the Steane code and study the impact of the crosstalk error on
the performance of the fault-tolerant protocol. We show that the crosstalk indeed greatly destroys the fault-
tolerant property of the quantum error correction. To achieve the break-even point with encoded qubits,
we identify the suppression requirement of the crosstalk error to be less than 10−6 for the Steane code.
Furthermore, to mitigate the crosstalk below the fault-tolerant threshold, we propose a highly efficient
optimization scheme by utilizing the programmable optical tweezer array. Overall, we make an elegant
combination of the pulse-control optimization of parallel gate operations with the fault-tolerant protocol
on the error-protected universal quantum computer.
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I. INTRODUCTION

Large-scale quantum computers have the potential to
solve some key computational problems that are beyond
the capabilities of classical computers, such as quantum
simulation of complex quantum systems, prime factoriza-
tion, and others [1,2]. However, the execution of large-
scale, useful algorithms on quantum processors requires
very low gate-error rates that are currently unachievable
due to imperfect control and noise in gate operations. To
address this challenge, quantum error correction (QEC)
[3–6] has been proposed to protect quantum information
against noise with the circuit design principle of quan-
tum fault tolerance. The key ingredient is QEC codes that
redundantly encode quantum information into a protected
subspace within a larger Hilbert space of many physical
qubits, such that if any given physical qubit fails, it does
not corrupt the underlying logical information. In princi-
ple, with sufficiently low physical error rates, which lie
below the critical threshold of the corresponding QEC
code, i.e., the break-even point, arbitrary levels of pro-
tection can be achieved while employing active detection
and correction of errors and using a polynomially scaling
number of physical qubits.

*Contact author: liangyou.peng@pku.edu.cn

The trapped-ion system [7–9] is one of the leading tech-
nology platforms for achieving a universal large-scale,
fault-tolerant (FT) quantum information processor due to
many beneficial and unique characteristics, such as the
longest coherence time [10], and the high-fidelity single-
qubit [11], two-qubit [12–14], or multiqubit entangling
gates [15–19]. With these superior features, some cen-
tral elements of QEC have been demonstrated, such as
logical state preparation [20], FT stabilizer measurement
[21], FT operation of one logical qubit [22], univer-
sal gate sets [23,24], as well as repetitive QEC cycles
[25–27]. However, the parallel implementation of two-
qubit quantum gates in a linear ion chain has not been stud-
ied in general with the full consideration of these necessary
aspects.

To achieve an efficient error correction, the quantum
circuit of a complete QEC cycle requires numerous phys-
ical qubits and entangling gates, which typically implies
a substantial resource overhead. A major concern is the
proliferation of errors for qubits that suffer from high idle
errors [28,29]. Therefore, quantum gate parallelism can
significantly reduce the depth of quantum circuits and then
substantially decrease the resource requirements for fault
tolerance [15–19]. However, simultaneously implement-
ing multiple gates commonly shows worse performance
for trapped-ion systems [15]. Generally, this degradation
is attributed to the unwanted interactions among qubits
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of different gates, i.e., the crosstalk, which results from
all-to-all interactions of the ion chain and the correspond-
ing collective motional modes [8,19].

Note that the crosstalk of parallel gates in this work
is different from another noisy process, which is also
called “crosstalk,” caused by the leakage light from
the tightly focused laser beam to the neighboring ions
[29–31]. Previous studies show that the crosstalk stems
from imperfect addressing has a harmful effect on the per-
formance of the QEC protocol and break the fault tolerance
[29,30]. Recently, some experimental groups [32–34] have
demonstrated that the optical addressing crosstalk can be
effectively mitigated below the FT threshold, which was
derived in Ref. [30]. In this case, the crosstalk of par-
allel gates is one of the major error sources in parallel
FT quantum circuit which can cause not just increased
gate errors but even a variety of correlated errors. Fur-
thermore, it will significantly impair the reliability of
the whole algorithm and the realization of FT quantum
computing. Additionally, the error probability of crosstalk
of parallel gates is larger in a parallelized quantum
circuit.

In this work, we develop a trapped-ion QEC proto-
col of a logical qubit protected by the Steane code and
present a comprehensive study of the crosstalk errors. In
particular, the quantum gate operations in FT quantum
circuit construction are highly parallelized. As depicted
in Fig. 1(a), the QEC protocol consists of several cen-
tral FT blocks, which correspond to initialize logical
states, make the syndrome extraction, detect and cor-
rect errors, and determine logical measurement outcomes.
Taking the essential ingredient—the syndrome extraction
[35–37]—as an example, our scheme allows the simultane-
ous measurement of three stabilizers in Fig. 1(b) and then
all six stabilizers can be measured in two rounds, espe-
cially for the unflagged stabilizer syndrome. Rather than
measuring only one stabilizer at a time sequentially [38],
extracting multiple syndromes in parallel can drastically
decrease the number of quantum gates and measurement
rounds, and in turn lower the error probability of idle
qubits [39].

To figure out the crosstalk impact on QEC, we intro-
duce theoretical models describing these noises and then
assess the performance of FT protocols of encoded qubits
with respect to bare physical qubits. Our detailed study
shows the destructive effect of crosstalk on the QEC pro-
tocol as it can induce error processes affecting groups of
physical data qubits. Moreover, we estimate the accuracy
requirements of the crosstalk suppression for parallel gates
to reach the break-even point of FT advantage, i.e., iden-
tify for which physical error parameters, the infidelity of
logical state is lower than their respective physical qubit
counterparts. Therefore, for QEC to be helpful in computa-
tion and demonstrating the advantage of parallel execution,
the crosstalk error should be adequately accounted for in

parallel FT quantum circuit and suppressed to below the
FT threshold.

For superconducting qubits, there are a lot of analy-
ses to characterize the quantum crosstalk of the simul-
taneous gate operations [40–42]. Here, we focus on the
trapped-ion systems. For this platform, several schemes
of low-crosstalk parallel quantum gates with a few
qubits have been demonstrated [15,18] and some pre-
liminary theoretical attempts have been made for long
ion chains [17,19,43,44]. In Ref. [18], an exact proto-
col for parallel gates has been devised, which demands
enough pulse segments of the equally segmented method.
In Ref. [43], the authors have made use of optical
tweezers with the same intensity for parallel two-qubit
entangling gates. However, the mitigation of crosstalk
in these schemes commonly require complex pulse
shape, thus placing heavy resource burdens on the con-
trol system and limiting their feasibility for large-scale
FT quantum computing. Additionally, to find a high-
quality solution is extremely difficult by either the
analytic methods or the numerical optimization tech-
niques because of the nonlinear constraints for crosstalk
terms.

In our work, we provide an efficient optimization
method to design high-fidelity and low-crosstalk parallel
gates based on the optical tweezer array that can sup-
presses the crosstalk directly below the FT threshold at
the gate level in Figs. 1(c) and 1(d). The optical tweezer
[43–46] is commonly utilized as a powerful tool in quan-
tum simulation [47] and scalable quantum computation
[43,44]. Here, we adopt the programmable tweezer array
with different intensities to decrease the constraints of
crosstalk. As shown in Fig. 1(c), the motional modes of the
ion chain in the presence of optical tweezer are localized
instead of collective and the corresponding mode frequen-
cies are split into several subsets. On the basis of the
localized modes and gapped mode frequencies, we just
need extremely simple pulse shape, and then can effec-
tively suppress the crosstalk terms of parallel gate group
below the FT threshold as depicted in Fig. 1(d). Of note,
the parallel gates based on tweezer arrays are quite flex-
ible due to the features of controllable optical intensity,
dynamically reconfiguring the tweezer array and fast opti-
cal switching. And then we can achieve different parallel
entangling gate groups in a QEC cycle in Fig. 1(a). In
terms of the numerical optimization method, our optimiza-
tion scheme can quickly find a satisfied confinement of
the tweezer array based on a presearch technique com-
pared with the traditional numerical optimization tech-
niques.

The rest of this paper is organized as follows: In
Sec. II, we give a brief introduction of the set of gates
and the noise model in a trapped-ion toolbox. In Sec.
III, we present in detail the QEC protocol with a highly
parallelized FT quantum circuit. In Sec. IV, we assess the
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FIG. 1. Schematic diagram of the QEC protocol based on high-quality parallel two-qubit gates with programmable optical tweezer
array. (a) The QEC cycle, which includes the FT logical state preparation with parallel gates (green blocks), the parallel syndrome
extraction protocol (orange blocks), and the decoder and measurement (blue blocks). (b) The quantum circuit of the first parallel
flagged syndrome extraction of the stabilizers {S(3)f

X , S(1)f
Z , S(2)f

Z } in (a). (c) The design of parallel two-qubit quantum gate group
(purple dashed box) shown in (b) based on optimized optical tweezer array. The 171Yb+ ion chain with pinned ion pairs of different
tweezer intensities (top) and the localized transverse motional modes and the gapped mode frequencies (bottom) are shown. The
oscillation amplitude and direction of ions are represented by the color of the squares. (d) The simple pulse shape of the three ion pairs
are plotted in the top. The crosstalk values for each ion pair are shown at the bottom. Both axes represent the numbering of the pinned
ions.

performance of the FT protocol under the noises consid-
ered and identify the FT threshold of crosstalk suppression
for parallel gates. Then, we propose an efficient optimiza-
tion scheme to achieve the parallel two-qubit gates with
infidelity and crosstalk below the FT threshold based on
an optical tweezer array in Sec. V. And in Sec. VI, we
discuss the optimized results of the high-quality paral-
lel tweezer gates in a chain of 12 171Yb+ ions. Finally,
we summarize our main results and give an outlook
in Sec. VII.

II. TRAPPED-ION TOOLBOX FOR QEC

In this scheme, we focus on a same-species linear ion
chain of 12 ions for 171Yb+ in which physical qubits are
encoded into hyperfine “clock” states of ions [8]. In the
following, we will discuss the set of physical gates for data
qubits and the noise processes of the device.

A. The set of quantum gates

1. Theoretical model of single-qubit quantum gates

The single-qubit rotations in trapped-ion systems can
be realized by a laser pulse resonant to the qubit
transition with variable phase and pulse area [48]. The

unitary evolution operator can be expressed as Ri
φ(θ) =

exp[−i θ
2 (σ̂ i

x cos φ + σ̂ i
y sin φ)], where σ̂ i

x = Xi and σ̂ i
y = Yi

are single-qubit Pauli operators acting on ith ion. The rota-
tion angle θ is controlled via the duration and intensity
of the laser pulse, and the angle of the rotation axis with
respect to the X axis φ is controlled via the pulse phase.
In this work, single-qubit gates also operate in parallel in
the quantum circuit of the QEC protocol and it is easy to
prevent the crosstalk of parallel single-qubit gates. There-
fore, in the following, we will ignore the crosstalk effect of
parallel single-qubit gates.

2. Theoretical model of parallel two-qubit quantum gates

For entangling operations, a popular and widely used
two-qubit entangling gate is known as the Mølmer-
Sørensen (MS) gate [49–51], which are mediated by the
collective motional modes through spin-dependent optical
forces. Here, we focus on an efficient approach in which
the optical forces simultaneously couple to all modes
[50–52] instead of a single mode [49]. The optical forces
are realized by shining two counterpropagating beams on
the ions, with an equal but opposite detuning μ in the
neighborhood of the motional mode frequencies.
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The time evolution operator of a single MS gate on ion
pair [j , j ′] at gate duration τ is given by [50,52]

Ûj ,j ′(τ ) = exp

⎧
⎨

⎩

∑

j ,m

(αm
j (τ )â†

m−αm
j

∗
(τ )âm)σ̂ j

x

+ i
∑

j <j ′
θj ,j ′(τ )σ̂ j

x σ̂ j ′
x

⎫
⎬

⎭
, (1)

where â†
m and âm are, respectively, the creation and the

annihilation operators acting on the mth mode. And the
residual spin-motion coupling αm

j (τ ) is given by

αm
j (τ ) = −iηm

j

∫ τ

0
�j (t)sin(μj t)eiωmt dt, (2)

where μj is the laser detuning and �j (t) is the Rabi
frequency of the j th ion. The coupling strength θj ,j ′(τ )

between the j th and j ′th ion for pair [j , j ′] is given by

θj ,j ′(τ ) = 2
∑

m

ηm
j ηm

j ′

∫ τ

0
dt2

∫ t2

0
dt1�j (t2)�j ′(t1)

× sin(μj t1) sin(μj ′ t2) sin[ωm(t1 − t2)], (3)

where the Lamb-Dicke (LD) parameter ηm
j = bm

j 
kj
√

�

2mj
ionωm

couples the j th ion with the mth mode, where

bm
j is the mode eigenvector for mode frequency ωm, 
kj

is the difference of two wave vectors, and mj
ion is the

mass of the j th ion. The lasers have a wavelength around
λ = 355 nm for the qubit transitions of 171Yb+. In Eq. (3),
the summation over m is limited to the transverse x modes,
which is preferable for entangling operations due to less
susceptibility to the heating [51].

For a successful completion of an entangling opera-
tion Uj ,j ′ = MS(−π

2 ) = exp(iπ
4 σ̂

j
x σ̂

j ′
x ), the following con-

straints should be satisfied:

αm
j (τ ) = 0, ∀j , m, (4)

θj ,j ′(τ ) = π/4. (5)

In previous studies, amplitude-modulated (AM) gates
[49–51], phase-modulated (PM) gates [53–55], frequency-
modulated (FM) gates [56–58], and their combinations
[59,60] have been developed and demonstrated in a dis-
crete or continuous way to fulfill the above-mentioned
constraints.

In the present work, we adopt the discrete AM method
[50–52], where τ is equally divided into Nseg segments. We
define a real column vector � = (�1, �2, . . . , �Nseg)

T and
the amplitude in each segment is independently modulated.

The matrix form of the constraints in Eqs. (4) and (5) can
be given as follows:

Mj �j = 0, (6)

θj ,j ′(τ ) = (�j )TD[j ,j ′]�j ′
, (7)

where Mj is the 2N × Nseg real coefficient matrix, D[j ,j ′]

is the Nseg × Nseg matrix, and �j is the amplitude vector
of length Nseg of the j th qubit. The explicit expressions
of Mj and D[j ,j ′] are given in Refs. [19,61]. As can be
seen, the spin-motion decoupling constraints are linear
with respect to the laser amplitude, while the coupling
strength constraint is quadratic. The pulse shapes are deter-
mined by minimizing the spin-motion decoupling under
the quadratic constraint, Eq. (7). For this purpose, we use
the method of Lagrange multiplier to solve this generalized
eigenvalue problem (see Appendix A for details).

In our scheme, the circuit design of QEC protocol allows
for parallel execution of gate operations, as a simultaneous
illumination of up to many ion pairs is possible. The evolu-
tion operator of the system involving N1 independent pairs
of qubits in a chain of N ions (N ≥ 2N1) at τ is given by
[15,18]

Û(τ ) =
∏

[j ,j ′]
Uj ,j ′

= exp

⎧
⎨

⎩

2N1∑

j =0

N∑

m=0

(αm
j (τ )â†

m−αm
j

∗
(τ )âm)σ̂ j

x

+ i
2N1∑

j <j ′
θj ,j ′(τ )σ̂ j

x σ̂ j ′
x

⎫
⎬

⎭
. (8)

To perform ideal-fidelity and no-crosstalk N1 parallel
entangling operations in a chain of N ions, we require

αm
j (τ ) = 0, ∀j , m, (9)

θj ,j ′(τ ) =
{

π/4, [j , j ′] ∈ J ;
0, [j , j ′] ∈ J ′,

(10)

where J is the group of N1 pairs of ions on which par-
allel gates are to be performed and the group J ′ con-
tains all ordered pairs that are not included in J , whose
interactions represent crosstalk. Hence, there are a total
number of 4N1 × N + 2N1(2N1 − 1)/2 constraints to be
satisfied [15,16]. Moreover, entangling more pairs in par-
allel enlarges the problem size quadratically, which set
an upper bound on the scaling. Therefore, it is almost
impossible to find analytical solutions to this noncon-
vex quadratically constrained problem, which is NP hard,
in general, and is extremely difficult by the numerical
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optimization techniques because of the increase of the
nonlinear constraints.

To overcome these difficulties, we utilize the flexible
optical tweezer array to naturally reduce the number of
quadratic constraints for crosstalk terms and propose an
efficient optimization method to design high-quality par-
allel entangling gates as detailed below. In this work, we
use two types of gate imperfections to measure the par-
allel gates’ performance, i.e., the infidelity list of parallel
gate group {δF[ji,j ′

i ]} for i = 1, 2, . . . , N1 and [ji, j ′
i ] ∈ J ,

which is related to the residual spin-motion coupling, and
the crosstalk list {|C[ji,j ′

i ]|} with i = 1, 2, . . . , N2 for pairs
that contained in J ′ where N2 = 2N 2

1 − 2N1 is the num-
ber of ion pairs whose interactions represent crosstalk. The
infidelity δF[ji,j ′

i ] and crosstalk C[ji,j ′
i ] can be defined as

δF[j ,j ′] = 4
5

∑

m

(

∣
∣
∣α

m
j

∣
∣
∣
2
+

∣
∣
∣α

m
j ′
∣
∣
∣
2
)(2nm + 1), (11)

C[j ,j ′] = θj ,j ′ , (12)

where we take the averaged phonon number of the mth
mode n̄m ≈ 0.5, which can be easily achieved with the
Raman sideband cooling.

These gates allow the implementation of the universal
set of unitaries {H , S, T, CNOT} by using the combinations
of MS gate and single-qubit rotations [see Fig. 10(d) in
Appendix D for more details].

B. Noise model

Depending on the models used to describe the effects of
errors and noises, there exist a wide range of FT thresholds.
Meanwhile, a lot of works about a microscopic description
of the possible technical imperfections and environmental
noise sources in trapped-ion systems have been presented
[28,29,38]. In our work, we focus on the advantage of
the parallel execution of gate operations in QEC circuit
design and then we discuss three types of incoherent
noises, dephasing errors on idle qubits, crosstalk errors
when multiple gates execute in parallel and MS gate errors,
which use the Kraus-operator representation to describe
the components of the quantum error channel.

1. Dephasing errors for idle qubits

A fundamental noise process affecting all implementa-
tions of physical qubits is idling noise [28,29]. During
the QEC cycle, there are a subset of the qubits, which
are not affected by the operations, i.e., idle qubits. These
qubits suffer mainly dephasing due to their coupling to
the environment, e.g., fluctuations in the laser frequency
or magnetic field.

We model a single-qubit dephasing error on a state ρ for
each idle qubit as temporally and spatially uncorrelated

Eidle,deph(ρ) = (1 − pidle)ρ + pidleZρZ, (13)

where pidle is the physical error probability for the dephas-
ing process on idle qubit and Z = σ̂z is the Pauli matrix.
For the incoherent dephasing channel, the Kraus operators
are

Kidle,0 =
√

1 − pidleI ,

Kidle,1 = √
pidleZ.

(14)

The error probability pidle can be expressed as

pidle = 1
2

[

1 − exp
(

− t
T2

)]

, (15)

where t is the idle duration of idle qubit and T2 is the stan-
dard parameter quantifying the resilience of the qubit’s
phase coherence, i.e., coherence time. We employ the
experimental value of T2 = 200 ms for the trapped-ion
hyperfine qubit of 171Yb+ [8].

2. Two-qubit MS gate errors

High-fidelity single- and two-qubit gates are essential
building blocks for a FT quantum computer [8]. While
there has been much progress in suppressing single-qubit
gate errors for trapped-ion systems [11], two-qubit gates
still suffer from error rates that are orders of magnitude
higher. In addition, the entangling MS gates are most com-
monly used to describe QEC circuit and especially are
crucial ingredient in the FT stabilizer readout. Therefore,
in the following, we will focus only on MS gate errors. We
adopt the AM gate in which the segmented laser ampli-
tudes are carefully designed to decouple the internal qubit
states from all the motional modes and generate a desirable
spin-spin entangling phase.

In previous works, microscopic noise models of MS
gates have been derived, considering fluctuations of the
laser intensity and phase [38], motional heating [62], or
incoherent over-rotations [31], etc. However, for simplic-
ity, we apply depolarizing noise for MS gates, which
is considered the most general and architecture-agnostic
incoherent noise channel because the fault operators of the
depolarizing noise channel form a basis in the space of
single- and two-qubit unitaries, respectively. And the depo-
larizing noise does not perform worse at estimating logical
failure rates than an incoherent over-rotation noise model,
which consists of the stochastic application of Pauli-type
errors [38].
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The modeled error channel for depolarizing noise on
entangling MS gates reads

E (2)

dpl (ρ) = (1 − pMS)ρ + pMS

15

15∑

i=1

E(i)
2 ρE(i)

2 , (16)

where

E2 = {Ek

⊗
El, ∀Ek,l ∈ {I , X , Y, Z}}\{I

⊗
I}. (17)

With an error probability pMS, one of 15 nontrivial weight-
two Pauli faults is added to the ideal entangling gate. The
relationship between the error probability and the infidelity
of physical MS gate is pMS = 5

4δF .

3. Crosstalk errors of parallel MS gates

As stated above, executing parallel quantum gates is
especially advantageous to QEC codes in FT quantum
computation. However, the crosstalk between qubits of
different MS gates resulting from the collective motional
modes will greatly degrade the performance of parallel
gates.

When executing N1-independent pairs of qubits in a
chain of N ions, there exist N2 crosstalk terms. The
crosstalk for J ′ can be expressed as the following form:

Û(C) =
∏

[j ,j ′]∈J ′
exp

(−iC[j ,j ′]Xj Xj ′
)

. (18)

The stochastic version of the crosstalk channel can be
described as

Ec(ρ) = E [j1,j ′
1]

c (ρ) ◦ E [j2,j ′
2]

c (ρ) ◦ · · · ◦ E [jN2 ,j ′
N2

]
c (ρ), (19)

with

E [j ,j ′]
c (ρ) = (1 − pc)ρ + pcXj Xj ′ρXj ′Xj , (20)

where pc is the probability of a single crosstalk error for
[j , j ′] ∈ J ′, which leads to a correlated two-qubit bit-flip
error. The error probability pc can be expressed as

pc = sin2C[j ,j ′]. (21)

For example, in the first parallel syndrome measurement,
the parallel gate group shadowed by blue, which consists
of three MS gates in Fig. 5(a), introduces 12 crosstalk
terms shown in Fig. 2. It is clear from this perspective that
the entangling crosstalk error model should be carefully
considered in the context of the parallel FT circuit design,
as a single MS gate error can turn into a dangerous pair of
errors because some ions in J ′ belong to the set of physical
data qubits.

1
2
3
4
5
6
7
8
9
10

FIG. 2. The circuit representation of 12 crosstalk terms for the
parallel gate group in the first parallel syndrome measurement.
The MS gates in black represent the parallel gate group and the
red dotted lines represent crosstalk terms.

III. FAULT-TOLERANT ERROR-CORRECTION
CYCLE

A. Steane code

In this section, we focus on the [7, 1, 3] stabilizer
code [4,63], commonly referred to as the Steane code as
depicted in Fig. 3(a), which is the smallest representative
of the family of topological color codes. As a [7, 1, 3] code,
it encodes n = 7 physical qubits into a single logical qubit
with logical distance d = 3, which allows one to detect and
correct at least t = 1 arbitrary Pauli error on any of the
seven physical data qubits. In addition to the locality prop-
erty and high-FT threshold values, this code has another
advantage that the entire group of Clifford gate operations
can be implemented transversally [64], which is very ben-
eficial for parallelism, as shown in Figs. 3(b) and 3(c).
Besides, a universal set of logical gate operations can be
achieved by complementing the Clifford operations with a
single non-Clifford gate, such as the T gate by magic state
injection [65,66].

As stated above, this code can independently detect and
correct single-qubit bit- and phase-flip errors. These errors
are detected by measuring a commuting set of weight-four
Pauli operators known as stabilizers generators in Fig. 3(a):

S(1)
X = X4X5X6X7, S(1)

Z = Z4Z5Z6Z7,

S(2)
X = X2X3X6X7, S(2)

Z = Z2Z3Z6Z7,

S(3)
X = X1X3X5X7, S(3)

Z = Z1Z3Z5Z7.

(22)

Logical states are encoded in the joint simultaneous
eigenspace of eigenvalue +1 of all six stabilizer gen-
erators, which are symmetric under exchange of X
and Z.

034021-6



CROSSTALK SUPPRESSION OF PARALLEL GATES. . . PHYS. REV. APPLIED 22, 034021 (2024)

4

6

2 3 1

5

7

LU

U

U

U

U

U

U

U

=

=

(1)
ZS

(1)
XS

(2)
XS

(2)
ZS

(3)
XS
(3)
ZS

LX LZ

{ , , , }U X Z S H�

(a)

(c)

(b)

FIG. 3. Steane code. (a) We encode one logical qubit in n = 7
physical qubits, which can correct up to t = 1 arbitrary fault.
Physical qubits are represented by the dots, which sit on the ver-
tices of the graph. The six stabilizers in Eq. (22) correspond to
the plaquettes that involves four data qubits of the 2D triangu-
lar color code structure. The logical operators XL and ZL act on
the edge of the triangle. (b),(c) The transversal logical gates. All
gates of the Clifford group can be implemented transversally and
thus fault tolerantly. We note that we place over L subscripts
on logical qubit operators and states to distinguish them from
physical qubit operators and states.

B. QEC cycle

In this part, we discuss a parallel QEC protocol demon-
strating a single logical qubit necessary for universal quan-
tum computation in Figs. 1 and 4. We simulate individual
rounds that begin with a FT logical state preparation, fol-
lowed by a round of the syndrome extraction protocol
in which we measure the stabilizers in parallel. We then
apply a recovery operation based on the syndrome infor-
mation from the stabilizer measurements using lookup

tables. Finally, we measure all the data qubits to check if
the protocol ended in success or failure.

Note that both sets of stabilizers follow from the defi-
nitions given in Fig. 3(a) and Eq. (22), but we use the f
superscript to indicate syndromes measured using flagged
circuits instead of those measured with unflagged circuits.
For the simulations, we compile the circuits into MS gates
to adapt them for the trapped-ion universal gate sets (see
Appendixes B and D for details). In our scheme, the quan-
tum circuit of every block is divided into several layers by
black dotted lines, which represents that the quantum oper-
ations in the same layer are simultaneously executed, see
Fig. 5 as an example. Considering the different operation
time of each operation, every layer contains only the same
type of operation.

1. Logical state preparation

The first pivotal QEC operation is the redundant encod-
ing of a particular logical state [23,38,67], such as |0〉L
as the +1 eigenstate of the logical Z operator ZL. Instead
of the postselection method, we adopt another protocol
for deterministic FT Pauli state preparation in Fig. 4(a),
which relies on the combination of the flag measurement
and additional measurements of the logical operators Z′

L =
Z1Z4Z5 and Z ′′

L = Z2Z4Z6 [38,67]. It should be noted we
can proceed by rotating |0〉L to another logical Pauli basis
state by applying the logical XL, HL, and SL operators. To
show the advantage of parallelism in QEC, we optimally
divide the quantum gates into several parallel gate groups
to decrease the circuit depth, especially for the second part,
which simultaneously measures Z′

L and Z ′′
L . The details of

the preparation of FT state and parallel quantum circuit are
shown in Appendix B.

Decoder and 

apply correction

           in Table I?

Weight-one errors 

     for Table II

Hook 

errors

YES

NO

Final measurement 

FT logical state 

preparation

Second parallel

flagged syndrome

extraction  

A full round of parallel unflagged 

syndrome extraction  

If any flag is trigged

If no flag is 

trigged

� �(3) (1) (2), ,f f f
X Z ZS S S � �(3) (1) (2), ,f f f

Z X XS S S

� �(3) (1) (2), ,Z X XS S S� �(3) (1) (2), ,X Z ZS S S

� �,fS S

(b) (c)

(a)

First parallel

flagged syndrome

extraction

FIG. 4. QEC protocol. (a) The FT preparation of a logical basis state. (b) The parallel syndrome extraction protocol. We measure the
first parallel flagged syndrome extraction of the stabilizers {S(3)f

X , S(1)f
Z , S(2)f

Z }. If no flag is raised, we proceed to measure the second set
of stabilizers {S(3)f

Z , S(1)f
X , S(2)f

X } using the flag scheme. If any flag was triggered, we do a second round of readouts in parallel without
flags, {S(3)

X , S(1)
Z , S(2)

Z } and {S(3)
Z , S(1)

X , S(2)
X }. If every flagged circuits does not indicate an error, the syndrome extraction completes. (c)

Based on the information from the stabilizer measurements, we apply correction using the decoders. Finally, we measure all the data
qubits to check if a logical error has happened.
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2. Syndrome extraction protocol

One of the crucial operations in QEC is the readout
of the stabilizer operators using ancillary qubits without
affecting the quantum information encoded in the data
qubits [21]. The syndrome extraction protocol operates by
detecting changes in stabilizer measurement outcomes that
ideally give +1 eigenvalue. However, the standard stabi-
lizer measurement, which use a single ancillary qubit is not
naively FT [36]. For example, a single fault on the ancil-
lary qubit, which is called “hook errors” [37] can propagate
through the CNOT gates and result in a weight-two fault on
the data qubits that can lead to logical errors. To avoid a
non-FT propagation of errors, various schemes have been
developed to make the stabilizer readout FT [68–70].

In this work, we focus on a flag-based readout scheme
[35–37] that one ancillary qubit as a syndrome qubit is
used for the stabilizer measurement while a second ancil-
lary qubit acts as a flag to indicate the possible occurrence
of dangerous “hook errors.” In previous works [38,71], the
stabilizers in Eq. (22) are measured sequentially, we called
this QEC cycle the serial scheme (see Appendix C). This
syndrome extraction works slowly, which is a disadvan-
tage in experiments with high idle error rates. Therefore,
we adopt an alternative FT scheme [39] that allows extract-
ing multiple syndromes in parallel as shown in Fig. 5,
which we referred to as the parallel scheme. In this scheme,
three stabilizers can be measured at once with only one
extra qubit per stabilizer, with at the same time one syn-
drome qubit acting also as a flag to catch the “hook errors”
while measuring another syndrome, shown in Fig. 5. This
FT stabilizer measurement substantially reduces the num-
ber of required quantum gates, cutting down the depth of
the circuit to lower the error probability of idle qubits.

To identify the “hook errors” from other weight-one
errors, i.e., “nonhook errors” of similar syndrome signa-
tures, the decoder requires two sets of syndrome mea-
surements. Therefore, the syndrome extraction protocol
consists of two parts as illustrated in Fig. 4(b). First, the
flagged stabilizer syndromes {S(3)f

X , S(1)f
Z , S(2)f

Z } are mea-
sured using flagged parallel circuits shown in Fig. 5(a) in
a way that identifies malignant “hook errors.” If no flag is
triggered, we proceed to the second set of three syndromes
and measure the stabilizers {S(3)f

Z , S(1)f
X , S(2)f

X } using paral-
lel flagged readout. If any flag was raised during every set
of syndromes and a fault was detected, we realize a second
full round of stabilizer readout without flags to distinguish
“hook errors” from “nonhook errors,” the first set being
{S(3)

X , S(1)
Z , S(2)

Z } with parallel circuit design in Fig. 5(b) and
the second set being {S(3)

Z , S(1)
X , S(2)

X }.
Note that, in our work, the six stabilizers of the

unflagged syndrome extraction can also be divided into
two parallel sets {S(3)

X , S(1)
Z , S(2)

Z } and {S(3)
Z , S(1)

X , S(2)
X } as

depicted in Fig. 5(b). Let us also remark that, for the
unflagged syndrome measurements {S(3)

X , S(1)
Z , S(2)

Z }, the

±X
±Z
±Z

±X
±Z
±Z

0

0

�

(2) f
ZS

(1) f
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3 7Z Z
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FIG. 5. (a) The first parallel flagged syndrome
measurement {S(3)f

X , S(1)f
Z , S(2)f

Z }. The blue CNOT gates extract
the S(3)f

X = X1X3X5X7 syndrome, while the red gates extract
the S(1)f

Z = Z4Z5Z6Z7 syndrome and the green gates extract the
S(2)f

Z = Z2Z3Z6Z7 syndrome. The black gates are there to catch
bad faults, i.e., “hook errors.” We mark fault locations with the
eight-cornered stars that can trigger the measurement where the
yellow stars represent the “hook errors” and the purple stars
represent the “nonhook errors.” The propagation paths for Z3Z7
and Z3 faults are also shown in the circuit. The shaded blue part
is the parallel gate group shown in Fig. 2. (b) The first parallel
unflagged syndrome extraction of the stabilizers {S(3)

X , S(1)
Z , S(2)

Z }.

parallel gate groups are slightly different from the flagged
measurements {S(3)f

X , S(1)f
Z , S(2)f

Z }. The MS-based quantum
circuit for parallel syndrome extraction in Fig. 5 can be
found in Appendix D. If no errors are indicated, the syn-
drome extraction protocol is complete. The combination
of the flag readout with unflagged stabilizer measurements
allows us to identify and correct the most likely error,
preserving the FT character.

This scheme allows the simultaneous measurement of
three stabilizers and then all six stabilizers can be mea-
sured in two rounds for the syndrome extraction of the
Steane code. This tremendously reduces the cost of time
to perform a QEC cycle during which idle qubits undergo
decoherence. Whether in the parallel or serial FT protocol,
the unflagged syndromes are treated as ideal measurements
since they are measured only in the event that another
error has been detected and the code is only guaranteed
to correct a single error.
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TABLE I. Decoder for Z type “hook errors.”

S(3)f
X , S(1)f

Z , S(2)f
Z S(1)

X , S(2)
X , S(3)

X Correction

− + + + − + Z4Z6
− − + + − + Z4Z6
− + + − + + Z3Z7
− + − − + + Z3Z7

S(3)f
Z , S(1)f

X , S(2)f
X S(1)

X , S(2)
X , S(3)

X Correction
+ − − − + + Z3Z7
− − − − + + Z3Z7

3. Decoder and measurement

At the end of a QEC cycle, the information of syndrome
measurements are sent to the decoder, i.e., lookup table to
infer a correction. In this part, we introduce only the Z
errors of syndrome because of symmetry and the lookup
tables for X errors can be found in Appendix E.

The first lookup table (see Table I) is concerned
with “hook errors.” For single-qubit errors, “hook errors”
can produce the same syndrome as other less damaging
weight-one “nonhook errors.” As shown in Fig. 5(a),“hook
error” is the single-Z error at the location marked Z3Z7,
which will spread into weight-two error. As we can
see, Z3Z7 and Z3 is distinguishable in the first paral-
lel flagged syndrome extraction of the stabilizers with
{S(3)f

X , S(1)f
Z , S(2)f

Z } = [−, +, +]. Therefore, we realize a
second full round of six stabilizers readout without flags.
If the syndromes of {S(1)

X , S(2)
X , S(3)

X } are [−, +, +], the
correction is Z3Z7 while Z3 error occurs with [+, −, −]
measurements.

The second decoder (see Table II) utilizes the unflagged
syndrome measurements {S(1)

X , S(2)
X , S(3)

X } and ignores the
flagged syndrome measurements to correct the “nonhook
errors.” Therefore, the corrections determined by Tables I
and II give the final recovery operation for the current QEC
cycle.

Finally, the state is measured to check if the protocol
ended in success.

TABLE II. Decoder for weight-one “nonhook errors.” The cor-
rection is only based on the unflagged syndrome measurements.

S(1)
X , S(2)

X , S(3)
X Correction

+ + + I
+ + − Z1
+ − + Z2
+ − − Z3
− + + Z4
− + − Z5
− − + Z6
− − − Z7

IV. RESULTS OF QEC

For QEC to be helpful in FT computations, logical error
rate must be lower than the physical error rate in the typ-
ical circuits and the crossover point is known as the FT
threshold. In this section, we assess the performance of the
parallel FT protocol compared to physical qubit operations
to estimate break-even points of FT advantage. The logical
fidelity FL is determined by expectation value of logical
Pauli operators Pt onto the respective axis t ∈ {XL, YL, ZL}
of the logical Bloch sphere

FL = 1
2
〈1 ± Pt〉. (23)

The definition of the logical failure rate is the logical
infidelity δFL = 1 − FL. In this work, we focus on the sim-
ulation of the logical state |+〉L as it is easily affected by the
dephasing errors on idle qubits.

To estimate logical error rates of logical state prepara-
tion protocol, we perform numerical stabilizer simulations
of stochastic incoherent Pauli noise models as described
above. The stabilizer simulations can provide faster results
that allow for a quick evaluation of the behavior of a
given process compared to the state-vector simulations. All
simulations in this work are performed using a modified
version of the performance estimator of codes on surfaces
(PECOS) package, which is a Python framework for study-
ing and evaluating QEC protocols [72,73]. The effect of
different incoherent noise models is treated by means of
direct Monte Carlo sampling. Each data point in our figures
is the averaged result of at least 107 runs.

A. Crosstalk threshold

Firstly, we independently study the influence of three
incoherent noises, depolarizing noise on MS gates,
crosstalk noise of parallel gates and optical addressing
crosstalk noise, on the performance of Steane code in
Fig. 6(a). As we can see, the logical error probability δFL
for MS gate error rate pMS is quadratic at low physical
error rate and the regime of advantageous FT implementa-
tion can then be found. As described in the text, quadratic
scaling behavior is the signature of a correct FT circuit.
However, the scaling of the logical error rate δFL with
crosstalk error rate pc is linear, which shows crosstalk noise
does not respect the FT property of the QEC cycle.

As depicted in Fig. 2, crosstalk fault operators can
potentially propagate to cause uncorrectable weight-two
errors on data qubits at the end of the circuit without trig-
gering the flag. This illustrates that even though the logical
failure rates of FT circuits are expected to scale quadrat-
ically, there exists a linear term in the expansion of δFL
caused by dangerous crosstalk errors which will eventu-
ally destroy the advantageous scaling behavior [shown in
Fig. 6(a)]. At this point, it seems clear that the entangling
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(b)(a)

FIG. 6. (a) The logical error rates δFL using a limited error model that includes the incoherent crosstalk error only (blue line with
squares), the MS gate error only (orange line with stars), and the optical addressing crosstalk error (red line with circles). The black
dashed line represents δFL = pc and δFL = pMS, which is used to find the break-even point of FT advantage. The noise model of the
optical addressing crosstalk error is similar to that in Ref. [30]. (b) The logical error rates δFL as a function of the MS gate infidelity δF
for a fixed crosstalk error rate pc. For each line, only the MS gate error rate varies and the crosstalk error rate is fixed. The black dashed
line represents δFL = δF . The pink line with squares represents the logical error rates δFL for fixed crosstalk error rate pc = 10−4.4

and pac = 10−6..

crosstalk error should be carefully considered in the con-
text of the parallel FT circuit design, as a single crosstalk
error can turn into a dangerous pair of errors when both
ions of crosstalk pairs are physical data qubits. The opti-
cal addressing crosstalk noise shows the similar behavior
as the crosstalk noise of parallel gates [shown in Fig. 6(a)].
If this noise is not adequately suppressed, it can break the
fault tolerance of the QEC cycle as discussed in Ref. [30].

Therefore, we should identify a critical value of
crosstalk errors below, which it is possible to reach the
break-even point of quantum logical advantage. In gen-
eral, the threshold estimate is difficult because it requires a
detailed understanding of the system’s underlying physics.
One criterion is that the logical operation realized within
a given hardware architecture should be compared to the
corresponding physical operation as it could be realized
in exactly that same hardware architecture suggested in
Ref. [74]. However, in cases where the dominant physi-
cal noise mechanism is known, as done previously, e.g., in
Refs. [62,71], one method is to scale the noise mechanism
in simulations and define it as the break-even point where
the logical error rate is equal to the dominant physical noise
source.

As discussed previously for trapped-ion systems, the
largest physical error is the noise of entangling MS gates.
Here we opt to compare the logical error rate with the MS
gate error rate and run simulations for different constant
values of crosstalk error rate with varying depolarizing
error rates. Our goal is to find a parameter range of MS
gate infidelity, under which, again in the limit of a dom-
inant error source, crosstalk error, FT retention of the

encoded information would be possible. As can be seen
in Fig. 6(b), we find that there exists an upper limit on
crosstalk error rate pc = 10−4.4 to achieve fault tolerance
with the entangling MS gate infidelity δF = 1.86 × 10−3.
Within a range of physical entangling gate infidelity δF =
{1.86 × 10−3 ∼ 10−5}, which is realistic for current archi-
tecture, reducing the crosstalk error rate to a value on the
order of pc = 10−6 might be appropriate for achieving FT
of parallel quantum circuit design of a QEC cycle.

In addition, according to Ref. [30], the FT threshold of
the Steane code can be obtained for an optical addressing
crosstalk error rate not larger than pac of 10−6, when the
MS-gate error lies below pMS = 2 × 10−3. Recently, some
experimental studies have reduced the optical address-
ing crosstalk error rate to the pac = 10−6 level [32–34].
Therefore, we consider a situation in which the depolar-
izing error rate varies with a fixed crosstalk error rate of
pc = 10−4.4 and a fixed optical addressing crosstalk error
rate of pac = 10−6. As can be seen in Fig. 6(b), the line of
logical error rate for pc = 10−4.4 and pac = 10−6 coincides
with the line of logical error rate for pc = 10−4.4. It implies
that the crosstalk noise of parallel gates becomes a dom-
inant error source when the optical addressing crosstalk
is effectively suppressed under the current experiment
condition.

Let us also remark that, as the MS gate infidelity
decreases, the lines of logical infidelity become plateaulike
leveling. This is because, if the MS gate infidelity is
reduced well below the levels of crosstalk error, the
crosstalk error will be the leading ones of the logical
error rate. The plateaulike effects observed on the logical
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FIG. 7. The logical error rates δFL of the parallel scheme as a
function of the operation time of MS gate τ under the influence
of varying dephasing error rates and constant crosstalk error rate.
The yellow (bark purple) line with pentagon markers represents
the logical error rate with limited the error model to dephasing
error only of the parallel (serial) scheme.

error rate depend on the fixed values of crosstalk fault.
Although crosstalk noise still has the ability to destroy FT
in the Steane code, it is no longer a limiting factor for
QEC performance in experimentally relevant regions when
suppressed below the FT threshold.

B. The advantage of parallelism

Typically, environmental dephasing is considered to be
the main source of noise affecting idle trapped-ion qubits.
As shown in Fig. 7, when limiting the error model to
dephasing errors only, the logical infidelity of the serial
scheme is much higher than the parallel scheme. This
implies that if qubits accumulate errors rapidly at rest, it
is useful to extract multiple MS gates in parallel, which
can provide significant improvement in the execution time
of the entire circuit and dramatically decrease the error
probability of idle qubits.

However, parallel gates will introduce damaging
crosstalk errors as a single crosstalk fault can lead to a
noncorrectable error. Therefore, we also show the logical
infidelity under the influence of varying dephasing error
rates and a constant crosstalk error rate in Fig. 7. In the
experimentally accessible regime, we choose the time of
operations, single-qubit gate, two-qubit MS gate, qubit
reset and measurement, are {0.05τ , τ , τ , 1.5τ } where τ is
the MS gate time. And then we can get the error probabil-
ity of each idle qubit in Eq. (15) by dividing the quantum

circuit into several layers. Among the MS gate time in the
range of τ ∈ [10, 500] µs, the crosstalk error rate should be
reduced to pc = 10−5.5 and below that, the logical error rate
of parallel scheme is lower than the serial scheme, which
displays the advantage of parallelism.

Overall, to demonstrate FT quantum logical advantage
over physical qubits and effectiveness of the parallelism
for QEC protocol, it is sufficient to lower the crosstalk error
rate pc below the FT threshold p thres = 10−6 and the infi-
delity of MS gate δF below δF thres = 1.86 × 10−3, which
are still conservative for the current parallel QEC cycle
of the logical qubit. According to the definition of the
crosstalk error rate in Eq. (21), the crosstalk C[j ,j ′], i.e., the
entangling phase for pair [j , j ′] ∈ J ′ should be lower than
the threshold Cthres = 10−3. Depending on the QEC codes
and the noise models, there exist different FT thresholds.
Here, we have derived the FT thresholds for the crosstalk
error and the MS gate infidelity specially for the Steane
code.

V. PARALLEL GATES WITH AN OPTICAL
TWEEZER ARRAY

As we have seen in the previous section, crosstalk errors
can cause a damaging effect on a logical qubit’s QEC per-
formance and should be mitigated below the FT threshold.
Here, we propose an effective protocol for programming
the array of optical tweezers to attain a set of local-
ized modes and gapped mode frequencies and designing
high-fidelity, low-crosstalk parallel two-qubit gates in the
quantum circuit of a QEC cycle.

A. Localized modes of an optical tweezer array

Optical tweezers allow a site-dependent manipulation of
the trapping or antitrapping optical potential through the
ac Stark effect experienced by internal energy states of
ions [43–46]. For a Gaussian optical tweezer propagating
along the y dirction as illustrated in Fig. 8(a), the optical
dipole potential can be approximated as harmonic in the
vicinity of the focuses of the tweezers. In this work, we
assume the state dependence of optical potential to be neg-
ligible and the optical trapping frequency along the beam
axis y compared to other axis is negligible [47]. The trans-
verse motional modes and the corresponding frequencies
of ion chain with an optical tweezer array can be precisely
calculated; see Appendix F for details.

To be specific, we consider a chain of 12 ions with
one buffer ion at each edge and use the central ten ions
to implement parallel entangling gates. To achieve an
average spacing of d = 10 µm, we choose the trapping
frequency ωx = ωy = 2π × 2.049 MHz and ωz = 2π ×
0.0638 MHz. The MS gates of parallel gate group in
our work are performed on pinned ion pairs with optical
tweezers. We consider a situation in which the tweezer
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FIG. 8. (a) The N = 12 ion chain in an array of opti-
cal tweezers along the y direction. The parallel three entan-
gling gates with tweezers are performed on ion pairs
[2, 3], [5, 8], and [9, 11]. The first and last buffer ions (gray
dots) are not used as qubits. (b) The x transverse motional
modes bm

j , j , m = 1, . . . , 12 with programmable tweezer array
{ωtw

[2,3], ω
tw
[5,8], ω

tw
[9,11]} = {0.821ωx, 0.989ωx, 0.703ωx}. The oscil-

lation amplitude and direction of ions are represented by the
color of the squares. (c) The mode frequency spectrum ωm/ωx
is shown on the right side. The difference of two frequencies in
the first set is vanishingly small on the scale of the figure. The
order of mode in (b) reflects the mode frequency, with the first
mode corresponding to the highest frequency.

intensity of each ion pair is different, whereas the remain-
ing ions are not pinned and two ions in an MS gate
have the same tweezer strength. Then the programmable
optical tweezer array can then be expressed as ωtw =
{ωtw

[j1,j ′
1], ω

tw
[j2,j ′

2], . . . , ωtw
[jN1 ,j ′

N1
]} where ωtw

[jN1 ,j ′
N1

] is the opti-

cal trapping frequency and N1 is the number of MS gates
in a parallel gate group. In this section, we present the
motional modes bm

j and mode frequencies ωm of par-
allel entangling ion pairs [2, 3], [5, 8], and [9, 11] with
different optical tweezer intensities {ωtw

[2,3], ω
tw
[5,8], ω

tw
[9,11]} =

{0.821ωx, 0.989ωx, 0.703ωx} as illustrated in Fig. 8(a). As
shown in Figs. 8(b) and 8(c), the transverse modes and
the corresponding frequencies in the presence of tweez-
ers drastically differ from those for the ion chain without
tweezers.

One of the key features is that the motion of pinned
ions is almost completely decoupled from that of ions,
which is not illuminated by an optical tweezer. Of note,
each ion pair with different tweezer intensity is mutually

independent. The motional modes of each pair are local-
ized, which consists only of center of mass (COM) and
stretch modes where the pinned ions dominant motion.
In other words, the modes, which are localized on a pair
of pinned ions, have almost zero amplitudes on ions that
belong to another ion pair with different tweezer inten-
sity. In fact, the crosstalk between ion pairs of paral-
lel gates is related to the collective motional modes in
which all ions have nonzero oscillation amplitudes. This
unwanted effect can be strongly suppressed if the difference
between the squares of the local oscillation frequencies
of the pinned ions in different ion pairs, is large in com-
parison to their residual Coulomb interaction. Note that
when all ions are pinned with the same optical-trapping
frequency, their localized modes hybridize, which is in
principle unfavorable for reducing crosstalk as detailed
in Appendix F. Therefore, these localized modes based
on an optical tweezer array with different intensities are
the desired modes to implement parallel high-quality two-
qubit entangling gates.

As illustrated in Fig. 8(c), the mode frequencies of the
ion chain in the optical tweezer array are gapped and split
up into several subsets. The three subsets appearing shifted
above corresponds to the localized modes of three ion
pairs illuminated by optical tweezers. Each subset consists
of two mode frequencies, the COM frequency ωCOM and
stretch frequency ωstretch, where the frequency splitting is
determined by the Coulomb interaction. In this work, we
aim at implementing the ith MS gate of parallel group with
the detuning μ[ji,j ′

i ] in the neighborhood of the ωCOM
[ji,j ′

i ] or

ωstretch
[ji,j ′

i ] , where i = 1, 2, . . . , N1 in Fig. 8(c).
These features of localized motional modes and gapped

frequencies can be improved by either increasing the
tweezer-trapping frequency or by increasing the spacing of
the ions. By dynamically reconfiguring the tweezer array,
the designer motional modes can be adjusted during run-
ning quantum computations, and thus offer great flexibility
to achieve a different parallel gate group of the FT circuit.

B. Numerical optimization scheme

Our protocol of the realization of high-quality parallel
gates relies on finding the satisfied confinement realized
by the tweezer at the position of each ion pair. We solve
this problem through two optimization steps.

1. Presearch technique: LD parameter

The first step of the optimization approach focuses on
the localized motional modes and the gapped mode fre-
quencies, which is related to LD parameters. As described
in Eqs. (3) and (12), the crosstalk of ion pairs J ′ is influ-
enced by LD parameters ηm

j ηm
j ′ , where [j , j ′] ∈ J ′. When

we manipulate the tweezers to make the motional modes
of each pair more localized, the LD terms can be decreased
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greatly, and then crosstalk can be effectively suppressed.
In addition, the gate infidelity can be obviously decreased
with only a few pulse segments when the mode vectors of
every pair excluded the localized COM and stretch modes
have almost zero amplitudes, i.e., |ηm

j |2 + |ηm
j ′ |2, according

to Eqs. (2) and (11). In this way, we can find an approxima-
tion to the optimal tweezer array by optimizing the values
of LD parameters, without having to solve numerically the
pulse shape.

The first step takes the following parameters as inputs:
the number of ions N , the ion pairs in the presence
of tweezers J . The arguments are the optical trapping
intensity of tweezers, ωtw = {ωtw

[j1,j ′
1], ω

tw
[j2,j ′

2], . . . , ωtw
[jN1 ,j ′

N1
]}.

The LD parameter term of crosstalk can be expressed as

FLD
c (ωtw) = 1

N2

∑

[ji,j ′
i ]

∑

m

∣
∣
∣η

m
ji η

m
j ′
i

∣
∣
∣ , (24)

where [ji, j ′
i ] ∈ J ′ for i = 1, 2, . . . , N2.

The LD parameter term of gate infidelity can be
described as

FLD
if (ωtw) = 1

N1

∑

[ji,j ′
i ]

∑

m′

(∣
∣
∣η

m′
ji

∣
∣
∣
2
+

∣
∣
∣η

m′
j ′
i

∣
∣
∣
2
)

, (25)

where [ji, j ′
i ] ∈ J for i = 1, 2, . . . , N1 and the summation

over m′ are limited to N2 motional modes, which exclude
their localized COM and stretch modes.

This problem is formulated as mulitobject optimization
problem with constraints of the form:

min
ωtw

FLD(ωtw) = [FLD
c (ωtw), FLD

if (ωtw)]T

s.t. ωmin ≤ ωtw
[ji,j ′

i ] ≤ ωmax, i = 1, . . . , N1,
(26)

where FLD(ωtw) is a vector of objective functions. The fea-
sible design space is defined as ωtw = {ωmin ≤ ωtw

[ji,j ′
i ] ≤

ωmax, i = 1, . . . , N1}, where ωmax and ωmin are maximum
and minimum of the tweezer intensity, respectively.

In this work, we use the weighted-sum method [75] to
solve the problem in Eq. (26) with scalar weights wi and
minimize the following composite objective function:

min
ωtw

FLD(ωtw) = w1FLD
c (ωtw) + w2FLD

if (ωtw)

s.t. ωmin ≤ ωtw
[ji,j ′

i ] ≤ ωmax, i = 1, . . . , N1.
(27)

The weights satisfy w1 + w2 = 1 and are determined
by the crosstalk threshold Cthres and infidelity threshold
δF thres. The linear weighted-sum method makes the mul-
tiobjective function into a single-objective optimization
problem.

Due to the nonconvex property of target function, there
exist many local extreme points. These local extreme
points can greatly decrease the LD parameter terms in
Eq. (27) and then suppress the crosstalk and improve gate
fidelity. Therefore, this optimization step can be regarded
as a presearch technique, which can improve the search
efficiency and provide many good initial guesses to the
second nonlinear optimization problem.

2. Optimization: the exact target function

We optimize the precise values of crosstalk and gate
infidelity in a second step to below the FT threshold
by considering the parallel gate parameters, such as the
set of detunings μ = {μ[j1,j ′

1], μ[j2,j ′
2], . . . , μ[jN1 ,j ′

N1
]}, gate

times τ = {τ[j1,j ′
1], τ[j2,j ′

2], . . . , τ[jN1 ,j ′
N1

]}, the pulse segments

Nseg = {N [j1,j ′
1]

seg , N
[j2,j ′

2]
seg , . . . , N

[jN1 ,j ′
N1

]
seg } and the pulse shape

of each MS gate �[ji,j ′
i ] for i = 1, 2, . . . , N1 where μ[ji,j ′

i ],

τ[ji,j ′
i ] and N

[ji,j ′
i ]

seg is the given parameter of i-th ion pair
of parallel gate group J . In this optimization part, the
sequence of Rabi frequencies of ith ion pair �[ji,j ′

i ] under

the parameters μ[ji,j ′
i ], τ[ji,j ′

i ], and N
[ji,j ′

i ]
seg is determined by

the approach in Appendix A.
In the section about QEC, we assume that the error

probability pc of each ion pair [j , j ′] ∈ J ′ is the same.
Therefore, to achieve the FT advantage of QEC, we should
guarantee the maximum value of crosstalk and infidelity
terms of each parallel gate group below the FT threshold
for conservative estimates. Based on Eq. (12), the objective
function of crosstalk can be expressed as

Fc = max[|C[j1,j ′
1]|, |C[j2,j ′

2]|, . . . , |C[jN2 ,j ′
N2

]|], (28)

where [ji, j ′
i ] ∈ J ′ for i = 1, 2, . . . , N2.

The objective function of gate infidelity can be
described as

Fif = max[δF[j1,j ′
1], δF[j2,j ′

2], . . . , δF[jN1 ,j ′
N1

]], (29)

where [ji, j ′
i ] ∈ J for i = 1, 2, . . . , N1.

Therefore, the target function in the combination
of crosstalk and gate infidelity using weights can be
expressed as

min
ωtw

F(ωtw) = w1Fc(ω
tw) + w2Fif (ωtw)

s.t. ωmin ≤ ωtw
[ji,j ′

i ] ≤ ωmax, i = 1, . . . , N1.
(30)

We perform a second search using the local extreme points
found in the presearch technique as the initial guess. For
the results presented in this work, we have used a pseudo-
Hessian method (L-BFGS-B) [76] to perform the optimiza-
tions of Eqs. (27) and (30). In the numerical optimization

034021-13



CHENG, LIU, PENG, and GONG PHYS. REV. APPLIED 22, 034021 (2024)

1

2

3

4

5

6

7

8

9

10

(d)

×104(a) (b)

(c)

k

FIG. 9. (a) The run time of each parallel gate group used in the QEC circuit. The blue rhombuses represent the sum run time of
a set of detunings for our optimization method based on an efficient presearch technique. The orange diamonds represent the run
time of the optimization method based on a random initial guess. The inset plots the run time of different detuning of the rhom-
bus, highlighted by the black arrow for the parallel gate group {[3, 10], [4, 6], [5, 7]}. The set of detunings of each group are in the
vicinity of the corresponding localized modes where the kth element can be expressed as {μ[j1,j ′

1], μ[j2,j ′
2], . . . , μ[jN1 ,j ′

N1
]}k = {ωstretch

[j1,j ′
1] +

(−1 + 3k/28)(ωCOM
[j1,j ′

1] − ωstretch
[j1,j ′

1] ), ω
stretch
[j2,j ′

2] + (−1 + 3k/28)(ωCOM
[j2,j ′

2] − ωstretch
[j2,j ′

2] ), . . . , ωstretch
N1

+ (−1 + 3k/28)(ωCOM
[jN1 ,j ′

N1
] − ωstretch

[jN1 ,j ′
N1

])}, where

N1 is the number of MS gates in group and k = {0, 1, . . . , 28}. Every two-qubit gate in each parallel gate group is demonstrated
with the pulse segments Nseg = 5 and the gate duration τ = 200 µs. (b) The optimized results of the optical tweezer array for a differ-
ent parallel layer as indicated in every column. The color of labels represents the intensity of tweezer. The ion-qubit mapping is shown
in the left part where the order of the qubits used for FT QEC in the ion string is labeled by the number beside the circles. Data qubits
are depicted in blue and ancillary qubits are labeled orange. (c) The crosstalk values of parallel gate groups with the optimized tweezer
array as shown in (b). Every column displays the crosstalk values of each parallel gate group. The dashed black line represents the
crosstalk threshold. (d) The infidelity of MS gates as a function of parallel gate groups. The dashed black line represents the infidelity
threshold.

scheme of our work, the second optimization process will
stop once a satisfied tweezer array has been found. A satis-
fied tweezer array means that, based on this tweezer array,
the performance of parallel gates meets the demand of the
crosstalk and the gate infidelity below the FT threshold. On
the basis of the initial guess, the optimization of Eq. (30)
quickly converges and significantly saves the computing
resources.

VI. RESULTS OF PARALLEL GATES

In this section, we investigate the performance of the
FT protocol with parallel two-qubit quantum gates under
depolarizing noise on MS gates, dephasing noise on idling
qubits and crosstalk error of parallel two-qubit gates. We

find that it is sufficient to lower the crosstalk C[j ,j ′] for
pair [j , j ′] ∈ J ′ than Cthres = 10−3 and the infidelity of
MS gate δF[j ,j ′] for [j , j ′] ∈ J than 1.86 × 10−3. As stated
above, the FT threshold depends on the choice of QEC
code and the nature of the noise in the physical qubit.
Note that the FT thresholds for the crosstalk error and the
MS gate infidelity in this work are specific for the logi-
cal qubits protected by the Steane code. For other QEC
codes, the FT threshold may be different. For the QEC
cycle of a logical qubit based on Steane code, there exist
14 kinds of parallel gate groups in the FT quantum circuit
where the FT logical state preparation has six types and the
syndrome extraction protocol has eight, respectively. As
illustrated in Fig. 5(a), there exist four groups of parallel
MS gates.
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Here, we provide the results of efficient optimization
protocol, which can find satisfied optical tweezer strengths
for 14 parallel gate groups that are required to decrease the
maximum value of crosstalk and infidelity terms of each
parallel gate group below the FT threshold in a linear chain
of 12 171Yb+ ions. We consider one ion string ordering
[in Fig. 9(b)], in which ions in positions 7, 4, and 10 cor-
respond to the ancillary qubits and other ions correspond
to qubits 1–7 of the Steane code based on the local prop-
erty of the stablizers. We assume that ωtw

[ji,j ′
i ] can take on

values up to ωmax = 0.99ωx for typical transverse trapping
frequencies and ωmin = 0 for i = 1, 2, . . . , N1.

To show the search effectiveness of our optimization
method, we evaluate the search performance using the sum
of run time for a set of detunings and compare the results
of 14 parallel gate groups with those of other random ini-
tial guess. As shown in Fig. 9(a), starting points based
on the pre-search technique can improve the search effi-
ciency greatly and quickly converge to a satisfied solution
compared to arbitrary starting points.

We also demonstrate the availability of our optimiza-
tion scheme by an example with all MS gates with the
same pulse segments Nseg = 5 and the gate duration τ =
200 µs. The detunings of each parallel gate group are in the
vicinity of corresponding localized mode frequencies with
{μ[ji,j ′

i ] = 2ωstretch
[ji,j ′

i ] − ωCOM
[ji,j ′

i ]} for i = 1, 2, . . . , N1 where N1

is the number of MS gates in the group. The optimized
optical tweezer arrays for a different parallel layer are indi-
cated in every column of Fig. 9(b). We notice that the
intensity of the optimized tweezer array is mostly concen-
trated in high strength, which makes the modes of every
pinned pair more localized. As we can see in Figs. 9(c)
and 9(d), the values of crosstalk terms for each parallel
gate group with an optimized tweezer array all can be
reduced below the FT threshold. The infidelity of MS gates
can also be decreased below δF thres using only Nseg = 5
pulse segments, which indicates that the localized modes
are desired modes to implement high-fidelity two-qubit
entangling gates.

So far, our discussion mainly focused on a linear ion
chain. To further scale up the ion number, one promising
scheme is to trap the ions in a two-dimensional crys-
tal [34,77–79] in addition to the quantum charge-coupled
device (QCCD) and an ion-photon quantum network.
Here, we extend the scheme to a two-dimensional ion crys-
tal confined by a Paul trap, which is a remarkable way to
achieving a scalable quantum computation and quantum
simulation [34].

In terms of the QEC cycle, we can naturally choose
the hexagonal plaquette of the two-dimensional ion
crystal to encode the Steane code due to the planer struc-
ture for the ion-qubit mapping. In terms of the parallel
gates, there exists a noticeable micromotion problem for
two-dimensional ion crystal compared to a linear ion chain

[34,80,81]. The fast micromotion problem on the equi-
librium ion position is caused by strong fast-oscillating
electric field. Some theoretical studies [80,81] showed that
the micromotion can be considered in the design of the
quantum gates and does not significantly affect the entan-
gling gates. Recently, the authors in Ref. [34] demonstrated
that the effect of micromotion can be compensated by a
recalibration of the laser intensity without degrading the
gate fidelity in experiments.

Therefore, in terms of the parallel gates based on the
programmable optical tweezer array, we can also consider
the micromotion effect in the optimization of the quantum
gates, as discussed in Ref. [34,80,82]. When we consider
the in-plane micromotion and out-of-plane modes, the
localized motional modes and gapped mode frequencies
are slightly modified due to the micromotion, following the
procedure described in Ref. [83]. In the design of the quan-
tum gates in Sec. V, the addressing laser profile seen by
the ion is time dependent due to the in-plane micromotion,
which causes the amplitude modulation in the address-
ing beam [80]. In addition to the individual addressing
technique in the two-dimensional ion crystal [34], the
addressing of the optical tweezer beam is an experimen-
tal challenge at the moment. However, these experimental
challenges would be attempted with the fast advances of
relevant technologies [83]. Combined with the address-
ing technique of individual ions in two-dimensional ion
crystal, our high-quality parallel gates are promising for
a powerful tool for the large-scale fault-tolerant quantum
computation within a single Paul trap.

VII. CONCLUSIONS AND OUTLOOK

The demonstration of a QEC cycle restricted to a single
logical qubit is one of the promising paradigms to reach
the break-even point where FT circuits will outperform
physical qubits. In this work, we have provided a detailed
numerical study and analysis of the crosstalk errors of par-
allel gates on QEC performance based on the Steane code
in trapped-ion systems. By taking into account detailed and
realistic error models in the highly parallel FT quantum
circuit, we have found that the crosstalk of parallel gates
is a substantial source of noises, which will destroy the
advantage of FT over non-FT circuit implementation. Our
detailed study shows, to demonstrate FT quantum logical
advantage, it is sufficient to lower the crosstalk error rate pc
below the FT threshold p thres = 10−6 and the infidelity of
MS gate δF below δF thres = 1.86 × 10−3, which are con-
servative for the current parallel QEC cycle of the logical
qubit.

To mitigate the crosstalk at the gate level for trapped-ion
systems, we have proposed a highly effective scheme to
design high-quality parallel gates based on reconfigurable
optical tweezer array. We utilize the localized motional
modes and the gapped mode frequencies of each pinned
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FIG. 10. FT state preparation. (a) We initialize the logical state with a FT protocol using a single ancillary qubit as a flag. If the
flag is raised, we measure the logical operates Z ′

L, Z ′′
L to make corrections in Table III. Then, we can rotate |0〉L by applying the

logical rotations. (b) The CNOT version of the quantum circuit for (a). (c) The quantum circuit that has been compiled into MS gates
with the addition of single-qubit gates. (d) The native gate set consists of single-qubit operations, MS entangling operation, and the
decomposition of the CNOT gate into the MS gate and local operations.

ion pair to greatly simplify the crosstalk constraints of
optimization. And then we can quickly find the satis-
fied optical tweezer array for high-quality parallel gates
based on a presearch technique. By dynamically recon-
figuring the tweezer array, the parallel gate group can be
adjusted during running quantum computations, and thus
offers great flexibility to achieve FT circuit.

Recently, various platforms have achieved milestone
breakthroughs, which exceed the break-even point of the
quantum error correction [84,85]. However, the logical
error rate needs to be below 10−9 on a practical level.
Therefore, to achieve the final goal of a practical fault-
tolerant quantum computation, it is crucial to scale up the
system to improve the code distance and further suppress
the noise as we discussed before. However, introducing
more qubits to concatenate the QEC code also increases
the number of crosstalk errors and the complexity of the
QEC circuits when executing more parallel gates.

For different quantum computation platforms, there exist
different proper QEC codes. And then the scalability of
QEC code size is somewhat different. For the supercon-
ducting system with a limited connectivity, the surface
code is a natural choice for error correction, because it
uses only the nearest-neighbor coupling and rapidly cycled
entangling gates. It can increase the qubit number to
scale a surface code logical qubit, as shown in Ref. [84].
For the simultaneous gate operations on superconducting
qubits, the inevitable crosstalk resulting from the residual
interqubit coupling significantly impairs quantum oper-
ation performance [40–42]. Reconfigurable neutral atom
arrays have recently emerged as a promising quantum
computing platform for its high degree of connectivity, as

well as a coherent control over hundreds of qubits in a
flexible, dynamically reconfigurable architecture [85,86].
It has been demonstrated that an arbitrary connectivity
can be established through the coherent atom shuttling
by the optical tweezer. This platform features a flexible,
dynamically reconfigurable architecture, whereby entan-
gling operations can be performed between neutral-atom
qubits with an arbitrary connectivity and in a highly paral-
lel manner. The parallel gate group has negligible crosstalk
due to the fact that entangling operations are mediated
through Rydberg blockade. In the present work, we have
chosen the Steane code due to the all-to-all connectiv-
ity of trapped-ion systems. And the operations between
qubits are mediated by the motional modes. Based on this
advantage, we can adopt concatenation to scale the code
size. Therefore, the parallel gates for trapped-ion systems
face more serious crosstalk errors when simultaneously
executing many two-qubit gates.

In terms of this problem, we may be able to mitigate
the crosstalk error when scaling the code size by adopting
the following schemes. In the gate level, one interesting
study would be combined the parallel gates based on opti-
cal tweezers with other techniques to mitigate crosstalk,
like the optimization of the ion-qubit mapping to minimize
the impact of the crosstalk faults. The authors in Ref. [31]
presented a dynamic programming algorithm to find an
optimal qubit mapping by searching for Hamiltonian paths
in a qubit-mapping graph. In the quantum error-correction
code level, it would be helpful to expand the study to other
codes, the quantum low-density parity-check (LDPC) code
for its the high thresholds and low overhead [87]. As we
described, the quantum gate parallelism can speed up the
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quantum circuit while introducing crosstalk errors. In the
quantum circuit level, a trade-off QEC cycle, which bal-
ances the need for crosstalk mitigation against the need to
parallelism might be helpful [88].

In conclusion, the good combination of the pulse-shape
optimization of tweezer parallel quantum gates with fault-
tolerant protocol with simultaneous gate operations in cir-
cuit design will offer guidance on the application of high-
quality parallel quantum gates in error-protected universal
quantum computer. Meanwhile, the analysis procedure
may provide a preliminary guideline for understanding
crosstalk errors of parallel gates in trapped-ion architec-
ture, and may help motivate future work on implementing
large-scale FT quantum computers based on the parallel
gates.
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APPENDIX A: OPTIMIZED PULSE SHAPE

In this Appendix, we introduce the approach to obtain
the optimized pulse shape for a single MS gate. For a suc-
cessful completion of an entangling operation, the phase-
space trajectories of all motional modes should return to
their origins and the qubit states should undergo a maximal
entanglement of π/4 at the end of the gate duration. To ful-
fill these constraints, we divide the total gate interval τ into
Nseg segments with an equal time duration of τ/Nseg. Thus,
we define a real column vector � = (�1, �2, . . . , �Nseg)

T,
corresponding to the Rabi frequency of each segment and
treat the amplitude in each segment as an independent vari-
able. The matrix form of the constraints in Eqs. (4) and (5)
can be given as follows:

Mj �j = 0, (A1)

θj ,j ′(τ ) = (�j )TD[j ,j ′]�j ′
, (A2)

where Mj is the 2N × Nseg real coefficient matrix, D[j ,j ′]

is the Nseg × Nseg matrix, and �j is the amplitude vector
of length Nseg of the j th qubit. The explicit expressions of
Mj and D[j ,j ′] are given in Refs. [19,61]. In this work, the
parameters of two ions in the same MS gate [j , j ′] are the
same, i.e., the detuning μj = μj ′ = μ[j ,j ′], the gate dura-
tion τj = τj ′ = τ[j ,j ′], the pulse segments N j

seg = N j ′
seg =

N [j ,j ′]
seg and the pulse shape �j = �j ′ = �[j ,j ′].
As can be seen, the spin-motion decoupling constraints

are linear while the coupling strength constraints are
quadratic. According to Ref. [52], in the limit of small

αm
j (τ ) and αm

j ′ (τ ), which means a high fidelity, the infi-
delity can be approximated as Eq. (11). According to Eq.
(A1), the infidelity can be expressed as

δF[j ,j ′] = 4
5

∑

m

(

∣
∣
∣α

m
j

∣
∣
∣
2
+

∣
∣
∣α

m
j ′
∣
∣
∣
2
)(2n̄m + 1)

= 4
5
{(�j )T(Mj )†Mj �j + (�j ′

)†(Mj ′
)†Mj ′

�j ′ }

= 4
5
{(�[j ,j ′])T(M[j ,j ′])†M[j ,j ′]�[j ,j ′]}, (A3)

where �j = �j ′ = �[j ,j ′] is the discrete pulse sequences of
ion pair [j , j ′] and M[j ,j ′] = (Mj )†Mj + (Mj ′

)†Mj ′
.

Therefore, we wish to minimize the spin-motion decou-
pling under the coupling strength quadratic constraint.
Now, one can formulate the constrained optimization prob-
lem as

⎧
⎨

⎩

f (�[j ,j ′]) = min((�[j ,j ′])T(M[j ,j ′])†M[j ,j ′]�[j ,j ′]),

s.t.
∣
∣
∣(�

[j ,j ′])TD[j ,j ′]�[j ,j ′]
∣
∣
∣ = π

4
.

(A4)

Here, we use the method of Lagrange multiplier to solve
this generalized eigenvalue problem and find the eigen-
value with the smallest absolute value. The corresponding
eigenvector, with suitable normalization of the spin-spin
phase constraint, gives us the optimal pulse shape.

APPENDIX B: FT STATE PREPARATION

The preparation of FT state depicted in the first block
of Fig. 4 is achieved by the verification circuit consisting
of three additional CNOT gates that couple the data qubits
to an ancillary flag qubit [67]. As depicted in Fig. 10,
one can detect a correlated error when the flag qubit in
the Z basis Mf = −1 is measured, which means the flag
is triggered. In the postselection method, the state is dis-
carded and the circuit runs again when the flag is triggered.
In this work, we adopt an alternative protocol for deter-
ministic FT Pauli-state preparation [38]. This protocol can
distinguish the dangerous correlated errors and make a
recovery operation, which relies on the combination of the
flag measurement and additional measurements of the log-
ical operators Z ′

L = Z1Z4Z5 and Z ′′
L = Z2Z4Z6 as detailed

in Table III. We can ascertain that after the corrections,
fault tolerance at level 1 is achieved without any post-
selection. For the measurements of the logical operators
Z ′

L = Z1Z4Z5 and Z ′′
L = Z2Z4Z6, we choose to simultane-

ously extract them. The quantum circuit of the MS gate
version is shown in Fig. 10(c). The gate compilation of the
CNOT gate using the MS gate and single-qubit rotations is
shown in Fig. 10(d).
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TABLE III. When the flag is trigged, one can correct the errors
by measuring the two equivalent logical operators Z ′

L and Z ′′
L . The

syndromes and corresponding corrections are listed below.

(Z ′
L, Z ′′

L) (+1, +1) (+1, −1) (−1, +1) (−1, −1)

Errors X3, Xf X6X7, X6 X1X3, X5 Higher weight
Correction I X6 X5 I

APPENDIX C: SERIAL SCHEME

Now, let us compare the results of the QEC protocol
based on parallel two-qubit gates with the serial scheme
to highlight the parallel advantage in FT computation and
estimate the FT threshold of crosstalk. In the serial scheme,
the quantum operations are executed sequentially in time
and the stabilizers in syndrome measurements are also
measured sequentially, which measure only one stabilizer
at a time.

The syndrome extraction protocol in the serial scheme
can be expressed as follows. If the flag is triggered (i.e.,
projective measurement in the Z basis Mf = −1), one
can determine and correct the most likely errors including
the dangerous “hook errors” by performing a subsequent
unflagged measurement of the three conjugate stabilizers.
If, on the other hand, the flag is not triggered, but the
syndrome qubit signals an error Ms = −1, we can be cer-
tain that an error must have occurred on a single qubit at
FT level 1. Therefore, we can use the unflagged circuits
to extract the syndrome by measuring all stabilizers, and
to correct the possible single-qubit error. In both cases,
the readout finishes after the unflagged stabilizer measure-
ments. If no flag is triggered, and no error is detected in
the syndrome qubit, one can proceed to the next stabilizer
with flagged circuit. The details of the serial scheme can
be found in Refs. [38,71].

APPENDIX D: THE MS-BASED QUANTUM
CIRCUIT OF PARALLEL SYNDROME

EXTRACTION

In our work, we make use of the recently introduced
paradigm of flag-fault tolerance with the parallel execu-
tion of gate operations, where the presence of dangerous
errors is heralded by the use of auxiliary flag qubits [39].
In this scheme, each ancillary qubit is used to measure
one of the stabilizers, but at the same time acts as a flag
to indicate potentially dangerous faults happening on the
other ancillary qubits, which otherwise could propagate
onto several data qubits and cause a logical error. The MS-
based quantum circuit of parallel syndrome extraction with
three stabilizers is shown in Fig. 11.

APPENDIX E: DECODER FOR X -TYPE ERRORS

The lookup decoders for X -type errors are shown in
Tables IV and V. For example, for the X errors that can

TABLE IV. Decoder for X -type weight-two single-qubit
errors.

S(3)f
X , S(1)f

Z , S(2)f
Z S(1)

Z , S(2)
Z , S(3)

Z Correction

+ − − − + + X3X7
− − − − + + X3X7

S(3)f
Z , S(1)f

X , S(2)f
X S(1)

Z , S(2)
Z , S(3)

Z Correction
− + + + − + X4X6
− − + + − + X4X6
− + + − + + X3X7
− + − − + + X3X7

trigger one or both Z measurements in Fig. 5(a), X4 and
X3X7 are not distinguishable from the unflagged stabilizer
measurements with {S(1)

Z , S(2)
Z , S(3)

Z } = [−, +, +]. However,
X4 can occur only with {S(3)f

X , S(1)f
Z , S(2)f

Z } = [+, −, +]
measurements, while X3X7 can occur only with [+, −, −]
measurements, so a special correction rule is only needed
in the latter case.

APPENDIX F: LOCALIZED MOTIONAL MODES
OF THE TWEEZER ARRAY

For a Gaussian optical tweezer propagating along the y
direction, the optical dipole potential can be approximated
as harmonic in the vicinity of the focuses of the tweez-
ers by considering the tweezer intensity profile at each ion,
being centered at each corresponding equilibrium position.
As shown in Ref. [47], the optical trapping frequency along
the beam axis y compared to the other axis is negligi-
ble. In contrast, the optical trapping frequency along the
transverse x and the longitudinal z directions is determined
by the tweezer intensity ωtw

i centered at the position of
the ith ion. The addition of �tweezer does not modify the
equilibrium position of the ions since its gradient vanishes
there.

In order to characterize the effect of the tweezer potential
on the motional modes and mode frequencies, we con-
sider N ions, which are confined by the harmonic trapping

TABLE V. Decoder for weight-one “nonhook errors.”

S(1)
Z , S(2)

Z , S(3)
Z Correction

+ + + I
+ + − X1
+ − + X2
+ − − X3
− + + X4
− + − X5
− − + X6
− − − X7
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FIG. 11. (a) The MS-based first parallel flagged syndrome extraction of the stabilizers {S(3)f
X , S(1)f

Z , S(2)f
Z } with entangling MS gates

and single-qubit rotations for Fig. 5(a). (b) The MS-based first parallel unflagged syndrome extraction of the stabilizers {S(3)
X , S(1)

Z , S(2)
Z }

for Fig. 5(b).

potential and the total potential has the following form:

Uall =
N∑

i=1

(
1
2

mi
ionω

2
x x2

i + 1
2

mi
ionω

2
y y2

i + 1
2
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ionω
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z z2
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)

+
N∑
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(
1
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tw
i

2x2
i + 1

2
mi

ionω
tw
i

2z2
i

)

+
∑

i<j

q2

4πε0|ri − rj | , (F1)

where q is the charge of an ion, zi is the axial position of
the ith ion, N is the number of ions, ε0 is the permittivity
of free space, x(0)

i = y(0)
i = 0, z(0)

i = l0u(0)
i , mi

ion is the mass
of ion, and ωx and ωy are the radial trap frequencies. ωtw

i
denotes the local optical pinning curvature at the ith ion.
For convenience, we rescale the positions zi using a length
scale l03 = q2/4πε0mionω

2
z and then ui = zi/l0.

We can approximate the potential with its Taylor expan-
sion around the equilibrium positions up to the second
order. The dynamics of the system are described by the
Lagrangian

L = 1
2

mion

N∑

i=1

(q̇i)
2 − 1

2
mion

N∑

i,j =1

Aij qiqj , (F2)

where qi is the displacement of the ith ion from the
equilibrium position. The motional modes and their cor-
responding mode frequencies can be obtained through
diagonalization of the symmetric Hessian matrix Aij of the
potential energy.

Using Eq. (F1), one can obtain the analytical expression
A(x)

ij for the transverse motion

∂2U
∂x2

i
|r=r(0) = ω2

x + (ωtw
i )2 −

∑

i�=j

ω2
z

|uij |3 , (F3)

∂2U
∂xi∂xj

|r=r(0) = ω2
z

|uij |3 , i �= j , (F4)

where uij = ui − uj . The eigenvectors bm
j are defined by

∑N
i=1 Aij bm

i = ω2
mbm

j , where ωm is the transverse motional
mode frequency with m = 1, . . . , N being the motional
mode index. Each motional mode represents an individ-
ual harmonic oscillator that can be quantized to give the
phonon Hamiltonian. As stated above, among the con-
tributions to the diagonal elements of mode matrices,
the conventional harmonic trapping potential allows for
an identical trapping potential for all ions of the same
mass and charge. On the other hand, optical tweezers on
individual ions give control over site-dependent trapping
strengths.
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(a) (b) (c)

FIG. 12. (a) The x transverse motional modes bm
j , j , m = 1, . . . , 12 of ion chain without tweezers. The oscillation amplitude and

direction of ions are represented by the color of the squares. The mode-frequency spectrum ωm/ωx is shown on the right side. (b) The
transverse motional modes and mode frequencies of ion chain in an array of programmable optical tweezers {ωtw

[2,3], ω
tw
[5,8], ω

tw
[9,11]} =

{0.821ωx, 0.821ωx, 0.821ωx} for parallel gate group {[2, 3], [5, 8], [9, 11]}. (c) The transverse motional modes and mode frequencies
of ion chain in an array of programmable optical tweezers {ωtw

[2,3], ω
tw
[5,8], ω

tw
[9,11]} = {0.821ωx, 0.989ωx, 0.703ωx} for parallel gate group

{[2, 3], [5, 8], [9, 11]}.

As an example, we consider a chain of N = 12 ions
and present the motional modes and mode frequencies in
the presence of optical tweezer array with different inten-
sity and, for comparison, with same intensity and without
tweezers as depicted Fig. 12. As we can see in Fig. 12(a),
all ions oscillate in the motional modes due to all-to-all
interaction, which induce the crosstalk of parallel gates.
However, the collective modes of the ion chain are mod-
ified by the additional tweezer potentials as depicted in
Figs. 12(b) and 12(c). In the regime of strong pinning, the
motion of pinned ions decouple from other ions along the
x direction so that the motional modes of the pinned ions
are localized and independent. The dense mode frequen-
cies of the ion chain are gapped and split up into several
subsets. However, in the scheme that all ions are pinned
with the same optical trapping frequency, their localized
modes hybridize and the mode frequencies of parallel ion
pairs are crowded together, which is in principle not desir-
able in Fig. 12(b). Therefore, we choose the tweezer array
with different strengths in which the crosstalk of each ion
pair is naturally suppressed. We can engineer specific types
of motional modes and the corresponding frequencies by
using optical tweezer array that are focused on specific ions
and thus pin these ions.
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