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Magnetic insulators, such as yttrium iron garnets (YIGs), are important for spin-wave or magnonic
devices as their low damping enables low-power dissipation. Magnetic insulator heterostructures can offer
larger design space for realizing exotic magnonic quantum states, provided that individual layers have low
damping and their exchange coupling is strong and engineerable. Here, we show that, in a high-quality
all-insulator thulium iron garnet (TmIG)/YIG bilayer system, TmIG exhibits an ultralow dissipation rate
thanks to its low-damping, low-saturation magnetization and strong orbital momentum. The low dissipa-
tion rates in both YIG and TmIG, along with their significant coupling strength due to interfacial exchange
coupling, enable strong and coherent magnon-magnon coupling. The coupling strength can be tuned by
varying the magnetic insulator layer thickness and magnon modes, which is consistent with analytical
calculations and micromagnetic simulations. Our results demonstrate TmIG/YIG as a novel platform
for investigating hybrid magnonic phenomena and open opportunities for magnon devices comprising
all-insulator heterostructures.

DOI: 10.1103/PhysRevApplied.22.034017

I. INTRODUCTION

Spin-wave (or magnonic) devices utilize the magnon
spin degree of freedom to process information, which can
occur in magnetic insulators free from any charge current
and, therefore, are promising contenders for low-power
functional circuits [1–5]. Magnetic garnets such as yttrium
iron garnet (Y3Fe5O12, YIG) possess a low-damping fac-
tor, which enables long magnon spin transmission [6,7],
efficient magnon spin current generation [8], and magnon
logic circuits [2,4]. Another type of magnetic garnet, i.e.,
thulium iron garnet (Tm3Fe5O12, TmIG), has been engi-
neered into a binary memory with robust perpendicular
magnetic anisotropy [9,10]. Additionally, TmIG thin films
can exhibit a topological magnetic skyrmion phase [11,12],
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which is promising for future magnetic insulator-based
racetrack memory devices. Besides these promising prac-
tical applications, magnetic insulators are well-known for
hosting novel quantum phases such as Bose-Einstein con-
densate [13–15], spin superfluidity [16–18], and topologi-
cal magnonic insulators [19].

Magnetic heterostructures can provide additional func-
tionalities and richer properties because exchange inter-
actions between different layers provide another control
mechanism [20,21]. While ferromagnetic metal-based het-
erostructures have been extensively studied and applied in
commercial devices, such as magneto-resistive random-
access memory [21,22], magnetic insulator-based het-
erostructures are still on the horizon yet have already
showcased a few promising properties, including strong
interfacial couplings [23–27], magnon valve effects [28–
30], control of magnon transport in the magnetic insulator
layer using another magnetic layer [31,32], magnonic
crystals [33,34], coherent magnon-magnon couplings
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[35–38], and topological spin textures [12,19]. Magnetic
insulator heterostructures are also theoretically predicted to
host exotic topological magnonic insulator states [39,40].
However, to date, coherent magnon-magnon coupling has
only been studied in hybrid systems consisting of low-
damping YIG and another ferromagnetic metal [35–38].
The demonstration of low-damping and strong-coherent
coupling in purely magnetic insulator bilayers remains
lacking.

In this work, we demonstrate a low dissipation rate
and a strong magnon-magnon coupling in a TmIG/YIG
heterostructure. We characterize the structural and mag-
netic properties of our TmIG/YIG heterostructures on
gadolinium gallium garnet (Gd3Ga5O12, GGG) using high-
angle annular dark-field scanning transmission electron
microscopy (HAADF-STEM), x-ray diffraction (XRD),
and vibrating sample magnetometry (VSM). Then, we
investigate the magnetic dynamics in these bilayers by
using a broadband ferromagnetic resonance (FMR) tech-
nique at room temperature. We observed a strong coupling
between the Kittel mode of YIG and the perpendicular
standing spin-wave (PSSW) mode of TmIG. By matching
the experimental FMR spectra with analytical calculations
and micromagnetic simulations, we obtain the exchange
coupling strength at the interface, which is dependent on
the magnetic insulator layer thickness and coupling mode.
Finally, we benchmark the dissipation rates and coop-
erativity in our samples against those in ferromagnetic
metal-based heterostructures.

II. RESULTS AND DISCUSSION

YIG, TmIG, and YIG/TmIG thin films were deposited
on GGG(100)-single-crystal substrates by pulsed laser
deposition (PLD). The films were deposited at 710 °C in
an oxygen atmosphere of 100 mTorr, with a base pressure
above 2 × 10−6 mTorr, using a 248 nm KrF excimer laser
with 220 mJ energy and a repetition rate of 10 Hz. The
deposition rates of YIG and TmIG thin films were cali-
brated by x-ray reflectivity to be about 6.89 nm/min and
7.13 nm/min, respectively. In-situ postannealing was car-
ried out at the deposition temperature for 10 min in 10 Torr
oxygen ambient, followed by natural cooling to room tem-
perature. Each film has a normal area of 5 × 5 mm2. For
comparison, we also deposited a 50-nm CoFeB ferro-
magnetic film on top of 350-nm TmIG using magnetron
sputtering.

To assess the growth quality of the films, we conducted
a series of material characterizations. Atomic images

from HAADF-STEM demonstrate a single crystallinity
and perfect interfaces at the YIG/GGG and TmIG/YIG
boundaries [Fig. 1(a)]. Elemental mapping [Fig. 1(b)] con-
firms there is no interdiffusion between different layers.
Figure 1(c) presents the high-resolution XRD spectra of
the TmIG/GGG, YIG/GGG, and TmIG/YIG/GGG bilayer
films measured with the scattering vector normal to the
〈001〉-orientation of the cubic substrate. Along the sharp
〈004〉-peaks from the GGG substrate, the XRD spectra
show Laue oscillations, indicating a smooth surface and
interface.

We also measured the magnetic hysteresis loops for
the YIG, TmIG, and TmIG/YIG samples to quantify their
saturation magnetizations [Fig. 2(a)]. In principle, the
exchange coupling strength (J ) between different layers
can be estimated from major and minor hysteresis loops
[21]. However, due to the similar coercivity of YIG and
TmIG, we can only see an enhanced coercivity [41].
In contrast, we can observe an intermediate ferromag-
netic state in the reference sample, CoFeB (50 nm)/TmIG
(350 nm), where CoFeB and TmIG have different coerciv-
ities [Fig. 2(b)]. Two features indicate ferromagnetic (FM)
coupling in the CoFeB/TmIG sample: first, all switching
occurs within the CoFeB coercive field [Fig. 2(b)]; sec-
ond, the TmIG minor loops have a smaller coercivity than
the original TmIG [42–44]. We can estimate the interfacial
exchange energy J at the CoFeB (50 nm)/TmIG (350 nm)
interface by measuring the minor loops (Appendix A). We
extract the J as 0.031 mJ/m2, indicating a ferromagnetic
exchange coupling.

We measure the magnetization dynamics in the TmIG
(200 nm)/YIG (200 nm) bilayers using a field-modulated
FMR technique (Appendix B). We mount the sample on
a coplanar waveguide and apply a microwave current
that generates radiofrequency magnetic fields [Fig. 3(a)].
The absorption coefficient exhibits a peak when the FMR
conditions for YIG and TmIG are met [Fig. 3(b)]. We
experimentally extract the resonance frequency at a spe-
cific field by fitting a frequency scan for the field using
Lorentz functions [represented by dots in Fig. 4(a)]. In
addition to regular FMR peaks, we also observe anticross-
ing at specific field-frequency points, which are signa-
tures of exchange interaction-driven coupling of the Kittel
mode in YIG and the PSSW modes in TmIG. To iden-
tify the underlying magnon modes responsible for the
coupling, we apply the formula for generalized excited
spin-wave modes in two layers ((ωi/2π) or fi) [45],
i.e.,

ωi

2π
= fi = γi

2π

√(
μ0Hext + 2Aex,i

Ms,i
k2

i

) (
μ0Hext + 2Aex,i

Ms,i
k2

i + μ0Meff,i

)
, (1)
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FIG. 1. Structural characterizations of the YIG/TmIG heterostructures on GGG substrates. (a) High-angle annular dark-field scan-
ning transmission electron microscopy (HAADF-STEM) image of the YIG/TmIG heterostructure on GGG substrates. The YIG/GGG
and YIG/TmIG interfaces are denoted by the green and red lines in the partially enlarged figure, respectively. Pt is used as a capping
layer to prevent damage when preparing TEM samples. The inset of (a) demonstrates that two 1/8 of unit cells correspond to YIG and
TmIG at the interface, which have the garnet-type structures (C)3[A]2(D)3O12. (b) Energy dispersive x-ray spectra of different elements
in the TmIG/YIG/GGG heterostructure. The images were taken along the 〈100〉-direction of the GGG substrate, and the distribution of
elements is marked in the figure with varying colors. (c) High-resolution x-ray diffraction spectra for the YIG (100 nm)/GGG, TmIG
(100 nm)/GGG, and the TmIG (100 nm)/YIG (100 nm)/GGG samples.

where i = YIG or TmIG, γi/2π = 28(geff,i/2) GHz/T is
the gyromagnetic ratio, μ0 is the permeability, Hext is
the external field, Ms is the effective magnetization, Aex
is the exchange stiffness, and k is the wavevector of
the excited spin wave. Note that, when the resonance
peaks are distant from the strong coupling region, the
k value degenerates and tends toward the integer solu-
tions 0, 1, 2, 3 (Appendix C); this means that we
can fit the Kittel and PSSW modes through experimen-
tal data distant from the strong coupling region. We
obtain geff,YIG = 2 (μ0Meff,YIG = 0.25 T) and geff,TmIG =
1.56 (μ0Meff, TmIG = 0.24 T) for YIG and TmIG, respec-
tively, which are consistent with previous reports [46,47].
In addition, we determine the exchange stiffness of the
TmIG to be 2.69 pJ/m through analyzing the higher-order
mode, which is consistent with a previous report [48].
When the resonance field and frequency are near the strong
coupling region, we expect an anticrossing gap, which
can be described by the minimum frequency separation of
2g. However, with only Eq. (1), the relation between the

exchange interaction and the g value cannot be uniquely
determined.

To fully understand the exchange coupling-driven
magnon-magnon coupling, we performed a comprehensive
numerical analysis and micromagnetic simulations. For
the COMSOL MICROMAGNETIC SIMULATION module [49],
we solve the Landau-Lifshitz-Gilbert (LLG) equation by
introducing the interfacial exchange-induced equivalent
field, i.e.,

Hex, TmIG (YIG) = 2J
MYIG + MTmIG

δ(z)mYIG (TmIG),

where δ(z) is an impulse function. The details are
described in Appendix C. For the numerical analysis, we
considered the effect of interfacial exchange energy at
the interface (z = 0) and two free boundary conditions at
the surfaces (z = d1 or d2). From this fact, we derived the
following equation (Appendix C):
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FIG. 2. Magnetic hysteresis loops for various samples. (a) Hysteresis loops for YIG (100 nm), TmIG (100 nm), and the
YIG (100 nm)/TmIG (100 nm) samples. (b) Normalized hysteresis loops for TmIG (350 nm), CoFeB (50 nm), and the
TmIG(350 nm)/CoFeB (50 nm) samples, where the Ms of TmIG(350 nm) is 0.99 × 10−6 A m2, and the Ms of CoFeB(50 nm) is
1.50 × 10−6 A m2. The inset shows an enlarged detail of the hysteresis loop and minor loops for the TmIG (350 nm)/CoFeB (50 nm)
heterostructure sample.

2Aex, YIG

Ms,YIG
kYIG tan(kYIGdYIG) · 2Aex, TmIG

Ms,TmIG
kTmIG tan(kTmIGdTmIG)

= 2J
μ0(Ms,YIG + Ms,TmIG)

[
2Aex, YIG

Ms,YIG
kYIG tan(kYIGdYIG) + 2Aex, TmIG

Ms,TmIG
kTmIG tan(kTmIGdTmIG)

]
, (2)

where J is the interfacial exchange energy. By solving
ωYIG = ωTmIG from Eqs. (1) and (2) combined, we can
obtain a set of (kYIG, kTmIG) values that correspond to

different modes. In the presence of exchange interactions
near the strong coupling region, k will not be precisely
equal to nπ/d anymore. As a result, the degeneracy

–3 × 10–4 –2 × 10–4 –3 × 10–5 –9 × 10–5 –2 × 10–4

FIG. 3. Schematic diagram of the spin waves in the heterostructure and the measured resonance spectra. (a) Schematic illustration
of the measurement set-up, where hrf and Hext stand for the microwave magnetic field and external static magnetic field, respectively.
Spin-wave spectra are obtained by placing the sample face-down on a coplanar waveguide (CPW). The inset depicts the Kittel uniform
spin-wave mode in the YIG and the perpendicular standing spin-wave (PSSW) mode in the TmIG. (b) Experimentally obtained color-
coded spin-wave absorption spectra of the YIG (200 nm)/TmIG (200 nm) for the first three resonance modes of TmIG(n = 0, 1, 2) and
the uniform mode of YIG (n = 0).
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FIG. 4. Observation of strong magnon-magnon coupling and low damping in the YIG/TmIG bilayers. (a) Resonant absorption peaks
of the two hybrid modes as a function of the external magnetic field with the YIG (200 nm)/TmIG (200 nm) bilayer. Solid lines show
the numerical theory method fitting for hybrid modes. Data points are extracted from experimental data by reading out the minimum
of each resonant peak from Fig. 3(b). (b) Spin-wave spectra at the minimum resonance separation (μ0Hext = 10 mT) in magnetic
insulator bilayers with the YIG (200 nm)/TmIG (200 nm) bilayer. (c) Coupling strength g between the TmIG(n = 1,2) mode and YIG
(n = 0) mode as a function of the YIG thickness. Black squares represent experimental results and red circles signify results from
theoretical calculations. (d) Thickness dependence of Gilbert damping factors of YIG and TmIG in the TmIG-based bilayers.

is lifted at the crossing point, resulting in two dis-
tinct frequencies, each corresponding to a different pair
of wave vectors, kYIG and kTmIG. By employing J =
−0.057 mJ/m2 (Table II), we have obtained high consis-
tency between the experimental and calculated spectra of
field-frequency points in the entire range [Fig. 4(a)]. The
negative sign suggests an antiferromagnetic exchange cou-
pling between TmIG and YIG. The strength is also com-
parable with that of the ferromagnetic metal/YIG bilayers
[35]. We have also conducted the FMR measurement
on the reference TmIG(350 nm)/CoFeB(50 nm) sample
(Appendix D). We obtain J = 0.0421 mJ/m2, which is
close to the result from the VSM loop measurements.
This consistency suggests that we can reliably extract
the J values of the TmIG/YIG samples from the FMR
measurement.

We further study the thickness and mode dependence
of the anticrossing gap (2g). We extract the g value
from the frequency scan; for example, g = 85 MHz for
the TmIG(200 nm)/YIG(200 nm) bilayer [Fig. 4(b)]. We
find that the gap reduces as the layer thickness increases

[Fig. 4(c)]. To understand this, we derive the following
approximate solution (Appendix E):

g ≈ γYIGγTmIG

4π2

|J |
(Ms,YIG + Ms,TmIG)

·
√

(2μ0Hres + μ0Meff ,YIG)(2μ0Hres + μ0Meff ,TmIG)

fres

· 1√
dYIGdTmIG

, (3)

where ωres and Hres are the resonance frequency and field
in the gap center, respectively. The calculated results show
the same trend as in the experiments [Fig. 4(c)]. Moreover,
Eq. (3) allows us to analyze the g value for the coupling of
the YIG Kittel mode to different TmIG PSSW modes. We
compare the experimental and calculated g values for the
coupling of n = 0 mode in YIG and n = 2 mode in TmIG in
Fig. 4(c), which confirms that higher mode coupling results
in a lower g in our case.
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TABLE I. Summary of the dissipation rates, damping factors, coupling strengths, cooperativities, and interfacial exchange energy in
the studied bilayers and some reported YIG/ferromagnetic metal (FM) bilayers that show magnon-magnon coupling.

Material 1/Material 2 κ1(α1) κ2 (α2) g (GHz) C J (mJ/m2)

YIG (100 nm)/TmIG
(100 nm) (this work)

0.058 GHz
(2.98 × 10−3 ± 1.4 × 10−4)

0.046 GHz
(4.4 × 10−3 ± 3 × 10−4)

0.155 8.76 −0.0618

YIG (140 nm)/TmIG
(140 nm) (this work)

0.0185 GHz
(7.78 × 10−4 ± 1.7 × 10−4)

0.054 GHz
(1.69 × 10−3 ± 2 × 10−4)

0.105 11.04 −0.0720

YIG (200 nm)/TmIG
(200 nm) (this work)

0.01 GHz
(6.64 × 10−4 ± 4.2 × 10−5)

0.0295 GHz
(1.07 × 10−3 ± 1 × 10−4)

0.085 24.49 −0.0573

TmIG
(350 nm)/CoFeB
(50 nm) (this work)

0.0255 GHz
(4.91 × 10−4 ± 8 × 10−5)

0.232 GHz
(3 × 10−3 ± 3.9 × 10−5)

0.263 11.69 0.0421

YIG (20 nm)/Ni
(20 nm) [37]

0.06 GHz 0.63 GHz 0.12 0.38 –

YIG (20 nm)/Co
(30 nm) [37]

0.06 GHz 0.5 GHz 0.79 21 –

YIG
(100 nm)/Ni80Fe20(9 nm)
[35]

0.106 GHz (2.3 × 10−4) 0.192 GHz (1.75 × 10−3) 0.35 6 −0.060 ± 0.011

Finally, to evaluate the coupling cooperativity in the
TmIG/YIG bilayers, we determined the damping factors
and individual dissipation rates. The damping factor is
determined by the frequency-dependent field linewidth in
the field scans, and the dissipation rate is found by directly
measuring the frequency linewidth in the frequency scans.
The relation between the damping and dissipation rate is
given by [50]

�f = (γ�H0 + 4παf )

√
1 +

(
γμ0Ms

4π f

)2

, (4)

where �H0 is inhomogeneous broadening. From Eq. (4),
we can see that a lower MS is preferred for realizing a lower
dissipation rate given the same damping factor. In this
sense, magnetic insulators have lower dissipation rates,
which justifies the widespread usage of YIG for coherent
magnonics.

We experimentally determine the Gilbert damping fac-
tors for YIG and TmIG from field scans at different fre-
quencies when they are not coupled (Appendix E). The
extracted damping factors are plotted in Fig. 4(d), where
we find a damping factor as low as 4.91 (±0.79) × 10−4 in
the 350-nm-thick TmIG. Note that in the coupled regime,
we observe a crossover of damping coefficients for the
two modes (Fig. 15), indicating a mutual spin pumping-
induced dampinglike torque effect [35]. We also extract the
dissipation rates for YIG and TmIG from frequency scans
at different fields when they are not coupled (Appendix F).
As an example, κYIG = 10 MHz and κTmIG = 29.5 MHz
for the TmIG(200 nm)/YIG(200 nm) bilayer. Therefore,
g > κYIG, κTmIG, and

C = g2

κYIGκTmIG
= 24.5,

denoting a strong coupling behavior in the bilayer. In
Table I, we summarize the dissipation rates and cooperativ-
ity for TmIG- and ferromagnetic metal-based heterostruc-
tures that show magnon-magnon coupling. The TmIG
has a very low dissipation rate compared with the ferro-
magnetic metals, which is consistent with a low Gilbert
damping.

III. CONCLUSION

In summary, we demonstrate low damping and dissipa-
tion rates in TmIG and achieve strong magnon-magnon
coupling and high cooperativity in the TmIG/YIG bilay-
ers. The combined experimental and theoretical analyses
allow us to determine the interfacial exchange coupling
strengths in our all-insulator bilayers. The all-magnetic-
insulator bilayers allow us to achieve low-damping insu-
lating magnonic crystals and other artificial structures to
realize energy-efficient spin-wave devices. In particular,
we highlight that our YIG/TmIG single crystalline het-
erostructure is a better choice than the originally proposed
YIG/permalloy (Py, NiFe) heterostructure for construct-
ing a topological magnonic insulator [39], where Py is
amorphous and has a high dissipation rate. Importantly,
this choice enables the realization of nontrivial states
within more practical magnon wavevector (k ∼ 107 m−1)

and frequency (f ∼ 9 GHz) ranges that align with the
majority of magnon-based computing and signal transmis-
sion experiments, avoiding the challenges associated with
high-frequency (f ∼ 51 GHz) microwave measurements
and the limited k ∼ 108 m−1 values suitable for YIG/Py
systems (Appendix G).

Note that, very recently, Y. Li et al. independently
reported reconfigurable magnon-magnon coupling in
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hybrid ferrimagnetic insulators YIG/Gd3Fe5O12 (GdIG)
by varying the temperature [51].
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APPENDIX A: ESTIMATION OF INTERFACIAL
EXCHANGE ENERGY IN TmIG/CoFeB SAMPLE

BY MINOR LOOPS

Subsequently, to quantify the interfacial exchange field
and energy, we measured the minor hysteresis loops of
TmIG(350 nm)/CoFeB(50 nm), as shown in Fig. 5(a). In
an ideal state, states (2) and (3) are similar, but the dif-
ference is that the moment in state (3) is about to flip the
spin of the TmIG layer, and the moment of state (2) has
not yet reached the flip condition. The – minor loop mea-
sured from the experiment is a C–A–B–C loop [Fig. 5(b)],
indicating the existence of ferromagnetic interfacial cou-
pling. If there were no interfacial coupling, the loop would
resemble something similar to E–A–D–E because it would
depend on the coercivity of TmIG; that is, the forward and
reverse minor loops should basically coincide (just like a
single TmIG hysteresis loop). The shift in the minor hys-
teresis loops is precisely due to the interfacial exchange
coupling; the two layers are in a ferromagnetic relationship
such that the extra Hex wants to align the spins paral-
lel, which is why the flipping in state (3) will be faster
by (Hex − Hext). Thus, we can estimate the interfacial
exchange energy J value from the minor loops:

J = μ0Hex
�Ms

V
t = 0.394 × 10−3(T) × 1.975

× 105(A/m) × 400 × 10−9(m) = 0.03113 mJ/m2,

where Hex is the exchange field induced by the interfacial
coupling, �Ms is the value of magnetization reduction in
the shadow region (C-B-D-E loop) due to the additional
exchange field, V = (350 nm + 50 nm) × 5 mm × 5 mm
is the volume of the heterostructure, and t is the thickness

(a)

(b)

FIG. 5. Hysteresis loop and minor loops for the TmIG
(350 nm)/CoFeB(50 nm) sample. (a) Minor loops for the
TmIG (350 nm)/CoFeB (50 nm) sample. The noncoincidence
of the + minor loop and the – minor loop indicates the exis-
tence of interfacial coupling. (b) Process of analyzing interfacial
exchange coupling using minor loops. The result of the exper-
imental measurement is a C–A–B–C loop, indicating the exis-
tence of ferromagnetic interfacial coupling. However, if there is
no interfacial exchange coupling, the loop would be similar to
E–A–D–E because it only depends on the coercivity of TmIG;
that is, the forward and reverse minor loops should basically
coincide (just like an individual TmIG hysteresis loop). We can
also obtain comparable results from the + minor loop using a
similar method.

of the sample. After analyzing the interfacial exchange
coupling by the minor loops, we also extracted the interfa-
cial coupling energy of the TmIG(350 nm)/CoFeB(50 nm)
sample by ferromagnetic resonance (FMR) measurement,
as detailed in Appendix C.
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APPENDIX B: RESONANCE STUDY

The magnetization dynamics measurement was per-
formed using the field-modulation FMR technique
at room temperature. During the measurement, the
GGG/YIG/TmIG sample was mounted in the flip-chip con-
figuration (TmIG side facing down) on top of the signal
line of a coplanar waveguide for broadband microwave
excitation. An external bias field, H, was applied in
a plane perpendicular to the rf field of the coplanar
waveguide (CPW). We used a modulation frequency of
	/2π = 81.57 Hz (supplied by a lock-in amplifier and pro-
vided by a pair of modulation coils) and a modulation field
of about 1.1 Oe. The microwave signal was delivered from
a signal generator (0–5 dBm) to one port of the board. The
field-modulated FMR signal was measured from the other
port by the lock-in amplifier in the form of a DC volt-
age, V, by using a sensitive rf diode. We swept the bias
field, H, and at each incremental frequency, f, to construct
the V[f, H ] dispersion contour plots. The FMR spectral
lines are fitted using the superposition of Lorentzian and
anti-Lorentzian functions:

dP
dHDC

= K1
4�H(H − Hres)

[4(H − Hres)
2 + (�H)2]

− K2
�H 2 − 4(H − Hres)

2

[4(H − Hres)
2 + (�H)2]

+ slope(H) + offset (B1)

APPENDIX C: NUMERICAL ANALYSIS AND
MICROMAGNETIC SIMULATION FOR THE
STRONG MAGNON-MAGNON COUPLING

INDUCED BY THE INTERFACE EXCHANGE
INTERACTION

1. Numerical analysis

We conducted a numerical analysis and micromagnetic
simulations on the bilayer heterostructure following the
method in refs. [35,52]. We assume that magnetic insula-
tor layer 1 (MI1) and magnetic insulator layer 2 (MI2) are
represented by indexes 1 and 2, respectively. The interface
of the MI1 and MI2 is at z = 0 [Fig. 6(a)].

2. Dispersion relation

For the magnetic system, the Landau-Lifshitz-Gilbert
(LLG) equation [Eq. (C1)] describes the intrinsic preces-
sion of the spin in the materials

∂
−→
M i̇
∂t = −μ0γi

−→
M i̇ × −−→

H eff,i̇ + αi
Ms,i

(−→
M i̇ × ∂

−→
M i̇
∂t

)
, (C1)

where the whole magnetic insulator bilayers are sub-
jected to the static magnetic field

−−→
H ext in the x-direction

and the dynamic magnetic field
−→
hrf generated by the

(a)

(b)

FIG. 6. (a) Schematic of the magnetic insulator heterostruc-
ture with thicknesses d1 and d2. For convenience of calculation,
we set the interface of the bilayer as the interface of z = 0. The
direction of the static external magnetic field (Hext) is set as the
x-axis, and the dynamic magnetic field (hrf) generated by CPW
is perpendicular to the static magnetic field on the y-axis, where
Hext � hrf. (b) Theoretical calculation framework from MATLAB.
We traverse the value of Hext through the loop cycle and solve
Eqs. (C13) and (C23) under each external magnetic field value
to obtain the k1 and k2, then substitute them into the dispersion
relationship to obtain the eigenfrequencies.

coplanar waveguide (CPW) in the y-direction. Since the
dynamic magnetic field induced by the microwave is so
small (|−→hrf| 	 |−−→H ext|), the precessing amplitude of the spin
moment can be divided into static and dynamic parts, i.e.,

−→
M i̇ = Ms,i(

−→m0,i̇ + δ
−→mi̇),

−→m0,i̇

=
⎡
⎣1

0
0

⎤
⎦ , δ

−→mi̇ = δ
−→m0,i̇e

j ωt =
⎡
⎣δmx,i

δmy,i
δmz,i

⎤
⎦ , (C2)

where −→m0 is a normalization constant modulo 1, which
is the static expression of the spin moment. Moreover,
δ
−→mi̇ is a microperturbation induced by microwave fields;

its amplitude is much smaller than |−→m0|. In addition,
−→
H eff

includes an external magnetic static magnetic field
−−→
H ext

[Eq. (C3)] in the x-direction, the dynamic magnetic field
is

−→
hrf, |−→hrf| 	 |−−→H ext|, −→

hrf⊥−−→
H ext, and the demagnetization

field is
−−→
H de,i̇ [Eq. (C4)]. In particular, the sample is con-

sidered as a thin film, so that Nx = Ny = 0, Nz = 1, and
the demagnetization field could be described by

−−→
H de,i̇ =

−μ0Ms,i(0, 0, δmz,i). The following can be determined:

−−→
H ext =

⎡
⎣Hx

0
0

⎤
⎦ , −→m0,i̇ ‖ −−→

H ext. (C3)
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Substitute
−→
M i̇ and

−−→
H eff,i̇ into Eq. (C1), we find

Ms,i
∂(

−→m0,i̇ + δ
−→mi̇)

dt
= −μ0γiMs,i(

−→m0,i̇ + δ
−→mi̇) × (

−−→
H ext + −→

H de + −→
hrf)

+ αi

Ms,i
Ms,i(

−→m0,i̇ + δ
−→mi̇) × Ms,i

∂(
−→m0,i̇ + δ

−→mi̇)

∂t
, (C4)

where ∂
−→m0,i̇/∂t = 0 and ∂δ

−→mi̇/dt = j ωδ
−→m0,i̇ej ωt = j ωδ

−→mi̇ . In Eq. (C4), −→m0,i̇ × −−→
H ext = 0 due to the fact that the magneti-

zation and the static component of the external magnetic field are parallel to each other; δ
−→mi̇ × −→

hrf = 0 is because of the
second-order epsilon and δ

−→mi̇ × ∂δ
−→mi̇/∂t = δ

−→mi̇ × j ωδ
−→mi̇ = 0. So, Eq. (C4) could be simplified to

j ωδ
−→mi̇ = −μ0γ (

−→m0,i̇ × −→
H de + −→m0,i̇ × −→

hrf + δ
−→mi̇ × −−→

H ext) + j ωα(
−→m0,i̇ × δ

−→mi̇). (C5)

The matrix form of Eq. (C5) is given by

j ω
μ0γi

⎡
⎣δmx,i

δmy,i
δmz,i

⎤
⎦ = −

⎡
⎣

⎡
⎣ 0

Ms,iδmz,i
0

⎤
⎦ +

⎡
⎣0 · hx

−hz
hy

⎤
⎦ +

⎡
⎣ 0

Hxδmz
−Hxδmy

⎤
⎦

⎤
⎦ + j ωαi

μ0γi

⎡
⎣ 0

−δmz
δmy

⎤
⎦. (C6)

Simplify Eq. (C6) into �h = χ−1δ �m, we find

⎡
⎣0 · hx

hy
hz

⎤
⎦ =

⎡
⎢⎢⎣

j ω
μ0γ

0 0

0
(

Hx + j ωα
μ0γ

)
−j ω

μ0γ

0 j ω
μ0γ

(
Ms + Hx − j ωα

μ0γ

)
⎤
⎥⎥⎦

⎡
⎣δmx,i

δmy,i
δmz,i

⎤
⎦ . (C7)

When the FMR condition is met, the system reaches a maximum resonance, meaning that the system, with �h =
0 and χ−1 �m = 0, has a nonzero solution [Eq. (C8)] so that

|χ−1| = 0, (C8)

(1 − α2
i )ω

2 − j μ0γ Ms,iαiω − μ2
0γ

2
i Hx(Hx + Ms,i) = 0, (C9)

ωcomplex = j
μ0γiMs,iαi

2(1 − α2
i )

+ 1
2(1 − α2

i )

√
μ2

0γ
2
i M 2

s,iα
2
i + 4(1 − α2

i )[μ
2
0γ

2
i Hx,i(Hx,i + Ms,i)]. (C10)

Equation (C10) is a Kittel mode by solving the linearized LLG equation with a wave vector k = 0. If we consider the
exchange field

−→
H ex = (2Aex,i/Ms,i)k2

i , the Eq. (C11) can be revised to be the following:

ωcomplex = j
μ0γiMs,iαi

2(1 − α2
i )

+ 1
2(1 − α2

i )

√
μ2

0γ
2
i M 2

s,iα
2
i + 4(1 − α2

i )γ
2
i

[ (
μ0Hx + 2Aex,i

Ms,i
k2

i

) (
Hx,i + 2Aex,i

Ms,i
k2

i + Ms,i

)]
. (C11)

When α 	 1, Eq. (C11) can be simplified to

ωi = γi

√(
μ0Hx + 2Aex,i

Ms,i
k2

i

) (
μ0Hx + 2Aex,i

Ms,i
k2

i + μ0Ms,i

)
, (C12)

where ki is the wave vector of the perpendicular standing spin wave (PSSW) and the propagation of the spin wave is in
the z-direction. In addition,

ω1 − ω2 = 0. (C13)
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For the magnetic insulator bilayer, Eq. (C11) with α and
Eq. (C12) without α describe the dispersion relation within
each layer. Equation (C13) indicates the necessary con-
dition for the bilayer spin waves to exist simultaneously
under the same external condition (same hrf and Hext) in
the two layers.

3. Boundary conditions—free boundary condition and
interface exchange boundary condition

For the magnetic insulator bilayer system, the free
boundary condition should be applied to the top (z = d1)

[Eq. (C14)] and the bottom (z = −d2) [Eq. (C15)] of the
bilayer system, which also means no pining at the surfaces,
i.e.,

∂δmz,1

∂z

∣∣∣∣
z=d1

= 0, (C14)

∂δmz,2

∂z

∣∣∣∣
z=−d2

= 0. (C15)

Considering that the dynamic magnetization in the x and y
directions is uniform, there is a wave vector (k⊥) along the
thickness direction. The spatial distribution of the PSSW
can be expressed as follows:

δmz,i = δm0,i cos(kiz + φi), (C16)

where φi is the phase of the spin wave. By substituting Eq.
(16) into Eqs. (C14) and (C15), we can obtain

−k1d1 + n1π = φ1, (C17)

k2d2 + n2π = φ2. (C18)

The interface exchange energy J describes the number and
strength of the exchange bonds between magnetic insula-
tor layer 1 and layer 2. The effect of interface exchange
energy J (mJ/m2) at the interface (z = 0) can be demon-
strated by the interface boundary conditions generated by
the combination of the Huffman boundary conditions [53].
The conservation of magnetic energy flow at the interface
leads to

2Aex,1

Ms,1

∂δmz,1

∂z
+ 2J

(Ms,1 + Ms,2)
(δmz,2 − δmz,1)

∣∣∣∣
z=0

= 0,

(C19)

− 2Aex,2

Ms,2

∂δmz,2

∂z
+ 2J

(Ms,1 + Ms,2)
(δmz,1 − δmz,2)

∣∣∣∣
z=0

= 0.

(C20)

The matrix form of Eqs. (C19) and (C20) is as follows:

[
0
0

]
=

⎡
⎣− 2J

(Ms,1+Ms,2)
cos φ1 − 2Aex,1

Ms,1
k1 sin φ1

2J
(Ms,1+Ms,2)

cos φ2

2J
(Ms,1+Ms,2)

cos φ1 − 2J
(Ms,1+Ms,2)

cos φ2 + 2Aex,2
Ms,2

k2 sin φ2

⎤
⎦ [

δm0,1
δm0,2

]
. (C21)

The resonant condition requires that the determinant of the coefficient matrix of Eq. (C21) vanishes so that
[

2J
(Ms,1 + Ms,2)

cos φ1 + 2Aex,1

Ms,1
k1 sin φ1

] [
2J

(Ms,1 + Ms,2)
cos φ2 − 2Aex,2

Ms,2
k2sin φ2

]

=
[

2J
(Ms,1 + Ms,2)

cos φ2

] [
2J

(Ms,1 + Ms,2)
cos φ1

]
. (C22)

Equation (C22) is the relationship under the interface-exchanged boundary conditions. Combined with the free boundary
conditions of Eqs. (C17) and (D18), we can obtain

2Aex,1

Ms,1
k1 tan(k1d1)

2Aex,2

Ms,2
k2 tan(k2d2) = 2J

(Ms,1 + Ms,2)

[
2Aex,1

Ms,1
k1 tan(k1d1) + 2Aex,2

Ms,2
k2 tan(k2d2)

]
. (C23)

To obtain the eigenfrequency, we can solve the transcen-
dental equations of the dispersion condition [Eq. (C13)]
and boundary condition [Eq. (C23)] for each external mag-
netic field Hext by traversal. Although f1(k1, k2, Hext) =

0 and f2(k1, k2, Hext) = 0 cannot be explicitly functional-
ized, we can solve them numerically by handling them
as implicit functions. Figure 6(b) shows the frame-
work of the numerical analysis using MATLAB software.
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Next, we will solve the eigenfrequency for two cases
(J = 0 mJ/m2 and J 
= 0 mJ/m2).

When J = 0 mJ/m2, transcendental Eq. (C23) degener-
ates to the following:

k1k2 tan(k1d1) tan(k2d2) = 0, (C24)

where k1 = nπ/d1 or k2 = nπ/d2 is the solution of
Eq. (C24), which means that the spin wave in mag-
netic insulator layer 1 and layer 2 is quantized as
nπ/d and not influenced by each other. Substituting
Eq. (C24) into Eq. (C12) (assuming that α 	 1), we
find

ωi = γi

√(
μ0Hx + 2Aex,i

Ms,i

( nπ
d

)2
) (

μ0Hx + 2Aex,i
Ms,i

( nπ
d

)2 + μ0Ms,i

)
. (C25)

To simplify our analysis and reduce the number of
fitting parameters, we consider Ms and Meff to be the
same in the numerical analysis. The resonant peaks in

(a)

(b) (c)

FIG. 7. Numerical solution for the eigenfrequency when J =
0 mJ/m2. (a) Frequencies of the FMR and PSSW modes of TmIG
(200 nm) and FMR mode of YIG (200 nm) as a function of H
when J = 0 mJ/m2. Numerical solutions obtained by solving the
dispersion condition and boundary condition without interfacial
exchange energy, where k1 is a purely imaginary number (b) and
a purely real number (c), respectively. When J = 0 mJ/m2, we
can clearly see that the crossing points are a degenerate solu-
tion in the shaded region, which indicates that k1 and k2 are
quantized solutions with nπ/d1 and nπ/d2, respectively.

Fig. 7(a) show the FMR and PSSW modes of TmIG and
the FMR mode of YIG as a function of the magnetic field
when J = 0 mJ/m2. We also demonstrate the process of

(a)

(b) (c)

FIG. 8. Numerical solution for the eigenfrequency when J =
−0.0573 mJ/m2. (a) Anticrossing coupling frequencies of hybrid
modes of TmIG (200 nm)/YIG (200 nm) as a function of H when
J = −0.0573 mJ/m2. Numerical solutions obtained by solving
the dispersion condition and boundary condition with interfa-
cial exchange energy, where k1 is a purely imaginary number (b)
and a purely real number (c), respectively we can see that the
spin-wave vector solution is no longer nπ/d. It is noted that the
evanescent wave emerges in the YIG layer when the frequency
of the PSSW in the TmIG layer is lower than the uniform mode
in the YIG layer.
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solving k1 and k2 using a graphical method, as in Figs. 7(b)
and 7(c).

When J 
= 0 = −0.0573 mJ/m2, we can clearly see the
anticrossing curve in Fig. 8(a). A set of degenerated solu-
tions of the shaded region in Fig. 8(a) is composed of a
set of intersection points from Figs. 8(b) and 8(c). It also
needs to be noted that the evanescent wave emerges in the
YIG layer when the frequency of the PSSW in the TmIG
layer is lower than the uniform mode in the YIG layer (k1
has a pure imaginary part).

4. Micromagnetic simulations

We apply the frequency-domain LLG equations, which
are given as

−iωδmi = −γimi ×
(

H eff + 2J
Mi + Mj

δ(z)mj

)

− iωαimi × δmi, (C26)

−iωδmj = −γj mj ×
(

H eff + 2J
Mi + Mj

δ(z)mi

)

− iωαj mj × δmj , (C27)

to the two magnetic thin films, respectively. The simulation
parameters that are set are shown in Table I. We charac-
terize the strength of resonance through the response of
δmz to the magnetic field and microwave field. Through
the simulation results shown in Fig. 9(a), we can clearly
see that TmIG(n = 1,2) is coupled with YIG(n = 0) to form
anticrossing at 10.5 mT and 47.0 mT. Figure 9(b) shows
the spectral resonance curve of the spin wave at 10.5 mT.
Then, we can observe the internal dynamics of spin waves
through simulation. To demonstrate the resonance direc-
tion of the spin wave on the interface of the bilayers, we
show the δmz distribution of the normalized intensity in
the z-direction for the two hybrid modes A and B (marked)
in Fig. 10.

APPENDIX D: FMR VERIFICATION OF
FERROMAGNETIC INTERFACIAL COUPLING
ENERGY FOR THE TmIG(350 nm)/CoFeB(50 nm)

SAMPLE

We also verify the ferromagnetic interfacial exchange
energy of the MI/FM TmIG(350 nm)/CoFeB(50 nm) by
FMR modulation. We use theory (Appendix C) to ana-
lyze and fit the color-coded experiment data [Figs. 11(a)
and 11(b)] and obtain the TmIG/CoFeB interfacial cou-
pling energy J = 0.0421 mJ/m2, showing that the FMR
method is consistent with the minor hysteresis loop
method (J = 0.0311 mJ/m2). We also extract the dissipa-
tion rate, Gilbert damping, and the coupling strength of the
TmIG/CoFeB samples. The extraction method is the same
as that of YIG/TmIG, as shown in Figs. 15–17 (Fig. 12).

(a)

(b)

FIG. 9. Full micromagnetic simulation based on the frequency
domain. (a) Color-coded spin-wave spectra with frequency and
magnetic field with the TmIG (200 nm)/YIG (200 nm) het-
erostructure. We can clearly see that TmIG (n = 1,2) is coupled
with YIG (n = 0) to form anticrossing at 10.5 mT and 47.0 mT.
Then, we use the value of change in δmz as the peak response.
(b) Spin spectrum curve at the minimum resonance separation of
the first anticrossing (μ0Hext = 10.5 mT).

APPENDIX E: THICKNESS DEPENDENCE OF
INTERFACIAL EXCHANGE COUPLING ENERGY

AND COUPLING STRENGTH FOR TmIG/YIG
SAMPLES

1. Sign judgment of interfacial exchange coupling
energy

Judgment 1: we obtained the interfacial exchange
energy (J < 0 mJ/m2) by fitting the experimental data
with the theory of Appendix C. The values of the J are
summarized in Table I. Judgment 2: We plot the spin-wave
absorption spectra for TmIG(100 nm)/YIG(100 nm) in
comparison with YIG(100 nm)/GGG (gray dashed line) in
Fig. 13. The lower resonant magnetic field (Hres) or higher
resonant frequency (ωres) means that, for the TmIG/YIG
sample, the interfacial exchange field applied on YIG is
opposite to the external magnetic field, which supports the
antiferromagnetic coupling nature concluded in the main
text. In the meantime, Eq. (E5) shows that δk2

1(YIG) has
the same sign as J, which means that if J < 0 mJ/m2,
then δk2

1,YIG < 0. According to Eq. (C12), under the same
external magnetic field, the resonant frequency required by
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FIG. 10. Two hybrid eigenmodes at 10.5 mT. The δmz distribution of the normalized intensity is in the z-direction for the two hybrid
modes at 1.33 GHz and 1.55 GHz.

the TmIG/YIG sample is smaller than that of YIG/GGG,
which is consistent with our results (Fig. 13). We can also
roughly estimate the interfacial exchange energy

(
J ≈ Hshift × Ms1 + Ms2

2
× d1 = −0.0042 T

× 133.3 kA/m × 100 nm = −0.0598 mJ/m2)

by observing the shift in the FMR curve between the
TmIG/YIG/GGG heterostructure and the YIG/GGG single
layer.

TABLE II. Parameters used when undertaking the micromag-
netic simulation for the TmIG (200 nm)/YIG (200 nm) bilayer in
Figs. 9 and 10.

Parameters Symbol Value

Mesh N 20 × 20 × 50
Microwave

field
hrf 0.001 T

Interfacial
exchange
energy

J −0.0537 mJ/m2

YIG/TmIG
gyromag-
netic
ratio

γYIG/γTmIG 28/21.81 GHz/T

YIG/TmIG
stiffness
constant

Aex,YIG/Aex,TmIG 3.08/2.67 pJ/m

YIG/TmIG
Gilbert
damping

αYIG/αTmIG 6.66 × 10−4/1.17 × 10−3

Frequency
range

(fstart, �f , fend) (1, 0.01, 4) GHz

Magnetic
field
range

(Hstart, �H , Hend) (30, 5, 700) Oe

2. Thickness dependence of interfacial exchange
energy and coupling strength for the TmIG/YIG

samples

a. Interfacial exchange energy

Figs. 14(a)–14(c) show the color map of the spin-
wave absorption spectra for the PSSW modes of TmIG

(a)

(b)

4 3.000 × 10–4
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FIG. 11. Magnetic field dependency of resonant peaks for the
CoFeB(50 nm)/TmIG (350 nm) heterostructure. (a) Experimen-
tally color-coded spin-wave absorption spectra of the CoFeB
(50 nm)/TmIG (350 nm) heterostructure for the first seven res-
onance modes of TmIG(n = 0–6) and the uniform mode of
CoFeB(n = 0). (b) Fitting of the ferromagnetic interfacial cou-
pling energy by theoretical calculation.
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(a) (b)

(c)

FIG. 12. (a) Dissipation rate, (b) Gilbert damping, and (c)
coupling strength of the TmIG (50 nm)/CoFeB (350 nm) het-
erostructure extracted from the experimental data.

and the uniform mode of YIG measured for the TmIG
(100 nm)/YIG(100 nm), TmIG(140 nm)/YIG(140 nm),
and TmIG(200 nm)/YIG(200 nm) heterostructures. We fit
the experimental data [Figs. 14(e) and 14(f)] through a
numerical analysis, as given in Appendix C. The results
are summarized in Table I.

–2.8 × 10–5 2.8 × 10–5

FIG. 13. Spin-wave absorption spectra for TmIG
(100 nm)/YIG (100 nm) in comparison with YIG (100 nm)/GGG
(gray dashed line). A lower resonant magnetic field μ0Hext,
or higher resonant frequency ωres, is observed for YIG
(100 nm)/GGG both before and after the avoided crossing. This
demonstrates that, for the TmIG/YIG sample, the interfacial
exchange field applied on YIG is opposite to the external
magnetic field, which supports the antiferromagnetic coupling
nature concluded in the main text.

b. Coupling strength g

We can also extract the magnon-magnon coupling
strength, which is defined as half of the minimal peak-
to-peak frequency spacing in the anticrossing induced by
the interfacial exchange energy [37,54]. When the inter-
facial exchange energy is 0 (J = 0 mJ/m2), the hybrid
modes are decoupled. The resonant magnetic field (Hext)

and resonant frequency (f ), where the minimum reso-
nant separation is located, should intersect, meaning that
k1 = 0 and k2 = nπ/d2. With the existence of the inter-
facial exchange coupling energy (J 
= 0 mJ/m2), we can
obtain the perturbative solution. We modify Eq. (C12) to
derive an expression of the coupling strength g(δf /2) so
that

2fresδf =
( γ

2π

)2
[

2(2μ0Hres + μ0Ms)
2Aex

Ms
kδk

+
(

2Aex

Ms

)2

4k3dk

]
. (E1)

For Eq. (C23), we can let (2Aex,1/Ms,1)k1 tan(k1d1) be A
and (2Aex,2/Ms,2)k2 tan(k2d2) be B. So, Eq. (C23) can be
simplified to

1 − 2J
(Ms,1+Ms,2)

( 1
A + 1

B

) = 0. (E2)

We now consider k1 = 0 + δk1, k2 = nπ/d2 + δk2, and
|δk1| 	 1, |δk2| 	 1 is the perturbation solution cor-
responding to the minimum resonance separation of
the FMR mode of YIG and TmIG PSSW mode (n).
Equation (E2) yields a layer 1-dominated and layer 2-
dominated resonance. For a layer 1-dominated resonance,
we have

2J
(Ms,1 + Ms,2)

1
A

≈ 1 and
2J

(Ms,1 + Ms,2)

1
B

	 1, (E3)

2J
(Ms,1 + Ms,2)

≈ 2Aex,1

Ms,1
k1 tan(k1d1) = 2Aex,1

Ms,1
k1δk1d1

= 2Aex,1

Ms,1
δk2

1d1, (E4)

δk2
1 = 2J

(Ms,1 + Ms,2)

Ms,1

2Aex,1

1
d1

. (E5)

For k1 = δk1, (2μ0H + μ0Ms)(2Aex/Ms)2δk1 �
(2Aex/Ms)

24δk3
1 so that

δf1 ≈ (
γ1
2π

)2
[
2(2μ0Hres + μ0Ms,1)

2J
(Ms,1+Ms,2)

1
d1

]
1

2fres
.

(E6)

For a layer 2-dominated resonance, we find

2J
(Ms,1+Ms,2)

1
B ≈ 1 and 2J

(Ms,1+Ms,2)
1
A 	 1, (E7)
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FIG. 14. Magnetic insulator heterostructure thickness dependence of the strong magnon-magnon coupling. Experimentally color-
coded spin-wave absorption spectra for (a) YIG (100 nm)/TmIG(100 nm), (b) YIG (140 nm)/TmIG(140 nm), and (c) YIG
(200 nm)/TmIG(200 nm). Insets show magnification at each anticrossing region. Resonant absorption peaks of the two hybrid modes
as a function of the external magnetic field with a (e) YIG (100 nm)/TmIG(100 nm), (f) YIG (140 nm)/TmIG(140 nm), and (g)
YIG (200 nm)/TmIG(200 nm) bilayer. Solid curves represent the numerical theory method fits as hybrid modes using the method
of Appendix C. Data points are extracted from experimental data by fitting the line shapes to two independent derivative Lorentzian
functions in (a)–(c). The increase of the effective magnetization in YIG and TmIG and the stiffening of YIG and TmIG resonance
frequency are due to the increase of different magnetic insulator thicknesses.

δk2 = 2J
(Ms,1+Ms,2)

Ms,2
2Aex,2

1
nπ/d2

1
d2

. (E8)

For

k2 = nπ

d2
+ δk2, (2μ0H + μ0Ms) ∼ 10−1,

2Aex

Ms
∼ 10−18,

and k2 ∼ nπ

d2
∼ 107,

we can obtain

(2μ0H + μ0Ms)
2Aex

Ms
2k2 ∼ 10−12

�
(

2Aex

Ms

)2

4k3 ∼ 10−15,

δf2 ≈
( γ2

2π

)2
[
2(2μ0Hres + μ0Ms,2)

2J
(Ms,1 + Ms,2)

1
d2

]
1

2fres
,

(E9)

δf 2 =
( γ1

2π

)2( γ2

2π

)2
(

2J
(Ms,1 + Ms,2)

)2

× [(2μ0Hres + μ0Ms,1)(2μ0Hres + μ0Ms,2)]
f 2
res

1
d1d2

,

(E10)

g = δf
2

= γ1

2π

γ2

2π

|J |
(Ms,1 + Ms,2)

×
√

(2μ0Hres +μ0Ms,1)(2μ0Hres +μ0Ms,2)

fres

1√
d1d2

,

(E11)

where g is the coupling strength, Hres and fres are the
resonant magnetic field and frequency at the minimum
resonance separation, respectively, and d1 and d2 are the
thicknesses of the YIG layer (the FMR mode) and
TmIG layer (the PSSW mode), respectively. The g value
extracted from the experiments [Figs. 15(a)–15(c)] and the
calculations from Eq. (E11) are shown in Fig. 4(c).
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(a) (b) (c)

FIG. 15. Magnetic insulator heterostructure thickness dependence of the coupling strength. Experimental spin-wave spectra at the
minimum resonance separation with frequency for (a) TmIG (100 nm)/YIG (100 nm), (b) TmIG (140 nm)/YIG (140 nm), and (c)
TmIG (200 nm)/YIG (200 nm). Here, the red line is fitted by the Lorentz peak function to coupling strength.

APPENDIX F: THE EXCITATION OF GILBERT
DAMPING, DISSIPATION RATE, AND

COOPERATIVITY FROM FMR MEASUREMENTS

1. Gilbert damping α

High coupling strength g and extremely low Gilbert
damping α are key factors to realize long-distance infor-
mation transmission that is free of Joule heating. Gilbert
damping refers to an intrinsic feature of magnetic sub-
stances, which dictates the speed at which angular momen-
tum is transferred to the crystal lattice, which is the
key parameter that determines the spin-wave relaxation
[55,56]. To demonstrate the superiority of the low-
damping MI/MI bilayer system of this work, we focus
on the linewidth variations with the frequency of the
YIG/TmIG heterostructure samples. The linewidth versus
frequency experiment data with error bars for different
thicknesses were extracted by fitting Lorentz equations
in Fig. 16. In the strong coupling region, we can clearly
observe that the linewidth value of the pink circle is sig-
nificantly higher than that of the light blue circle, which

suggests a coherent dampinglike torque that acts along
or against the intrinsic damping torque depending on the
phase difference of the coupled dynamics of YIG and
TmIG [35]. Distant from the strong coupling region, we
use �H = �H0 + (4πα/γ )f for the linear characteriza-
tion; the result is indicated by the dashed line in Fig. 16.
The fitting effective damping constants are summarized in
Table I.

2. Dissipation rate

We extract the dissipation rate (half-width at half-
maximum) from frequency scans at different fields when
they are distant from the strong coupling region (Fig. 17).
We fit the FMR mode of YIG and TmIG in Fig. 17 using a
Lorentz peak to obtain the dissipation rate.

3. Cooperativity C

Strong coupling implies coherent dynamics between the
magnon. In our case, for all the samples, g > κ1 and g >

κ2 mean that strong coupling is formed [37,57]. Through

(a) (b) (c)

FIG. 16. Thickness dependence of Gilbert damping. Experimental linewidth as a function of frequency for (a) TmIG (100 nm)/YIG
(100 nm), (b) TmIG (140 nm)/YIG (140 nm), and (c) TmIG (200 nm)/YIG (200 nm). Circular points with the error bars represent
the linewidths extracted from experimental data by fitting the line shapes to three independent derivative Lorentzian functions from
(a)–(c). Dashed lines are linear fits distant from the strong coupling region by using Eq. (4). The fitting effective damping constants are
summarized in Table II.

034017-16



STRONG MAGNON-MAGNON . . . PHYS. REV. APPLIED 22, 034017 (2024)

(a) (b) (c)

FIG. 17. Thickness dependence of the dissipation rate. Amplitude as a function of frequency for (a) TmIG (100 nm)/YIG (100 nm),
(b) TmIG (140 nm)/YIG (140 nm), and (c) TmIG (200 nm)/YIG (200 nm). Frequency sweep curves distant from the coupling region.
The dissipation rate is obtained by fitting a Lorentzian peak function. The red solid line represents YIG FMR, and the blue solid line
represents TmIG FMR.

Lorentz peak fitting, we found that the dissipation rate
decreases as the thickness increases, which is consis-
tent with the damping trend we have calculated. Due
to the magnetic insulator heterostructure, the dissipation
rates in the TmIG/YIG bilayers are particularly low com-
pared with those in ferromagnetic metal-based heterostruc-
tures, allowing us to achieve the largest cooperativity C =
(g/κ1)(g/κ2) = 24.5 in the TmIG(200 nm)/YIG(200 nm)
case. The results are summarized in Table II. As the thick-
ness increases, the cooperativity significantly increases,
mainly because the decrease rate of the dissipation rates
is greater than that of the coupling strength. The coopera-
tivity is summarized in Table I.

APPENDIX G: TOPOLOGICAL NONTRIVIAL
MAGNONIC BAND STRUCTURE IN

ALL-MAGNETIC INSULATOR-BASED
MULTILAYERS

As a recent theory [39] predicted, antiparallelly aligned
multilayers can potentially host topological nontrivial
magnonic band structures. The magnetic multilayers are
shown in Fig. 18, where the neighboring layers possess
antiferromagnetic interfacial exchange. Due to the essen-
tially in-plane propagating chiral dipole interaction and
interfacial exchange interaction, the bulk energy band

of the multilayer films generates nonzero Chern inte-
gers and ultralocalized magnonic surface states carrying
chiral spin currents. Here, we show our recent progress
in the theoretical understanding of all-magnetic insu-
lator heterostructure-based topological magnonic insula-
tors. Compared with achieving high-quality interfaces and
all-magnetic insulator-based multilayer systems through
pulsed laser deposition (PLD) technology, growing high-
quality YIG on polycrystalline Py is challenging.

To perform the calculations, we use the experimentally
extracted parameters from our YIG/TmIG multilayers. The
requirement to achieve a topological nontrivial state is to
have (

Aex,YIGγYIG

Ms,YIG
− Aex,TmIGγTmIG

Ms,TmIG

)

×
[
γYIG

(
2|J |

μ0Ms,YIGdYIG
− H

)

− γTmIG

(
2|J |

μ0Ms,TmIGdTmIG
+ H

)]
< 0,

where the obtained critical field Hc = 4.55 × 103 A/m.
For comparison, we plot the magnon band structures
[frequency (f ) and wave vector (kx)] based on all-
magnetic insulators YIG/TmIG [Figs. 18(a) and 18(b)]
and YIG/Py [Figs. 18(c) and 18(d)] based system with
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N = 10 cells, respectively. We can see a clear distinc-
tion between topologically nontrivial and trivial states
for the two systems, which can provide potentially enor-
mous nonreciprocity and be tuned by the external field.
We also see that the nontrivial state of the multi-
layer films based on YIG/Py needs to be realized at
(k, f ) ≈ (−1.5 × 108m−1, 51 GHz). However, except for
the challenges of microwave measurement, most of the
experimental work on magnon-based computing and sig-
nal transmission has been conducted in the k range
106–108 m−1 [58,59]. Conversely, all-magnetic insulator-
based multilayers are not subject to these limitations,

which can be achieved with reasonable excitation fre-
quency and corresponding k values.

In the general case, magnons can propagate within the
entire xy-plane in each individual layer. Magnons propa-
gating in neighboring layers are coupled with each other
through Zeeman interactions, interfacial exchange interac-
tions, and long-range dipolar interactions.

A. The interlayer dipolar energy between a pair of
moments m1 (located at r) and m2 (located at r′) is given
by

δEd = mT
2 Fm1 = −μ0Ms1Ms2

4π

3(m1 · R)(m2 · R) − (m1 · m2)R2

R5 , R = r − r′, (G1)

Ed =
∫∫

mT
2(r

′)F(r − r′)m1(r)d3rd3r′. (G2)

Each layer interlayer dipolar effective field (h̃d†
j (k)) of the magnons in k-space after Fourier transformation of Ed is given

by the following:
[

h̃d†
1,x(kx)

h̃d†
1,z(kx)

]
= Ms,2d2

kxd1[1 − (−1)me−kxd1 ]
[(kxd1)

2 + (mπ)2]

[ |kx| sin θ1 sin θ2 ikx sin θ1
ikx sin θ2 −|kx|

] [
m̃1,x(kx)cos(mπz/d1)

m̃1,z(kx)cos(mπz/d1)

]
, −d1 < z < 0,

(G3)

[
h̃d†

2,x(kx)

h̃d†
2,z(kx)

]
= Ms,1d1

kxd2[1 − (−1)ne−kxd2 ]
[(kxd2)

2 + (nπ)2]

[ |kx|sin θ1sin θ2 −ikxsin θ2
−ikxsin θ1 −|kx|

] [
m̃2,x(kx)cos(nπz/d2)

m̃2,z(kx)cos(nπz/d2)

]
, 0 < z < d2, (G4)

FIG. 18. Schematic of the antiparallel-aligned all-magnetic-
insulator YIG/TmIG-based multilayers and YIG/Py-based mul-
tilayers. The process of achieving high-quality yttrium iron gar-
net (YIG) on polycrystalline Py compared with the single-crystal
all-magnetic insulator-based multilayer systems using pulsed
laser deposition (PLD) technology. The low Gilbert damping of
YIG/TmIG allows for reduced dissipation in spin-wave propaga-
tion.

where m and n are the standing wave modes in the
z-direction of the magnetic layers.

B. The intralayer dipolar interaction can be simplified from
a condition

[
h̃d0

1,x(kx)

h̃d0
1,z(kx)

]
= Ms,1

[
(1 − N1) 0

0 N1

]

×
[

m̃1,x(kx)cos(mπz/d1 )

m̃1,z(kx)cos(mπz/d1 )

]
, N1

= kxd1[1 − (−1)me−kxd1 ]
[(kxd1)

2 + (mπ)2]
, (G5)

[
h̃d0

2,x(kx)

h̃d0
2,z(kx)

]
= Ms,2

[
(1 − N2) 0
0 N2

]
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(a) (b)

(c) (d)

1 × 108 1 × 108

1 × 108 1 × 108

FIG. 19. Magnon band structures for the all-magnetic insulator with a YIG/TmIG-based system with N = 10 cells, which cor-
respond to the (a) trivial case with H = 3 × 103 A/m and (b) topological nontrivial state with H = 3 × 104 A/m, and with a
YIG/Py-based system with N = 10 cells, which correspond to the (c) trivial case (H = 5 × 104 A/m) and (d) topological nontrivial
state (H = 5 × 105 A/m).

×
[

m̃2,x(kx)cos(nπz/d1 )

m̃2,z(kx)cos(nπz/d1 )

]
, N2

= kxd2[1 − (−1)ne−kxd2 ]
[(kxd2)

2 + (nπ)2]
. (G6)

The intralayer exchange field is given by

h̃ex0
j , x(z) = −2Aex

j k2
x

μ0Ms,j
m̃j ,x(z), j = 1, 2. (G7)

The static interfacial exchange field is written as

H ex
j = 2J/μ0Ms,j dj , j = 1, 2. (G8)

The dynamic interfacial exchange field is

[
h̃ex

jx (k‖)
h̃ex

jz (k‖)

]
= H ex

j

[
1/2 0
0 −1/2

] [
m̃vx(k‖)
m̃vz(k‖)

]
. (G9)

We obtain the full Hamiltonian by integrating all the
interactions so that

ω

⎛
⎜⎝

m̃1+
m̃2+
m̃1−
m̃2−

⎞
⎟⎠ =

⎛
⎜⎝

ω′
1 �′

1+ δ1 δ′
1

�′
2+ ω′

2 δ′
2 δ2

−δ1 −δ′
1 −ω′

1 �′
1−

−δ′
2 −δ2 �′

2− −ω′
2

⎞
⎟⎠

⎛
⎜⎝

m̃1+
m̃2+
m̃1−
m̃2−

⎞
⎟⎠ ,

(G10)

where the intrinsic eigenstate m̃j ± = 1/
√

2 (m̃jx ± im̃jz) is
a right- and left-handed circularly polarized magnon mode,
which corresponds to the positive and negative eigenfre-
quency, representing a particle and hole, respectively. We
also find that
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ω′
j = 2Aex

j γj

Ms,j
k2

x + γj μ0

√
(2J/μ0Ms,j dj + Hext + Ms,j )(2J/μ0Ms,j dj + Hext) + γj μ0Ms,j

2
, (G11)

�′
j ± = 1

2
γj μ0f ′

j [±(2kx) + 2kx], (G12)

δj = γj μ0Ms,j

2
, (G13)

δ
′
j = γj μ0

2
2J

μ0Ms,j dj
. (G14)

After utilizing the Holstein-Primakoff transformation on
m̃j + and m̃j −, we can either derive the bulk Hamil-
tonian with periodic boundary conditions along the z-
direction or solve for the explicit band structure with open
boundary conditions along the z-direction. In the case
of n cells, the bulk Hamiltonian can be regarded as a
tight-binding Hamiltonian in the z-direction, and then the
Su–Schrieffer–Heeger (SSH) model is used to solve it, as
shown in Fig. 19. The all-insulator multilayer system facil-
itates the realization of the topological magnonic surface
states and the low dissipation spin current transport in a
tunable manner.
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