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Quantum-inspired microwave phase superresolution at room temperature
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Quantum metrology has been shown to surpass classical limits of correlation, resolution, and sensi-
tivity. It has been introduced to interferometric radar schemes, with intriguing preliminary results. Even
quantum-inspired detection of classical signals may be advantageous in specific use cases. Following ideas
demonstrated so far only in the optical domain, where practically no thermal background photons exist, we
realize room-temperature microwave frequency super-resolved phase measurements with trillions of pho-
tons, while saturating the Cramer-Rao bound of sensitivity. We experimentally estimate the interferometric
phase using the expectation value of the parity operator by two methods. We achieve superresolution up
to 1200 times better than the wavelength with 25-ns integration time and 56-dB SNR.
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L. INTRODUCTION

In quantum metrology, nonclassical states are used in
measurement devices to estimate a physical parameter with
enhanced sensitivity. The parameter can be a time inter-
val, an energy gap, or distance, but in most cases, the
measurement is achieved by evaluating some phase of an
oscillatory system. The most commonly used states are
optical states of the electromagnetic field.

Many works have shown the quantum advantages of
using squeezed light [1-5] or photonic NOON states [6—8],
but as these advantages are very sensitive to losses, their
use in real-world applications is severely limited. Thus,
an intermediate application regime is defined as quantum
inspired (QIN). The term QIN is used to describe new
approaches to classical fields of research based on ideas
that originate from the disciplines of quantum research
[9—14]. In the field of sensing, this could mean that the used
states are classical, but the measurement is still quantum
mechanical or of a quantum mechanical observable. These
approaches can have enhanced performance, but cannot
exceed classical limits such as sensitivity beyond the shot
noise limit (SNL). Nevertheless, they can exhibit lateral
superresolution far beyond the Rayleigh limit, and satu-
rate the classical sensitivity limit of the Cramer-Rao (CR)
bound over a wide range of parameters.

Previous demonstrations of QIN-sensing applications
utilized optical photons for high SNR and low background
conditions [15,16]. Optical photons are advantageous as
blackbody radiation background at room temperatures
is negligible in this part of the electromagnetic spec-
trum. Extension of such ideas to the rf domain has been
suggested in order to improve the sensitivity of radar
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systems [17]. As photon energies in the rf frequency
domain are orders of magnitude smaller than in the opti-
cal domain, room-temperature background can hinder their
usefulness.

A central QIN approach, which is also behind the quan-
tum radar proposal [18-20], is to measure the expectation
value of the parity operator instead of the number opera-
tor at the output of an interferometric setup. Both theory
and experiments supported the resolution enhancement as
well as the optimized sensitivity that such a measurement
yields. In previous works, the expectation value of the
parity operator was experimentally estimated for optical
fields, where single-photon detectors at room tempera-
ture are readily available, and the background temperature
is effectively zero. This value was estimated by either a
homodyne detection [16] or by a photon-number resolv-
ing measurement [15]. In this work, we demonstrate a
parity measurement of an interferometric phase between
electromagnetic waves in the rf domain, where the ther-
mal background is at least thousands of photons, and the
detection of single photons at room temperature is impos-
sible. The idea of measuring the parity operator leads to a
convenient detection scheme at the dark port of the inter-
ferometer, in contrast to the standard approach of intensity
measurement, which gives the Rayleigh limit on resolu-
tion. The parity of the output field is estimated by two
different methods, saturating the Cramer-Rao bound of
the sensitivity while achieving a super-resolved feature.
The width of this feature scales inversely proportional
to the square root of the SNR allowing practical advan-
tages in choosing the working point and in resolving phase
changes. It also gives the intuitive definition of resolu-
tion as the width of the narrowest feature of the measured
signal, a more useful sense of resolving changes, when
taking noise into account, in contrast to the Rayleigh limit,
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which does not depend on SNR at all. This shows how
a quantum-inspired approach could lead to advantages in
performance and implementation even in a completely
classical scenario like ours. In Sec. II, we present the the-
ory behind the two methods. The experimental setup and
the results are depicted in Secs. III and IV, respectively. We
conclude with a discussion of these results in Sec. V.

II. THEORETICAL BACKGROUND

In what follows, we present a relatively brief theoretical
background that includes the quantum origins of the idea.
For a more detailed background, please see Appendix A.
When making phase-sensitive measurements, one chooses
to measure and calculate a parameter M (¢), which is
susceptible to the phase. The width of the parameter’s
function with respect to the phase is the resolution of the
measurement

Res(¢) = FWHM(M (¢)). @)

The sensitivity of the phase measurement is derived from
the precision of the measurement AM and the slope of the
function M (¢)

_AM
M /dp’

A¢ 2

Thus, to have a more sensitive measurement, one would
like to measure a low noise parameter and a narrow
resolution feature with a steep slope.

When the noise statistics are known, the CR bound
[21,22] gives the maximum possible precision of the phase
measurement over various measurements and estimators.
The classical limit of a phase resolution measurement is
half of the used wavelength (such as the Rayleigh limit of
imaging resolution), and shot noise imposes the limit for
sensitivity. It was shown that the expectation value of the
parity operator (1) presents superresolution for phase esti-
mation using coherent states, saturating the shot noise limit
when no thermal noise is present [18]. (f[) was also shown
to exhibit super-sensitivity when using quantum two-mode
squeezed vacuum (TMSV) states. The parity operator is

defined as
=1, 3)

where N is the photon-number operator. Its expectation
value depends on the probability P, of measuring n pho-
tons, as well as it being proportional to the value at the
origin point of the Wigner representation of the quantum
state of the electromagnetic field [23] as a function of the

field quadratures
oo
() =) (=1)"- P, =7 - W(0,0). )
n=0

For Gaussian states, the Wigner representation coincides
with the classical phase-space distribution up to the uncer-
tainty between the two quadratures, which is negligible in
this experiment. The classical and quantum Fisher infor-
mation and the CR bound coincide in this case as well [24].
We keep denoting the classical phase-space distribution by
W for reasons of convenience and methodology.

For a single-mode symmetric Gaussian state, p is the
displacement from the origin (with some predefined refer-
ence phase). N, = u?/2 is the average number of photons,
while o is its uncertainty. Note that u = V2|a|, where «
is the conventional displacement of a coherent state and
l|* = N,. For a coherent state 02 = 1 is the minimum
possible quantum noise that is symmetric for both quadra-
tures. A coherent state is also a shot-noise-limited signal.
For a thermal state & = 0 and 0> = Ny, + %, where Ny, is
the average number of photons of the thermal state.

For a coherent state superimposed with thermal noise
in the same mode, the Wigner representation is just an
appropriately scaled convolution of the representations of
the two states [25,26], resulting in ?/2 = N, and 02 =
N + % We define a phase-space signal-to-noise ratio as

N
SNR= ——< . (5)
N +1/2

This value coincides with the full definition of signal-to-
noise ratio when the thermal noise is much higher than the
shot noise. For white noise, such as the noise in our system,
the SNR scales down linearly with increased integration
time. The expectation value of the parity operator of such
a Gaussian state is

2

~ 1 _u
(ITy =7 - W(0,0) = Fe 22, (6)

For an interferometric phase measurement of a coher-
ent state with N. photons on average and a phase ¢, the
expectation value of the parity operator is

f[ 1 _ NC}\-/sini i(f éz) ;
= — th .
() = 5o e ™

The CR bound on measuring an interferometric phase ¢
for high SNR is given by

2 N, 1/2
A(bmin = = 22 = /2 ot / 5 (8)
VSNR ~ 1 N,

which is reduced to the shot noise limit when Ny, = 0.
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A direct measurement of the parity is not always avail-
able. In fact, sometimes estimating the mean value of the
parity from the number of photons is better than from par-
ity values (since the parity value has less information than
the number of photons).

By measuring the field quadrature distribution in phase
space, W(0,0) can be estimated using a maximum-
likelihood fit. The error in this estimation can be derived
from the Fisher information of the distribution. The sensi-
tivity of the phase measurement approaches the CR bound
for large values of SNR.

Another method for estimating (0, 0) [15,16] is a pro-
jection measurement on W(0,0). For a photon-number
measurement, this is a projection on the vacuum state,
measuring the probability that no photons arrived at all.
For a phase-space measurement, this would be done by
calculating the probability of the measurement being inside
some phase-space area defined by a threshold radius a from
the origin:

5 1 2 a
#0,0) ~ — / do / drrW(r,0). ©9)
0 0

The probability of the measurement being inside this
radius is given by the cumulative distribution function
(CDF) of the marginal radial distribution in the phase
space up to a. For a symmetric Gaussian distribution, the
marginal radial distribution is Rician.

The choice of a affects both the resolution and the sensi-
tivity of the measurement and one can choose a working
point that suits the specific requirements of the system.
A smaller threshold gives a better resolution, but requires
a larger number of measurements. The optimal threshold
radius is on the order of o. The best possible sensitiv-
ity with this method does not saturate the CR bound

10dB

Hybrld S.C
D C°“"'e ; Var att. ><

but asymptotically approaches it up to a factor of 1.26
calculated numerically, see Appendix A 3.

III. EXPERIMENTAL SETUP AND ANALYSIS

The experimental setup depicted in Fig. 1 is equivalent
to an optical Mach-Zehnder interferometer. The general
idea of the setup is to create a completely destructive inter-
ference between a probe signal and a reference signal—this
creates a dark port at the output of an interferometer. In
contrast to the standard measurement of intensity, the value
of W(0,0) changes sharply when the phase of the probe
signal changes. This reflects the noise of the signal rather
than the wavelength as in the standard method. To mea-
sure (0, 0) a homodyne measurement is performed on the
dark port and a phase-space distribution is recovered. The
homodyne measurement is carried out simply by a direct
Fourier transform of the dark-port signal. A signal gener-
ator is the source of the rf signal. The first beam splitter
is an rf splitter-combiner, and the latter is an rf hybrid
splitter-combiner [27]. At one of the arms, an /Q mixer
controls the interferometric phase ¢. The output is sampled
directly by an oscilloscope, then Fourier analyzed, effec-
tively conducting homodyne detection. The input signal
is also sampled for a phase reference. A Fourier decom-
position with phase relative to the reference signal gives
the quadratures for a single sample of the phase-space
distribution. Several sequences of the signal construct the
phase-space distribution from which (IT) can be estimated.

The signal frequency is 4.96 GHz, and the oscillo-
scope’s sampling rate is 20 GS/s, well beyond the Nyquist
limit. The signal frequency is adjusted to a minimum point
of the system spectral noise. The sample duration of 25 ns
is such that the signal frequency would be exactly on the
grid of the discrete Fourier spectrum.

FIG. 1.
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(a) Experimental Mach-Zehnder-like configuration and a sample /Q distribution analysis. A signal generator is the source

of a coherent signal at 4.96 GHz. A nonunitary (Wilkinson power divider) splitter-combiner splits the signal into two paths, and a
unitary rf hybrid splitter-combiner interferes the two paths. The two output ports are sampled directly by an oscilloscope. An /Q mixer
controls the relative phase at one arm by applying the appropriate dc voltage. A directional coupler at the upper arm provides a phase
reference signal. A directional coupler at the lower arm allows the calibration of the working point of the /Q mixer using a spectrum
analyzer. (b) Analysis sample: a complex FFT amplitude of each 25-ns time series is a point in phase space. The red dot and circle
are the mean and standard deviation of the distribution. The yellow circle centered at the origin designates the area for the threshold
analysis. See the main text for more details.
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FIG. 2. Output field parity and its sensitivity, estimated by a
maximum-likelihood fit. (a) Estimated parity for different SNR
values, obtained by the fitting procedure: presented curves are for
SNR values of 14.8, 26.3, 38.8, 45.9, and 56.1 dB, from wide to
narrow trace. (b) Sensitivity around the minimal output phase, for
the SNR = 56.1 dB measurement, normalized per a single 25-ns
measurement. Blue dots are values derived from the measured
parity, orange and green dashed lines represent the fit and theo-
retical calculation of the sensitivity, respectively, which are not
distinguishable at this scale. The solid red line marks the Cramer-
Rao bound. The blue shaded area designated the FWHM range
of the parity curve.

The system was calibrated before measurements for dif-
ferent values of signal power. First, the dc offset of the
1Q mixer was found by an automatic minimization proce-
dure using a spectrum analyzer. Then we set port 1 of the
hybrid as the dark port by the same minimization proce-
dure. The latter procedure finds the “zero” interferometric
phase and finely adjusts the amplitude to compensate for
imbalances in the interferometer, including the extinction
ratio of the components, resulting in an overall extinction
ratio of 90 dB.

Variable digital attenuators are used in each arm in order
to control the signal power. The thermal noise of the sys-
tem is dominated by the oscilloscope noise. We scanned
the phase for five different values of signal power approx-
imately 10 dB apart. For each value of the interferometric

sample within the threshold area at SNR = 56.1 dB. The color
represents different ratios between the threshold a and the noise
o (b) Sensitivity plot derived from the parity measurement for
SNR = 56.1 dB and threshold a = 1.5¢, normalized per a sin-
gle 25-ns measurement. Blue dots are values derived from the
measured parity, the green dashed line represents the theoreti-
cal calculation of the sensitivity. The solid red line marks the
Cramer-Rao bound. The blue shaded area designated the FWHM
range of the parity curve.

phase, at each power, the measurement was repeated 200
times to estimate the error.

The SNR of the measurement was controlled by the
signal power but can be controlled also by the integration
time. See Appendix B for more details.

The W(0,0) value is estimated by the two methods
described in Sec II; by a maximum-likelihood fit to
the phase-space distribution and by using the threshold
method, where 7(0, 0) is evaluated by counting the num-
ber of phase-space samples within a threshold radius a.
The phase-space distribution was analyzed using 200 sam-
ples. The error in estimating W(0, 0) scales as the square
root of the number of phase-space measurements and so is
the sensitivity. The presented sensitivity is normalized to a
single phase-space measurement for better comparison.

IV. RESULTS

Figure 2(a) presents (I1) as estimated by a maximum-
likelihood fit over a range of interferometric phases, for
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several values of signal power. The relevant N, and Ny, as
well as the corresponding SNR were extracted from a fit
to Eq. (7). Errors were estimated by repeating the experi-
ment 200 times for each data point. The maximum value of
(f[) depends only on Ny, thus remaining unchanged over
different values of the SNR. Ny, was also verified inde-
pendently by a direct measurement, with an agreement to
the fit value of Ny, = 67.1 +0.3 - 10° photons for 25-ns
integration time. The FWHM of the parity measurement
corresponds to the measurement resolution. The scaling
of the FWHM is following 1/+/SNR and the highest res-
olution demonstrated at 56.1 dB is 1200 times smaller
than the wavelength. The same plot with a logarithmic x
axis is shown in Fig. 8. Since thermal noise is white, the
SNR scales down linearly with longer integration time.
The resolution of the Rayleigh limit, which is achieved by
the standard intensity measurement, is much larger than
the values measured and therefore is not denoted in the
figures.

Figure 2(b) presents the sensitivity as a function of the
phase for the highest resolution, normalized per a single
phase-space measurement (of 25 ns). A theoretical curve
and a fit to the sensitivity are also shown, both with very
good agreement with the measurement central part. The
minimum of the fit saturates the CR bound.

Figure 3(a) presents parity-estimation results using the
threshold method for the highest value of SNR = 56.1
dB and different values of threshold radius a. When the
threshold satisfies a >> o, most of the phase-space points
are within the threshold radius even when the phase
changes. In this case, the estimated parity saturates. When
a < o, the resolution is better. However, many samples
are required for appropriate estimation, thus making the
measurement less applicable to some cases.

The choice of a affects both the resolution and the
minimum possible sensitivity.

Figure 3(b) presents a sensitivity plot for SNR = 56.1
dB and a = 1.50. The value of @ was chosen considering a
trade-off between sensitivity and resolution. The sensitivity
is normalized per a single phase-space measurement. For
more details, see Appendix A 3.

Figure 4 presents the scaling of the resolution and the
sensitivity with the SNR, for estimating (1) by the two
methods. The SNR is the figure of merit defining the
performance of this measurement at all regimes down to
the shot noise limit. In the threshold method, a/o is the
second parameter defining the resolution and the sensi-
tivity relative to the CR bound, in addition to the SNR
value.

For both methods, the resolution and the sensitivity are
of the same order of magnitude, in contrast to the classi-
cal method, where the resolution is unaffected by the SNR.
Both scale as 1/+/SNR. The sensitivity of the estimation
by the maximum-likelihood fit method saturates the CR
bound and the threshold method reaches the bound up to
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FIG. 4. (a) Phase resolution of parity measurements. Blue cir-

cles are fitted values by the maximum-likelihood method for each
SNR. Green diamonds are fitted values by the threshold method
with ¢ = 1.50. The solid red curve is the theory that scales as
1/+/SNR. Errors are smaller than the symbols. (b) The minimum
value of the sensitivity per phase-space measurement for the
two methods. Blue circles—estimation by maximum-likelihood
fit. Green diamonds—estimation by the threshold method with
threshold @ = 1.5¢. Dashed lines represent the corresponding
theoretical curves. The solid red line is at the Cramer-Rao bound.

a factor of approximately 1.26 calculated numerically, see
Appendix A 3.

V. DISCUSSION AND OUTLOOK

We have demonstrated two methods for estimating the
expectation value of the parity operator, both based on the
reconstruction of the Wigner representation by an effective
homodyne detection. The Wigner representation reduces
to the /Q distribution in this case of Gaussian states and
considerable thermal noise. Thus, as the quantum and ther-
mal fluctuations are scaled on a common footing, our
work immediately extends to any domain and temperature
between the quantum to classical divide.

The first method is based on a maximum-likelihood fit
of the phase-space measurements to a Gaussian distribu-
tion. This method saturates the CR bound. It seems that
for this method, at least two measurements are required to
estimate the maximum-likelihood fit, but since the noise
in the system should remain constant, it can be calibrated,
and a single measurement would suffice to estimate the
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current mean value of the distribution and to complete the
maximum-likelihood fit. In comparison to the maximum-
likelihood method, the threshold method is straightforward
to implement and faster to calculate, though choosing the
optimal threshold always requires calibration of the noise.
The freedom of choice of the threshold parameter allows
choosing a combination of the superresolution and the sen-
sitivity, where the quality of one comes at the expanse of
the other. This trade-off is defined by a single parameter
a/o. Unlike the maximume-likelihood estimation method,
the minimum achievable sensitivity with this method sat-
urates the CR bound only up to a factor of approximately
1.26. Both methods can have an enhanced resolution by
increasing the SNR, e.g., by increasing the integration
time.

The sensitivity of a measurement describes the certainty
in which the phase is estimated. It is influenced by the
inherent noise in the physical state that is used for sensing,
and by the dependence between the measured quantity and
the estimated parameter as in Eq. (2). The resolution prop-
erty is useful when it is desirable to differentiate between
two settings of the measured phase. The Rayleigh limit
on resolution does not depend on the SNR of the mea-
surement, thus it lacks a key practical aspect. Using the
methods presented here, the resolution scales with the SNR
the same way as the sensitivity does, giving the resolution
its intuitive interpretation in resolving and differentiating
between settings. This work can be extended to free space
with phase estimation used for refining both range and
direction measurements. Further research includes signifi-
cantly reducing the microwave system’s inherent thermal
noise by cooling parts of the setup. Using squeezed states,
will result in a super-sensitivity measurement [1]. All of
these extensions are also in the framework of Gaussian
states.

ACKNOWLEDGMENTS

We would like to thank Dr. Lior Cohen for fruitful dis-
cussions and the support of ISF Grants No. 963.19 and No.
2323.19.L.S.’s contributions were completed while he was
affiliated with the Hebrew University of Jerusalem.

APPENDIX A: DETAILED THEORETICAL
BACKGROUND

For phase-sensitive measurements, the phase is estimated
by measuring a parameter M (¢), which is susceptible to
the phase. The width of the parameter’s function with
respect to the phase is the resolution of the measurement:

Res(¢p) = FWHM(M (¢)). (A1)

In principle, for a noiseless measurement, when the res-
olution function is unambiguous and reversible over the

measurement range—we can identify the phase with infi-
nite precision. When a phase measurement is used for
imaging or direction finding, a narrow resolution function
enables resolution of smaller features of the image or mul-
tiple elements. When a measurement is conducted with
noise, the precision of the phase is derived from the preci-
sion of the measurement AM and the slope of the function

M(9):

AM

A= Siije’

(A2)

and is called the sensitivity of the measurement. Thus, to
have a more sensitive measurement, one would like to
measure a low noise parameter and a narrow resolution
feature with a steep slope.

When the noise statistics are known, the CR bound
[21,22], derived from the Fisher information of the sig-
nal, gives the maximum possible precision of the phase
estimation over various measurements and estimators. The
classical limit of a phase-resolution measurement is half of
the used wavelength (such as the Rayleigh limit of imaging
resolution), and shot noise imposes the limit for sensitivity.
The new possibilities introduced by quantum mechanics
to phase measurements are achieved by using states of
the electromagnetic field with noise lower than the shot
noise limit; using entanglement for enhancing correlations
and thus signal-to-noise ratio [28-30]; and also by mak-
ing measurements of quantum observables (which are also
operators in the mathematical representation of quantum
mechanics) [18]. One such observable is the parity opera-
tor I, the expectation value of which was shown to present
superresolution for phase estimation using coherent states,
saturating the shot noise limit when no thermal noise is
present. It was also shown to exhibit super-sensitivity
when using quantum two-mode squeezed vacuum (TMSV)
states. The parity operator is defined as

=D, (A3)
where N is the photon-number operator. It can also be
shown that the expectation value of the parity operator is
the value at the origin point (0, 0) of the Wigner representa-
tion of a quantum state [31]. The Wigner representation is
a quasiprobability distribution of conjugate quantum oper-
ators like position and momentum or the quadratures of the
electromagnetic field. Conjugate quantum operators fol-
low the Heisenberg uncertainty relation and thus cannot
be measured simultaneously without violating the Heisen-
berg uncertainty principle, which gives the quantum limit
of sensitivity [18,32].

In general, the Wigner representation is very different
from an /Q phase diagram, as it can have negative val-
ues in restricted areas of the phase space. In addition, a
point in phase space cannot be measured directly since this
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violates the Heisenberg uncertainty principle. However,
there are still a variety of quantum phenomena that can
be observed and exploited using Gaussian states, which
are states for which the Wigner representation is Gaus-
sian and thus can be easily analyzed and measured. Those
states include, for instance, coherent states, thermal states,
coherent states superimposed with thermal noise, squeezed
states and TMSV. The classical phase-space distribution
and the Wigner representation coincide in these cases.
Moreover, for room-temperature thermal noise, classically
measuring the quadratures while ignoring the uncertainty
principle has a negligible effect on the results. The classical
and quantum Fisher information and CR bound coincide
for these states as well [24].

A single mode of the electromagnetic field is similar to
a harmonic oscillator with the dimensionless Hamiltonian:

H—1”+1”—N+1
2 20 2’

(A4)
where X and P are the conjugate operators, which are the
two quadratures of the electromagnetic field, following the
Heisenberg uncertainty principle: AX - AP > % and also
the more subtle AN - A¢ > % We present here analysis
for a single-mode symmetric Gaussian state. The deriva-
tion for a general multimode Gaussian state is straightfor-
ward. The Wigner representation of a symmetric Gaussian
state is

Wx,p) = Imol

( (x — pcos(®))* + (p — u Sin(9))2)
xexp|— )

202

(AS)

where o is the displacement of the distribution from the
origin with some predefined reference phase 6. For a
coherent state 02 = %, is the minimum possible quantum
noise that is symmetric for both quadratures. A coher-
ent state is also a shot-noise-limited signal. 4?/2 = N.. is
the average number of photons. Most commonly, a coher-
ent state is characterized by the complex parameter o
for which |@|> = N¢ = 22, its phase is the phase of the
coherent signal and the displacement operator is parame-
terized by it [25]. We chose to work here with the definition
of u since it is more convenient when working with the
Wigner representation. For a thermal state © = 0 and 0> =
Nu + %, where Ny, is the average number of photons in
the thermal state. For a coherent state superimposed with
thermal noise in the same frequency mode, the Wigner
representation is just an appropriately scaled convolution
of the Wigner representations of the two states [25,26]
resulting in u?/2 =N, and 0% = Ny, + 1. We define a

phase-space signal-to-noise ratio as

N,
SNR

eyt (A6)

This value coincides with the full definition of signal-to-
noise ratio when the thermal noise is much higher than the
shot noise. For white noise such as the noise in our system,
the SNR scales down linearly with increased integration
time. The expectation value of the parity operator of such
a Gaussian state is

e L
(H):;(—l) Py = W(0,00 = S—e 27 (A7)

P, is the probability of measuring » photons. For an
interferometric phase measurement of a coherent state
with 142/2 total number of photons and an interferomet-
ric phase ¢, at the output of one interferometer arm u =
o - sin(¢p/2), and the number of photons is

W2/2 =N, -sin*(9/2) = jg/2 -sin*(/2)  (A)
and the phase
0 =¢/2. (A9)
The expectation value of the parity operator thus follows:
(1) = 7 0,0 = — B (al0)
2Ngp + 1

From the phase-space distribution, for cases in which
the SNR is large, the standard deviation of the phase
can be easily calculated to be A@ = o/u by changing to
polar coordinates, thus the CR bound on measuring an
interferometric phase ¢ for high SNR is given by

2 N, 1/2
Apmin =27 = [ 2= [Nt 12y
o VSNR N.

which is reduced to the shot noise limit when Ny, = 0.

1. Direct measurement of I

Since the parity operator is 1= (=1)", a direct mea-
surement of the parity operator is possible if a photon-
number measurement is available. This is achievable more
easily at room-temperature environment in the optical
regime, but also in the rf domain with cryogenics. In this
case, its mean value could be calculated simply by ensem-
ble averaging. The error of such a measurement is the
standard deviation of the parity operator and the calculated
sensitivity of the measurement is

4N sin? (¢/2)
L 7 2+l

2N +1

N, .
|3 sin(@)|

A¢p =

(A12)
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2. Estimating (f[) by maximum likelihood

A direct measurement of parity is not always avail-
able. In fact, sometimes estimating the mean value of the
parity from the number of photons is better than from
parity values (since the parity value has less informa-
tion than the number of photons). By measuring the field
quadrature distribution in phase space, the W(0,0) value
can be estimated using a maximum-likelihood fit. The
Fisher information for estimating the mean and variance
of a two-dimensional symmetric Gaussian distribution by
a maximum-likelihood fit is given by

L0
I(/L,Uz) = (OS L) .
1

o

(A13)

Using this, the error of estimating the value at the origin,
normalized to a single phase-space measurement is

R 1 2 u?
- AW(0,0) = A(TT) = ——e 207 . 14+
202 o?

(Al14)
The sensitivity of this estimation is given by
Nag +1/2\* 2
AP = (/2 ,  (Al5
o= oo+ (B2 2 g

the minimum value of this sensitivity is given by

2 1 1
APumin = +2 +1
¢ SNR? \/SNR2 (SNR2 )

2

_—_9 [ ,
SNR—> 00 SNR

which reduces to the CR bound for large values of SNR.

3. Estimating ( f[) by threshold analysis

Another method for estimating (0, 0) [15,16] would be
an approximation to a projection measurement on (0, 0).
For a photon-number measurement, this would be a pro-
jection on the vacuum state, measuring the probability that
no photons arrived at all. For a phase-space measurement,
this would be done by calculating the probability of the
measurement being inside some phase-space area defined
by a threshold radius a from the origin:

B 1 2 a
w(o,0) ~ P / d@/ drrw(r,0). (A16)
0 0

The probability of the measurement being inside this
radius is given by the cumulative distribution function
(CDF) of the marginal radial distribution in the phase

"3 T
o \
P 41\ P
~N \‘ P
N 3t ~
= \ :
= \ R
T \ R
= 2r ~ ‘/
L S ™

. [ R U A —
x 1 —
Q
<
< 0 1 1 1 1

0 1 2 3 4 5
alo
FIG. 5. Resolution and sensitivity as a function of the thresh-

old a. Green dot-dashed line represents resolution, and blue
dashed line is for the sensitivity. Solid red line represents the
Cramer-Rao bound. The x axis is normalized per standard devia-
tion of the noise o, and the y axis is per one CR bound.

space up to a. For a symmetric Gaussian distribution,
the marginal radial distribution is Rician. The smaller
the threshold, the better the estimation in the limit of
many measurements, but a larger number of measurements
would be required. The choice of the threshold radius «
also defines different performance attributes for resolution
and sensitivity. Figure 5 shows the trade-off between reso-
lution and sensitivity for different values of a. This plot is
universal when a is normalized to ¢ (defined by the noise)
and when the sensitivity is normalized to the CR bound
(defined by the SNR). The resolution here is normalized to
2+/2In2 times the CR bound. This factor relates the res-
olution defined by FWHM in contrast to the sensitivity
defined by standard deviation. With this normalization, the
trade-off between resolution and sensitivity could be bet-
ter appreciated. The minimum possible resolution with this
method matches that of the maximum-likelihood method.
However, the minimum possible sensitivity does not sat-
urate the CR bound but asymptotically reaches it up to a
factor of approximately 1.26, which was calculated numer-
ically. The balance point of similar performance of both
resolution and sensitivity is at a/o ~ 1.7.

This threshold method is a projection measurement or
a Bernoulli trial with two outcomes. One of them is the
probability of having a sample inside the radius a, which
resembles the estimate of (IT) given by Eq. (A16)

2 a
p :/ d@/ drrWw(r,0).
0 0

Using this equation, we can calculate the resolution for a
given phase-space distribution. The error in calculating the
Bernoulli probability p is just Ap = ,/p per phase-space
sample point (and is reduced as the square of the number
of sample points) and so the sensitivity can be calculated.
A different combination of resolution and sensitivity for

(A17)
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FIG. 6. ROC curve for several acceptable deviations (ADs)
in units of the Cramer-Rao bound. From straight to curved, the
curves correspond to 0.2AD/CR (blue) up to 3AD/CR (brown).
Each curve is parametrized by the detection threshold a/o. In
these normalized units, the figure is universal.

different applications might be useful. For a given N, and
N, which define the distribution, it is possible to choose
the best working point in terms of combined resolution
and sensitivity, as shown in Fig. 5. Another performance
analysis can be made for applications in which phase lock-
ing is required. For such applications, one needs to define
the precision within which one wants to be locked. Sup-
pose one wants to be locked on the phase to within an
acceptable deviation (AD) A¢; from perfect locking. This
gives us two binary thresholds. A¢y is the locked-unlocked
binary threshold for the true state of the system and @ in a
binary threshold of our estimation. Now we can calculate
the probabilities of actual conditions versus predicted con-
ditions. For example, in radar applications, it is common to
plot a receiver operating characteristic (ROC) curve, which
is the true-positive alerts versus false-positive alerts prob-
abilities. In our case, a true-positive occurrence is when
¢ < A¢; and we received a sample within the threshold a.
A false-positive occurrence is when ¢ > A¢; but we still
received a sample within the radius a. Figure 6 shows para-
metric ROC curves for various values of locking precision
A¢; parametrized with the detection threshold a. The lock-
ing precision is stated in terms of the CR bound. When a
is stated in terms of o this is a universal plot. Figure 6 is
another tool to choose a working point for the threshold
method.

APPENDIX B: CONTROLLING THE SNR BY
INTEGRATION TIME

The FWHM of (ﬁ) follows 1/+/SNR scaling. The dif-
ferent SNR values in the main paper were achieved by
controlling the signal power with a constant integration
time of 25 ns. Higher SNR and higher resolution can
also be obtained by a longer integration time with con-
stant signal power. When considering the energy within

4 us
2 us
1us
0.5 us
250ns

100 ns
50 ns
25ns

12.5ns
6.25ns

¢ (rad / m)

FIG. 7. Resolution feature of (f[) using the maximum-
likelihood method for different integration times at SNR = 45.9
dB. As the integration time grows, first the width is just reduced
as the SNR increases. At a certain point, the noise becomes
comparable to the remaining signal power due to the imperfect
extinction ratio, and the height of the feature is reduced as well.

a certain integration time, N, increases linearly with inte-
gration time, however Ny, does not change. This happens
due to the fact that the frequency mode of the photons is
defined up to the inverse of integration time, thus when the
integration time grows, the overall average noise energy
increases linearly but the bandwidth of the mode decreases
linearly leaving Ny, the overall average number of photons
in the mode, constant (since the thermal noise is white).
We can also analyze the system in units of power, treating
N. and Ny, as the average number of photons per sec-
ond. In this case, N, does not change with the integration
time but rather Ny, decreases linearly since it is normal-
ized per a certain time interval. The quadrature noise in
this case scales as ~/Hz. The overall effect, however, does
not change since the SNR changes in the same way in both
pictures.

Increasing the integration time is limited in practice
by the setup’s extinction ratio, which was 90 dB in our
setup. Such a high extinction ratio was achieved by con-
trolling the losses in both arms of the interferometer and
minimizing the dark port output power. The resolution
feature of (ﬁ) for several integration times with constant
power is shown in Fig. 7. Ideally, increasing the integra-
tion time results only in narrowing the resolution, and the
desired SNR can be achieved with longer integration times.
However, when the noise of the distribution becomes com-
parable to the leakage power in the interferometer due to
the imperfect extinction ratio, it lowers the maximum value
of the resolution feature and reduces the quality of the
measurement.

Figure 8 shows (I1) as estimated by a maximum-
likelihood fit for several values of signal power at a
constant integration time of 25 ns. It is plotted with log-
arithmic x axis, which shows clearly the dependence of the
resolution width on SNR.
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FIG. 8. Parity calculated using the maximum-likelihood
method with logarithmic x axis, the width scales linearly with
the SNR.
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