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Nonlocal twist sequences in floppy kagome chains
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The twisted kagome family comprises a spectrum of configurations that can be realized through the
sweep of a single configurational degree of freedom known as a twist angle. Recently, it was shown that
certain pairs of configurations along this sweep were linked by duality transformations and displayed
matching phonon spectra. In this work, we introduce an intercell-connection system that spreads the lat-
tice in the dimension orthogonal to the tessellation plane. The resulting three-dimensional character of the
lattice allows us to sweep the entirety of the twist-angle spectrum, including all the compact configurations
featuring overlapping triangles that, in a strictly two-dimensional space, are forbidden. Duality provides
precious guidance for interpreting the availability of floppy mechanisms arising in the compact config-
urations through the one-to-one correspondence with their expanded counterparts. Our focus is on the
compact configuration corresponding to a null twist angle, where the lattice degenerates to a chain. From
the perspective of the chain, several of the local connections between neighboring lattice cells play the
role of nonlocal long-range interactions between cells of the chain. We demonstrate experimentally some
peculiar behavior that results from such nonlocality, including a selective activation of floppy sequences

that is informed by the direction of loading.
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I. INTRODUCTION

Mechanical metamaterials are structural material sys-
tems deriving their properties and functionalities primarily
from structural design rather than chemical composition
[1-7]. Among them, lattice metamaterials may consist of
periodic networks of springs and lumped masses, trusses
of rods connected by ideal hinges or frames of beams
[8—10]. Their stability depends on the coordination num-
ber, z, representing the average number of connec-
tions available at each node. Lattices are classified in
D-dimensional space as under- (z < 2D), over- (z > 2D),
and critically coordinated (z = 2D); the latter case is
referred to as a Maxwell lattice [11,12]. Undercoordi-
nated lattices accommodate deformation modes with zero
elastic energy, termed floppy modes, wherein stresses are
not stored in the bonds. On the other hand, overcoordi-
nated systems lack floppy modes, aside from rigid-body
motion [13,14]. Maxwell lattices feature the richest behav-
ior, whereby they may support floppy modes, either in
the bulk or on the edges, according to their specific cell
geometry and boundary conditions [15—18].

Among two-dimensional (2D) Maxwell lattices,
kagome lattices feature a unit cell comprised of two trian-
gles connected at a vertex [19-—23]. The kinematics of the
kagome family is described by the relative twist angle, 6.
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For instance, rotating two equilateral triangles by 180°
yields the regular kagome lattice, which features three
directions—relatively rotated by 60°—along which the
bonds align perfectly, forming continuous load-carrying
“fibers” that support states of self-stress (SSS). The SSS
directions also support bulk floppy modes, which, to the
leading-order approximation, involve alternating rotations
of the bonds located along the fibers. These bulk floppy
modes appear in the lattice band diagram as a flat zero-
frequency branch for wave vectors along the I' — M direc-
tion of the irreducible Brillouin zone (BZ) contour [24]. In
contrast, alternative angles result in twisted kagome con-
figurations that lack SSS, lifting the phonon spectrum to
finite frequencies for all wave vectors—except at the ori-
gin [25]. In practice, the twist-angle sweep corresponds
to a global nonlinear soft mode, known as the Guest-
Hutchinson mode, which deploys the lattice progressively
from a compact to an expanded state [26—28].

Recently, Fruchart e al. discovered a special form of
duality within the twisted kagome family, which could be
ascribed to a hidden nonspatial symmetry [29]. This dual-
ity links pairs of distinct configurations that are equidistant
in configuration space (along the sweep axis) from a crit-
ical 6, value. Specifically, for a given configuration with
twist angle 6, there exists a dual with angle 6%, such that
0 + 0* = 20,, featuring an identical band diagram [29].
The critical configuration separating the dual sets, with
0. = 90°, maps to itself and is referred to as self-dual.
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FIG. 1. (a) Sweep of twist angles highlighting dual pairs (0
and 6*) featuring identical band diagrams (color coded). Bulk
floppy mode for the dual set (0 = 0°,180°) is highlighted in
red. Self-dual configuration (6, = 90°) is reported on the right.
Schematic representations of a finite kagome domain comprising
23 triangles shown in the deployed state for 6 = 180° (b) and
in the compact state collapsing to a twist chain for 6 = 0° (c).
Vertices are denoted as 7, L, and R, and hinges connecting the
rows of cells are color coded to illustrate their migration along
the chain axis.

Despite sharing the same space-group symmetry with other
pairs, the self-dual configuration showcases unique prop-
erties, such as double degeneracy for all phonons across
the entire BZ [29-31]. Duality is observed in ideal lat-
tices, such as spring-mass or trusslike lattices [31-33]. The
phenomenon is summarized in Fig. 1(a) for the case of
solid elastic triangles connected by perfect hinges, where
the triangles can deform internally according to 2D plane-
stress elasticity, while maintaining the ability to rotate
freely, thus enjoying the hinge-ideality conditions required
by duality. Indeed, we can see that dual pairs exhibit
overlapping spectra.

The motivation for this study stems from an attempt
to explore holistically the entire twisted kagome family,
delving into potentially unconventional phenomena that
emerge from its collapse into compact states, interpreting
the mechanics of any emergent configurations through the
lens of duality. Recall that, as we sweep the twist angle,
the lattice transitions from a deployed state (6 = 180°)
to a compact state (8 = 0°). Our investigation focuses on
this extreme dual pair. Notably, duality ensures that both
the 180° and 0° configurations feature floppy bulk modes
along the high-symmetry line, ['-M (see S1 within the
Supplemental Material [34]). While the manifestation of
such modes in the deployed lattice is well understood, one
may ask how the phenomenon manifests in the compact
case, and whether, in such a case, the kinematics of the
bulk floppy mode can give rise to new structural logic
functionalities.

I1I. COLLAPSING 2D KAGOME LATTICES INTO
1D KAGOME CHAINS

To address this question, we propose a variation of the
conventional twisted kagome specifically designed to elu-
cidate the mechanics of the compact configuration. This
task immediately involves a practical challenge: while, in
principle, all values of 8 are allowed, practical constraints
require that 6 does not exceed values at which two tri-
angles come into contact, i.e., the 6§ < 60° and 6 > 300°
ranges are forbidden. This restriction becomes more severe
in structural lattices [30,35,36], where the finite thickness
of the beamlike bonds and filleted joints at the internal
clamps prevent tight reentrant angles, even in the permis-
sible 6 range. To circumvent this limitation, we propose
a modified kagome arrangement in which we let pairs
of triangles that exchange forces at a shared hinge be
shifted by a finite amount, d, in the out-of-plane z direction.
This modification enables them to rotate freely on parallel
z-shifted planes. The coplanar mechanics of the system
follow the same elasticity rules of the in-plane mechanics
of the original kagome lattice, albeit featuring an addi-
tional dependence on the z coordinate. For the sake of
illustration, let us assume the deployed state of a finite
domain consisting of n x m unit cells, numbered accord-
ing to a semi-row-wise pattern, as shown in Fig. 1(b) for
n = 3 and m = 4. Removing the last dangling triangle, we
have a total of 2nm — 1 = 23 triangles. Subsequently, we
systematically apply the z shift monotonically at the con-
tact hinge of every consecutive pair along the assumed
sequence, resulting in a total depth of 2d(nm — 1). Note
that, if we reconfigure the lattice towards the compact state
by applying a global soft mode, the signs of the twist
angles alternate along the sequence, which therefore can
be seen as the lattice deployment sequence.

In the compact case at 6 = 0°, all triangles collapse
and align to form a one-dimensional (1D) prismatic struc-
ture with a layout and kinematics akin to those of a chain
capable of deforming through the relative rotation of its
triangular cross sections, as shown in Fig. 1(c). Unlike
conventional torsional chains, rotations here do not occur
about a shared axis, but rather about three distinct paral-
lel axes passing through the hinges labeled 7, L, and R
in Figs. 1(b) and 1(c), at the top, left, and right corners,
respectively. One of the most striking consequences of col-
lapsing the kagome into a chain is the emergence of nonlo-
cal interactions. According to the deployment sequence,
in-plane triangles that are mechanically connected and
belong to the same row of the deployed lattice occupy
adjacent positions in the chain, establishing local interac-
tions along its axis. In contrast, those belonging to different
rows are positioned farther apart in the chain, resulting in
nonlocal interactions. Alternatively, the numbering strat-
egy dictates that some connections between adjacent pairs
of triangles in the planar case involve consecutive indices

034001-2



NONLOCAL TWIST SEQUENCES IN FLOPPY KAGOME CHAINS

PHYS. REV. APPLIED 22, 034001 (2024)

and incremental z coordinates in the chain, while others
feature discrete jumps, marked by finite gaps in z. Specif-
ically, seven nonlocal connections are identified and color
coded in Figs. 1(b) and 1(c). It is important to note that the
physical nature of the connection does not change between
Figs. 1(b) and 1(c). Nevertheless, nonlocality endows
selected connections with a new functionality when we
interpret their kinematics from the perspective of the twist
mechanics of the chain. In other words, without introduc-
ing any change in the kinematics, nearest neighbors in the
2D lattice become non-nearest neighbors along the axis of
the chain (see S2 within the Supplemental Material [34]).
Duality guarantees that the phonon spectrum of the
coplanar dynamics of the chain (6 = 0°) matches that
of the in-plane dynamics of its dual counterpart (8 =
180°) and should therefore also exhibit bulk floppy modes.
Notably, within the finite domain in Fig. 1(b), we iden-
tify 13 straight lines aligned along the T-R, L-R, and L-T
directions, associated with the I'-M direction, that sup-
port bulk floppy modes. To understand how these modes
manifest within the 23-cell chain, we conduct static simu-
lations, constraining one edge of the first and last triangles
and loading a randomly selected triangle (No. 12) with a
unit-amplitude force. We conduct three sets of simulations,
loading the T point along the 7-R direction, the L point
along L-R, and the L point along L-T. The resulting twist
sequences are shown in Figs. 2(a)-2(c). We observe that,
in each case, the twist sequence involves triangles corre-
sponding to those clustered along the selected direction
of aligned bonds passing through triangle No. 12 in the
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FIG. 2. Full-scale static simulation results for 23-cell chains
(and corresponding deployed lattices) loaded at triangles No. 12
and No. 16 along the (a),(d) 7-R; (b),(e) L-R; and (c),(f)
L-T directions. Triangles are colored according to the magnitude
(normalized by highest) of their twist. Activated triangles match
the selected directions in the deployed lattices.

deployed state. For instance, loading the 7 point along 7-R
[Fig. 2(a)] mainly induces the twist of the (3-4-12-13-18-
19) sequence. Similarly, loading along L-R [Fig. 2(b)] acti-
vates the (6-7-11-12-17-18) sequence (see S3 within the
Supplemental Material [34] for the deployed state). Inter-
estingly, as a result of nonlocality, the activation sequence
involves some sets of nonconsecutive triangles. In contrast,
loading along L-T results in a predominantly compact twist
sequence, as the L-T triangles are linked by local connec-
tions in the chain. We repeat this exercise for triangle No.
16, observing similar behavior, see Figs. 2(d) and 2(e).

III. EXPERIMENTS ON THE KAGOME-CHAIN
PROTOTYPE

Seeking experimental verification of the result in Fig. 2
requires overcoming the nontrivial fabrication challenge
of realizing a physical prototype endowed with all the
nonlocal interactions required by the model. After several
iterations, our design process lands on the prototype illus-
trated in Fig. 3(a), which is shown along with schematics
of the hinge components. The triangles are water-jet cut
from an aluminum slab and connected to their neighbors
via pin hinges. Each hinge comprises a shaft connected
through washers and screws to roller bearings that guar-
antee virtually frictionless rotations and minimize any
jiggling that would cause loss of coaxiality. The nonlo-
cal interactions are realized through arm links that stem
from the hinges they are intended to connect; these are free
to rotate with respect to them but rigidly attached to long
bars that are properly offset from the chain. The flat sec-
tions are tightly fastened at each end of the bar using small
screws and thread lockers to prevent loosening over load-
ing cycles. This setup allows coaxiality to be maintained
between the vertices that should remain connected at all
stages of deployment, without interfering with those that
are only aligned at & = 0°. Two snapshots capturing dif-
ferent views of the deployment of the chain are provided
in the inset of Fig. 3(a) (details are given in S4 within the
Supplemental Material [34]).

To subject the prototype to mechanical testing, we need
to circumvent a practical challenge. As fabricated, the
chain is unstable, tending to automatically deploy to its
expanded state if left unconstrained. This issue arises from
the interplay between gravity and the geometric eccentric-
ity of the specimen, due to the nonlocal connections, which
concur to exert a torque on the chain that is not resisted by
the nearly frictionless hinges. The problem is especially
pronounced if the chain is hung vertically. To curb the
issue, we propose a setup where the chain rests horizontally
on a flat surface. Figures 3(b)-3(g) illustrate the behav-
ior of the chain when loaded statically at triangles No. 12
[Figs. 3(b)-3(d)] and No. 16 [Figs. 3(e)-3(g)]. The load is
applied manually by pulling the desired corner (7 or L) of
the specified triangle (No. 12 or No. 16) along the intended
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FIG. 3.

(a) Top and angled views of the chain prototype, along with magnified details of its components, highlight the technology

involved in realizing nonlocal long-range intercell connections. Insets show side and top views of the prototype during deployment.
Snapshots from static experiments with loading applied at triangles No. 12 (b, ¢, d) and No. 16 (e, f, g), along the (b),(e) T-R; (c),(f)
L-R; and (d),(g) L-T directions. Results show activation sequences of triangles corresponding to the three floppy-mode directions of
the deployed state. System allows switching between local activation (d),(g) and nonlocal activation (b),(c),(e),(f) through a simple

flip of the loading direction.

direction (7-R, L-R, or L-T). Note that we orient the entire
specimen according to the corner intended for loading. For
instance, to load the 7 corner [Figs. 3(b) and 3(e)], the
specimen is aligned such that the L-R side rests on the sur-
face. Conversely, to load the L corner [Figs. 3(c), 3(d), 3(f),
and 3(g)], the 7-R side is laid on the surface.

Throughout the loading process, we ensure that the spec-
imen is not lifted from the surface nor slides on it. This is
achieved by ensuring the vertical component (F'y) of the
load (F) does not exceed the weight of the chain (W) and
maintains the horizontal reaction force (T), which balances
the horizontal component of the load (Fx ), below the max-
imum allowable force without sliding (T < Tyax = N,
where N is the vertical reaction from the surface and i is
the coefficient of static friction). These conditions, graphi-
cally depicted in Fig. 4(a), are easily met by working with
a sufficiently frictional surface and a heavy chain (as in our
study). Under these equilibrium conditions, the load boils
down to a moment about one of the vertices resting on the
surface, which, in the absence of sliding, can be treated as
a pin support (details of SolidWorks animations are given
in S5 within the Supplemental Material [34]). Account-
ing for the kinematics of the setup requires a revision of
the boundary conditions with respect to those assumed in
the simulations of Fig. 2 (see S6 within the Supplemen-
tal Material [34]). This adjustment can be enforced by
pinning all the triangle corners of the lattice that, in the
deployed state, do not lie along lattice directions parallel
to the applied load. For example, all L corners should be

pinned when we load along the 7-R direction. A simulation
of the deployed state, incorporating the revised boundary
conditions, is shown in Fig. 4(b) for 7-R loading, show-
ing the manifestation of soft modes under the additional
constraints. For simulations for other loading cases, see S7
within the Supplemental Material [34].

With the kinematics of the horizontal chain figured out,
we can interpret the results shown in Figs. 3(b)-3(d) for
triangle No. 12. We observe that the behavior agrees with
the predictions from the band diagram and static simula-
tion. For each direction of loading, only the triangles that
are located along the loading direction in the deployed
state are activated along the chain. This effect has an unex-
pected consequence. Since the modes directed along the
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FIG. 4. (a) Graphical illustration of the static equilibrium con-
siderations involved in modeling the interaction of the chain with
its underlying support. Free-body diagram depicts the forces on
the prototype when loading the 7 corner along 7-R. (b) Static
simulation of the corresponding deployed lattice for 7-R load-
ing, incorporating updated boundary conditions inspired by the
kinematics illustrated in (a).
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three floppy directions involve different sets of triangles,
which are differently distributed along the length of the
chain, the selection of a direction of loading results in the
activation of qualitatively different twist sequences. Those
along T-R and L-R involve distributed nonlocal twist pat-
terns, while the one along L-T results, by and large, in a
localized clustered pattern. In essence, the chain displays
an ability to switch between local and nonlocal activation
sequences that are controlled solely by the selected direc-
tion of loading. Similar considerations can be made for
triangle No. 16 in Figs. 3(e)-3(g).

IV. DISCUSSION ON LOAD-DIRECTION
SELECTIVITY

To emphasize the ability of the system to switch between
local and nonlocal effects based solely on the direction
of loading, let us revisit the problem using longer chains
associated with larger lattice domains. We simulate chains
with increasing cell numbers (30, 54, 78, 102), as shown
in Fig. 5. We start with a 30-cell chain, corresponding
to a 3 x 5 deployed configuration. For each subsequent
scenario, we add four columns to the previous deployed
configuration, and we determine the necessary hinge con-
nectivity for the corresponding chain. We then subject the
center triangle of each chain to a unit-amplitude force
applied at the T corner, targeting the 7-R and L-T loading
directions. The resulting twist patterns for 7-R and L-T are
depicted in Figs. 5(a) and 5(b), respectively. Observation
of the results allows us to formulate a simple rule govern-
ing the relationship between the activation sequence and
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FIG. 5. Parametric study revealing exacerbation of the
dichotomy between local (b) and nonlocal twist sequences (a)
in chains of increasing cell numbers. Deployed configurations
of the different chains depicted at the top of each panel show
that longer chains correspond to finite lattices with more columns
and equal numbers of rows. Shaded box outlines a 31-cell inter-
val around the load. As the chain lengthens, nonlocal activation
sequences (a) shift progressively away from the load, while local
ones (b) retain clustering.

the lattice dimensionality and layout. For a finite n-row by
m-column domain, 7-R or L-R loading yields a distributed
response featuring n peaks, each encompassing two tri-
angles, while L-T loading activates a localized response
involving a cluster of 2m triangles.

We noted above that varying the loading direction could
lead to an abrupt switch between localized and distributed
activation sequences. As the chain length increases, nonlo-
cal activations due to 7-R loading propagate further from
the loaded cell. This is quantified by considering a control
window encompassing approximately 31 cells, centered
around the loaded cell, as shown in Fig. 5. In contrast,
for L-T loading, the twisted cluster remains localized and
tends to occupy a progressively larger portion of the con-
trol window. In other words, the dichotomy between local
and nonlocal effects grows. At the limit of an infinite lat-
tice, when we load along 7-R, all the nonlocal activations
shift indefinitely outwards, away from the loading spot,
and the response reduces to the twist of the loaded triangle
and the adjacent one. When we load along L-T, the clus-
ter of twisted triangles grows indefinitely, encompassing
an increasingly long portion of the chain about the loading
point. In summary, we establish a total dichotomy between
an extremely localized response for 7-R loading and a dis-
tributed response for L-T loading. Such dichotomy can
only be appreciated through the lens of the chain dynam-
ics, where the interaction landscape embedded in the lattice
cell sequence manifests in the form of nonlocality.

V. CONCLUSION

In this work, we documented the emergence of a series
of unintuitive activations of floppy mechanisms, resulting
from emerging nonlocality in kagome chains obtained by
collapsing regular kagome lattices into their fully com-
pact states via the Guest-Hutchinson mode. Nonlocality
produces marked dichotomies in the chain mechanisms
that are sensitive to the direction of loading, yielding an
unprecedented selective character of the chain torsional
response.
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