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Matrix analysis of high-density arrayed waveguides: Crosstalk suppression by
bending
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For many photonic devices, crosstalk between densely packed waveguides poses a major problem lead-
ing to unreliable or inefficient operation of the device. In this work, a general method for modeling the
crosstalk, not only in straight waveguide arrays but also in curved ones, is introduced. The method is
based on a matrix analysis of electromagnetic field coupling between closely spaced waveguides. As an
example, we show how bending of waveguides in an array reduces the crosstalk. The approach can help
overcome the crosstalk problem in a variety of photonic integrated devices, including phased waveguide
arrays, arrayed waveguide gratings, optical multiplexers, and high-density interconnects between optical
and electronic components.
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I. INTRODUCTION

Photonic integrated circuits are transforming many areas
of science and technology by increasing the reliance on
optical, rather than electrical, signals, which offer high
bandwidths alongside a low energy consumption [1–3].
In practice, silicon micro- and nanostructures provide
the most convenient platform for such circuits, because
they are essentially lossless in the infrared spectral range
and their fabrication processes are well developed in the
CMOS industry [1–4]. However, the relatively long wave-
lengths of light limit the miniaturization of photonic chips,
since a subwavelength distance between waveguides leads
to significant optical coupling between them [5]. Control
of this coupling, usually called the crosstalk, is a crucial
part of the design of photonic integrated circuits.

Densely packed waveguides are routinely bent when
connecting optical components in photonic integrated cir-
cuits. In addition, closely spaced bent waveguides can
themselves be functional parts of these components, e.g.,
in folded microring resonators [6] or pressure sensors [7].
Most notably, bent waveguide arrays are used as arrayed
waveguide gratings and phased arrays [8–10] in applica-
tions such as wavelength-division multiplexing for opti-
cal communications [9,11] and beam steering in LIDARs
[12,13]. For such applications, the dense packaging of
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waveguides is important not only for minimizing the foot-
print of the device but also for preventing the appearance of
multiple diffraction orders, especially in LIDAR scanners.

The design of arrayed waveguides often relies on ana-
lytical models for light propagation, e.g., to evaluate the
crosstalk between the waveguides [14–18] or optical losses
and intermodal coupling caused by waveguide bending
[19–23]. These models can help one to develop meth-
ods for reducing the crosstalk [24–26] and improving the
performance of bent waveguides [27–29]. One of the meth-
ods, inspired by the structure of compound eyes of insects,
is based on blocking the light between the waveguides
with an absorbing material (filled with a pigment in the
case of insects) [30,31]. Recently, there has been grow-
ing interest in suppressing the crosstalk in bent waveguide
arrays [32–35]. However, while the crosstalk reduction has
been considered previously, e.g., in a sinusoidally curved
waveguide coupler [36] and in superlattices [37], an ana-
lytical model treating the crosstalk in bent arrays with
an arbitrary number of waveguides appears to be missing
from the existing scientific literature.

In this work, we introduce a general matrix-based
approach to analyze the propagation of light in straight
or bent waveguide arrays. The approach makes it possible
to represent the fields propagating in an array as super-
positions of the eigenmodes of the array or the modes of
the individual waveguides (cf. Refs. [14,17,21]). The field
propagation and the crosstalk can then be studied using the
transformation between the two representations, in a man-
ner analogous to using Fourier optics to solve diffraction
problems. The analysis results in several notable find-
ings. We observe that the eigenmodes of a significantly
bent waveguide array are concentrated in one or a few
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waveguides. During the propagation, light oscillates back
and forth between the original waveguide and its neighbors
in a periodic manner. This behavior is similar to optical
Bloch oscillation, which is a consequence of equidis-
tant spacing of the propagation constants in neighboring
waveguides [38,39]. We find that by matching the length of
the waveguide array with the beating period, the crosstalk
can be suppressed in waveguide arrays with rather large
radii of curvature. The presented analysis not only helps
to explain the details of the crosstalk phenomenon but also
offers efficient analytical tools for assessing the crosstalk
in both straight and bent waveguides without the need for
computationally expensive three-dimensional simulations.

The paper is organized as follows. In Sec. II, we intro-
duce a matrix description of the light propagation in
straight waveguide arrays. In Sec. III, the approach is gen-
eralized to also be applicable to bent waveguide arrays.
Section IV is focused on the crosstalk dynamics in bent and
straight waveguide arrays. The conclusions of this work
are drawn in Sec. V.

II. MODE-TRANSFORMATION MATRICES FOR
AN ARRAY OF STRAIGHT WAVEGUIDES

The eigenmodes of a waveguide array, which we call
supermodes, are invariant with respect to their propagation
in the array, except for a phase φ = βz determined by the
mode propagation constant β and distance z. The propaga-
tion invariance makes the supermodes form a convenient
basis for modeling the crosstalk. For straight waveguides,
the field profiles and propagation constants of the super-
modes, denoted, respectively, by ẽj and βj for a j th
supermode, are relatively easy to calculate, e.g., numeri-
cally. Here, the electric and magnetic fields, denoted by
the lowercase letters e and h, are normalized such that

1
2

∫∫ ∞

−∞
Re{e∗ × h} · ẑ dx dy = 1, (1)

where x and y are the transverse coordinates and ẑ is the
unit vector along the z axis. In this work, we use the

(a)

(b)

FIG. 1. (a) The TE supermodes ẽ1, ẽ2, and ẽ3 of a straight
waveguide array. (b) The corresponding TE modes of the indi-
vidual waveguides.

COMSOL MULTIPHYSICS software (the mode-analysis eigen-
value solver of the wave-optics module) to find the super-
modes of particular waveguide arrays. For example, in
Fig. 1(a) we show the transverse-electric (TE) super-
modes of an array of three single-mode silicon waveguides
embedded in glass. Each waveguide is 300 nm high and
500 nm wide. The period of the array is �x = 800 nm.
The mode wavelength is 1550 nm. These four parameters
will be retained for all the waveguide arrays of this type
considered in this work. Both silicon and glass are highly
transparent at this wavelength. Their refractive indices are
3.48 and 1.44, respectively.

An arbitrary electric field E propagating in an array of
N waveguides can be expressed as a superposition of the
normalized supermodes:

E = ãẼ =
N∑

j =1

[
ãj ẽxj ãj ẽyj ãj ẽzj

]
. (2)

Here, the elements of N -dimensional vector ã =
[ã1 ã2 · · · ãN ] are the complex amplitudes of the super-
modes, whereas Ẽ = [ẽ1 ẽ2 · · · ẽN ]T is an N × 3 matrix,
the row vectors of which are the supermode fields
expressed through their Cartesian components. Note that
the number of supermodes is the same as the number
of waveguides in the system, since this is the number
of complex amplitudes of the modes needed to describe
an arbitrary propagating field in the array. The complex
amplitudes of the supermodes change upon propagation in
accordance with the expression

ã(z) = g̃(z) ◦ ã(0), (3)

where “◦” denotes the Hadamard product and g̃(z) =
exp(iβz) is the transfer function vector; vector β =
[β1 β2 · · · βN ] contains the propagation constants of the
supermodes. With this in mind, any change in E as a func-
tion of z, including the crosstalk, can be understood as a
consequence of the change in the interference pattern of the
supermodes dictated by the difference in their propagation
constants βj . Now, if E(0) represents the field in a sin-
gle waveguide of the array at z = 0, E(z) will be the field
in the array at any propagation distance z, automatically
showing optical coupling between the waveguides, i.e., the
crosstalk. In the following, we also represent E in terms of
the fields propagating in each individual waveguide of the
array.

Suppose that ē(x, y) is the field distribution of an eigen-
mode of a single waveguide. Then, the field E can be
expressed as a superposition of the fields of the form ēi =
ē(x − xi, y), where xi = �x(i − 〈i〉) is the x coordinate at
the center of the ith waveguide, while the origin x = 0 is at
the center of the waveguide array. Here, 〈i〉 = (N + 1)/2
is the average value of index i for a given array. The influ-
ence of the neighboring waveguides on the mode profile is
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usually relatively small and we neglect it here for simplic-
ity. The single-waveguide modes that are the counterparts
to the supermodes in Fig. 1(a) are shown in Fig. 1(b). The
supermodes can be represented as coherent superpositions
of the single-waveguide modes as follows:

ẽj = ˜̄cj Ē, (4)

where Ē = [ē1 ē2 · · · ēN ]T is a matrix composed of the
fields of single-waveguide modes and ˜̄cj is a normalized
vector (‖˜̄cj ‖ = 1), the elements of which are the expansion
coefficients of the j th supermode. Each expansion coeffi-
cient ˜̄cji in vector ˜̄cj describes the contribution of the field
in the ith waveguide to the total field of the j th supermode
and is given by the overlap integral [15],

˜̄cji = c(ẽj , h̃j , ēi, h̄i)

= 1
4

∫∫ ∞

−∞

(
ẽ∗

j × h̄i + ēi × h̃
∗
j

)
· ẑ dx dy. (5)

Collecting the expansion coefficients in a matrix,

˜̄C =

⎡
⎢⎢⎢⎣

˜̄c11 ˜̄c12 · · · ˜̄c1N
˜̄c21 ˜̄c22
...

. . .
˜̄cN1 ˜̄cNN

⎤
⎥⎥⎥⎦ , (6)

we obtain the representation connecting the supermodes
with the single-waveguide modes. For the expansion coef-
ficients of any given field in the two representations, we
have

Ẽ = ˜̄CĒ, (7)

ãT = ˜̄CāT. (8)

If the coupling between the waveguides that are not
immediate neighbors is negligible, the expansion coeffi-
cients take the form ˜̄cji = √

2/(N + 1) sin[π ji/(N + 1)]
[16–18], meaning that the expansion-coefficient matrix
corresponds to the discrete sine-transformation matrix of
type 1, denoted by S. Matrix S is involutory, i.e., it is
its own inverse, satisfying S2 = I, where I is the iden-
tity matrix. Therefore, the single-waveguide modes can
be expressed through the supermodes in exactly the same
manner: Ē = SẼ. This relation has been used to calculate
the field profiles in Fig. 1(b).

With the help of transformation matrix S, the crosstalk
of the waveguides in an array can be modeled analo-
gously to optical diffraction in Fourier optics. Namely,
given the initial complex amplitudes ā(0) of the modes
in each waveguide, we obtain the supermode amplitudes
from ã(0)T = Sā(0)T. Then, these amplitudes can be prop-
agated using Eq. (3) and transformed back to the original

representation in terms of the amplitudes for the individual
waveguides:

ā(z)T = Sg̃(z)T ◦ Sā(0)T. (9)

We can eliminate the Hadamard product in Eq. (9) by
turning the vector g̃ into a diagonal matrix using operator
diag(·), which yields

ā(z)T = S diag(g̃)Sā(0)T

= Ḡ(z)ā(0)T, (10)

where matrix

Ḡ(z) =

⎡
⎢⎢⎣

ḡ11 ḡ12 · · · ḡ1N
ḡ21 ḡ22
...

. . .
ḡN1 ḡNN

⎤
⎥⎥⎦ (11)

has elements ḡik = ∑N
j =1 sij skj exp(iβj z) that are the

weighted means of the propagational phase factors, with
the weights determined by the products of the elements of
S. The elements ḡik describe the change in the complex
amplitude of the mode in the ith waveguide due to the leak-
age from the kth waveguide. The matrix Ḡ can be used to
model the crosstalk in a concise manner. In Sec. III, we
show that the approach can be generalized to include the
treatment of bent waveguide arrays as well.

III. TRANSFORMATION MATRICES FOR A BENT
WAVEGUIDE ARRAY

Consider an array of waveguides that are locally bent to
form concentric rings (see Fig. 2). Let the mean radius of
curvature of the array be R. The eigenmodes of this bent
waveguide array, with the field distributions denoted by ĕ,
are invariant with respect to the angular propagation along
the ϕ coordinate rather than a linear propagation along z.
Using the invariance, we choose ĕ ∝ exp(iαϕ)ĕ(x, y) as an

FIG. 2. A bent waveguide array. The average radius of curva-
ture of the waveguides is R.
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ansatz and write the Helmholtz equation in the form

∂2ĕ
∂x2 + 1

x
∂ ĕ
∂x

+
(

k2 − α2

x2

)
ĕ + ∂2ĕ

∂y2 = 0, (12)

which resembles the Bessel equation, except for the addi-
tional y-dependent term. Consequently, the fields in the
waveguides can be expressed in terms of Bessel functions
of the first and second kind as ĕ ∝ Jα(kxx) + Yα(kxx) [22].
Here, α is the angular-propagation constant.

Our aim is to represent the bent-array supermodes Ĕ =
[ĕ1 ĕ2 · · · ĕN ]T in terms of the corresponding straight-
array supermodes Ẽ. We start with an approach introduced
in Ref. [20] and look for a set of expansion coefficients
˘̃c in the expansion of a single supermode of the bent
waveguide array ĕ = ˘̃cẼ that are invariant with respect to
the field propagation over an infinitesimally small angular
distance dϕ. This approach is presented in Appendix A,
where in contrast to Ref. [20], which considers a scalar
field in a single waveguide, we consider a vector field in
a waveguide array. We simplify the approach by assum-
ing that only N supermodes comprise matrix Ẽ, which,
in general, makes the representation incomplete, as ĕ /∈
span(Ẽ). Strictly speaking, bending the waveguides can
modify the mode profiles in the individual waveguides
and lead to coupling of the modes to other propagating or
leaky modes. However, these N supermodes have a dom-
inant contribution to ĕ, resulting in a representation that
is almost indistinguishable from the actual one, as will be
demonstrated shortly.

In Appendix A, it is shown that vector ˘̃c satisfies

˘̃c [RI + S diag(x)S] diag(β) = α ˘̃c, (13)

where the elements of vector x = �x(i − 〈i〉 1) are the x
coordinates at the center of each waveguide. Here, i and
1 are N -dimensional vectors, the first of which contains
the waveguide indices, i.e., i = [1 2 · · · N ], whereas the
elements of the second one are all equal to 1. The matrix on
the left-hand side of Eq. (13) can be simplified by express-
ing the propagation constants in terms of their deviation
from the mean: β = 〈β〉 1 + �β, where 〈β〉 = ∑N

j =1 βj /N
is the average propagation constant. We then neglect the
term Sdiag(x)Sdiag(�β), assuming that the elements of
�β are all small compared to 〈β〉. Note also that the largest
element of x is smaller than R, because the half width of the
array is smaller than R. This leaves us with a matrix

M = R 〈β〉 I + R diag(�β) + 〈β〉 S diag(x)S (14)

and the following eigenproblem:

˘̃cM = α ˘̃c. (15)

The eigenvector ˘̃c as a solution of Eq. (15) contains
the expansion coefficients of the representation and the

eigenvalue, α, is the angular-propagation constant that
determines the phase φ = αϕ of the propagation-invariant
eigenstate.

While it is possible to solve the eigenproblem directly
for small number of waveguides — say, N ≤ 5 — the
resulting expressions for N > 2 are incomprehensible and
do not give much insight into the behavior of the system.
Therefore, before attempting to solve the problem for such
cases, several observations are made regarding matrix M.
We start by introducing vector ρ = [ρ1 ρ2 · · · ρN ], with
elements

ρj = R
βj

�x 〈β〉 , (16)

which can be used to rewrite M as

M = 〈β〉 [R0I + �x ( diag(ρ) + S diag(i)S)] , (17)

where the constant R0 = R − �x 〈i〉 has been introduced to
shorten the expressions. Let us also note that matrix M has

the eigendecomposition M = ˘̃C−1diag(α)
˘̃C, where matrix

˘̃C is composed of eigenvectors ˘̃c and vector α contains the
eigenvalues. Hence, matrix M can be diagonalized, using
the expression

diag(α) = ˘̃CM ˘̃C−1

= 〈β〉
[
R0I + �x

˘̃C ( diag(ρ) + S diag(i)S)
˘̃C−1

]
(18)

to show that matrix ˘̃C also diagonalizes the matrix

�(ρ) = diag(ρ) + S diag(i)S. (19)

Therefore, the eigenvectors of M are equivalent to the
eigenvectors of � and, as such, they are determined solely
by ρ. Furthermore, the angular-propagation constants can
be expressed in the form

α = 〈β〉 [R01 + �xγ (ρ)], (20)

where the elements of γ are the eigenvalues of �.
For large R, the second term in Eq. (19) can be neglected

and one obtains ˘̃C ≈ I and Ĕ ≈ Ẽ, which means that the
bent-array modes look like the supermodes of the cor-
responding straight array. Obviously, this has to be the
case, since increasing the radius of curvature makes the
waveguide array straighter. The corresponding angular-
propagation constants are α ≈ Rβ, because γ ≈ ρ. If, on
the other hand, the radius of the array R is small, we

obtain � ≈ Sdiag(i)S, from which it follows that ˘̃C ≈ S
and Ĕ ≈ Ē. This result implies that the eigenmodes of a
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significantly bent waveguide array look like the modes of
the individual waveguides that compose the array. This
corresponds to full crosstalk suppression by bending. In
this case, the angular-propagation constants are calculated
from α ≈ 〈β〉 R, since γ ≈ i. The elements of R = R1 + x
are the radii of curvature at the center of each individual
waveguide.

The crosstalk suppression by bending can be understood
by comparing a bent waveguide array to a superlattice
array [32,35], where the coupling between neighboring
waveguides is suppressed by a propagation-constant mis-
match due to different core sizes [37]. For a bent waveg-
uide array, the crosstalk suppression is achieved due to
a mismatch in the angular propagation constants and the
corresponding angular phase velocities. The angular phase
velocity of an eigenmode of a bent waveguide array (with
one or more waveguides) is

vα = dϕ

dt
= ω

α
, (21)

where ω is the mode frequency. Since α is proportional to
the radius of curvature of the waveguide, the angular phase
velocity is inversely proportional to this radius. In contrast,
the linear phase velocity ω/β is the same for all individ-
ual waveguides in the array. Therefore, it takes different
times for light to propagate through the bent section of
the array via different waveguides. This prevents the light
in two different waveguides from contributing to the same
eigenmode of a bent waveguide array, leading to crosstalk
suppression.

One can also note that the propagation constants of the
supermodes of a straight waveguide array satisfy 
βj ∝
cos[π j /(N + 1)] [16–18]. This, however, is the case only
for the fundamental modes of the waveguides. The prop-
agation constants of higher-order modes do not follow
this simple pattern [26]. For fundamental modes, vector
ρ can be rewritten by using the supermode index vector
j = [1 2 · · · N ] and a scalar parameter

ρ = R max(�β)

�x 〈β〉 cos[π/(N + 1)]
(22)

to obtain

ρ = ρ cos
π j

N + 1
. (23)

Consequently, matrix � (which describes a bent waveguide
array) appears to be determined solely by the scalar ρ, in
accordance with the expression

�(ρ) = S
[ρ

2
I + diag(i)

]
S, (24)

where

I = 2S diag
(

cos
π j

N + 1

)
S =

⎡
⎢⎢⎢⎢⎣

0 1

1 0 1

1 0
. . .

. . . . . .

⎤
⎥⎥⎥⎥⎦ .

(25)

In the above matrix, all the elements that are not addressed
are equal to 0. We see that the expansion-coefficient

matrix ˘̃C(ρ) of a bent waveguide array, and hence the
crosstalk suppression, can be assessed by evaluating the
dimensionless radius of curvature ρ.

With the matrix given in Eq. (24), we can finally tackle
the eigenproblem. For an array of two waveguides, the
angular-propagation constants form the vector

α = 〈β〉
(

R1 + x
√

1 + ρ2
)

= R
(
〈β〉 1 + �β

√
1 + ρ−2

)
, (26)

which, at small and large ρ, behaves as described above
for the cases of small and large R. The corresponding
eigenvectors are given in the matrix

˘̃C = N
[−ρ +

√
1 + ρ2 1

−ρ −
√

1 + ρ2 1

]
, (27)

where a diagonal matrix

N = diag

⎛
⎜⎜⎝

⎡
⎢⎢⎣

[
1 +

(
ρ −

√
1 + ρ2

)2
]−1/2

[
1 +

(
ρ +

√
1 + ρ2

)2
]−1/2

⎤
⎥⎥⎦

⎞
⎟⎟⎠ (28)

takes care of the normalization of eigenvectors, ‖˘̃c‖ = 1.
The matrix given in Eq. (27) allows us to represent the
supermodes of a bent waveguide array, incorporated in Ĕ,
in terms of the supermodes of the corresponding straight
waveguide array, appearing in Ẽ, while the inverse trans-

form is given by ˘̃C−1 = ˜̆C. It is worth recalling that the
solutions to eigenproblems are determined up to an arbi-
trary phase factor exp(iφ). Now, to find a transformation
between the supermodes of the bent waveguide array and
the fields in the individual waveguides, i.e., between Ĕ and
Ē, we simply combine the transformations Ẽ = SĒ and
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Ĕ = ˘̃CẼ. This gives Ĕ = ˘̄CĒ, with

˘̄C = ˘̃CS

= N√
2

[
1 − ρ +

√
1 + ρ2 −1 − ρ +

√
1 + ρ2

1 − ρ −
√

1 + ρ2 −1 − ρ −
√

1 + ρ2

]

(29)

being the transformation matrix for an array of two waveg-
uides.

For an array consisting of three waveguides, the solution
to the eigenproblem is given in Appendix B. However, for
larger arrays (N > 3), the expressions accompanying the
solution of the eigenproblem are too cumbersome to deal
with. Therefore, it is more insightful to look for the solu-
tions graphically. As an example, consider an array of 15
waveguides. The expansion coefficients, i.e., the elements
of matrix ˘̄C(ρ), for the representation of the bent-array
supermodes as superpositions of the modes of individual
waveguides are shown in Fig. 3(a) for various values of
ρ between 0 and 500. The expansion coefficients enter

(a)

(b)

FIG. 3. (a) The normalized elements of the mode-expansion
matrix ˘̄C for an array of 15 waveguides with ρ = {0, 0.5, 1, 2,
5, 10, 20, 50, 500}. (b) The corresponding normalized elements of
| ˘̄C|◦2.

the amplitudes of the fields and the optical powers in the
modes are proportional to the elements of | ˘̄C|◦2 = ˘̄C∗ ◦ ˘̄C.
These elements are shown in Fig. 3(b). From Fig. 3, it can
be seen that, for ρ < 1, the power of the ith supermode
is mostly confined to the ith waveguide, with a small por-
tion leaked to the neighboring waveguides. For ρ = 2, the
supermode is no longer confined in the same waveguide
but spreads considerably to the two neighboring waveg-
uides. It spreads further to the other waveguides in the
array as ρ increases. For ρ = 500, ˘̄C is practically indistin-
guishable from S, except for the different permutations of
the eigenvectors. Here, we have α1 < α2 < · · · , whereas
β1 > β2 > · · · for the linear propagation constants. The
chosen order of eigenvectors and eigenvalues is consid-
ered the most convenient, as it satisfies ˘̄C(0) = I. Note also
that matrix ˘̄C is orthonormal, i.e., ¯̆C = ˘̄C−1 = ˘̄CT, which
means that the elements of the ith column of | ˘̄C|◦2 show the
relative powers of supermodes excited by light entering the
bent section of the waveguide array via the ith waveguide.

The eigenvalues γj (ρ) as functions of ρ for the array
of 15 waveguides are shown in Fig. 4. For ρ < 2, the
eigenvalues appear to satisfy the previously considered
approximation γ ≈ i. If ρ increases, the eigenvalues fan
out. Crucially, the separation of the eigenvalues, γj +1 − γj ,
starts to depend on j . This has a major consequence on the
crosstalk dynamics, as will be shown in Sec. IV.

The accuracy of the derived representations can be
verified by numerically calculating Ĕ and α for a bent
waveguide array, as well as Ẽ and β for a straight array.
The supermodes of a bent waveguide array can be obtained
numerically using an eigenvalue solver in cylindrical coor-
dinates (the 2D axisymmetric space dimension in COMSOL
MULTIPHYSICS). The calculated propagation constants of
the supermodes, forming vector β, and the values of
�x and R are used to calculate the dimensionless radius
ρ, eigenvalues γ , and mode-expansion matrices ˘̃C. The
eigenvalues γ are then used to calculate the 2-norm error

FIG. 4. The eigenvalues γj for an array of 15 waveguides with
ρ ∈ [0, 30].
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in the estimation of the angular-propagation constant:

εα = ‖Re{α} − 〈β〉 (R01 + �xγ )‖
‖Re{α}‖ , (30)

whereas matrices ˘̃C are used to obtain the representations

Ĕ = ˘̃CẼ (minding the relative phases and the permuta-
tion of the supermodes). We start by calculating the TE
modes for bent waveguide arrays with the radial cross
section identical to the transverse cross section of a straight
waveguide in Fig. 1. The radii of curvature R have been
chosen to be 2, 210, and 2100 µm to obtain, respectively,
the values of ρ equal to 0.005, 0.5, and 5. The result-
ing electric field distributions of the modes are shown in
Figs. 5(a)–5(f), respectively. The numerically calculated
mode profiles are shown in Figs. 5(a), 5(c), and 5(f), and
the profiles in Figs. 5(b), 5(d), and 5(f) are obtained from

the representations ˘̃CẼ. The latter are practically indis-
tinguishable from the former, showing a high accuracy
of our analytical approach. Likewise, the estimated real
part of the angular-propagation constant is, in all the cases
considered, equal to its actual values, as indicated by neg-
ligibly small errors εα = {4 × 10−3, 1 × 10−5, 8 × 10−7}
corresponding to Figs. 5(a)–5(f), respectively. However,
the supermode ĕ1 shown in Fig. 5(a) has a noticeable atten-
uation, Im{α1} ≈ −0.01, which our model fails to capture.
This follows from representing the bent-array supermodes
using their straight-array counterparts, while neglecting the

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 5. The field distributions of supermodes ĕj of a bent
waveguide array. The actual, numerically calculated, profiles are
shown in (a), (c), and (e), while the corresponding profiles shown
in (b), (d), and (f) are obtained as superpositions of the super-
modes of a straight waveguide array. The bent waveguide arrays
are obtained by bending the array of Fig. 1 such that the radius
of curvature R is equal to 2, 210, and 2100 µm in (a),(b), (c),(d),
and (e),(f), respectively.

contributions from leaky modes that can appear due to
bending.

To show that our theory is also applicable to other
types of modes and waveguide arrays, we consider three
more examples (see Fig. 6). In the first example, shown
in Figs. 6(a) and 6(b), the waveguides are separated by a
larger distance, such that �x = 1000 nm. In the second
example, shown in Figs. 6(c) and 6(d), the transverse-
magnetic (TM) modes are considered. In the third example,
shown in Figs. 6(e) and 6(f), the structure is replaced with
a rib waveguide array consisting of a 200-nm-high sili-
con slab with 100 × 300 nm2 strips on a glass substrate
surrounded by air. The dimensionless radius ρ in these
examples is equal to 0.5. It can be seen that the numer-
ically found supermodes [Figs. 6(a), 6(c), and 6(e)] are
essentially identical to the supermodes corresponding to

our representation ˘̃CẼ [Figs. 6(b), 6(d), and 6(f)]. While
the parameter ρ is the same in these examples, the actual
radii of curvature R are different, being equal to 1.8 mm,
45 µm, and 30 µm for the examples in Figs. 6(a)–6(f),
respectively. This reflects the difference in the crosstalk
for the corresponding straight waveguide arrays. In fact,
the higher-order modes, for which the elements of �β are
much smaller than for the fundamental modes [26], could
possess notable crosstalk suppression for much larger radii
of curvature. For the supermodes shown in Figs. 6(a)–6(d),
the estimates for the angular-propagation constant have
the respective errors εα = 8 × 10−7 and εα = 3 × 10−5,
which are negligibly small. In fact, for the rib waveguide

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 6. The (a),(c),(e) field distributions of supermodes ĕj of
a bent waveguide array and (b),(d),(f) their representations as
superpositions of the supermodes of the corresponding straight
waveguide array. The waveguide arrays are bent such that ρ =
0.5. The array in (a)–(d) is similar to the array in Fig. 1, but in (a)
and (b) the period is increased to �x = 1000 nm. In (c) and (d),
the transverse-magnetic (TM) modes are considered. In (e) and
(f), the array is composed of rib waveguides.
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array shown in Figs. 6(e) and 6(f), the error is larger,
εα = 6 × 10−2, but still reasonably small. Hence, the rep-
resentations appear to be very accurate and able to model
the crosstalk dynamics for a variety of waveguide arrays.

IV. CROSSTALK DYNAMICS IN BENT
WAVEGUIDE ARRAYS

With the expansion matrix ˘̄C and its inverse ¯̆C = ˘̄CT

introduced in Sec. III, Eq. (9) describing the propagation-
related changes of the mode amplitudes in individual
waveguides can be generalized to also treat bent waveg-
uide arrays:

ā(ϕ)T = ˘̄CT diag(ğ(ϕ)) ˘̄Cā(0)T

= Ḡ(ϕ)ā(0)T, (31)

where

Ḡ(ϕ) =

⎡
⎢⎢⎣

ḡ11 ḡ12 · · · ḡ1N
ḡ21 ḡ22
...

. . .
ḡN1 ḡNN

⎤
⎥⎥⎦ . (32)

Analogous to the elements of matrix Ḡ(z) in Eq. (11),
the elements of Ḡ(ϕ) describe the change in the com-
plex amplitudes due to the crosstalk and are given by the
following weighted means:

ḡik =
N∑

j =1

¯̆cij ¯̆ckj exp(iαj ϕ). (33)

Notably, for ρ 
 N , the elements of the straight waveg-
uide array can be recovered, since we have

ḡik ≈
N∑

j =1

sij skj exp(iβj Rϕ) (34)

for appropriately permuted eigenvectors and eigenvalues.
When it comes to the crosstalk, it is more insightful

to consider the power exchange between the waveguides
described by matrix

|Ḡ(ϕ)|◦2 =

⎡
⎢⎢⎣

p11 p12 · · · p1N
p21 p22
...

. . .
pN1 pNN

⎤
⎥⎥⎦ , (35)

the elements of which are responsible for mode beating.
These elements are (cf. Ref. [40])

pik(ϕ) =
N∑

j =1

¯̆c2
ij
¯̆c2

kj

+ 2
∑
n>m

¯̆cin ¯̆ckn ¯̆cim ¯̆ckm cos (〈β〉�x|γn − γm|ϕ) ,

(36)

where the fact that |αn − αm| = 〈β〉�x|γn − γm| has been
used. In general, the crosstalk due to beating of more than
two modes is a rather complicated phenomenon. How-
ever, its analysis is simplified when considering waveguide
arrays with small ρ.

If ρ is sufficiently small, two simplifications can be
done. One of them uses the fact that γ ≈ i and hence |γn −
γm| ≈ |n − m|, resulting in beat periods of 2π/(〈β〉 �x|n −
m|) for pairs of supermodes. The other simplification is
based on the fact that the power of the ith supermode is
mostly confined in the ith waveguide and can leak only
to the immediate neighbors of this waveguide (|¯̆cii| 

|¯̆cii±1| ≈ |¯̆ci±1i| 
 |¯̆cii±2| · · · ). In such a case, almost all
of the terms in Eq. (36) can be neglected. With these
simplifications, the diagonal elements of |Ḡ(ϕ)|◦2 are

pii(ϕ) = ¯̆c2
ii

[ ¯̆c2
ii + 2

( ¯̆c2
ii−1 + ¯̆c2

ii+1

)
cos 〈β〉�xϕ

]
(37)

for 1 < i < N , i.e., for waveguides that are not at the edge
of the array. For the first and last waveguides, we obtain

pii(ϕ) = ¯̆c2
ii

[ ¯̆c2
ii + 2 ¯̆c2

ii±1 cos 〈β〉�xϕ
]

. (38)

Equations (37) and (38) describe the propagation of light
in the ith waveguide. The light power oscillates as a func-
tion of ϕ, with a period of 2π/ 〈β〉 �x. The power in the
neighboring waveguides oscillates in accordance with

pii±1(ϕ) = 4 ¯̆c2
ii
¯̆c2

i±1i sin2 〈β〉�x

2
ϕ, (39)

where it is assumed that ¯̆cii±1 = −¯̆ci±1i, as dictated by
symmetry (see also Fig. 3). These results show that
the crosstalk can be minimized simply by making the
angular-propagation distance equal to an integer multiple
of 2π/ 〈β〉 �x.

As an example, in Fig. 7 we show the oscillation of
optical power originally coupled to the first and fifth
waveguides in an array of ten waveguides. The waveguides
and their separation are the same as in Fig. 1. The radius
of curvature of the array is set to 112.5 µm (ρ = 0.25),
resulting in Fig. 7(a), and 225 µm (ρ = 0.5), resulting in
Fig. 7(b). The normalized powers p11, p55, p12, and p56
calculated using the exact Eq. (36) and the approximate
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FIG. 7. The propagation of light originally confined in the first
and fifth waveguides of bent arrays of ten waveguides with the
radii of curvature of (a) 112.5 µm and (b) 225 µm. The exact
expression for the power in the two waveguides and their neigh-
bors (i = 2 and i = 6), given by Eq. (36) (solid lines), are com-
pared to the approximate expressions, given by Eqs. (37)–(39)
(dashed lines).

Eqs. (37)–(39) are shown by the solid and dashed curves,
respectively, in Fig. 7. It can be seen that the approximate
expressions are in good agreement with the exact one for
both ρ = 0.25 [Fig. 7(a)] and ρ = 0.5 [Fig. 7(b)].

In order to visualize the phenomenon more clearly, we
show in Fig. 8 how the power is distributed between the
waveguides as a function of the propagation distance ϕR,
for light originally coupled to [Fig. 8(a)] the first and
[Fig. 8(b)] the fifth waveguide. The propagation distance
is measured from the center of the array with radius of
curvature R = 225 µm. However, the lengths of the neigh-
boring waveguides in the bent section (spanning the angle
of 180◦) differ by �xπ ≈ 2.5 µm. The first waveguide can
be seen to periodically lose and gain less power than the
fifth one (see Fig. 8), since it has only one neighboring
waveguide.

For waveguide arrays with increasingly large ρ, light
entering the bent section via a single waveguide excites an
increasingly large number of supermodes (see the columns
of | ˘̄C|◦2 in Fig. 3). Furthermore, the excited supermodes

(a) (b)

FIG. 8. The total power distribution as a function of the prop-
agation distance for (a) the first and (b) the fifth waveguide of
a bent array of ten waveguides with radius of curvature R =
225 µm.

allow the light to leak further away from the original
waveguide (see the rows of | ˘̄C|◦2 in Fig. 3). This can be
seen in Fig. 9, which shows the leakage of power from
[Fig. 9(a)] the first and [Figs. 9(b)–9(d)] the fifth waveg-
uide as a function of the propagation distance ϕR. The
waveguide arrays are similar to the one in Fig. 8, except
that the radius of curvature is increased to 450 µm in
Figs. 9(a) and 9(b) and to 900 µm in Fig. 9(c). The array
in Fig. 9(d) is straight. The bent arrays exhibit a periodic
beating of the modes, even though the light spreads all over
the array before returning back to the original waveguide.
The spreading is especially pronounced in Fig. 9(c). Note
that in straight arrays, light does not show this behavior, as
also observed in Fig. 9(d). The periodic beating patterns
observed in Fig. 9 are known as optical Bloch oscilla-
tions and are a consequence of the constant spacing of
the propagation constants in the neighboring waveguides
(the Wannier-Stark ladder) [38,39]. Light comes back to
the original waveguide after propagating a distance that is
equal to the lowest common multiple of the beating peri-
ods for all the pairs of the excited supermodes. As long
as the eigenvalues γj are close to integers (see Fig. 4),
the angular-beating period is 2π/ 〈β〉 �x, as is the case in

(a) (b) (c) (d)

FIG. 9. The propagation of light originally confined in (a) the first and (b)–(d) the fifth waveguide of an array. The arrays in (a) and
(b) are bent with the radii of curvature of 450 µm, whereas the array in (c) has a radius of 900 µm. The array in (c) is straight. The
vertical purple lines show an estimate for a propagation distance after which 20% of light is lost from the original waveguide due to
the crosstalk.
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Figs. 9(b) and 9(c). However, at the edges of the array,
the eigenvalues of the excited supermodes (see γ1 and
γN in Fig. 4) deviate from integer numbers for relatively
small ρ when compared to the inner waveguides, short-
ening the beating period. This can be seen in Fig. 9(a). It
should also be noted that while the angular-beating period
2π/ 〈β〉 �x = 41◦ is same for the arrays in Figs. 8, 9(b),
and 9(c), the linear-beating period 2πR/ 〈β〉 �x increases
with the radius of curvature R.

While it is possible to eliminate the crosstalk by match-
ing the angular-propagation distance with the beat period,
it is not always feasible. In such cases, it is more interesting
to consider a limit for a propagation distance within which
the crosstalk remains at an acceptable level. Note that for
waveguide arrays with large radii of curvature, includ-
ing straight ones, the beating period can be much longer
than any practical propagation distance. Since even minor
crosstalk can be detrimental to the performance of many
devices, it is useful to consider the Taylor-series expansion
of the power-exchange matrix:

|Ḡ(ϕ)|◦2 = I + d|Ḡ(0)|◦2

dϕ
ϕ + 1

2
d2|Ḡ(0)|◦2

dϕ2 ϕ2, (40)

where the series is truncated after the third term. We obtain
the following expressions:

d|Ḡ(ϕ)|◦2

dϕ
= 2

[
Re{Ḡ(ϕ)} ◦ Re

{
dḠ(ϕ)

dϕ

}

+ Im{Ḡ(ϕ)} ◦ Im

{
dḠ(ϕ)

dϕ

}]
, (41)

d2|Ḡ(ϕ)|◦2

dϕ2 = 2

⎡
⎣Re

{
dḠ(ϕ)

dϕ

}◦2

+ Im

{
dḠ(ϕ)

dϕ

}◦2

+ Re{Ḡ(ϕ)} ◦ Re

{
d2Ḡ(ϕ)

dϕ2

}

+ Im{Ḡ(ϕ)} ◦ Im

{
d2Ḡ(ϕ)

dϕ2

}⎤
⎦ , (42)

and

dnḠ(0)

dϕn = in

⎡
⎢⎢⎢⎣

〈αn
j 〉11

〈αn
j 〉12

· · · 〈αn
j 〉1N〈αn

j 〉21
〈αn

j 〉22
...

. . .
〈αn

j 〉N1
〈αn

j 〉NN

⎤
⎥⎥⎥⎦ , (43)

where

〈αn
j 〉ik

=
N∑

j =1

¯̆cij ¯̆ckj α
n
j . (44)

The derivatives in Eq. (40) yield d|Ḡ(0)|◦2/dϕ = 0 and

d2|Ḡ(0)|◦2

dϕ2 = −2

⎡
⎢⎢⎢⎢⎣

σ 2
α (1) −〈αj 〉2

12 · · · − 〈αj 〉2
1N

−〈αj 〉2
21 σ 2

α (2)

...
. . .

−〈αj 〉2
N1 σ 2

α (N )

⎤
⎥⎥⎥⎥⎦ ,

(45)

where the diagonal elements of Eq. (45) correspond to the
weighted variances of the angular-propagation constants

σ 2
α (i) = 〈α2

j 〉ii
− 〈αj 〉2

ii =
N∑

j =1

¯̆c2
ij α

2
j −

⎛
⎝ N∑

j =1

¯̆c2
ij αj

⎞
⎠

2

.

(46)

Hence, the Taylor expansion for the power-exchange
matrix can be rewritten as

|Ḡ(ϕ)|◦2

= I −

⎡
⎢⎢⎢⎢⎣

σ 2
α (1) −〈αj 〉2

12 · · · − 〈αj 〉2
1N

−〈αj 〉2
21 σ 2

α (2)

...
. . .

−〈αj 〉2
N1 σ 2

α (N )

⎤
⎥⎥⎥⎥⎦ϕ2,

(47)

where the diagonal elements, 1 − σ 2
α (i)ϕ2, are the frac-

tions of the light power left in the ith waveguide after
propagation over angular distance ϕ. The fraction of the
power escaping from the waveguide is therefore F =
σ 2

α (i)ϕ2. If F is the allowed (small) loss level, the allowed
angular-propagation distance is

�i(F) =
√

F
σα(i)

. (48)

Evidently, the same treatment of the power-exchange
matrix can also be done for a straight waveguide array,
yielding the corresponding linear propagation distance

Li(F) =
√

F
σβ(i)

, (49)

where

σ 2
β (i) =

N∑
j =1

s2
ij β

2
j −

⎛
⎝ N∑

j =1

s2
ij βj

⎞
⎠

2

. (50)

Notably, for a directional coupler composed of two waveg-
uides, we have σβ(i) ∝ |β1 − β2| ∀i ∈ {1, 2}, meaning that
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Li(F) is proportional to the coupling length. The propa-
gation distances given by Eqs. (48) and (49) provide a
good figure of merit when minimizing the crosstalk of
waveguide arrays with large radii of curvature, includ-
ing straight arrays. For numerical-computation purposes,
it is worth mentioning that the weighted standard devia-
tions calculated for all the waveguides can be collected
to vector σα = [σ 2

α (1) σ 2
α (2) · · · σ 2

α (N )] and evaluated
simultaneously from the expression

diag(σα)2 = I ◦
{

¯̆C diag(α)2 ˘̄C −
[ ¯̆C diag(α) ˘̄C

]◦2
}

.

(51)

Likewise, for a straight waveguide array, we have

diag(σβ)2 = I ◦ {S diag(β)2S − [S diag(β)S]◦2} . (52)

For the waveguide arrays shown in Fig. 9, the propagation
distances after which 20% of the power is lost, calcu-
lated using Eqs. (48) and (49), are marked by the purple
vertical lines. The propagation distances �1(0.2) = 5.5◦,
�5(0.2) = 3.9◦, �5(0.2) = 2◦, and L5(0.2) = 31 µm in
Figs. 9(a)–9(d), respectively, match the numerically eval-
uated power losses and thus validate Eqs. (48) and (49).
Curiously, the linear propagation distances �5(0.2)R in
both Figs. 9(b) and 9(c) are approximately equal to that
obtained for the straight waveguide array. This is because
the initial loss of light is to the neighboring waveguides,
which is not prevented by bending unless ρ is very small
[see Fig. 5(a)]. Therefore, the crosstalk suppression is not
guaranteed by bending but requires either a sufficiently
small radius ρ or matching the angular size of the array
to the angular-beating period 2π/ 〈β〉 �x.

V. CONCLUSIONS

In this work, an analytical method for modeling prop-
agation of light in arrays of single-mode waveguides has
been developed. The method can be applied to both bent
and straight waveguide arrays. It is based on the decom-
position of optical fields propagating in the array into its
eigenmodes, here termed supermodes. We have demon-
strated how the method can be used to characterize the
crosstalk in an arbitrarily large waveguide array in a very
efficient way that does not require computationally heavy
three-dimensional simulations. We have found that, for
bent waveguides, the crosstalk is characterized by a single
scalar parameter ρ that is the dimensionless radius of cur-
vature determined by the radius of curvature of the array
and the phase mismatch between the modes. This can be
used to assess the significance of the crosstalk without fur-
ther calculations. The supermodes obtained by using our
methods have been shown to be essentially indistinguish-
able from the modes obtained in rigorous numerical calcu-
lations. In combination with a discrete sine-transformation

matrix, S, the transformation matrices introduced in this
work to switch between different expansion bases have
been shown to be especially effective for modeling the
crosstalk dynamics. The expansion bases used are com-
posed of modes of individual waveguides, supermodes
of a straight waveguide array, and supermodes of a bent
array. We have found that for bent waveguide arrays with
small ρ, light confined in a single waveguide can only leak
to the closest neighboring waveguides and that the leak-
age can be insignificant. This phenomenon can be used to
suppress the crosstalk by bending the waveguides in the
array. Additionally, we have shown that the crosstalk can
exhibit a periodic beating pattern, which can also be used
to minimize its influence on the output distribution of opti-
cal signals. The analysis presented provides an additional
insight into the properties of light propagation in straight
and bent waveguide arrays, as well as offering efficient
computational tools that may be used to design densely
packed waveguides with low crosstalk. The approach can
be further developed toward arrays of waveguides carrying
higher-order modes and possibly also three-dimensional
waveguide arrays.
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APPENDIX A: DERIVATION OF THE
EIGENPROBLEM

Following the perturbation-based procedure introduced
in Ref. [20], we suppose that the field of a supermode
of a bent waveguide array can be represented in terms
of the supermodes of the corresponding straight waveg-
uide array by using the relation ĕ = ˘̃cẼ. As an eigenmode,
any element of ĕ is invariant in its amplitude with respect
to angular propagation. Propagation over an infinitesimal
angular distance dϕ adds a phase to the field in accordance
with

ĕ exp(iα dϕ) = ˘̃cẼ diag(exp(iβ dz))

⇒ ĕα = ˘̃cẼ diag(β(R + x)),
(A1)

where dz(x) = (R + x)dϕ is the corresponding change in
the longitudinal coordinate z as a function of distance x
from the center of the waveguide array with radius of cur-
vature R (see Fig. 2). Here, the Taylor expansion is used
to write the exponential function as exp θ ≈ 1 − θ , for
an infinitesimally small argument. Considering the propa-
gated supermode ĕα = ˘̃cẼα, we focus on the contribution
to it of the j th supermode of the straight array, which can
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be isolated by applying the overlap integral [see Eq. (5)] to
Eq. (A1) for both the left- and right-hand sides, yielding

c(ẽj , h̃j , ˘̃cẼα, ˘̃cH̃α) = ˘̃cj α (A2)

and

c(ẽj , h̃j , ˘̃cẼ diag(β(R + x)), ˘̃cH̃ diag(β(R + x)))

= ˘̃cj βj R + ˘̃c diag(β)c(ẽj , h̃j , xẼ, xH̃), (A3)

respectively, and using the orthonormality of the super-
modes. In vector

c(ẽj , h̃j , xẼ, xH̃) =

⎡
⎢⎢⎢⎣

c(ẽj , h̃j , xẽ1, xh̃1)

c(ẽj , h̃j , xẽ2, xh̃2)
...

c(ẽj , h̃j , xẽN , xh̃N )

⎤
⎥⎥⎥⎦ , (A4)

the kth element can be found by representing the straight-
array supermodes in terms of the single-waveguide modes:

c(ẽj , h̃j , xẽk, xh̃k)

= 1
4

∫∫ ∞

−∞
x
(

ẽ∗
j × h̃k + ẽk × h̃

∗
j

)
· ẑ dx dy

=
N∑

i=1

sij sik
1
2

∫∫ ∞

−∞
xRe{ē∗

i × h̄i} · ẑ dx dy. (A5)

The integral in Eq. (A5) is recognized as the centroid
of field ēi, i.e., the x coordinate at the center of the ith
waveguide. Hence, we can write

c(ẽj , h̃j , xẽk, xh̃k) =
N∑

i=1

sij sikxi = sj · x ◦ sk, (A6)

where the center coordinates are collected to the vector

x = �x(i − 〈i〉 1). (A7)

Inserting the evaluated c(ẽj , h̃j , xẼ, xH̃) into Eq. (A3)
yields

˘̃cj α = ˘̃cj βj R +
N∑

k=1

N∑
i=1

˘̃ckβksiksij xi. (A8)

Reconstructing the vector ˘̃c from the elements ˘̃cj that
satisfy Eq. (A8), we obtain

α ˘̃c = ˘̃c [RI + S diag(x)S] diag(β), (A9)

because

˘̃cS diag(x)S diag(β) = ˘̃cS

⎡
⎢⎢⎢⎢⎣

x1β1sT
1

x2β2sT
2

...
xN βN sT

N

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

∑N
k=1

∑N
i=1

˘̃ckβksiksi1xi∑N
k=1

∑N
i=1

˘̃ckβksiksi2xi

...∑N
k=1

∑N
i=1

˘̃ckβksiksiN xi

⎤
⎥⎥⎥⎥⎥⎦

T

.

(A10)

APPENDIX B: SOLUTION OF THE
EIGENPROBLEM FOR ARRAYS THREE

WAVEGUIDES

In the case of an array consisting of three waveg-
uides, the eigenproblem has a solution with the angular-
propagation constants forming the vector

α = 〈β〉
(

R1 + x

√
1 + ρ2

2

)

= R
(
〈β〉 1 + �β

√
1 + 2ρ−2

)
(B1)

and the expansion-coefficient matrix given by

˘̃C = N

⎡
⎢⎣

1 + ρ2 − ρ
√

2 + ρ2 −ρ +
√

2 + ρ2 1
−1 −ρ 1

1 + ρ2 + ρ
√

2 + ρ2 −ρ −
√

2 + ρ2 1

⎤
⎥⎦ ,

(B2)

where the normalization matrix is

N = 1√
2 + ρ2

diag

⎛
⎜⎜⎜⎝

⎡
⎢⎢⎢⎣

[
2
(

1 + ρ2 − ρ
√

2 + ρ2
)]− 1

2

1[
2
(

1 + ρ2 + ρ
√

2 + ρ2
)]− 1

2

⎤
⎥⎥⎥⎦

⎞
⎟⎟⎟⎠.

(B3)
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