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Characterizing temporally correlated noise and “non-Markovian” qubit dynamics is a key prerequisite
for achieving noise-tailored error mitigation and optimal device performance. Quantum noise spectroscopy
can provide quantitative estimation of the noise spectral features; however, in its current form it is highly
vulnerable to implementation nonidealities, notably, state preparation and measurement (SPAM) errors.
Further to that, existing protocols have been mostly developed for dephasing-dominated noise processes,
with competing dephasing and relaxation effects being largely unaccounted for. We introduce quantum
noise spectroscopy protocols inspired by spin-locking techniques that enable the characterization of arbi-
trary temporally correlated multiaxis noise on a qubit with fixed energy splitting, while remaining resilient
to realistic static SPAM errors. By validating the performance of our protocol in both numerical simulation
and on cloud-based IBM quantum processors, we demonstrate the successful separation and estimation of
native noise spectrum components as well as SPAM error rates. We find that SPAM errors can signif-
icantly alter or mask important noise features, with spectra overestimated by up to 26.4% in a classical
noise regime. Clear signatures of nonclassical noise are manifest in the reconstructed IBM-qubit dephasing
spectra, once SPAM-error effects are compensated for. Our work provides a timely tool for benchmarking

realistic sources of noise in qubit devices.
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I. INTRODUCTION

Reliably characterizing the noise that limits qubit-device
performance can provide important physical insights
toward improving qubit design and material properties
[1] and is a prerequisite for developing efficient noise-
adapted and noise-optimized quantum control protocols
and error-mitigation strategies [2—8]. Due to their low
experimental overhead, circuit-level characterization tech-
niques based on randomized benchmarking [9—11] have
become a method of choice for understanding how noise
impacts average gate performance, with more complex
gate-set tomography protocols [12,13] offering instead a
complete tomographic description of the implementation
of an entire set of quantum gates. While these methods
share the important practical advantage of incorporat-
ing robustness against state preparation and measurement
(SPAM) errors, they have been developed and largely
employed thus far under the assumption that the underly-
ing noise is temporally uncorrelated, resulting in Marko-
vian error processes that are probabilistic and entail no
memory effects.
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Realistic multiqubit-noise processes, however, gener-
ically entail both temporal and spatial correlations. In
addition, they may originate from genuinely nonclassical
(noncommuting) noise environments. Due to the variety of
microscopic mechanisms that solid-state hosts can engen-
der (e.g., local electric and magnetic field fluctuations,
coupling to lattice nuclear spins, two-level defects, or
phonons), temporally correlated noise is especially promi-
nent in superconducting and spin qubits. The ensuing
non-Markovian dynamics can engender unwanted history
dependence, crosstalk, and error propagation, which, if
unaccounted for, can pose a serious challenge to scalabil-
ity and, ultimately, quantum fault tolerance [14—17]. While
progress is being made in accounting for the effects of
temporal correlations in the context of both randomized
benchmarking protocols [18—20] and quantum process [7]
and process-tensor-tomography approaches [21,22], the
extra resource requirements are significant [23]. As a
result, methods for characterizing noise correlations and
non-Markovian error behavior presently remain a focus of
active investigation.

Hamiltonian-level quantum noise spectroscopy (QNS)
protocols are, in principle, ideally suited for providing
the information about the temporal and spatial noise
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correlations that is needed to achieve noise-optimized pre-
diction and gate design in non-Markovian settings. The
core principle of QNS is the fact that the spectral response
of a quantum sensor (a single qubit in the simplest case)
can be suitably shaped through the application of exter-
nal control [24,25], in such a way that information about
the relevant frequency-domain noise spectra (or their time-
domain correlation functions) may be inferred from access
to system-only observables. This is achieved through an
appropriate “deconvolution” procedure, without a priori
assumptions about known parametrized functional forms
for the target estimates. By now, a variety of “nonpara-
metric” QNS approaches have been developed, differing
in both the complexity of the underlying estimation prob-
lem and the operating control modalities, with success-
ful experimental validations being reported across several
experimental platforms. In particular, multipulse single-
qubit QNS protocols inspired by dynamical decoupling
[26-32] have been extended to allow characterization of
dephasing noise in a non-Gaussian regime [33-35] and
in a multiqubit setting [36]—revealing strong temporal
and spatial noise cross-correlations in silicon spin-qubit
devices [37,38]. Likewise, QNS protocols inspired by
spin-locking (SL) “T, relaxometry” [39] have been used
to sample general nonclassical noise spectra [40] and to
obtain a complete characterization of spatial noise corre-
lations in a superconducting two-qubit device, including
nonclassical cross-correlation spectra [41]. The use of opti-
mally band-limited control modulation based on “Slepian
functions” has enabled the design of QNS schemes for
characterizing time-correlated control noise [42—44], while
a “control-free” Fourier-transform QNS approach [45] and
a resource-efficient characterization based on “frames”
[4,46,47] have also been recently proposed.
Notwithstanding the above advances, even at the single-
qubit level, existing QNS protocols still suffer from two
important limitations. First, they have been overwhelm-
ingly developed and experimentally validated in regimes
in which ambient noise is assumed to be dominated by
dephasing processes (“single-axis noise”), with the char-
acterization of competing dephasing and relaxation effects
(“multiaxis noise”) being largely unaccounted for. More
specifically, single-qubit multiaxis QNS protocols based
on pulsed control have been put forward in Ref. [48]. Still,
due to limitations stemming from the “frequency-comb”
approach that they rely upon to sample the target spectra,
these protocols need not lend themselves to character-
izing spectra with wide support in frequency space—as
typically arising for relaxation phenomena. For supercon-
ducting qubits, SL QNS has originally been employed to
reconstruct the spectra of both the tunnel coupling and
flux noise responsible for dephasing (73) and relaxation
(T1) processes [39] and a characterization of 7} noise
has also been reported later, in Ref. [49]. However, the

protocols have been either leveraging the ability to effec-
tively turn off one source of noise and independently
characterize the other or to tune the energy splitting of
the probing qubit—therefore limiting portability to dif-
ferent qubit architectures. Second, QNS protocols can be
highly vulnerable to SPAM errors in their current form.
While SPAM errors do not accumulate with circuit depth,
they are a significant (often dominant) source of error in
noisy intermediate-scale quantum (NISQ) processors, with
SPAM error rates between 3% and 10% being reported,
e.g., for both Google and IBM processors [50—53]. This
raises a natural—and, as we will see in this work, legit-
imate—concern that SPAM errors may overwhelm the
spectral signal of interest and strongly bias spectral recon-
structions, particularly in scenarios in which weak native
noise sources are targeted for estimation and subsequent
noise-optimized control.

In this paper, we theoretically develop and validate,
through both numerical and cloud-based IBM Quantum
Platform (IBM Q) implementations, a single-qubit gen-
eralized SL QNS protocol that can characterize arbitrary
multiaxis weak noise and that is insensitive to realistic
(static) SPAM errors. More precisely, without any prior
knowledge about SPAM errors, our protocol is fully insen-
sitive to SPAM in a regime in which noise may be assumed
to be classical; for general nonclassical noise, additional
knowledge about either the structure of the SPAM errors
or prior characterization of individual SPAM error rates
is needed. While nontomographic protocols able to sep-
arately quantify SPAM contributions have been recently
proposed [54,55], they rely upon data-intensive Bayesian
techniques [56] or access to an ancillary qubit; in line
with the fact that measurement errors play a dominant role
in current NISQ devices [52,57,58], our complete single-
qubit protocol will be developed here under the assumption
of perfect state preparation. Importantly, our protocols are
platform independent and do not require, in particular,
frequency-tunable qubits. Central to the design of our mul-
tiaxis QNS protocol is the representation of the noise spec-
tra in terms of their spherical components [48], as opposed
to standard Cartesian components. While requiring the use
of both transverse and longitudinal drives relative to the
qubit quantization axis, the protocol that we present pro-
vides a complete SPAM-robust spectral characterization of
the noise entering the qubit dynamics.

The content is organized as follows. In Sec. I, we intro-
duce the relevant open-system model of a driven single-
qubit sensor in the presence of arbitrary additive multiaxis
noise, which we represent in the spherical basis. Within a
weak-coupling approximation, we show how the relevant
qubit dynamics may be described in terms of a non-
Markovian time-convolutionless (TCL) master equation
(ME), where noise effects are captured at the Gaussian
level, up to the second order. By way of grounding our
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subsequent discussion, we then review the standard SL
QNS approach in the presence of a purely dephasing-noise
environment, in a form suitable for further generalization,
and introduce the SPAM error model relevant to the dis-
cussion. In Sec. III, we quantify the impact of SPAM
errors in this standard SL setting and propose a modi-
fied protocol capable of delivering SPAM-free estimates
of the target dephasing spectra. The benefits of the SPAM-
robust single-axis protocol are demonstrated numerically,
by implementing a simulated noncommuting dephasing
bath. In Secs. IV and V, we tackle the general multiaxis
noise setting and present our main results. Specifically,
in Sec. IV, we leverage a suitable secular approximation
to obtain a simplified TCL ME applicable under arbitrary
control over time scales that are long with respect to the
inverse qubit energy splitting. By specializing the control
to continuous drives along fixed axes, we construct a gen-
eralized SL protocol that can simultaneously estimate all
the spherical spectra needed to describe qubit dephasing,
excitation, or deexcitation. A SPAM-robust modification
of this multiaxis protocol is developed in Sec. V and
validated on an IBM Q single-qubit device. After dis-
cussing the main limitations faced in the implementation
and data analysis, the reconstructed spectra and inferred
SPAM parameters are presented. SPAM errors are found
to have a significant effect, causing spectra to be generally
overestimated and introducing unwanted artifacts in the
corresponding reconstructions. Section VI concludes with
an overall assessment and an outlook to future directions.
Full detail about the derivation of the relevant TCL ME
is given in Appendix A, including an independent deriva-
tion through multiscale perturbation theory. The remaining
appendixes discuss additional technical aspects related, in
particular, to the numerical simulation of a nonclassical
dephasing model (Appendix C) and the reported IBM Q
implementation (Appendix D).

I1. BACKGROUND

A. Open quantum system and control setting
1. Driven-qubit dynamics under multiaxis noise

A qubit coupled to an arbitrary noisy environment and
driven by arbitrary time-dependent open-loop control may
be described in the laboratory frame by a Hamiltonian of
the form

Hiap(t) = Hg + He, 100 (1) + Hsp(2) + Hp, (1)

where Hg = %wqaz is the qubit Hamiltonian and Hp and
Hgp are the bath and the system-bath coupling Hamilto-
nians, respectively. Importantly, the qubit energy splitting
w, is assumed to be known but fixed (nontunable) and the
control Hamiltonian H 140 (#) acts nontrivially only on the
system. Let 0, u € {x,y,z} denote, as usual, Pauli matri-
ces and, for simplicity, let us for now choose units in which

h = 1. By moving to the interaction picture with respect
to the free-bath Hamiltonian, the coupling Hamiltonian
becomes

Hg(t) = Y 0, ®Bu(1), By(t) =Bu(t) + Bu()15.
U=x,y,z
2)

Here, B, () are time-dependent (Hermitian) bath operators,
which may generally include a quantum (noncommut-
ing) component B, (¢) and a classical (c-number) stochas-
tic process B,(t)1p, with 1z being the identity on the
bath. Physically, relative to the qubit energy eigenbasis,
the “on-axis” coupling operator along z is responsible
for energy-conserving processes contributing only to the
(laboratory-frame) transverse relaxation time 7>, whereas
the “off-axis” coupling operators along x and y are respon-
sible for both an energy-nonconserving contribution to
T, and to the (laboratory-frame) longitudinal relaxation
time 77.

Since the presence of off-axis noise induces transitions
between the qubit eigenstates, it is convenient to reex-
press the interaction Hamiltonian in terms of spherical as
opposed to Cartesian components [48]. By letting

v () L iv, (9
ﬁ b

and moving to a frame corotating with the qubit frequency,
we can rewrite the total Hamiltonian as

vo () = v:(1) 3

vy () =

Hoa) = Y &0y ® B_o(t) + Han(D), (4)
a=—1,0,1

where now B:L (1) = B_4(¢) and H.(?) is an appropriately
transformed control Hamiltonian. Finally, the action of the
applied control is most naturally analyzed by effecting
a frame transformation to the interaction picture associ-
ated with H.y1(?) (also often referred to as the “toggling
frame”). The relevant open-system Hamiltonian may thus
be expressed in the form

Hy= > ype*™ oy @ B_o(t),  (5)
a,f=—10,1

with the control-switching functions y.g(f) being, in gen-
eral, complex scalars defined component-wise via

1 4
yaﬂ(t) = ETr[a—ﬁ Uctrl(t)yga Uctrl(t)],

in terms of the time-ordered (7)) control propagator
. rt
Uctrl(t) = T+e_l f() s Ho ) .
In order to describe the reduced qubit dynamics, it
is necessary in general to introduce suitable approxima-
tions that may enable a perturbative treatment. Throughout
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this work, we will assume that (i) the initial ( =ty = 0)
system-bath state is factorized, psp(0) = p(0) ® pp, (ii)
the initial bath state is stationary, [pg, Hg] = 0, (iii) the
noise process is zero mean, (B, (?)) = 0, V¢, and (iv) the
system-bath coupling is sufficiently weak for the effects of
Hggz(1) (and hence H (¢) in Eq. (5)) to be included only up
to the second order (the Born approximation). It is impor-
tant to note that no Markovian approximation is made,
however. Explicitly, expectation values with respect to the
quantum and classical noise components are defined by
(-) = E{Trp[-pr]}, where E{-} denotes a classical ensem-
ble average over noise realizations. Under these assump-
tions, it is possible to employ a standard second-order TCL
ME [36,41,59] which, in the above-defined toggling frame,
takes the form

50 == [ as ({0,600 @ pa])). ©)

This integro-differential equation provides the starting
point for the second-order TCL ME that we will use to
model the SL dynamics of interest. The state operator p (¢)
of the system in Eq. (6) is also defined in the toggling frame
and will remain so unless otherwise stated.

As a next step, we show how a frequency-space repre-
sentation makes the noise spectral properties explicit.

2. Frequency representation: Noise spectra

In the time domain, the statistical features of the noise
are completely encapsulated by the correlation functions
of the bath operators. While, in general, the noise pro-
cess corresponding to B, (¢) and pp may be non-Gaussian
(and hence with nonfactorizable higher-order correlation
functions), the expansion of the TCL generator to the sec-
ond order under the weak-coupling approximation in Eq.
(6) ensures that only the means (B, (¢)) and the two-point
correlation functions (B, (t1)Bg(t;)) are relevant in deter-
mining the dynamics of the system. By assumption (iii), we
have (B, (¢)) = 0. Furthermore, the stationarity assumption
(i1) implies time-translational invariance, in the sense that

(Bo(11)Bg(12)) = (Ba(ti — 22)B5(0)) = (Bu(7)Bg(0)) .

The dependence of the two-point correlation function upon
a single time-lag variable, T = #; — 1,, makes it then natu-
ral (under suitable regularity assumptions) to describe the
noise properties in the frequency domain.
Frequency-domain QNS aims to characterize the spec-
tral properties of noise through orchestrated controlled
qubit dynamics. The QNS protocol that we introduce here
estimates the spherical power spectral densities (spheri-
cal spectra for short), which are Fourier transforms of

two-point correlation functions, namely [48],

Sup(@) = f dt (Bo(v)Bs(0)) e " (7)

Since the product of two bath operators can always be
decomposed into a sum of a symmetrized and an anti-
symmetrized product, in the frequency domain we can
similarly distinguish a commuting (“classical”’) and a non-
commuting (“quantum”) noise contribution to the spec-
trum by letting [36,48,60]

1
Sup(@) = 3 [S;ﬂ(w) +S;ﬂ(w)] :

That is, if {4, B} = AB + BA denotes the anticommutator
between two operators, we have

Sy p(@) = /df ({Ba(0), Bg(0)}) e, ®)

Sy () = / dr ([Bu(0).BsO)]) e ™. (9)
Equivalently, we may write

SE4(@) = Sup(@) + Spa(—w), (10)

Sap(@) = Sap(@) — Spa(—w), (11)

which also makes the following symmetry properties
explicit: [Sj;ﬁ(w)]* = ija,fﬁ(a)). If the noise is purely
classical, so that the bath operators commute, S, plw) = 0
and, in particular, the “self-spectra” Sy q (@) = 18+ (w)

o0
are always even functions of frequency. Nonzero auantum
spectra S, 4(w) # 0 can arise only when the bath operators
are noncommuting and, in the setting of linear response,
can be directly related to nonvanishing bath susceptibil-
ities [60,61]. In this case, the quantum self-spectra are
always antisymmetric in the frequency variable, S, , () =
—S;, o(—), and “cross-spectra” S; ot (w) control the
energy exchange between the system and the bath, ulti-
mately determining frequency-dependent absorption and
emission rates [48].

The set of spherical spectra {S, g(w)}, o, B € {—1,0,1},
completely characterizes the statistical properties of the
noise that enter the qubit dynamics in the weak-coupling
regime. Using the defining relations in Eq. (3) and the sym-
metry properties of the spectra, the spherical spectra are
found to be related to the Cartesian spectra [48] associated
with the bath operators in Eq. (2) as follows:

So0(w) = Sz (w),
S:Fl,il ((1)) = Sxx ((,()) + Syy ((U) + i[Sxy (w) - Sy‘c(w)]

The goal of QNS is then to obtain accurate estimates for
all the dynamically relevant (spherical) spectra. We will
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use the qubit dynamics described in Eq. (6) under an
appropriate control Hamiltonian to do so.

B. Spin-locking QNS under dephasing noise

In preparation for extending SL QNS to multiaxis
qubit noise, it is useful to review the standard setting
in which the noise couples only along the quantization
axis. In this case, B () = B_{(#) = 0 and, in the absence
of control, Hsz(f) = 0, ® B.(f) generates pure-dephasing
qubit dynamics. The corresponding frequency spectrum
can then be simply denoted by S..(w) = Syp(w) = S(w) =
%[S*(a)) 4+ 87 (w)]. In the important case in which the
noise environment satisfies a Kubo-Martin-Schwinger
condition—mnotably, if pp is an equilibrium Gibbs state
with inverse temperature §, the classical and quantum
components of S(w) are constrained by the fluctuation-
dissipation theorem [60,62,63], resulting in ST(w) =
coth(Bw/2) S~ (w).

In an SL protocol, we assume that, in the laboratory
frame, an x-polarized coherent drive is applied, of the
form Hep, 106 (£) = Q2(¥) cos(wgt + ¢ (1))oy, with the ampli-
tude 2 (¢) and the phase ¢ (¢) being tunable parameters. If
the drive frequency is set to be resonant with the qubit fre-
quency, wg = wy, moving to the qubit rotating frame and
invoking the rotating-wave approximation to remove terms
oscillating at frequency 2w, yields the transformed control
Hamiltonian

Q
He (1) = % [COS(¢ (H))ox + sin(¢p (Z))Uy] >

with |Q2| < wy. While modified SL sequences can be con-
sidered to improve robustness against control errors [39],
the basic SL protocol is obtained by specializing the above
H1(f) to a time-independent x drive. By fixing the phase
at ¢() = 0 or ¢(t) = w and the amplitude at a constant
Q(#) = Q that can take negative and positive values, and
with the sign of 2 corresponding to the phase of the drive,
we simply have H.y(7) = %an. The total Hamiltonian in
the rotating frame, under this control, takes the form

Q
Hrot(t) = Eax +0.Q Bz(t)’ (12)

which may be interpreted in terms of a new “dressed”
qubit the quantization axis of which has been rotated
by the drive from z — x, with angular-frequency split-
ting equal to the Rabi frequency and subject to purely
transverse noise. With respect to the effective quantiza-
tion axis along oy, B.(f) generates both relaxation and
dephasing, often described in terms of characteristic time
scales T, and T,, respectively [39]. If the qubit is ini-
tially prepared in an eigenstate of o, it will remain aligned
(“locked”) with the constant driving field in the absence of
noise—corresponding to the “SL condition” [39].

As noted, the qubit dynamics may be most easily eval-
uated by moving to the toggling frame of Eq. (6). For the
constant SL drive along x, the toggling-frame Hamiltonian
is given by

H() = 2[cos(Q)a, + sin(Q1)o,] ® B.(2).

While it is possible to derive an exact form of the
second-order TCL, we use a simplified form of the ME,
which holds at sufficiently long evolution times, such that
|€2]¢ > 1 (for additional detail, see Appendix A 2). In this
limit, assuming that the noise spectrum S(w) varies suf-
ficiently slowly about w = +, the second-order TCL
reduces to

1
p(1) = S(=) (0+,0(l)0_—§{0_0+,p(f)}>
+ S(2) <0_,0(t)0+—%{0+0_,p(1)}> :

Let us introduce the following general notation for eigen-
states of Pauli operators in any given frame [64]:

Gulu:t) =:|Z|Uj:>, u=xy,z. (13)
The above raising and lowering operators are defined as
ot = |x1) (xz|, where |xi) are eigenstates of o, often
denoted as {|+),|—)}. In this notation, the computational
basis {|0),|1)} coincides with {|z.)}. The evolution of
the qubit density-matrix elements in the toggling frame is
governed by the differential equations (DEs),

px+x+ (t) = _S(_Q)px+x+ (t) + S(Q)px_x_ (t)a (14)
ST(R)
2

/.)x+x7 ) =- Prxyx_ (1), (15)
with px_x_ (» = _px+x+ ® and px_x+ (= px+x_ (t)* from
the requirements of trace preservation and Hermiticity.

While the toggling frame is a convenient mathemat-
ical tool, qubit observables are always measured in the
(physically accessible) rotating frame. For purely dephas-
ing noise, by transforming back to the rotating frame
and working under the same long-time assumption stated
above, we have

N
Prot(H) = —i Eo'xaprot(t)

1
+8(—) <U+,0rot(f)(7_—§{0_0+, ;Orot(t)}>
1
+ 5(2) (U_prot(t)0+_§{0+0_a ,Omt(f)}) .

It is easy to verify that since the basis {|x1)} diagonalizes
U (?), the evolution of the qubit populations given by
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Eq. (14) is the same in both the rotating and the toggling
frames, i.e., Pyixy (£) = Prot, xoxs (£). The qubit-coherence
elements, on the other hand, transform as

onixq: (Z) = prot,xix; (Z)eiiQt’ V.
For an initial state p(0) and drive amplitude €2, we can

determine the expected value of o, (#) by solving Eq. (14),

(0 (D) 0y = Praws () = Pr_x_(2)

e—S+(Q)t

=5 [ST () (0x,x, (0) — pr_x_(0))

S5 (Q)ES @ 1)] . (16)

By evaluating Eq. (16) for initial states p(0) = |x4) (x|
and p(0) = |x_){x_|, we obtain expressions for the quan-
tum and classical spectra at drive amplitude €2,

S@) = Lin 2 =1, an
T | (o), — (oD

(0 (T)E + (o (T2
Y=o

S7(Q) = (18)
This shows that we can estimate the quantum and clas-
sical spectra at frequency 2 by measuring (ox(T))ffi. In
practice, the range of frequencies accessible for characteri-
zation via SL QNS depends upon various device properties
and limitations. An upper limit on 2 is imposed by con-
siderations related to the need to minimize strong-drive
heating. On the other hand, the locking condition is known
to break down (e.g., due to system inhomogeneities) when
driving is too close to the dc limit (2 = 0), imposing
a lower limit [39]. This standard SL. QNS protocol is
summarized in Table 1.

Remark. Tt is worth noting that the above QNS pro-
tocol has been extended beyond two-level systems, as
proposed and experimentally validated in Ref. [65]. The
idea is to consider a multilevel system as a suitable set
of two-level systems described by two-level Hamiltonians,
where the continuous off-axis control drives transitions
between the corresponding energy levels. Transforming
to an appropriate rotating SL frame under resonant con-
ditions and truncating the Hilbert space to the subspace
spanned by neighboring energy levels {|j — 1), |/)} leads
to an effective Hamiltonian of the form
QUM Gy o ULy Ul

5 o+ BTN o/ T

19)

Here, the Pauli operators ax(j_l’j)] =Ny -U+1 -1
and o/~ =|j) (j| —|j — 1) (j — 1|, which describe

H ) ~

TABLE I. A summary of the standard SL QNS protocol for
single-axis (dephasing) noise.

Protocol 1: Single-axis spin-locking QNS

Input. Driving amplitude 2.
Output. Dephasing-noise spectra S* (w) at frequency v = Q.
The protocol:

(1) Prepare the initial state |x,) (x|, apply a resonant drive
along x with amplitude €2, let the qubit evolve for time T
such that |2|7 >> 1, and measure oy.

(2) Repeat (1) sufficiently many times to estimate (O'X(T)>)S?+.
(3) Repeat steps (1) and (2) with the qubit prepared in
|x_) (x_| to estimate (o, (7));" .
(4) Estimate S*(Q2) using Eqs. (17) and (18) and the
expectation values obtained in steps (2) and (3).

energy exchange and dephasing, respectively. Analogous
to the qubit case, estimates of the dephasing-noise spec-
trum can then be extracted through measurements of
ax(j ~9) The multilevel nature of the problem introduces
some nontrivial considerations. In particular, as a conse-
quence of the multilevel dressing, pure-dephasing noise in
the laboratory frame leads to both transverse (L x) and lon-
gitudinal (|| x) noise in the SL frame [rather than purely
transverse noise as in Eq. (12) in the qubit case]. The
effects of longitudinal noise have to be neglected for the
problem to conform to the single-axis SL QNS of Table 1.
In addition, the effective energy splitting in the SL frame
no longer coincides with the drive amplitude, as for the
two-level setting we consider (for additional detail, see
Ref. [65]).

C. SPAM errors in spin-locking QNS

Existing QNS protocols are designed under the idealis-
tic assumption that no SPAM errors are present. However,
NISQ devices show a high rate of SPAM errors, which can
significantly affect the estimation accuracy. To understand
how these errors enter a SL QNS protocol, we begin from
the standard single-axis setting that we have just discussed.

1. Modeling state-preparation errors

Whenever a quantum system is experimentally prepared
in an initial state, some degree of error is inevitable. Over-
rotations, leakage to states outside the qubit subspace,
incomplete relaxation to the ground state, and imperfect
projections can all lead to a faulty initial state [56,66].
While the specific sources of state-preparation (SP) errors
are platform dependent, a faulty initialization may be mod-
eled as a quantum operation mapping the ideal (typically
pure) initial state p(0) into the corresponding (generally)
mixed state o(0) that is actually prepared.

Throughout this work, we are interested in initial pure
states that, in the absence of SP errors, are of the form
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Plus)(0) = |ux) (us|. If 01,y (0) denotes the corresponding
faulty initial state, a simple model is obtained by letting

1
Oy (0) = 3 [(1 + asp) lus) (us] + (1 — asp) |ux) (u=|
teu lug) (uz + ¢ luz) (uxl], (20)

with the SP error parameter asp independent of the direc-
tion u and |agp|, |Re(c,)], [Im(c,)| < 1. In this way, the
state-preparation fidelity is

1
Flous)(0), puyy(0)] = 5(1 + asp),
with asp = 1 corresponding to error-free preparation.

2. Modeling measurement errors

In a realistic setting, projective measurements of a state
onto a particular basis are likewise not perfect due to sys-
tematic errors in distinguishing measurement outcomes or
imperfections in the measurement apparatus. As a result,
the measurement cannot be simply described by projection
operators and we need to resort to the general formalism of
positive operator-valued measures (POVMs).

In our analysis, we consider a representation of measure-
ment errors that is in line with the current understanding
for state-of-the art qubits [52,56—58] and general enough
to capture two leading sources of measurement error: the
occurrence of “false” readouts; and the “asymmetry” in the
false readouts. The former are due to overlapping support
of outcome probability distributions corresponding to |z )
and |z_), which results in readout-assignment errors; the
latter are the result of qubit decay from |z, ) to |z_) dur-
ing the measurement, making false readouts in |z_) more
likely.

To represent faulty measurements in the z basis, we use
the two-outcome POVM [52]

541
L= 2t mo—1-m

1 2 2 e

21)

where 0 < ), and § < 1. The parameter o, relates to the
rate of false readouts, whereas & relates to the asymme-
try in the false readout rate between the two basis states.
When oy, = 1 and § = 0, the POVM is an ideal projec-
tive measurement. For devices where readout asymmetry
is negligible, the model may be simplified to involve only
the o, parameter.

II1I. SPAM-ROBUST SPIN-LOCKING QNS UNDER
DEPHASING NOISE

SPAM errors affect the observable expectation values
that are used to infer the spectra in Egs. (17) and (18).
By computing these expectations in the presence of SPAM

errors, we can determine how they affect the estimation.
In what follows, we shall use a hat notation to dis-
tinguish between the experimentally estimated quantities

_—Q
with SPAM error (oy(7)),, and the theoretical SPAM-
free expectation values (ax(T))ii. The notation will be

shortened to

X

——— Q

@Dy, = (0 D)y, 0
(ou(D)y = 0Dy o)

If measurements are perfect (o), = 1, § = 0) and only the
SP is faulty, we can determine the expectation values by
substituting the faulty initial states g|.,)(0) from Eq. (20)
with p(0) = |£x) (£x]| into Eq. (16), which yields

—— Q

<0'x(T')>xi = [Q|xi)(T)]x+x+ — [Q|xi>(7—')]x,x,
= (ML F (1 —agp)e™S @7,

Thus, only the amplitude parameter «sp, and not the coher-
ence ¢,, enters the relevant expectation value and con-
tributes a time-dependent additive bias. It is worth noting
that this is valid for the standard case in which system-
bath couplings are mediated by rank-2 Pauli matrices, as
we consider here. If “rank-1" (“biased’) couplings were to
be present [36,63], it would be necessary to also consider
unwanted coherences (c,) in modeling faulty SP according
to Eq. (20).

Similarly, to understand the effect of measurement errors
alone, we first assume perfect SP (asp = 1) and write
the expectation values in terms of measurement outcome
probabilities, i.e.,

(22)

—— Q

(0:(D) ) = Plxs, (D) = Plx_, p(T)),

where P(x, p (7)) is the probability of measuring the qubit
in state x4 ) given premeasurement state p (7). These prob-
abilities follow by applying a Hadamard gate H to the
premeasurement state and evaluating the POVM in Eq.

1),
P(xs, p(T)) = Tr[IL Hp(T)H]

= %[(1 +68) + O(MTr[axp(T)]]. (23)

Since single-qubit gates can be executed with high fidelity
[67,68], we neglect errors associated with the Hadamard
gate. Identifying Tr[oyp(T)] = (o} (T)>,?(m as the SPAM-
free expectation value, the estimate of the expectation
value in the presence of measurement errors is then

(D) = aur (TN, + 5. (24)

We see that «y, adds a multiplicative bias, while § intro-
duces an additive bias.
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In the context of SL QNS, the estimate in the presence of
both SP and measurement errors can be derived by evaluat-
ing the faulty measurement probabilities in Eq. (23) with a
premeasurement state gy, (1) that evolves from a faulty
initial state o,)(0). Accordingly, the estimate with the
combined effect of SPAM errors is

——— Q

(Ux(n>xi = ]P)(X+, lei)(T)) - ]P)(X,, Q\xi)(T))a

whereby it follows that

_——Q

(0x(1)),, = am [(aX(T))?i F( - aSP)e—S+(Q)T] +8.
(25)

Having modeled the effect of SPAM errors on the relevant
qubit dynamics, we are in a position to seek a modification
of the QNS protocol where their effect is removed.

A. Determining SPAM-free classical spectra

By substituting the SPAM-corrupted expectation values
into Eq. (17), we obtain a SPAM-corrupted estimate of the
classical spectrum,

2

- 1
ST(Q) ==In

_——Q —Q

(0:(D)),, — {ox(D)),

Using Eq. (25), we can relate the right-hand side of this
expression to the frue classical spectrum S (w),

In 2 = ST(Q)T — In[e],

_——Q — Q

(0:(D)),, — {0x(D)),_

(26)

where we have defined a combined SPAM-error parameter
o = agpays. The fact that SPAM errors contribute a con-
stant additive term to the estimated classical spectrum is
in line with the simple intuition that they enter the qubit
dynamics at the start and end of the protocol. The contri-
bution of the classical noise spectrum, in contrast, scales
linearly with the total time 7. We can exploit this rela-
tionship to obtain a SPAM-free estimate of the classical
spectrum through linear regression in time: the SPAM-free
classical spectrum is the resulting slope, while the SPAM
parameter « is the intercept.

B. Determining SPAM-free quantum spectra

By combining the expectation values from Eq. (25), we
can create an estimator that relates the ideal quantum and

classical spectra as follows:

—Q —Q
(0:(D)), + {ox(D)),_ S7()
= oy

| —eST@r) 45
2 sty e )+

27

Two observations can be made, based on the above expres-
sion. First, the quantum spectrum is coupled to the SPAM
parameter oy, implying that stronger measurement errors
(smaller «yy) effectively reduce the contribution of the
quantum spectrum to the qubit dynamics. Second, as also
expected from generalized fluctuation-dissipation argu-
ments [60,62], the quantum spectrum is not independent of
the classical spectrum: since Eq. (27) depends on both the
classical and quantum spectra, we cannot isolate the quan-
tum spectrum from an estimator that depends on exper-
imentally measurable quantities alone. Thus, we cannot
solve for the quantum spectrum independently through lin-
ear regression, as was possible for the classical spectrum.
We can make progress, however, by using Egs. (26) and
(27) to form a system of equations containing the unknown
parameters o, oy, 8, ST(R2), and S~ (). By fitting the
experimental data to these equations, it is possible to esti-
mate some of these parameters. Still, oy, and S™(2) are
coupled in a way that makes it impossible for them to
be estimated independently in the control setting in which
we are interested. This limitation cannot be overcome by
allowing for different qubit initializations or measurements
or by exploiting steady-state expectations, as we further
discuss in Appendix B. In order to have a SPAM-robust
estimate of the quantum spectrum, either further assump-
tions about the structure of SPAM contributions are needed
or we require an independent protocol that can separately
precharacterize SP and measurement error rates [54—56].

1. Exact estimation via nonlinear regression

Here, we shall proceed under the extra assumption
that SP errors are small enough to be neglected in com-
parison to readout errors, which is the case in many
qubits of interest [52,53,57]. If the SP infidelity is
expressed as 1 — F[0,,)(0), pjuy)(0)] = €sp, then it is easy
to see that agp = 1 — 2€5p. Accordingly, we can let o =
(1 — 2esp)ays =~ oy, with accuracy directly related to €gp.
In this way, it becomes possible to estimate ay, §, ST(R),
and S~ (2) via a nonlinear regression. We can combine the
results into a SPAM-robust QNS protocol for single-axis
noise as summarized in Table II.

2. Approximate estimation via linearized regression

If, in the process of estimating the classical spec-
trum from Eq. (26), it is observed that the experimen-
tally determined estimates {S’*(Q)} obey the condition
maxz, (St (2)7;} < 1, asimplified estimation procedure is
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TABLEII. A summary of the proposed SPAM-robust SL QNS
protocol for single-axis (dephasing) noise.

Protocol 2: SPAM-robust single-axis spin-locking QNS

Input. Driving amplitude €2, a set of times {7} }.
Output. Noise spectra at frequency w = Q2 and SPAM
parameters.
The protocol:
(1) Prepare the initial state |x,) (x|, apply a resonant drive
along x with amplitude €2, let the qubit evolve for time
T; such that |2|T; > 1, and measure o,.

——Q
(2) Repeat (1) many times to estimate (o, (7} ))x+.

(3) Repeat (1) and (2) with the qubit prepared in |x_) {(x_| to
Q

estimate (@ )

X

(4) Repeat steps (1)~3) for all 7; € {T;} to create the sets of
—Q —Q
expectation values {(ax(Y}))x+} and {{ox(7})), }.
(5) Fit the data to the Egs. (26) and (27) to estimate S*(2),
ST (R2), aps and 8, under the approximation @ = ;.

possible. Specifically, we can make use of the approxima-
tion
StE)T

m ~ 1+ 0ST(QT), (28)

meaning that Eq. (27) can be simplified to

_—— Q ——— Q

(0:(D)), + (0:(D)),_
2

~ ayS”(Q)T + 6. (29)

By treating the above approximate equality as an exact one,
the combination of Egs. (26) and (29) allows us to estimate
the classical spectrum, the (scaled) quantum spectrum, and
the SPAM parameters «, § through a linear regression.

In addition to simplifying the fitting problem, it is worth
noting that such an approximate estimation procedures
allows us to pinpoint the effect of the total evolution time
T in the SPAM-induced errors. We find that the SPAM-
induced additive biases to the estimated spectra scale
inversely with the total evolution time,

§T(Q) = sH(Q) - ;ln[aM], (30)
S7(Q) = apS™ () — %5, (31)

where, in this regime, the estimate of the quantum spec-

———Q —Q
trum simplifies as $™(Q) = 5 ((0x(7)),, + (ox(D), ).
This shows that the additive biases are washed out in
the steady-state regime. However, to estimate the classi-
cal and the quantum spectra independently, the protocol
operates in the “finite but long-time” regime, where it
becomes important to factor in the competing effects of the

evolution time 7 and the SPAM-error rates to the bias.
This will be important in interpreting the results of the
cloud-based demonstrations presented in Sec. V C.

C. Dephasing-protocol validation:
Numerical-simulation results

In order to quantitatively assess the impact of SPAM
errors and to test our SPAM-robust protocol in the sim-
pler single-axis setting, we have performed numerically
simulated QNS experiments. To simulate a nonclassical
dephasing bath with a colored continuous spectrum, we
have considered a toy model where the bath comprises a
single qubit and interacts with the system qubit via a fluc-
tuating coupling operator that involves two noncommuting
directions, namely,

1
H(® = 50:© (BT + B+ v)T]. (32)

Here, 7; are Pauli operators acting on the bath qubit, y is a
lag time, and S(¢) is assumed to be a classical zero-mean
stationary Gaussian process (for additional detail, includ-
ing a more general Hamiltonian, see Appendix C). The
quantum and classical spectra generated by H (¢) depend on
the spectrum of (¢), which we denote by S'(a)). Using the
definitions in Egs. (7)~9), we obtain the following spectra:

ST (@) =S), §™ () = S(w) sin(yw),

S(w) = %S’(a))[l + sin(yw)]. (33)

Note that a lag time y > 0 between the fluctuations cou-
pled to 7, and 7, is needed to ensure a nonvanishing
quantum spectrum. In our simulations, we have chosen the
classical process §(¢) to have a Lorentzian spectrum, of the
form

1 1
1+ 2(w—w))? 142w+ w)?

S(w) = % [ } (34)

In Fig. 1, we show how the spectra reconstructed from a
standard S QNS protocol are affected by SPAM errors
of variable strength. In particular, the classical spectrum
(top left) is uniformly offset from the ideal spectrum by the
presence of o = agpayy, Whereas the quantum spectrum
(top right) shows both an offset by § and a rescaling by
oy, respectively. In Fig. 2, the same values of « are intro-
duced into the simulation; however, now the SPAM-robust
QNS protocol is numerically implemented to mitigate the
effects of these errors. The simulation allows us to make
the max, {ST(Q)T;} < 1 approximation, so we use the
linearized regression procedure described in Sec. III B 2 to
estimate the SPAM-free spectra. The spectral reconstruc-
tions are now found to be in excellent agreement for both
the ideal classical and quantum spectra. Furthermore, the

024074-9



MUHAMMAD QASIM KHAN, DONG, NORRIS, and VIOLA

PHYS. REV. APPLIED 22, 024074 (2024)

2.0

(a) 1 H
T 150 ; L. ﬂ' =
£l afigHbLl o g
+ ] KN I
n 05} “E )
00k 1 1 1
-1 0 1
2 - == |deal
(C) -3 :30 SIPAM
I 'i" 4% SPAM
~ L -3 8%SPAM
=7 FEAN
vy
0 L
Y “05 0.0 05 1.0 15
Q/2m (MHz)

FIG. 1. Effect of SPAM errors on spectral reconstruction in a simulated single-axis QNS experiment. Performance of the standard
SL QNS protocol (Table I) in the presence of varying SPAM error rates and dephasing noise as in Egs. (33) and (34), with parameters
wy = (4.0/27) MHz and #. = 0.5 ps. (a), (b) Reconstructed (a) classical versus (b) quantum spectra. (¢) Complete spectra. In all plots,
the black lines show the ideal case with no SPAM errors and the injected target noise spectrum is represented by the cyan line. The
injected SPAM-error parameters are asp = 0.99, apy = 0.97, and § = 0.01 (red); asp = 0.98, apy = 0.94, and § = 0.02 (green). The
relevant observable expectation values are evaluated through averages over 2000 shots, with error bars representing a 95% confidence

interval.

protocol allows us to estimate the SPAM parameters to a
high precision, as reported in the caption.

Taken together, Figs. 1 and 2 are effective at demonstrat-
ing the advantages of the SPAM-robust QNS; however,
they also show that the overhead of the SPAM-robust QNS
need not be warranted if the SPAM error is below a certain
level. In Fig. 3, we report reconstructions of the complete
spectra for progressively smaller SPAM error rates, show-
ing how some advantage of SPAM-robust QNS is retained
even at the 1% error rate. Ultimately, the usefulness of
a SPAM-robust protocol will depend on the competition
between the SPAM errors and the evolution time, with
the advantage of SPAM-robust QNS diminishing with a

decreasing rate of SPAM errors [recall Egs. (30) and (31)].
J

IV. SPIN-LOCKING QNS UNDER MULTIAXIS
NOISE

A. Driven-qubit dynamics

In order to design a generalized SL QNS protocol that
can operate under multiaxis qubit noise, assuming a weak-
coupling regime, it is necessary to consider the TCL ME
of Eq. (6), with a controlled open-system Hamiltonian of
the general form given in Eq. (5). Let us introduce matrix
elements of the toggling-frame density operator in the
qubit eigenbases defined in Eq. (13), i.e.,

pujuj/(t) = (u]|,0(t)|ujr), u :x’y,Z,j,j/ =+

By transforming to the frequency domain, we can show that, under a secular approximation that removes
rapidly oscillating terms, the ME can be simplified as follows (for a detailed derivation and additional discussion, see

Appendix A):

. 1 ° co
pujq//(t) = _E Z fmdw e’“”yaﬁ (l‘)/o dse lwsy_aﬁ/(s)
app

=101

X { Z [Sa,—a(_w +awy) (uel op0p (1) Pupuy () + S—g.a(@ — awy) (u;| opop (1) Pugu, (t)]
{=+1

— Y [Seal(—o+awy) (el op luy) (u;| o lur) + S—au(@ — awy) (uel op luyr) (| op [1er)] puyu, (O

0,0/=+1

(35)
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FIG. 2. Performance of SPAM-robust single-axis QNS. The plot shows a performance comparison between the standard SL QNS
protocol (described in Table I; translucent lines) and the SPAM-robust SL QNS protocol (labeled SR QNS, described in Table II; dotted
lines) under varying rates of SPAM errors and dephasing noise as in Fig. 1. (a), (b) Reconstructed (a) classical versus (b) quantum
spectra. (c) Complete dephasing spectra. While the product aspary, is the same as in Fig. 1, here agp = 1 and all the contribution comes
from measurement errors, with «y; = 0.96, 6 = 0.01 (red), and oy = 0.92, § = 0.02 (green). In all cases, the ideal noise spectrum
is represented by the solid cyan line. The relevant observable expectation values are evaluated through averages over 2000 shots,
with the error bars representing a 95% confidence interval; a set of 15 different times {]}}}i , are used in the SPAM-robust QNS
implementation.

This provides the most general expression that can be  frequencies far off resonance are not relevant to the dynam-
obtained without specifying the precise form of the applied  ics under the stated assumptions.
control Hamiltonian; hence the switching functions yug(¢).
Note that while the dephasing spectrum (o = 0) enters . .
the dynamics via S()’()I()Cl)), tl%e Ruransvers(e spectra are B. Spin-locking QNS protocol
shifted by the qubit frequency as S, _o(—w + aw,) and
S_ga(@ — aw,), respectively. Physically, this reflects the
fact that transverse terms with frequencies close to the
transition frequency w, contribute to processes of qubit
excitation (absorption) and deexcitation (emission), while

We first show how, starting from Eq. (35), we may build
a multiaxis SL QNS protocol in the absence of SPAM
errors. Although the above-mentioned secular approxi-
mation removes terms that are rapidly oscillating in fre-
quency, solving the set of coupled DEs for arbitrary

%I (a) (b) (c) (d) — Ideal

--§- SRQNS
—3— StdQNS

5(Q) (kHz)

-1 0 1 -1 0 1 -1 0 1 -1 0 1
Q21 (MHz) Q21 (MHz) Q21 (MHz) Q21 (MHz)

FIG. 3. SPAM-robust single-axis QNS performance for different error rates. The green lines show the results from standard SL
QNS, while the black lines show the results SPAM-robust QNS. The SPAM error rates are (a) 8% (oyr = 0.92,6 = 0.02), (b) 4%
(apr = 0.96,6 = 0.01), (c) 1% (opr = 0.99,6 = 0.005), and (d) no SPAM errors. The dephasing-noise parameters are as in previous

figures.
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time-dependent control is not possible. Fortunately, these expressions simplify when we restrict the control to a constant
drive along a fixed axis, i.e., Heyl = %QO‘Z or Hyy = %Qo*x. In this case, as we show in Appendix A, the coefficients in
Eq. (35) are approximately time independent in the limit |2|¢ >> 1. Thus, a corresponding set of linear first-order DEs can
be derived. Specifically, for a constant drive along o, this set is

pz+z+ ) =-28_11(—Q — wq)pz+z+ ® + 2Sl,—l(Q + Cl)q),Oz,z, @),
frre () = — [S_1a(—y — ) + S1_1(@y + Q) + 2500(0)] pzps (0.

Driving along o, instead produces

px+x+ (t) - /jxfxf (t) ~ _A(Q) [on+x+ (Z) — Px_x_ (t)] + B(Q),

where we have defined the following combinations of spectra:
1
A(2) = So,0(2) + So,0(—) + 3 [S1-1(Q + @) + S_11(—2 — @) + Si_1(—Q+ @) + S_1.1(Q — )],  (36)

1
B(€2) = S0,0(£2) — So0(—£2) + 3 [S1o1( Q4 @) —S_11(—Q =) + 811 (—Q+ ) —S_11(Q—wy)].  (B7)
By making the appropriate frame transformation, we can write the rotating-frame DEs under a constant o, drive,

Prot, 2z (D) = =285 11(=Q — @g) Prot, 2424 ) + 281, 1(R + a)q)prot, z_z_ (D),
prot, Zyzo (t) = - [S—l,l(_wq - Q) + Sl,—l(wq + Q) + 2S0,0(0)] Prot, Zyz- (t) - iQprot, Zyz- (t)a

and a constant o, drive,

prot, XX (t) - prot, X_X— (t) = _A(Q) [prot, X4 X4 (t) — Prot, x_x_ (t)] + B(Q)

As described in Sec. II, the dynamics of the coherence elements are not frame invariant for arbitrary times. By ensuring,
however, that the evolution time obeys a “frame-alignment condition” 7" = 27n/|Q|, n € N, the full qubit dynamics in
the (physical) rotating frame can be (stroboscopically) accessed from the ones computed in the toggling frame.

In the toggling frame, the above DEs can be written in terms of observable expectation values by relating

Proz (D) + oz () = (0:(0) 50,
Proz () = poz_ (1) = (0:(D) 50, »

and subsequently solved for the expectation values. By now changing the superscript Q — €2, to explicitly denote the
direction of the applied drive and by using the equations for the constant z drive, we find

21811 (=Q2~wg)+81 -1 (2+wy)]r

S_11(=2 —wy) +851,-1(2 + w,)

X (20,2, O)S_11 (=2 — @) = po = (081 -1(Q + w,)] — -1 LTSt @Fegk

X [S11(=Q = ®p) — S1-1(Q+ »))]}, (38)

(0:(0)) i) =

which depends only on the transverse spectra, and
<GX(Z)>/S;Z(ZO) = [IOZ+Z_ 0) + Oz_zy (O)] e I5-1.1(=82=wg)+51, 1 (+wq) +280,0 (O] (39)
This observable permits the dephasing spectrum to be estimated at Sy ¢(0). Likewise,

o e_A(Q);[B(Q)(eA(Q)f — 1) + A(2) (0:(0))]
(0x (D) 50y = A(R) ’

(40)

which shows how, when the qubit is driven by an off-axis drive, the dynamics are now dictated by both the transverse and
the dephasing spectra. As one may verify, Eq. (16) can be recovered in the limiting case of dephasing-only noise, where
A(Q) = S&O(Q) and B(S2) = S, (€2).

024074-12



SPAM-ROBUST QUANTUM NOISE SPECTROSCOPY PHYS. REV. APPLIED 22, 024074 (2024)

With the appropriate choice of initial states, a set of independent equations may be derived for the observable expec-
tation values, which can then be inverted to infer the classical and the quantum spectra, given in Egs. (10) and (11). In
fact, it becomes clear that multiaxis QNS in the spherical basis entails, in essence, a repetition of three single-axis QNS
protocols.

First, by letting Hey = %Q(‘Fz, Egs. (38) and (39) with the initial states {|z4),|z—),|x+),|x—)} generate indepen-
dent solutions that relate the spherical spectra to observable expectation values via linear combinations of the resulting
solutions:

1 2
St (Q+w,)==1In , 41
i@ re) =7 [@(T»?; - <azm>%} @
S0.0(0) ! | 2 1S+ (24 w,) 42)
= n - —
0,0 2 T(n) (Ux(T(n)))fj _ <Ux(T(")))i2_z 7 1-1 wWy),
(0:(D)SE + (0T SF_|(Q+ o
ST (-2 —w,) = : - f). (43)
2 e 11 QFo)T _ 1
Second, with the opposite z drive, Hey = — % Qo, and the initial states {|z. ), |z_)}, we can express the remaining classical
and quantum transverse spectra in terms of observable expectation values as follows:
S, (2 - ) = ~In 2 (44)
— — = — — )
M COT T (oD — (o(D)
(0T + (0 (TNF ST1(Q2 — )
ST (- = = = —1 . 45
1’71( ) 2 1 — 6*25t11(9*wq)T (43)

Lastly, with the x-drive Hamiltonian H .y = %an, Eq. (40) can be solved for the initial states {|x ), |x_)}, allowing us to
relate 4(€2) and B(2) to the observable expectation values

1 2
AQ) = =1 , 46
=z [(ox<n>§; - <oxm>§f} o
(o (M) + (DY [ AQ)
B() = B (1 _ e—A(Q)T) ‘ 47

Having estimated the transverse spectra, it is possible to infer the classical and quantum dephasing spectra from the
definitions of A(2) and B(£2) in Egs. (36) and (37). The complete protocol may be summarized in Table III.

V. SPAM-ROBUST SPIN-LOCKING QNS UNDER MULTIAXIS NOISE

While SPAM errors enter into the qubit dynamics in a structurally similar way as they did under single-axis dephasing
——— . .
noise, the multiaxis QNS protocol entails the estimation of the expectation values (oy(#)),, (under the x drive, as in the

—Q —Q

dephasing case) and, additionally, (o, (7)) “ and (crx(t))x; (under the longitudinal z drives). Similarly to Eq. (25), the

Z+
SPAM-modified observable expectation values after an evolution time 7 now take the form

(D) = ay [(0:(D)% F (1 agp) S @007 | 45, (48)
(oD = e (o ()% +5, (49)
D)y = an [ (TN F (1 £ asp) T 5, (50)

A. Determining SPAM-free classical spectra

The estimates of the classical spectra can be written in terms of the estimates of the observable expectation values
and then related to the ideal SPAM-free transverse and dephasing spectra. By substituting the appropriate observable
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TABLE III. A summary of the proposed SL QNS protocol for multiaxis noise.

Protocol 3: Multiaxis spin-locking QNS

Input. Driving amplitude .
Output. Noise spectra at frequency 2 and SPAM parameters.
The protocol:

(1) Implement single-axis QNS with H.y = %QO‘ZI

(a) Prepare the initial state |z ) (z |, apply a resonant drive along z with amplitude €2. Let the qubit
evolve for time 7T, with |2|7 > 1, and measure o,.

(b) Repeat (a) sufficiently many times to estimate (GZ(T))ZZ.

(¢) Repeat steps (a) and (b) with the qubit prepared in |z_) (z_|, to estimate (O‘Z(T»?j.

(d) Prepare the initial state |x.) (x;|, apply a resonant drive along z with amplitude 2. Let the qubit
evolve for time 7", with |Q|T™ > 1, T" = 2wn/|Q|, for some n € N, and measure o..

(e) Repeat (d) sufficiently many times to estimate (ax(T(")))iz.

(f) Repeat steps (d) and (e) with the qubit prepared in |x_) (x_|, to estimate (ox(]’(”)))iz_z.

(2) Use the expectation values and Egs. (41)+(43) to infer the classical spectrum S1+,— (2 + ), the
quantum spectrum S_; | (—2 — w,), and the dephasing spectrum So+, 0(0).

(3) Implement single-axis QNS with H.y = —%QGZ:

(a) Prepare the initial state |z ) (z |, apply a resonant drive along z with amplitude €2. Let the qubit
evolve for time 7 such that |2|T > 1, and measure o.

(b) Repeat (a) sufficiently many times to estimate (JZ(T));QZ.
(¢) Repeat steps (a) and (b) with the qubit prepared in |z_) (z_|, to estimate (o, (7))," 2
(4) Use the expectation values and Egs. (44) and (45) to infer the classical spectrum Sfl,l (2 — wy) and the
quantum spectrum Sy (—2 + w,).
(5) Implement single-axis QNS with H.y = %an:

(a) Prepare the initial state |x.) (x|, apply a resonant drive along x with amplitude 2. Let the qubit
evolve for time 7T, with |2|7 > 1, and measure o,.

(b) Repeat (a) sufficiently many times to estimate (ox(T))?j.
(¢) Repeat steps (a) and (b) with the qubit prepared in |x_) (x_|, to estimate (ax(]"))?j.
(6) Infer A(£2) and B(2) from Egs. (46) and (47). Use Egs. (36) and (37) with the inferred transverse
spectra to estimate the classical and quantum dephasing spectra S(T 0(§2) and S, (£2):
(a) Sio(Q) = A(Q) — 5 [S{_ | (Q+wy) + ST (2 —w,)];

(b) S50(2) = B(Q) — 3 [S_|(—Q+ »g) = S, | (-2 — w,)].

expectation values from Eqgs. (48)—(50) into Eqs. (41){47), we can relate the SPAM-modified estimates of the classical
spectra to the corresponding ideal quantities. Specifically, we have

2
In

= | = 28500(0)T" 4+ S_11(—Q — wy) + S| _ | (Q 4+ w)T™ — In[a], (51)
X4+

(0x(TM)) . — (oe(T™)),

where the condition {Tj-") = 27n; /|2|} is needed in order to implement proper frame alignment. We also have the
following equations, which can instead be evaluated for arbitrary 7, subject to |2|7 > 1:

2

—— 0. —Q
7+

1
In =S8/_(Q+ )T - 3 In[a], (52)

(0.(T)).. — (0.(D)),
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TABLE IV. A summary of the proposed SPAM-robust SL. QNS protocol for multiaxis noise.

Protocol 4: SPAM-robust multiaxis spin-locking QNS

Input. Driving amplitude €2, a set of times {7} }.
Output. Noise spectra at frequency 2 and SPAM parameters.
The protocol:

(1) Implement single-axis QNS with H.y = %Qaz:

(a) Prepare the initial state |z} ) (z|, apply a resonant drive along z with amplitude 2. Let the qubit
evolve for a set of times {7} }, with |Q2|T; >> 1, and measure o.

}.

—
(¢) Repeat steps (a) and (b) with the qubit prepared in |z_) (z_|, to estimate {{0.(7})), }.

—
(b) Repeat (a) sufficiently many times to estimate {(o. (T} ))Z+

(d) Prepare the initial state |x;) (x; |, apply a resonant drive along z with amplitude 2. Let the qubit
evolve for a set of times {7}(")}, with IQIT}@ > 1, 7}@ =2mn; /||, n; € N, and measure 0.

—
(e) Repeat (d) sufficiently many times to estimate {{o (7} ))X+ }.

—
(f) Repeat steps (d) and (e) with the qubit prepared in |x_) (x_|, to estimate {{0:(7})), }.
(2) Use the expectation values and Egs. (52), (51), and (55) to estimate St_l (2 + wy), 57, 1 (- — w,) and
80,0(0), along with the SPAM parameters s and 6 by approximating o & a,.
(3) Implement single-axis QNS with Hyy = —%an:
(a) Prepare the initial state |z, ) (z|, apply a resonant drive along z with amplitude 2. Let the qubit
evolve for a set of times {7} such that [©2|7; > 1, and measure o.
— -,
(b) Repeat (a) sufficiently many times to estimate {{o. (7} ))Z+ }.
— -,
(¢) Repeat steps (a) and (b) with the qubit prepared in |z_) (z_| to estimate {(0.(7})), }
(4) Use the expectation values and Egs. (53) and (56) to estimate Sf],l (Q — wy) and S| _; (=2 + wy).

(5) Implement single-axis QNS with Hyy = %an:
(a) Prepare the initial state |x,) (x|, apply a resonant drive along x with amplitude 2. Let the qubit
evolve for a set of times {7} such that [2|7; > 1, and measure o,.
(b) Repeat (a) sufficiently many times to estimate (o, (7 ))&‘.
(¢) Repeat steps (a) and (b) with the qubit prepared in |x_) (x_|, to estimate (o, (T} ))Sj.
(6) Fit the data to Eqgs. (54)«57) to estimate 4(2) and B(2) and use the estimated transverse spectrum to
infer the dephasing classical and quantum spectrum:
(8) () = AQ) — L[S (Q+ wp) + 5%, (@~ wp];

(b) Sp0(R) = B(Q) — 5 [S;_ | (—Q+ »y) — 57, (-2 — w,)].

2 1
In =S5 (@ - w)T - 5 Infa],

—— 0. _— .

| (0:(D))., — (o:(D))..

2

_—— Q —— Q

| (0u(D),, — (0:(D),_

In

= AT — %ln[a].

(53)

(54

These equations show that linear regression on experimental estimates on the left-hand side of Egs. (51)~(54) yields a

SPAM-free estimate of the target classical spectra as the slope and the SPAM parameters as the intercepts.

B. Determining SPAM-free quantum spectra

The experimentally estimated quantities that relate to the quantum spectrum can be obtained via a procedure similar to

the one leading to Eq. (27) for single-axis noise, repeated, however, for each of the three relevant drives. We obtain
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—Q — Q;

(0=(D).., + (0=(D)).
2

o ST1(—Q — )
ST_1(Q+ o)

<672St_1(52+u)q)T _ 1) 13,
(55)

(0:(D)),, + (0=(D),_
2
Si_1(—Q+ )
SR —wy)

— —Q — Q.
Z4 _

(1

Qx
X— —_—

ay _e—zsjl,l(sz—wq)r> 45, (56)

D) + (oD
2

B(Q)
BRPTTe))

(1 —e 7)1 5.
(57)

Altogether, Eqgs. (52)+57) provide a system of equations
that allows us to estimate a// the SPAM-free classical spec-
tra, and the quantum spectra up to a scaling factor in
oy, namely, aMSi_l(—Q + wy), onS:u(—Q — wy), and
on S0 (€2). Similarly to the single-axis noise scenario, we
need to either estimate the measurement-error parameter
oy, independently of agp or work in a regime in which
the measurement errors are the dominant source of SPAM

errors (¢ & ay). Here, we make the same assumption as
we have made for the single-axis SPAM-robust SL QNS,
that o ~ oy,

Our complete protocol for multiaxis SPAM-robust QNS
may be summarized as in Table IV.

C. Protocol validation: IBM Q results

In an effort to validate the SPAM-robust SL QNS
protocol we have just discussed, we have conducted
cloud-based demonstrations to implement it on IBM
Q, by using the QISKIT software, on a single qubit
device (IBMQ_ARMONK, now retired). While this qubit has
reported a higher percentage of measurement errors and
measurement-error asymmetries than current devices do,
the fact that no additional qubits have been present has
made it a convenient test bed for benchmarking our proto-
col in the absence of complicating factors stemming from
qubit crosstalk.

For this qubit, the reported frequency v, = w,/(27) =
4.97 GHz, with nominal relaxation and dephasing times
Ty = 169.66 ws and T, = 256.44 s, respectively. Two
main modifications have been needed to accommodate
practical constraints. First, continuous drives along the
z axis have been implemented using “virtual z gates,”
followed by idling the qubit for a short time. Second, con-

| A q2
) i
T
= S N SRR 1 (R S e — 1
G -
a :
| 10
1 i 1 | ' ,
0 1 2 3 4
~ : 11
: 1 e
3 ]
3 1
+ |
e
! ]
3 1
A 1
’ | . , 1 ,
0 1 2 3 4
N i A - srans |4
2 #‘!’/ \\\! ______________ & _§- StdaNs
3 i
3 i
l 13
(e] I ,
\:' 1
i 1
g L
0n 2 1 1 1 1 : ! : | L , , 5
-4 -3 -2 -1 0 1 2 3 2
Q/21 (MHz)

FIG. 4.

SPAM-robust QNS IBM Q reconstructions. Complete spectral reconstructions using the standard multiaxis SL QNS protocol

(in red) and the SPAM-robust QNS protocol (in black). Each run has been taken over 2000 shots and the error bars represent a 95%
confidence interval. (a) The dephasing-noise spectrum, (b) the excitation transverse spectrum, and (c) the deexcitation transverse

spectrum.
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tinuous drives along the x axis have been implemented as a
train of pulses of constant amplitude, to circumvent some
limitations to the control input at the application program-
ming interface (API; for details, see Appendix D 1).

In addition to the above, due to limited available run
time on the cloud-based platform, it has not been possible
to execute the complete multiaxis SPAM-robust QNS pro-
tocol described in Table IV. The observable data that we
have collected consist of

— Q — —Q: — Qx
(o)) Ue(TD), ) o), ),
each for a set of ten drive amplitudes, and also j =

1,...,10. However, we have omitted the measurement of
— ] )
{{ox(T; Ny }, meaning that we cannot characterize Sy (0).

In all experiments, we have chosen the driving-field ampli-
tudes in the range —3.83 MHz < Q < 3.83 MHz. Note
that in all the reconstructions, we have excluded a low-
frequency window, |2| < 2.3 kHz, due to the fact that the
data become dominated by oscillations, as also reported
and discussed in previous SL experiments [39]. While our
limited access to the system has prevented a conclusive
assessment, the most likely candidate for these oscillations
appears to be dephasing taking place between the ramp-
up and ramp-down of pulses, which could in principle be
mitigated by more elaborate SL sequences [39].

1. Reconstructed noise spectra

In Fig. 4, we summarize representative results on
our spectral reconstructions. Correcting for SPAM errors
paints quite a different picture of the noisy environment
for this device. Altogether, it shows that the actual
noise that the qubit experiences is measurably smaller
than we may infer using standard QNS techniques. In
particular, our data show that the spherical excitation
spectrum, S; _1(2 + w,), vanishes after the effects of
SPAM errors are removed. Thus, it appears as if SPAM is
contributing to spurious excitation of the qubit. This con-
firms how, physically, SPAM errors manifest as bias to
the true noise spectrum, consistent with our theoretical and
numerical simulations (for dephasing noise).

Figure 4 also shows that the dephasing spectrum
S0,0(€2), inferred through the nonrobust multiaxis SL QNS
protocol, has an increasing trend at higher drive ampli-
tudes, in contrast with the near-plateau level that it reaches
when estimated through the SPAM-robust protocol. This
behavior may be seen as an artifact of the standard pro-
tocols having been implemented using shorter evolution
times 7" for higher driving frequencies (while maintain-
ing the SL condition), due to practical limitations. As seen
from Egs. (30) and (31), for shorter evolution times, the
contribution of SPAM errors becomes more prominent.
By design, this effect has no bearing on the SPAM-robust
QNS protocol and is thus not visible there. Also notable

— --- offset =-0.197 kHz
T —F-std QNS
=
c
3
0
—~ 150 —F-SRQNS
< 0751
c 0.00
$-0.75
w5 0.
-1.50 T
-4 -2 0 2 4
Q21 (MHz)
FIG. 5. The quantum (anti-symmetrized) dephasing noise

spectrum on the IBMQ_ARMONK device. (a) The dephasing spec-
trum (in red) reconstructed from the standard QNS. (b) The
SPAM-robust reconstruction (in green). These plots are con-
structed from the same data as Fig. 4. The offset in (a) can be
directly attributed to the measurement asymmetry parameter §.
The SPAM-robust QNS removes this offset, making the quantum
spectrum antisymmetric, as expected on general grounds.

is the fact that while the transverse spectra appear to be
nearly white apart from some features around lower fre-
quencies, the dephasing spectrum has visible asymmetries
in the positive- versus negative-frequency axis. This indi-
cates the presence of nonclassical noise contributing to the
spectrum in this domain.

This conclusion is further reinforced by examining the
quantum dephasing spectrum Sy ((€2), which is displayed
in Fig. 5. In the top plot, the spectrum is not antisym-
metric as inferred through the uncorrected multiaxis SL
QNS protocol. Rather, it demonstrates an offset from the
S0.0(€2) = 0 line that we expect from Eq. (57), correspond-
ing to the asymmetry parameter §. This offset is not present
in the bottom plot, where the spectrum is inferred using our
modified SPAM-robust SL QNS protocol.

An important question that arises in the context of QNS
is the extent to which the noise processes may be taken
to be stationary and thus characterization can turn out to
be consistent over a significant period of time. To address
this question, we have run the multiaxis SPAM-robust SL
QNS protocol three times over a period of 14 h within
one calibration cycle (of 24 h). As shown in Fig. 6, both
the standard and the SPAM-robust spectral reconstructions
are remarkably consistency over a few hours, suggesting a
high degree of stationarity for noise sources in this qubit
device.

2. SPAM parameters

In addition to the noise spectra, under our working
assumption of negligible SP errors, the SPAM-robust QNS
protocol also allows us to estimate the SPAM parameters
oy and 8. In Table V, we show the characterized SPAM
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FIG. 6.

A comparison between the IBM Q QNS reconstructions. Spectral-reconstruction results for three demonstrations carried out

within the same calibration cycle over a period of 14 h. The standard QNS (in red) and the SPAM-robust QNS (in black) both show
consistency and the qualitative features of the spectra do not change. (a) The dephasing-noise spectrum, (b) the excitation transverse

spectrum, and (c) the deexcitation transverse spectrum.

parameters and compare them to the values reported by
IBM. As one can see, the reported value of «y, from the
calibration data agrees remarkably well and falls within the
error bars of the estimate obtained from the SPAM-robust
SL QNS protocol. However, the value of the parameter §
in the calibration data falls outside the 95% confidence
interval of the estimated value. While no error bars are
available for the calibration data, we expect that taking
data for a larger set of evolution times could improve the
estimate.

We also note that the estimated parameters from
the SPAM-robust QNS protocol can be directly related
to the measurement-error-mitigation routines based on
“confusion matrices” that are commonly employed [52],
especially by IBM Q, to calibrate the systems. While
a challenge of this approach is that the invertibility

of matrix 4 cannot be guaranteed, our protocol pro-
vides an alternative procedure, in which the SPAM
parameters are inferred ‘“‘self-consistently,” along with
spectral information, and invertibility is ensured by
construction.

VI. DISCUSSION AND OUTLOOK

We have developed the theoretical framework for a
quantum noise spectroscopy protocol able to characterize
competing transverse and dephasing temporally correlated
noise processes on a qubit and further shown how the
resulting protocol can be modified so that it is immune
to a large class of static SPAM errors. Our protocol relies
upon, and further extends, the use of continuous-control

TABLE V. Estimated values for the SPAM parameters at a 95% confidence interval. All values should be multiplied by 102,

SPAM parameters
Parameter Experiment 1 Experiment 2 Experiment 3 Calibration data
ay 872+£1.1 883 £ 1.1 872+£1.2 88.0
) 38+14 32+14 3615 1.38
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characterization methods inspired by spin-locking relax-
ometry. We have demonstrated our protocol in action by
reconstructing the multiaxis noise spectra of a single trans-
mon qubit on the IBM Quantum Platform. Our results
show how, even in the simplest setting of a single qubit,
SPAM errors can lead to a significant mischaracteriza-
tion of the target noise spectra—by causing, in particular,
both dephasing and transverse spectra to be up-shifted in
value and quantum spectra to lack the requisite spectral
asymmetry properties.

Our proposed SPAM-robust single- and multiaxis QNS
protocols provide a valuable and timely addition to the
existing toolbox for noise characterization. With appropri-
ate modifications, we expect that our protocols may be
further improved to also incorporate robustness against
leading control errors, e.g., via the use of enhanced spin-
locking sequences [39]. We likewise expect that SPAM-
robust multiaxis QNS could be extended to multilevel
systems by using the approach of Ref. [65], whereby the
multilevel Hamiltonian is expressed in terms of effective
two-level Hamiltonians with single-axis noise [Eq. (5)]. In
the multilevel case, SPAM-robust multiaxis QNS would
enable the characterization of longitudinal noise processes
that are neglected in the current approach and generate
transitions between the different energy levels, beyond
dephasing.

Nevertheless, important limitations remain to be
addressed. As presented, our protocols fall short of char-
acterizing the SPAM errors separately and relies on one
of them being the dominant source of SPAM errors. This
limitation is intrinsic to the chosen sensing modality, as
we have shown that it is not possible to determine all
the SPAM parameters through continuously driven single-
qubit dynamics. It remains open to determine whether
more powerful QNS schemes may be constructed that
could facilitate disambiguation between these two SPAM
sources—possibly by augmenting the available control
and/or measurement resources. It is important to note
that this limitation does not challenge the SPAM robust-
ness of the protocol. If state-preparation errors for the
sensor can be characterized independently [54-56], the
SPAM-robust QNS can accurately estimate the complete
set of spectra for competing SPAM errors. Likewise, since
our approach relies on truncating a TCL ME to the sec-
ond order, it is not suitable for characterizing noise with
a non-Gaussian statistics, for which higher-order spec-
tral estimation is needed. Although weak in comparison
to the Gaussian contribution, non-Gaussian noise effects
may lead to unique dynamical signatures that cannot
captured by spectra alone [33,34]. SPAM-robust meth-
ods could thus play an instrumental role in enabling the
leading higher-order spectra to be accurately character-
ized. A promising avenue in this respect could be to
explore whether SPAM-robust modifications of frame-
based QNS protocols may be devised [46] and then

extended to the non-Gaussian regime by building on recent
work [4].

Finally, extending the reach of SPAM-robust QNS
beyond a single qubit remains an outstanding challenge.
Two-qubit systems in a dephasing-dominated regime
could provide a tractable yet relevant setting for investi-
gating SPAM-robust extensions of existing spin-locking
[41] or, possibly, pulsed-comb-based QNS approaches
[36]. Notably, accurate characterization of spatiotemporal
noise correlations could prove vital for further boosting the
fidelity of entangling two-qubit gates in spin qubits [69]
through noise-tailored optimal design. We leave this to a
future separate investigation.
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APPENDIX A: TCL ME FOR NON-MARKOVIAN
MULTIAXIS QUANTUM NOISE

To determine the controlled qubit dynamics under multi-
axis quantum noise in the toggling frame of the control, the
first step is to substitute the spherical-basis toggling-frame
Hamiltonian in Eq. (5) into the second-order TCL ME in
Eq. (6). As in the main text, we drop the tilde notation,
which leads to

t
pO== Y / ds €110y (1) (5)

a0
=-1,0.1

x ([05 ® B_a(0). [05 ® B_os (). p (1) ® p5]] ).
We can then determine the evolution of the density-matrix

elements in an arbitrary qubit basis {|u;)}, withu = x,y, z,
andj = =% (see Eq. (13)), by evaluating
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t
Py == D fodsem‘”e’“ s (e () [ (B ()Ba (O] {1te] 00 17) Py

=%l oo’ p
—1,0,1

+ (B_o(DB_o(s)| (uj| ogog |ug) ,Ouw,/]

t
+ > > f ds €' 1y, () yarg () (Ba ()B_o (D) (tte| o luyr) {4 | o ugr)
0,0 =+1 a,ﬁ,a/,ﬂ/ 0
=-1,0,1
+ (B_o (DB ()] (el 05 |t1) ;| 0 1) | Pu»

where we have inserted resolutions of the identity 7 = ) ",_, |u¢) (u¢| and, to reduce clutter, we have suppressed the time
argument from the density operator, Py H = Py -
To make contact with the spherical spectra, we transform this expression to the frequency domain,

. 1 o S r
Py = 5 Z Z ot )wqtfoodw ezwtyaﬂ(t)/(; ds €y (s)

t==%1 a,p.a,p B
=—1,0,1

X [S—a’,—a(_w - O‘/wq) (1] Op'0g |uj’> Pujuy + S—a,—o/(w + o/a)q) (uj | Op0p |ug) ;Ouguj/]

1 . , o0 . t .

+ § : § : ez(oc+a )wqt/ dwelwtyaﬁ(t)/ dse 1wsya/5,(s)

27 —00 0
L=%1 apa p
=_1,0,1

X [S—a/,—a(_w - (x’a)q) (uee| op/ |uj’> <”j | og lug) + S—a,—a/(a) + a/wq) (uel og |uj/> (uj | op/ |”2/>] Puyug- (A1)

Note that this expression contains an exponential gi@ralogt which is rapidly oscillating when w,7 > 1 and o 4+ o’ # 0.
To obtain Eq. (35), we make the secular approximation and discard all rapidly oscillating terms with o + o’ # 0.

1. Derivation via multiscale perturbation theory

The secular approximation, which holds in the limit @,z > 1, can be formally derived as the leading-order term in a
multiscale perturbative expansion of the TCL ME [70,71]. While the estimation procedure in the main text relies on the
secular approximation, we include the multiscale expansion here for the purpose of obtaining higher-order dynamical
corrections. In principle, incorporating these higher-order corrections allows the ME to be extended beyond the w,z > 1
regime.

Let w, = woy, where wy has units of frequency and y >> 1 is dimensionless. By examining Eq. (A1), we see that it
depends on two time scales, a “slow” time ¢ and a “fast” time, v = yt. Accordingly, we can write Eq. (A1) using the
abbreviated notation

. i /
pujuj/ = Z el(lx+01 )(D()T Z [Aujuj/(aa (X/, Ea t)lollju[ +Bujuj/ (ayala Ea t)puluj/] + Z Cujuj/((xa a/n Ea z/a t)pll(/ltg
a0/ ==+1 f==1 0,00=+1

Note that 4, s (a0, L,0), By, » (a0, 2,1), and Gy, . (a,a’, £,¢,1) depend only on the slow time.
The method of multiple scales involves converting this system of ordinary DEs in the slow time ¢ into a system of
partial DEs in 7 and t. Using the chain rule, we can write the total derivative with respect to ¢ above as

apuju-/ apu'u-/
s f 5
Py = 50 T e

= 3 N N Ly (000, + By @0 000, |+ D Copu (00,0 |
a,a’'=+1 (==+1 0 =+1

(A2)
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where each density-matrix element depends implicitly on both the slow and the fast times. We seek a set of solutions for
the density-matrix elements satisfying the ansatz

1
puj ujr ([a t) = puj U (Z) + ; Suj U1 (l, ‘C), (A3)

with initial conditions puiuj/(O) = (u;| p(0) |u;/) and Sujuj/(O,r) = Sujuj,(t, 0) = 0. By substituting the ansatz for the
density-matrix elements in Eq. (A2), we obtain

apujuj/ n l asujuj/ 1) i agujuj/(t» )
ot y ot at

Z ei(‘x+a )(1)077 { Z I:Au] uj/ (an ala zn t)puj Uy (t) + Buj uj/ (aa CU/, Ea t)pu[uj/]

aa’=+1 {==+1

+ Z Cujuj/ (aa a/’ Ea Zla t)pue/u@}

L0==%1

+— 3 e'<“+“>”°f{ D [Aupy @00 €080, (60 + By (@0, £ D8, (7) |

a0/ =%1 {==%1

+ > cujuj,<a,a’,z,fz’,r)swa,r)}.

0,0/=+1

To arrive at a perturbative expansion for each partial derivative in the system, we replace 9Py uys ()/0t and éuj uj @,t,71)
with asymptotic expansions in 1/y, ' '

3Puu,s 1 1
R ORI RN ﬂffiu<>+

by (17) = E0 (60) + — slflz,,a D+ LED D)+

After rearranging the terms, we obtain

19 0
0= (nu]L,(t)—l-y ,S;L,(t)—{— )—I—;a—t(glg);/(tt)—l— 5151;/(1‘5)4— >+E(Su(joz)¢,( )+ — Su(ll)”(tr)—i— )

St E S iy @0 00, + By (@0 60 |+ Cupay (s D0,

a0/ =+1 {==%1 00 =+1
i(a+a)agT / ) )
Z pleta)mg Z [Au/uj,(oz,oz L, 1) <$uju[(t,‘t) + %'ujw(l‘ T)+. )
Otot/ ==+1 l==+1
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/ ) ! QY]
+Bujl{f/(aaa ,Ea t) guguj/(t’ T) + ;Sué“j/(t’ T) +...

+ Z Cujuj/ (aaa/ygag/a t) (%.;53,)“( (t, T) + 512/)1,,5 (t T) + )

0,0 =+1

Collecting the terms of order 1/y°, 1/y!, 1/y2, ... and setting each to zero produces a hierarchy of partial DEs, which
can be solved to obtain approximate solutions for Py () and Suj ujr (t, 7). The lowest-order approximation is obtained by

collecting the terms of order 1/y°,

08, (1, T)

0= )+~

Z lleta oyt Z [ " u/(“ ol t)'ol(’O)w +Bu/u,(a o2, t)p;%/] - Z Cujuj/(a,a”ﬁ,z”t),ol(,?/)w
a0/ ==+1 {=%1 0,0/ ==+1

Above, to make it explicit that we are considering the lowest-order solution, we have taken Puju; () —> /’LE%./(O-
‘ J
Integrating this expression over t yields

0=¢&. (1) — &0 (1.0) + 0 (DT

% [ L 080, B 2008, ] T ot 205,

OtO[ ==+1 =+1 [,[’::El

slgol?l /(t T) 51503( /(t O) + 771(4034 /(t)T

- 1> [Aujuj/(oe —a, 6,00, + By /(oz,—a,ﬁ,t)plgg)uj/] + D Cyy (@, —a, 60,000,

a==1 =%1 (,W::i:l
ei(ot+o/)w0r -1 o ©
p> NCERO 2 [A”f“f’(a ~% 600y, +B“f”.i/(“’_“’g’t)p”wﬂ}
a0 =+1 {==+1
a+a’#0

0
+ Z Cujl’j/(a’_aﬂg’g/’t)’ol(‘l/)w
60=%1

In the last equality, we have grouped the terms with o« + o’ = 0, which are proportional to 7, and those with & + &’ # 0,
which contain rapid oscillations in 7. Observe that the “secular terms” proportional to T will grow without bound unless

i, =0 0= 3 |3 [y 000+ 08, ]+ 3 ot 08,
a==£1 | {==%1 L0 =+1

(A4)

Note that this expression is equivalent to Eq. (35). In the first line of this expression, we have used n© (¢) = 8,015 uy /ot =

uu/

,ol(,oz, ,(1). These “solvability conditions” for each u; and u;: constitute a closed set of DEs, which can be solved, in prmciple,
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to obtain the p(*) (7). Along with the initial condition £*) (¢,0) = 0, the solvability conditions also imply

uu/ llU/

ei(a+a’)wot -1

Ot _—
guu/( ) ((X—I—O{’)wo

o' =+1
ot+o/;£0

X Z [Au] uj/ (aa _aa e: t)plgjoz% + Blljll// (a a K t)plg% ,] Z CUj u// (aa _aa E: K/: t)pz(ti)/)u@ M (AS)
{==1 L=

Equations (A4) and (AS5) determine the first-order solution to the ansatz in Eq. (A3), ,ouju,(t T) R ,ol(,oz,/(t) +
(1/y)EW (t,7). Since A, w0’ 6,0, By (o, 0, £,0), Cyu (er,0/, €,0) ~ 1, we must have £ (1) ~¢t and

ll/ u;rs u M ’
,o,EOL () ~ . This implies that Puyu;, (6, T) ~ pﬁofl (O > &© (t,7)/y when wyyt = wt > 1. This recovers the lowest-

llj Uu;r
order secular approximation that we have employed

2. Specialization to single-axis dephasing noise

Dynamics under single-axis noise can be recovered, of course, as a special case of the multiaxis dynamics. In the
absence of transverse noise (S_;; (w) = S1 —1(w) = 0), only the dephasing spectrum is relevant and Sy (@) = S(w), as in
the main text. Under a constant x-axis drive, the control matrix for such a system reads

%t) S g2 (Qt)

NG 2
Yap () = isni(gt) cos (1) —i%f;’) . (A6)
sin® (£¢)  —i —Si‘l(g’) cos? (£1)

Integrating over time in Eq. (35), we obtain the following DE:

i oo ei(a)—Q)t -1 ei(w+Q)t -1
Pryxy (B) = g/ dw {/Ox+x+ ® |:(a)——§2) S(—w) + (a)—l-—Q> S(a)):|

ei(w+Q)t -1 ei(w—Q)t -1
—Px_x_ (1) |:<a)+—9) S(—w) + (a)——Q) S(CU):| } , (A7)

i 00 Q210 _ i+t . 1 — pilo+Q .
.)C X— - T3 X—X. - ~ X4 X— - < ’ A
() zn/md‘”{” +(t)( oo )S(w)+p+ (t)( e )S(w)} (A8)

To derive the ME in Egs. (14) and (15), the secular term proportional to e**¥ is considered to be rapidly oscillating under

the integral, and thus ignored, whereas terms proportional to €@+ are retained. Furthermore, if the evolution time is
long but finite, |2|¢ >> 1, the sinc functions in the integrand can be approximated to Dirac delta functions,

sinf(@ £ D1 s+ )
w =+ Q ’

The sinc functions can be thought of as filter functions (FF) in the FF formalism [72]. They are centered at the driving
amplitude € and sample the spectrum at S(2). In principle, this allows us to measure the qubit response to the spectrum
at any frequency, as long as the condition |27 >> 1 holds. Under this approximation, the desired toggling-frame ME is
obtained.
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To justify the secular approximation invoked above, let us retain all the oscillating terms in Eqgs. (A7) and (A8) and
examine the dynamics in the rotating frame, where these equations become

. i 00 ei(wfﬂ)t -1 ei(w+Q)t -1
Prot,xxy () = 7 /oo dw {;Orot,x+x+ ® [(ﬁ) S(—w) + (a)—F—Q) S(w)]

ei(w+Q)t —1 ei(wfﬂ)t -1
—Prot,x_x_ (1) |:<a)—|——§2> S(—w) + (ﬁ) S(a))]} ,

) i [ee) 1 — ei(w—Q)t 1 — ei(w+§2)r
Prot, x4 x_ (1 = _E /Oo dw {prot,xx+ ) (ﬁ) S+(w) + Prot, x4 x_ () < ) st (a))} - iQprot,xpcf ().

w + Q2
Invoking the delta-approximation in the FF now yields the following rotating-frame ME:
prot,,r+x+ 0 = — Prot, x4x+ OS(—R) + Prot, x_x_ (HS(),
ST(Q)
2

The secular term in €2 does not appear in the rotating-frame equations, even though it has not been discarded at the time.
Solving for the coherence dynamics, we find

prot,x+x_ H=- [prot,x+x_ ® - prot,x_x+] - iQprot,x+x_ ®.

1 isin(QAf) SH(Q)
Protxyx (1) = €25 [prot,x+x<0) CoS(QAN + —— —— <pmt,xx+(0> 5~ Pov O )

where A = \/ 1 — (1/4Q2)S*+(2)2. This shows that by retaining the secular terms in the toggling frame, the rotating-
frame dynamics couple the coherence terms with a term proportional to the ratio [ST(£2)]/ 2. For the coherence dynamics
to be well approximated by the secular approximation, this coupling term must be very small. In QNS settings that we
consider, the driving amplitude is typically significantly larger than the native noise, ensuring that ‘ (ST(QR)/ Q| < 1, also
meaning that A = 1. Therefore, dropping terms proportional to this ratio is akin to making the secular approximation in
the toggling frame.

APPENDIX B: SPAM CHARACTERIZATION WITH GENERAL INITIALIZATION AND READOUT

The SP described in Eq. (20) can represent any state once a specific axis u has been chosen. Selecting u = x, one
can think of the SP parameters asp, Re(c,) and Im(c,) as the components of a Bloch vector in the basis {|x.), [x_)}.
Therefore, without placing any constraints on these parameters, we can consider the most general SP in the SL. QNS
setting by inserting the general initial state o) (0) into Eq. (16),

e S§7(Q2) _ _
(0:(D) gy, 0) = aMm (1 —e S+(S2)T> + ay {[QP&)(O)]XM+ —lerny @], . } ST s (B1)
which leads to [Q‘x ) (O)]x+x+ - [Q|x 4 (O)]x,x, = tagp and the resulting equation for the observable expectation value,
o S7(£2) —Sst@T —Sst@T
0Dy = gy gy (17 @7) e @45, (B2)

is completely determined through the parameters a, S*(2), 8, ayr, and S™(£2). In the main text, it has been shown that
ST(R), a, and § can be estimated independently but not a3,.S~(€2). To be sure that there is no measurement on the final
state that can deconvolve these two parameters, consider the other observable expectation values keeping the faulty initial
conditions the same (at times ]f”) = 2mn; /||, for some n; € N, if needed to ensure alignment between rotating and
toggling frame),

o st @)
j

n) _ -
(@ (T, o) = Faulm(coe +34,

W st @) 70
n) . - )
(02(7? )>Q\xi)(0) = FayRe(cy)e J 4.
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Together, these expectation values completely charac-
terize the final state that is measured. The expectation
values perpendicular to the drive introduce new products
of arys with Re(c,) and Im(c,).

Similarly, the steady-state dynamics also do not provide
any new relationships between the parameters, because

()
(Ux)ss - aMS+(Q) +85

—Q —Q,

(02)sg ={oy)s =0

Therefore, from just the final state, it is not possible to
deconvolve ay; and S™(£2). If, however, agp is charac-
terized independently from a separate protocol, then o,
can be characterized and hence the SPAM-free quantum
spectrum S™(2).

APPENDIX C: NUMERICAL SIMULATION OF
TEMPORALLY CORRELATED NONCLASSICAL
DEPHASING

We use discrete spectral analysis (DSA), to numerically
generate classical Gaussian noise with a prescribed power
spectral density [73].

The goal is to generate a noise vector 3(¢) that describes
a noise trajectory in time, generated from a zero-mean sta-
tionary Gaussian process with a spectrum S(w) that we
call the “generating spectrum.” We choose S(w) such that
it is an even function and decays S (wmax) ~ 0 to zero
beyond some cutoff frequency wmax. We can then discretize
the frequency interval [0, wm,x] into 7, intervals of dw =
®max/He- We then let {4y,...,4,,} and {By,...,B,,} be
independent zero-mean Gaussian white-noise processes
such that

@4#@» ==8U, (l%l%) ==5y, @4#%) ==O.
By passing these uncorrelated random variables through a
nonlinear filter, we claim that

ny—1

B(t) = Y Gjl4; cos(w;;) + B; sin(w;1)],
j=0

(ChH

with w; = jdw, is a trajectory generated from a stationary

Gaussian random process, where G; = \/dwS(w;) /7.

We can check our claim by calculating the correlation
function while assuming time to be continuous,

ney—1

BOBE)) =Y G eos(w; (1 — 5)).

Jj=0

(C2)

As shown, the noise process is stationary and one can
check that all higher-order correlations are zero, and, since

B in Eq. (C1) is zero mean, the process is Gaussian.
However, this process only lets us generate a noise tra-
jectory and on its own it can only represent a classical
temporally correlated noise process given by the dephas-
ing system-bath Hamiltonian Hgp(f) = 0, ® B(¢) 1. Since
SL QNS can estimate both classical and quantum spec-
tra, we want to use these noisy non-Markovian trajectories
to simulate noncommuting bath operators to validate our
single-axis SPAM-robust protocol.

To model a qubit in an environment in which the
bath operators do not commute in time, the simplest toy
model is a two-qubit system. The most general coupling
Hamiltonian for such a system can be written as

B (0) - B B
2 2 2

Hgpp(H) =0, ® |: T, + rz] , (C3)

where the Pauli operators o; (7;) act on the system
(bath) qubit. For simplicity, the bath Hamiltonian can
be chosen as Hp = 0, thereby ensuring that any choice
of the initial bath state satisfies the stationary condition
[Hg, p5(0)] = 0. The bath operator is thus

b= 20 1 B0 B0

T, +
Direct calculation shows that the anticommutator reads

1
{B(t),B()} = E[ﬂx(fl)ﬂx(fz) + B, (t1) By (t2)
+ B:(1) B:(2)],

whereas for the commutator we have

[B(t1), B(t2)] = é[(ﬂx(tl)ﬁy(tz) — Byt ()T

+ (B, (1) B:(12) — B=(t1) By (22)) T
+ (B:(11) B (12) — B (1) Bz (12)) Ty ].

If B, (1) = B, (1) = B-(¢) are identical, the commutator van-
ishes and the noise model is symmetric. However, let us
choose, e.g., pg(0) = |0) (0|5 and set

Be() = p-() = (D), By() =B(+Y), (C4)

with ¢ as a time lag. Then, by setting #; — t, = 7, the
above quantum and classical expectation values become

ny—1

3
({B(), BOY) = 3 D G} cos(w;7),
j=0

. np—1

([B(). B1)]) = 5 ) Gleos(@; (z = ¥))

j=0

—cos(w; (t + y))].
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The classical and quantum spectra generated from this
model can be obtained through a Fourier transform of the
time-correlation functions. The classical spectrum is sim-
ply a rescaled form of the generating spectrum, S™(w) =
%S’(a)), and since the latter is symmetric, S*(w) is a sym-
metric function as well. Similarly, the quantum spectrum
reads S~ (w) = S(w) sin(yw), which, as expected, it is
antisymmetric about the w = 0. If, in Eq. (C4), we let
B-(1) =0 as in the main text, then S*(w) = S(w) and
ST (w) = S(w) sin(yw).

APPENDIX D: DETAILS OF IMPLEMENTATION
AND DATA ANALYSIS

1. Implementing a constant drive

The first step in implementing the protocol is the cal-
ibration of pulse amplitudes. Since the QISKIT-pulse API
works in the qubit corotating frame, the pulses one submits
are constant drive pulses.

Consider the constant x-drive pulses. While the pulse
profiles needed are built in, we have chosen the driving
amplitude 2 to sample the spectra at the desired frequen-
cies. The API only allows for submitting amplitudes on an
undefined unit scale —1 < Qgm < 1, where Qgm 1S the
choice of €2 in the undefined units. To ensure proper cal-
ibration, we have chosen a set of amplitudes {Q5,,} and
implement Rabi experiments for each Qig,,. The transition
probabilities in the computational basis, P.,)_.._), have
been measured and fitted to a sinusoidal function. The esti-
mated parameter to fit was €2 in the proper units (hertz).
This has generated a map {Qig,} — {2} that we have
utilized in our SL QNS protocol.

Another limitation of the API is the number of pulse
samples that can be sent in one job. One job may only
have at most 258 144 samples, where each sample is 0.22
ns. This amounts to a pulse that is only 56.8 ws in length.
Since our demonstrations require multiple runs with pulses
of length approximately 20 s, a new approach has been
required. This has been done by building custom gates that
generate a constant x drive for 19 ps and concatenating
them. Doing so bypasses the API limitation successfully,
at the cost of introducing some noise due to the ramp-up
and ramp-down of the concatenated pulses.

Now consider the constant on-axis z drive. QISKIT imple-
ments direct rotations along the z axis R.(#) virtually [74]
through a phase shift, limiting our ability to directly gener-
ate z-drive control Hamiltonians. To generate a continuous
drive using these gates, we interleave an instantaneous
R.(860) with small time steps of free evolution. The dis-
cretized model can be related to the continuous driving by
defining Uz(?) to be the free evolution under the noisy-bath
Hamiltonian Hgp(7),

5]
Us(ti, 1) = T, exp {—i/ HSB(S)dS} :
4

Let Uyt (¢) be the evolution under both a continuous z-drive
Hamiltonian H 1 (f) and Hgp(7),

T
Utot(T) = 7; CXp {_l/ [Hctrl(s) + HSB(S)]dS} .
0

The discretized model corresponding to this unitary can be
derived by dividing the total evolution time 7 into steps of
8t = T/N. The corresponding unitary with 80 = Q4§¢/2 is

N—-1
Q
Uui(T) = 1—[ R, (E{St) Ur (ti t; + 81).
i=0

In comparison, consider the exact unitary corresponding to
the small time step 6z,

L Q
Uit + 81, 1) = e 120 2a aB-aOh3t

Assuming that the noise operators vary slowly enough so
that the B, (f) are constant between ¢ and ¢ + 8¢, a “Trot-
terization” shows that the effective unitary is equal to
the actual unitary up to the first order, by applying the
Baker-Campbell-Hausdorff formula to U.g(57),

Usir(t + 81, ) = e~/15 9+ Lo 0uB-a(O}31=i0G)

Thus, Ug(8f) ~ Uiyt (8t) for a small enough time-step. We
have chosen N = 10°, §#2/T% = 107°, after trial and error
and verification through numerical simulations, with the
aim of minimizing the number of gates needed while keep-
ing the interval as short as possible. If a user has access to
more experimental resources, 8¢ can be made smaller.

2. Frame alignment and data-points for
linear-regression

The theoretical framework of SL QNS is formulated in
the toggling frame with respect to the control Hamiltonian
H1 (7). However, measurements on qubits are obtained in
the qubit corotating frame. While most observable expec-
tation values relevant to SL QNS are identical in the
rotating frame and the toggling frame, there are some
observables that are oscillatory in the rotating frame and
yet are monotonically decreasing functions in the toggling
frame, as in Eq. (39). Therefore, for some observables,
it is useful to select qubit evolution times such that the
rotating and the toggling frames align. As we have dis-
cussed in the main text, this can be achieved by ensuring
the condition Tf") = 27 n; /|2;|. Cloud-based systems limit
us in such a way that we can select times that satisfy this
condition and not the amplitude 2. The calibrated set of
amplitudes {€2;} is used to find a corresponding set of times
{7}@ = 2mn; /|Q|}, nj € N. These evolution times must

satisfy the long-time condition Tj") |€2;] > 1 as well as the
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frame-alignment condition, and n;0 < 11 < ... < Bigar—1)-
Here, M represents the number of data points acquired
in the time-series analysis for each amplitude €2;. With
this choice of time, the complete set of expectation values
can be obtained. It is important to note that this condi-
tion is only needed to estimate observables that depend on
the coherence of the qubit p,,,+(#) under a drive along

the u axis. When the frames are aligned, p, iw(];@) =
prot, u+uF (T;n))-

3. Error analysis

In analyzing data from SL experiments, we consider
two primary sources of uncertainty: (i) finite measurement
statistics; and (ii) weighted linear regression. Finite mea-
surement statistics arise from the necessarily limited num-
ber of shots that can be taken experimentally. Under Ngos
trials, the estimated expectation values have a variance

Var((a,(T),.) = P("%P(Tf;)j?’(x,p(@))’
shots

Var((@>z) _ P(zy, ,0(7}}\)])59’(2_, p(]}.))'
shots

The corresponding standard deviation is used as the stan-
dard error in the estimated expectation values. Under
the assumption that Ny, > 1, the binomial distribution
that is associated with the measurement outcomes can
be approximated to a Gaussian distribution. With M data
points in time for each €2;, the left-hand sides of the equa-
tions in Sec. VC are evaluated and the standard errors
propagated. Since we are using the experimental data as
inputs to nonlinear functions, we use a weighted linear
regression on M data points. The covariance matrix gen-
erated in this process is used to obtain the standard error in
the estimated slope and intercept. For our demonstrations,
Nshots = 2000 and M = 10.
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