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The quantum transduction between microwave and optical photons is essential for realizing scal-
able quantum computers with superconducting qubits. Due to the large frequency difference between
microwave and optical ranges, the transduction needs to be done via intermediate bosonic modes or
nonlinear processes. So far, the transduction efficiency η via the magneto-optic Faraday effect (i.e.,
the light-magnon interaction) in the ferromagnet YIG has been demonstrated to be as small as η ∼
10−8 − 10−15 due to the weak magneto-optic coupling. Here, we take advantage of the fact that three-
dimensional topological insulator thin films exhibit a topological Faraday effect that is independent of
the sample thickness in the terahertz regime. This leads to a large Faraday rotation angle and therefore
enhanced light-magnon interaction in the thin-film limit. We show theoretically that the transduction effi-
ciency between microwave and terahertz photons can be greatly improved to η ∼ 10−4 by utilizing the
heterostructures consisting of topological insulator thin films, such as Bi2Se3 and ferromagnetic insulator
thin films, such as YIG.
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I. INTRODUCTION

The quantum transduction, or quantum frequency con-
version, is a key quantum technology, which enables the
interconnects between quantum devices, such as quantum
processors and quantum memories. In particular, the quan-
tum transduction between microwave and optical photons
has so far gathered attention in pursuit of large-scale
quantum computers with superconducting qubits [1–3].
Due to the large frequency difference between microwave
and optical ranges, the transduction needs to be done
via intermediate interaction processes with bosonic modes
or via nonlinear processes, such as the optomechanical
effect [4–13] electro-optic effect, [14–21], and magneto-
optic effect [22–26]. To date, the transduction efficiency η,
whose maximum value is 1 by definition, has recorded the
highest value η ∼ 10−1 with a bandwidth approximately
10−2 MHz [6] (η ∼ 10−2 with approximately 1 MHz
[15]) among the transductions utilizing the optomechanical
effect (electro-optic effect).

The focus of this paper is the microwave-to-optical
quantum transduction via the magneto-optic Faraday
effect, i.e., the light-magnon interaction. Such a quantum
transduction mediated by ferromagnetic magnons can have
a wide bandwidth approximately 1 MHz and can be oper-
ated even at room temperature [1–3]. Also, the coherent
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coupling between a ferromagnetic magnon and a super-
conducting qubit has been realized [27–29]. However,
the current major bottleneck when using the ferromag-
netic insulators (FIs), such as YIG, is the low transduc-
tion efficiency η ∼ 10−8 − 10−15 [22–26,30] due to the
small light-magnon interaction strength ζ . The purpose
of this study is to challenge this issue by utilizing topo-
logical materials, which are a class of materials that are
expected to exhibit unusual materials properties due to
their topological nature.

In this paper, we take advantage of the fact that three-
dimensional (3D) topological insulator (TI) thin films
exhibit a topological Faraday effect that is independent
of the sample thickness in the terahertz regime, lead-
ing to a large Faraday rotation angle and thus enhanced
light-magnon interaction strength ζ in the thin-film limit.
There has been a lot of works on improving the magneto-
optic coupling (i.e., the Faraday effect) in ferromagnets.
While reducing the sample size has already been proposed
to enhance the Faraday effect in earlier studies (see, for
example, Ref. [29]), our main proposal of utilizing the
topological Faraday effect in topological insulators has not
been discussed. To this end, we particularly consider the
heterostructures consisting of TI thin films such as Bi2Se3
and FI thin films such as YIG. We find that the transduc-
tion efficiency η is inversely proportional to the thickness
of the FI layers dFI, i.e., η ∼ ζ ∝ 1/dFI, which is in sharp
contrast to the case of conventional FIs (η ∼ ζ ∝ dFI). We
show theoretically that the transduction efficiency can be
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greatly improved to η ∼ 10−4 in a heterostructure of a few
dozen layers of nanometer-thick TI and FI thin films.

II. QUANTUM TRANSDUCTION

In this section, we describe a theory for the quantum
transduction between microwave and terahertz photons
in the TI heterostructures. Particularly, we derive explicit
expressions for the microwave-magnon and light-magnon
interaction strengths in the TI heterostructures, which are
the two key ingredients to evaluate the transduction effi-
ciency.

A. General consideration

Let us start with a generic description of our setup
depicted in Fig. 1. We consider the interaction Hamiltonian
Hint = Hκ + Hg + Hζ [22], where

Hκ = −i�
√
κc

∫ ∞

−∞

dω
2π

[
â†âin(ω)− â†

in(ω)â
]

(1)

describes the coupling between the microwave cavity pho-
ton â and an itinerant microwave photon âin(ω),

Hg = �g
(
â†m̂ + m̂†â

)
(2)

describes the coupling between the microwave cavity pho-
ton and the magnon (in the ferromagnetic resonance state)
m̂, and

Hζ = −i�
√
ζ

×
∫ ∞

−∞

d�
2π

(
m̂ + m̂†) [

b̂in(�)ei�0t − b̂†
in(�)e

−i�0t
]

(3)

describes the coupling between the magnon and an itin-
erant optical photon b̂in(�), which is indeed the sum of
the beam-splitter-type and parametric-amplification-type
interactions [31]. �0 is the input light frequency. In order
to relate the incoming and outgoing itinerant photons, we
can employ the standard input-output formalism, to obtain
âout = âin + √

κcâ and b̂out = b̂in + √
ζ m̂. We solve the

MagnonMicrowave
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LossLoss

Microwave
Photon

Terahertz
Photon

FIG. 1. Schematic illustration of our setup in terms of the oper-
ators (âin, âout, b̂in, b̂out, â, and m̂), frequencies (ω, ωc, ωm, and
�0), coupling strengths (κc, g, and ζ ), and losses (κ and γ ).

equations of motion for the cavity and magnon modes in
the presence of intrinsic losses κ and γ :

˙̂a = i
�

[
Htotal, â

] − κc + κ

2
â − √

κcâin, (4)

˙̂m = i
�

[
Htotal, m̂

] − γ

2
m̂ −

√
ζ b̂in, (5)

where Htotal = H0 + Hint is the total Hamiltonian of the
system with H0 being the noninteracting Hamiltonian for
the cavity and magnon modes given by H0 = �ωcâ†â +
�ωmm̂†m̂.

The microwave-to-optical quantum transduction effi-
ciency, which is defined by the ratio between the out-
going and incoming photon numbers η(ω) =

∣∣∣〈âout(ω)〉/
〈b̂in(�)〉

∣∣∣2
=

∣∣∣〈b̂out(�)〉/〈âin(ω)〉
∣∣∣2

, is obtained as [22]

η(ω) =
4C κc

κc+κ
ζ

γ(
C + 1 − 4 	c

κc+κ
	m
γ

)2
+ 4

(
	c
κc+κ + 	m

γ

)2 , (6)

where C = (4g2/(κc + κ)γ ) is the cooperativity, 	c =
ω − ωc is the detuning from the microwave cavity fre-
quency ωc, and 	m = ω − ωm is the detuning from the
ferromagnetic resonance frequency ωm. In this work we
extend the above formalism to the magnetic heterostruc-
tures, deriving explicitly the expressions for g and ζ .

B. Topological insulator heterostructures

It has been shown that the magnitude of the magnon-
mediated transduction efficiency (6) is essentially deter-
mined by the light-magnon coupling strength ζ , i.e., η ∝
ζ ∝ φ2

F/Ns [22], where φF and Ns are, respectively, the
Faraday rotation angle and the number of net spins of the
ferromagnet. From this relation we see that the transduc-
tion efficiency can be improved in materials which exhibit
a large Faraday rotation angle even with a small sample
size.

We take advantage of the fact that 3D TI thin films
exhibit a topological Faraday effect arising from the sur-
face anomalous Hall effect, whose rotation angle φF,TI
is independent of the material thickness [32–35]. Here,
the band gap 2	 of the surface Dirac bands, generated
by the exchange coupling between the surface electrons
and the proximitized magnetic moments having the com-
ponents perpendicular to the surface, is essential for the
occurrence of the surface anomalous Hall effect. In other
words, φF,TI = 0 in the absence of proximitized magnetic
moments. The applicable range of the input light frequency
�0 is limited by the cutoff energy εc of the surface Dirac
bands (given typically by half of the TI bulk band gap),
such that ��0 < εc [32]. In particular, φF,TI takes a univer-
sal value in the low-frequency limit ��0 � εc and when
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(a) (b)

FIG. 2. (a) Heterostructure consisting of a magnetically doped
TI and a nonmagnetic insulator. (b) Heterostructure consisting of
a (nonmagnetic) TI and a FI.

the Fermi level μF is in the band gap 2	 [32–34]

φF,TI = tan−1 α ≈ α, (7)

where α = e2/�c ≈ 1/137 is the fine-structure constant.
This universal behavior has been experimentally observed
[35–38].

We propose to utilize two types of TI heterostructures
[39–41], as shown in Fig. 2. One is the heterostructures
consisting of magnetically doped TIs and nonmagnetic
insulators [39,41]. The other is the heterostructures con-
sisting of (nonmagnetic) TIs and FIs [40–44]. In what
follows, we focus on the latter because the surface anoma-
lous Hall effect (and thereby the quantum transduction) can
occur at a higher temperature approximately 100 K than
the former [42,43].

C. Light-magnon interaction in the TI heterostructure

Suppose that a linearly polarized light is propagating
along the z direction. Microscopically, the Hamiltonian
for the Faraday effect in a ferromagnet is described by
the coupling between the z component of the magnetiza-
tion density and the z component of the Stokes operator
of the light [22,31]. We extend this Hamiltonian to the het-
erostructure of NL TI layers and NL FI layers [see Figs. 2(b)
and 3] as

HF = �A
NL∑
i=1

∫ ti+τ

ti
dt Gi(t)mi,z(t)Sz(t), (8)

where i denotes the ith FI layer, Gi(t) is the coupling con-
stant, A is the cross section of the light beam, and τ = dFI/c
(with dFI the thickness of each FI layer and c the speed of
light in the material) is the interaction time.

We assume that the coupling constant describing the
topological Faraday effect [Eq. (7)] takes a δ-function
form, since it is a surface effect. Taking also into account
the conventional contribution to the Faraday effect, cG0,
which takes a constant value across the sample [22],

FIG. 3. Enlarged view of a heterostructure consisting of TIs
and FIs. δm⊥(t) is the small precessing component around the
direction of the effective field Beff. The applied magnetic field
needs to be tilted from the z axis in order to induce a finite angle
θ between the z axis and Beff.

we obtain

Gi(t) = cG0 + 1
2 GTIδ(t − ti)+ 1

2 GTIδ(t − ti − τ). (9)

The z component of the magnetization density mi,z(t) is
given by [29]

mi,z(t) = δm⊥(t) sin θ =
√

Ns

2V
sin θ

[
m̂i(t)+ m̂†

i (t)
]

,

(10)

where V (Ns) is the volume (number of net spins) of each
FI layer, and m̂i(t) is the magnon annihilation operator in
the ith FI layer satisfying [m̂i(t), m̂†

j (t)] = δij . Note that a
finite angle θ between the z axis and the effective field
Beff = −∂F/∂mi (with F the free energy of each FI layer),
which can be realized by a tilt of the applied magnetic field
from the z axis, is required. Here, let us define a collec-
tive magnon operator m̂(t) ≡ (1/

√
NL)

∑NL
i=1 m̂i(t) satisfy-

ing [m̂(t), m̂†(t)] = 1, in a similar way as spin ensembles
[45,46]. Then, Eq. (8) is simplified to be

HF = �A
√

NL

∫ τ

0
dt

[
cG0 + 1

2 GTIδ(t)+ 1
2 GTIδ(t − τ)

]

× mz(t)Sz(t), (11)

where mz(t) = (
√

Ns/2V) sin θ [m̂(t)+ m̂†(t)]. See
Appendix A for an alternative derivation of the light-
magnon interaction in the TI heterostructures. The z com-
ponent of the Stokes operator for the polarization of light
Sz(t) is given by [31]

Sz(t) = 1
2A

[
b̂†

R(t)b̂R(t)− b̂†
L(t)b̂L(t)

]
, (12)

where b̂R(t) [b̂L(t)] is the annihilation operator of the mode
of the right-circular (left-circular) polarized light propagat-
ing in the z direction. For a strong x-polarized light we
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have b̂R,L(t) = 1√
2
(b̂x ± ib̂y) � 1√

2
(〈b̂x〉 ± ib̂y) [31], where

〈b̂x〉 = √
P0/��0e−i�0t with P0 (�0) the power (angular

frequency) of the input light.
Because the interaction time τ = dFI/c ∼ 10−8 m/(3 ×

108 m/s) ∼ 10−17 s is much shorter than the time scale of
the magnon dynamics (i.e., the ferromagnetic resonance
frequency) 1/ωm ∼ 10−10 s, the operators in Eq. (11) can
be regarded as constant during the interaction. Then, set-
ting b̂y ≡ b̂in, we arrive at Eq. (3). The light-magnon
coupling strength ζ is obtained as

ζ = φ2
FNL

Ns
sin2 θ

P0

��0
, (13)

where the Faraday rotation angle φF = (G0dFI + GTI)ns/4
with ns = Ns/V the net spin density. As expected, this
expression for φF properly describes the physical situa-
tion: the conventional contribution is proportional to the
thickness dFI, while the topological contribution is inde-
pendent of the thickness, i.e., is a surface contribution. The
NL dependence in Eq. (13) may be understood from that
the total Faraday rotation angle and total number of spins
in the heterostructure are NLφF and NLNs, respectively.

D. Coupling between magnon and microwave-cavity
photon

Next, we calculate the coupling strength g in the het-
erostructure. The total Hamiltonian describing the cou-
pling between magnon and microwave-cavity photon is
given by the sum of the contribution from each FI layer,
Hg = ∑NL

i=1 �gi(â†m̂i + m̂†
i â), where gi = g0

√
Ns with g0

the single-spin coupling strength [47,48]. As we have done
in the case of the light-magnon coupling, we may introduce
a collective magnon operator m̂(t) ≡ (1/

√
NL)

∑NL
i=1 m̂i(t)

satisfying [m̂(t), m̂†(t)] = 1. Then, we obtain Eq. (2) with
the coupling strength

g = g0
√

NLNs. (14)

The expression (14) may also be understood from that the
total number of spins in the heterostructure is NLNs.

E. Magnetization dynamics in the FI layer

So far, we have treated the electronic response of the TI
surface state, i.e., the topological Faraday effect [Eq. (7)]
as the magnonic response of the FI layer. Indeed, these two
pictures are equivalent because the effective spin model is
derived by integrating out the electronic degree of free-
dom in the surface Dirac Hamiltonian coupled to the FI
layer via the exchange interaction [49] (see Appendix B
for details). The derived spin model takes the form of the
exchange interaction and the easy-axis anisotropy when
the chemical potential μF lies in the mass gap of the sur-
face Dirac fermions, i.e., μF < |	|, while it takes the form

of the Dzyaloshinskii-Moriya interaction when μF > |	|
[49].

It has been shown that the rotation angle of the topo-
logical Faraday effect decreases as the carrier density, i.e.,
the value of μF, becomes larger [32] (see Appendix C for
details). We point out that such a behavior is consistent
with the above-mentioned effective spin model analysis.
Generally, the Faraday rotation angle is proportional to the
net spin density as φF ∝ ns. On the other hand, as rep-
resented by the skyrmion lattice, a canted spin structure
is favored due to the Dzyaloshinskii-Moriya interaction,
which leads to the decrease of the magnetization den-
sity, i.e., the net spin density ns. Therefore, the decrease
of the value of φF,TI from the case of μF < |	| to the
case of μF > |	| can also be explained from the effective
spin-model analysis.

III. TRANSDUCTION EFFICIENCY

We are now in a position to obtain the transduction
efficiency η in the TI heterostructures. We use the typ-
ical (possible) values of YIG for the FI layer and those
of microwave cavity: ns = 2.1 × 1019μB mm−3, g0/2π =
40 mHz, κ/2π = 1 MHz, κc/2π = 3 MHz, γ /2π =
1 MHz [22,47]. We assume the sample area size of 0.5 ×
0.5 mm2, and treat NL and dFI as key variables. We also
assume the topological transport regime of μF < |	|. In
the following, we focus on the thin-film regime for the
FI layer where the conventional contribution to the Fara-
day rotation angle can be neglected as φF,0 = G0nsdFI/4 �
1/137, as well as the thin-film regime for the TI layer
where the thickness of the TI thin film can be neglected
as dTI � λ = 2πc/�0.

As can be seen from Eq. (6), the transduction efficiency
η is proportional to the light-magnon interaction strength
ζ . Thus, we firstly consider the dimensionless prefactor
η/(ζ/γ ). The cooperativity C is obtained as C = 1.6 ×
10−15 × NLNs. Assuming NL ∼ 101 and d ∼ 1 nm, we find
that C ∼ 10−1. Accordingly, it turns out that the prefactor
η/(ζ/γ ) takes a maximum value approximately equal to
0.5 when 	c = 	m = 0, i.e., ω = ωc = ωm. we note that
even when the cooperativity C is as large as O(102), the
maximum value of the prefactor η/(ζ/γ ) is approximately
equal to 0.7 at the nonzero detunings 	c 
= 0 and 	m 
= 0.
From this result we see that the magnitude of η in our case
is also essentially determined by ζ .

Next, we show the dependence of the transduction effi-
ciency on the input light frequency �0 in Fig. 4. Here,
note that the input photon number P0/��0 is fixed in
Fig. 4. In other words, the �0 dependence in Fig. 4 orig-
inates from the topological Faraday rotation angle [32]
(see Appendix C for details). Of note, the Faraday rota-
tion angle needs not be the universal value φF,TI ≈ 1/137
(in the low frequency limit) and the transduction efficiency
can be enhanced more than an order of magnitude near the
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FIG. 4. The input light frequency �0 dependence of the trans-
duction efficiency η. We set θ = 30◦, εc = 150 meV, and
	 = 15 meV. The input photon number is fixed here to
(P0/��0) = 1.5 × 1019 s−1, which can be obtained, for example,
with P0 = 10 mW and �0/2π = 1 THz.

sharp peak at the interband absorption threshold 2	 [32]
by tuning �0. Assuming the cutoff energy εc = 150 meV
and the surface mass gap 	 = 15 meV [39–41], we find
that the frequency at which η takes the maximum value is
�0/2π = 7.3 THz. Note that the maximum value of η is
mainly determined by NL and dFI, not by εc or 	.

If a heterostructure of NL = 500 can be realized [where
the total thickness of the heterostructure 2NL(dTI + dFI) ≈
10 µm is still shorter than the wavelength λ = 2πc/�0],
the maximum value of η in Fig. 4 can be further improved
to η ∼ 10−2, which is comparable to the current achieve-
ments in optomechanical and electro-optic systems [1–3].
We note also that, by optimizing the size of YIG and
utilizing the whispering gallery mode of the magnons of
YIG sphere in an optical cavity, the microwave-to-optical
transduction efficiency with YIG can theoretically reach
approximately 10−2 [23,24].

The transduction efficiency η ∼ 10−3−10−4 obtained in
Fig. 4 is greatly improved compared to that of a spheri-
cal YIG of 0.75-mm diameter, η ∼ 10−10, obtained with
P0 = 15 mW and �0/2π = 200 THz [22]. Here, it should
be noted that the Verdet constant V(= G0ns/4) in YIG
in the terahertz range (approximately 1 THz) is about an
order of magnitude smaller than that in the telecom fre-
quency range (approximately equal to 200 THz) [50]. This
means that the light-magnon interaction strength ζ does
not change largely even in the terahertz range due to the
relation ζ ∝ φ2

F,0/�0 where φF,0 = VdFI. Then, it follows
that the transduction efficiency using YIG would be as
small as O(10−10) even in the terahertz range [51].

There is a fundamental difference in the sample-size
dependence of the transduction efficiency η between pre-
vious studies and our study, while the expression η ∼ ζ ∝
φ2

F/Ns is the same. In conventional ferromagnets such as
YIG, one obtains η ∝ dFI since both φF and Ns are propor-
tional to dFI. This indicates that the value of η becomes
very small in the thin film limit. On the other hand, in

S N

Linearly Polarized Light
(Output)

Linearly Polarized Light
(Input)

Microwave
(Input)

Microwave Cavity

FIG. 5. Schematic illustration of the microwave-to-optical
quantum transduction utilizing a TI heterostructure.

TI heterostructures, one obtains η ∝ 1/dFI since φF is
constant whereas Ns is proportional to dFI. This is the
mechanism for the enhancement of η in the thin-film limit.

While we have so far considered the case of the het-
erostructures consisting of a (nonmagnetic) TI and a FI,
we can similarly treat the heterostructures consisting of a
magnetically doped TI and a nonmagnetic insulator since
the physics in both cases are the same. See Appendix D
for an estimation of the transduction efficiency in the het-
erostructures consisting of a magnetically doped TI and a
nonmagnetic insulator.

Finally, we show in Fig. 5 a schematic illustration of the
microwave cavity setup in our microwave-to-optical quan-
tum transduction. Here, a linearly polarized light in the
terahertz range is applied perpendicular to the heterostruc-
ture plane. A finite tilt angle between the light propagation
direction and the ground-state direction of the ferromag-
netic moments is required by applying a static magnetic
field.

IV. DISCUSSION AND SUMMARY

We briefly discuss a possible application of our find-
ing. While optical fibers in the telecom frequency range
are currently used widely, we would like to stress that
optical fibers in the terahertz range are also, in principle,
able to interconnect quantum devices. Actually, terahertz
optical fibers are under active research and development
[52]. Thus, we expect that in the future TI heterostructures
might be used as a quantum transducer for supercon-
ducting quantum computers interconnected via terahertz
optical fibers.

One possible way for bringing the light frequency closer
to the telecom frequency range is to find TIs with a large
bulk band gap (approximately equal to 2εc), as well as
combinations of FIs and such TI surface states that allow
a strong exchange interaction between them and therefore
enable a large surface band gap 2	. If a TI heterostruc-
ture with 	 ≈ 100 meV is discovered, then the maximum
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transduction efficiency will be obtained at�0/2π = 2	 ≈
48 THz. In this case, infrared optical fibers can be used.

We also expect that our finding can be useful in help-
ing study the so-called terahertz gap [53]. For example, the
readout of materials information (and inversely the manip-
ulation of materials) in the terahertz gap may be possible
via microwave.

To summarize, we have shown that the transduction
efficiency of the microwave-to-optical quantum transduc-
tion mediated by ferromagnetic magnons can be greatly
improved by utilizing the topological Faraday effect in
3D TI thin films. By virtue of the topological contribu-
tion to the Faraday rotation angle, which is independent
of the thickness of the FI layer, the transduction efficiency
is strongly enhanced in the thin-film limit. Our study opens
up a way for possible applications of topological materials
in future quantum interconnects.
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APPENDIX A: ALTERNATIVE DERIVATION OF
THE LIGHT-MAGNON INTERACTION

The light-magnon interaction (8) was originally derived
as the Faraday effect in atomic ensembles in a magnetic
field [31]. In this Appendix, following Refs. [29,54], we
show an alternative derivation of the light-magnon interac-
tion in the TI heterostructures. This derivation utilizes the
fact that the permittivity tensor is a function of the magne-
tization M as ε̂ij (M). To linear order in the magnetization,
we have [55]

ε̂ij (M) = ε0

(
εδij − if

∑
k

εijkMk

)
, (A1)

where ε0 (ε) is the vacuum (relative) permittivity, εijk is the
Levi-Civita symbol, and f is a material-dependent con-
stant. The Hamiltonian describing the interaction between
light and magnetization can be obtained from the elec-
tromagnetic energy U = ∫

d3r E · D/2, where D = ε̂(M)E
with E an external electric field. Then, the magnetization-
dependent contribution is

Hint = −i
ε0

4

∫
d3r f (r)M(r) · [

E∗(r)× E(r)
]

, (A2)

where E and E∗ are the real and imaginary parts of the
complex electric field. In Eq. (A2) we have introduced the
spatial dependence in f , since the Faraday rotation angle
has a spatial dependence in the TI heterostructures.

As we do in the main text, we assume that f (r) takes a
δ-function form at the interface between the TI layer and
the ferromagnetic insulator layer, while it takes a constant
in the bulk of the nth ferromagnetic insulator layer (which
is denoted by ith layer in the main text):

f (r) = 1
2 fTIδ(rz − rz,n)+ 1

2 fTIδ(rz − rz,n − dTI)+ f0.
(A3)

The electric field can be quantized as E+(r, t) =∑
α Eα(r)b̂α(t) and E−(r, t) = [E+(r, t)]†, where Eα(r) is

the αth eigenmode of the electric field and b̂α(t) is the
annihilation operator of the photon in the αth eigenmode.
Because we are focusing on the ferromagnetic resonance
state where the spins are precessing uniformly, we can
set M(r) = M. We also have the relation Mi/Ms = Ŝi/S
with Ms being the saturation magnetization and S being the
total number of spins (which scales as the sample volume).
Finally, we arrive at the interaction Hamiltonian

Hint = �

∑
i,α,β

G i
αβ Ŝib̂†

α b̂β , (A4)

where the coupling strength G i
αβ is given by

G i
αβ = −i

ε0Ms

4�S

∑
j,k

εijk

∫
d3r

[ 1
2 fTIδ(rz − rz,n)+ 1

2 fTIδ(rz − rz,n − dTI)+ f0
]

E∗
α,j (r)Eβ,k(r). (A5)

Here, note that the matrix G i is Hermitian because the Hamiltonian Hint is Hermitian. In general, the matrix G i can be
diagonalized in the basis of the optical polarization mode and the solution for the simplest case of G i

αα 
= 0 and G i
αβ = 0

(α 
= β) can be found [54]. In the case of a circularly polarized light propagating in the z direction with the polarization
basis eR,L = 1√

2
(ex ± iey), we find that Gx = Gy = 0 and

G ≡ Gz
RR = −Gz

LL = 1
S

[
cG0 + 1

2GTIδ(t − tn)+ 1
2GTIδ(t − tn − τ)

]
, (A6)
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where τ = dTI/c. The expression for G0 is related to
the Faraday rotation angle per unit length θF,0 as G0 =
θF,0ξ/(4

√
ε) with ξ a dimensionless constant [54]. Here,

note that the dimension of G is [time]−1 [54] and therefore
we have explicitly written down the time dependence in the
topological contribution [the last two terms in Eq. (A6)],
which originates from the δ function in Eq. (A5) with
the replacement rz → ct. This replacement becomes valid
when Eq. (A6) is integrated over time, as we do in the main
text.

As shown in Fig. 3 in the main text, the ground-state
magnetization direction is tilted from the z axis with the

angle θ . Thus, Ŝz is represented in terms of the small devia-
tion of uniformly precessing spins in the ferromagnetic res-
onance state, δm⊥, as Ŝz = δm⊥ sin θ ≈ √

S/2 sin θ(m̂ +
m̂†). Also, in such cases where b̂ and b̂† represent itinerant
photons (denoted by the subscript “in”) as in the main text,
the interaction Hamiltonian needs to be integrated over the
interaction time. (This can be checked by the fact that the
operators b̂in and b̂†

in have the dimension of [time]−1/2.)
Finally, we arrive at the light-magnon interaction for the
NL-layer topological insulator heterostructure:

Hint = � sin θ√
2S

NL∑
i=1

∫ ti+τ

ti
dt

[
cG0 + 1

2GTIδ(t − ti)+ 1
2GTIδ(t − ti − τ)

] (
m̂i + m̂†

i

) (
b̂†

Rb̂R − b̂†
Lb̂L

)
, (A7)

which is equivalent to Eq. (11) in the main text (apart from
the numerical factor that can be absorbed by a redefinition
of the coupling strengths).

APPENDIX B: MAGNETIZATION DYNAMICS OF
THE FERROMAGNETIC INSULATOR LAYER

In this Appendix, we show that the effective spin model
is derived by integrating out the electronic degree of free-
dom in the surface Dirac Hamiltonian coupled to the
FI layer via the exchange interaction. To this end, we
start with the surface-state Hamiltonian of the TI layer
exchange coupled to the FI layer, which is given by H =∑

k ψ
†
kH(k)ψk with

H(k) = �vF(kxσx + kyσy)+ J m · σ
≡ �vF(kxσx + kyσy)+	σz +

∑
α

Jαδmασα , (B1)

where vF is the Fermi velocity, σi are the Pauli matri-
ces describing electrons’ spin on the TI surface, J is
the strength of the exchange coupling, and m = m0 + δm
(with m0 the ground-state direction) is the magnetization
density vector of the FI layer. The effective action for the
FI layer can be derived by integrating out the electronic
degree of freedom:

Z =
∫

D[ψ , ψ̄] eiS

≡ eiSeff[δm] = exp

[
Tr

(
ln G−1

0

) −
∞∑

n=1

1
n

Tr (−G0V)n
]

,

(B2)

where G0(k, iωn) = [iωn − H(k)− μF]−1 is the unper-
turbed Green’s function and V = ∑

α Jαδmασα is a per-
turbation. At the one-loop level and in the low-frequency
limit [49], the effective action for δm is written in terms of
the static susceptibility χαβ(q, 0) as

Seff[δm] = 1
2

iTr (G0V)2

= 1
2

∑
q

∑
α,β

JαJβδmα(q)χαβ(q, 0)δmβ(−q),

(B3)

which takes the form of the exchange interaction and the
easy-axis anisotropy when the chemical potential μF lies
in the mass gap of the surface Dirac fermions, i.e., μF <

|	|, while it takes the form of the Dzyaloshinskii-Moriya
interaction when μF > |	| [49]. This indicates that the
magnetization dynamics of the FI layer is modified by the
presence of the TI surface state, depending on the value of
the chemical potential.

APPENDIX C: TOPOLOGICAL FARADAY
EFFECT IN TOPOLOGICAL INSULATOR THIN

FILMS

In this Appendix, following Refs. [32,34], we derive an
analytical expression for the Faraday rotation angle in a
single TI surface. Then, using the obtained expression, we
show the input light frequency dependence and chemical
potential dependence of the topological Faraday rotation
angle in a TI thin film.
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1. Analytical expression for the Faraday rotation angle

We consider the electronic response of the TI surface
state, which is described by the effective Hamiltonian of
the form,

H(k) = �vF(kxσx + kyσy)+	σz, (C1)

where vF is the Fermi velocity, σi are the Pauli matrices
describing electrons’ spin on the TI surface, and 	 is the
mass gap induced by the exchange coupling between the
proximitized ferromagnetic moments. The optical conduc-
tivity of the system described by Eq. (C1) can be obtained
by solving a quantum kinetic equation [32]. In the fol-
lowing, the conductivities are given in units of e2/� =
cα, where we set c = 1. The longitudinal conductivity
σxx(�0) = σR

xx(�0)+ iσ I
xx(�0) and the transverse conduc-

tivity σxy(�0) = σR
xy(�0)+ iσ I

xy(�0) at the frequency �0
of the incident electric field (i.e., light) are written explic-
itly as [32]

σR
xx(�0) = μ2

F −	2

4μF
δ(�0) θ (μF −	)

+
[(

	

2�0

)2

+ 1
16

]
θ [�0 − 2 max(μF,	)] ,

(C2)

σ I
xx(�0) = 1

4π
μ2

F −	2

μF�0
θ (μF −	)

+ 1
16π

[
4
(
	

�0

)2

+ 1

]
F(�0)

− 1
4π

	2

�0

(
1
εc

− 1
max(μF,	)

)
, (C3)

and

σR
xy(�0) = − 	

4π�0
F(�0), (C4)

σ I
xy(�0) = 	

4�0
θ [�0 − 2 max(μF,	)] , (C5)

where

F(�0) = ln
∣∣∣∣�0 + 2εc

�0 − 2εc

∣∣∣∣ − ln
∣∣∣∣�0 + 2 max(μF,	)
�0 − 2 max(μF,	)

∣∣∣∣ ,

(C6)

εc is the cutoff energy of the surface Dirac bands
±

√
�2v2

F(k2
x + k2

y )+	2 which is given typically by the
half of the TI bulk band gap, and we have considered the
case of μF > 0 and 	 > 0 without loss of generality.

In what follows, we derive an analytical expression for
the Faraday rotation angle at a single interface. Suppose
that an electromagnetic wave is propagating along the
z direction from medium i to medium j with dielectric
constant εi and εj and magnetic permeability μi and μj ,
respectively. The boundary conditions for the electric and
magnetic fields are [34]

Ei = Ej and − iτy(Bj − Bi) = μ0Js, (C7)

where the first equation follows from the continuity of the
electric field by Faraday’s law and the second equation fol-
lows from Ampère’s law integrated over the z direction∫

dz ∇ × B = ∫
dzμ0j. τy is the y component of the Pauli

matrices. Here, we have assumed that the bulk of the media
is insulating, i.e., the electric current Js = σEi flows only
at the boundary. Note also that Ez = Bz = 0 because we
are considering an transverse wave.

Let E0, Er, and Et be incident, reflected, and transmit-
ted electric fields, respectively. Then, the electric fields in
media i and j are given by

Ei = eikizEti + e−ikizEri,

Ej = eikj zEtj .
(C8)

At the boundary, the incoming fileds [ Eti Erj ]T and the out-
going fields [ Eri Etj ]T are related by the scattering matrix
S = [

r t′
t r′

]
with r =

[
rxx rxy

−rxy ryy

]
and t =

[
txx txy

−txy tyy

]
(and sim-

ilarly for r′ and t′) [34]. We therefore have

[
Eri

Etj

]
=

[
r t′
t r′

] [
E0

0

]
=

[
rE0

tE0

]
. (C9)

The explicit forms of r and t can be obtained by solving
the boundary condition Eq. (C7) with the use of Faraday’s
law, i.e., ∇ × E = −(1/c)∂B/∂t, in media i and j .

The Faraday rotation angle is calculated from the argu-
ments of the transmitted electric field (in medium j ):

φF(�0) = [
arg(Et

+)− arg(Et
−)

]
/2, (C10)

where Et
± = Et

x ± iEt
y are the left-handed (+) and right-

handed (−) circularly polarized components of the trans-
mitted electric field Et. The explicit forms of the arguments
arg(Et

±) are given by
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(a) (b)

(r
ad
)

(r
ad
)

FIG. 6. (a) The input light frequency �0 dependence and (b) the chemical potential μF dependence of the Faraday rotation angle φF
in the thin-film regime. We set εc = 150 meV and 	 = 15 meV. In (a),(b), we also set μ/	 = 0.5 and �0/εc = 0.05, respectively.

arg(Et
±) = tan−1

[
4πασ I

xx(�0)± 4πασR
xy(�0)√

εi/μi + √
εj /μj + 4πασR

xx(�0)− 4πασ I
xy(�0)

]
. (C11)

By substituting Eqs. (C3) and (C5) into Eq. (C11), we can
obtain numerically the value of the Faraday rotation angle
φF(�0) at the light frequency �0 in a single TI surface.

2. Faraday rotation angle in the thin-film regime

Here, we calculate the Faraday rotation angle in a TI thin
film. In the thin-film regime where dTI � λ = 2πc/�0,
the thickness of the TI thin film can be neglected. In other
words, we may regard the system as a 2D system con-
sisting only of the top and bottom surfaces. Then, we can
simply set

√
εi/μi = √

εj /μj → 1, as well as σxx(�0) →
2σxx(�0) and σxy(�0) → 2σxy(�0), which accounts for the
contributions from both the top and bottom surfaces.

Figure 6(a) shows the input light frequency �0 depen-
dence of the Faraday rotation angle φF, which reproduces
the result in Ref. [32]. The value of φF in the low-
frequency limit �0/εc � 1 is almost universal such that
φF = tan−1[α(1 −	/εc)] � tan−1 α. Figure 6(b) shows
the chemical potential μF dependence of φF. The value of
φF is constant as long as the chemical potential is in the sur-
face gap (i.e.,μ/	 < 1), reflecting the constant anomalous
Hall conductivity σR

xy = (α/4π)(1 −	/εc) in the topolog-
ical transport regime. On the other hand, we can see that
the value of φF begins to decrease as the carrier density,
i.e., the value of μ/	(> 1), becomes larger.

APPENDIX D: TRANSDUCTION EFFICIENCY IN
THE HETEROSTRUCTURES CONSISTING OF

MAGNETICALLY DOPED TOPOLOGICAL
INSULATORS AND NONMAGNETIC

INSULATORS

In this Appendix, we estimate the transduction
efficiency in the heterostructures consisting of magnetically

doped TIs (MTIs) and nonmagnetic insulators [see
Fig. 2(a)]. To this end, let us characterize the spin density
of the MTIs such as Xx(Bi1−ySby)2−xTe3 (X = Cr or V) by
the ratio to that of YIG,

ns,MTI/ns,YIG, (D1)

where ns,YIG = 2.1 × 1019μB mm−3 (which is used in the
main text). We assume that ns,MTI/ns,YIG < 1, because the
composition ratio of the magnetic dopant is small like
Cr0.15(Bi0.15Sb0.85)1.85Te3 and V0.15(Bi0.2Sb0.8)1.85Te3 [39,
41]. We also characterize the decay rate of the magnons in
the ferromagnetic resonance state of TMIs by the ratio to
that of YIG,

γMTI/γYIG, (D2)

where γYIG/2π = 1 MHz (which is used in the main text).
We assume that γMTI/γYIG > 1, because uniform mag-
netic doping is quite difficult, resulting in “dirty” magnetic
properties compared to those of YIG.

Figure 7 shows the transduction efficiency η of a het-
erostructure consisting of magnetically doped topological
insulators (MTIs) and nonmagnetic insulators as functions
of the spin density ns,MTI and the magnon decay rate γMTI.
In order to calculate the transduction efficiency, we can
simply replace the FI layers and TI layers in the main
text by the MTI layers and nonmagnetic insulator lay-
ers, respectively. We see that the transduction efficiency
gets improved as the spin density becomes low, which
can be understood from the relation η ∼ φ2

F/Ns ∼ 1/Ns
with Ns = ns,MTIVMTI because of the topological Fara-
day effect φF ≈ φF,TI = 1/137 (i.e., the contribution from
the bulk of the MTI layers to the Faraday rotation angle
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FIG. 7. Transduction efficiency of a heterostructure consist-
ing of magnetically doped topological insulators (MTIs) and
nonmagnetic insulators as functions of the spin density ns,MTI
and the magnon decay rate γMTI of MTIs. We set NL = 30 and
dMTI = 5 nm. The other parameters are the same as in Fig. 4 of
the main text. The value at ns,MTI/ns,YIG = γMTI/γYIG = 1, high-
lighted by the filled yellow circle, corresponds to the value in
Fig. 4 (the �0 → 0 limit of the blue line) of the main text.

can be neglected in the thin-film limit). Interestingly, the
transduction efficiency converges in the low spin-density
limit ns,MTI/ns,YIG → 0. This can be understood from that
the Ns dependences of C ∝ Ns and ζ ∝ 1/Ns are canceled
out by each other and C → 0 in the limit of Ns → 0 in
Eq. (6) of the main text. On the other hand, the transduction
efficiency is an decreasing function of γMTI. This can be
understood from that the transduction efficiency behaves
like η ∼ 1/γ 2

MTI in Eq. (6). To summarize these results, it
is useful to realize “clean” MTIs with low spin density and
with low magnon decay rate.
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