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Acoustic orbital angular momentum (OAM) beams hold potential for underwater communications, par-
ticle manipulation, and biomedical applications. However, adapting air-based OAM technologies to the
underwater environment presents unique challenges. In the underwater environment, the medium can-
not be considered acoustically soft, and commonly used ultrasound frequencies have shorter wavelengths
compared with air, necessitating new design approaches. Conventional underwater ultrasonic lens design
methods often rely on simplified models that neglect nonlocal interactions and diffraction within the struc-
ture, therefore leading to suboptimal performance. We introduce a novel nonlocal inverse design method
by integrating the full-wave models with the nondominated sorting genetic algorithm II (NSGA-II). This
approach diverges from conventional phase-based design by optimizing the physical structure of the lens
to account for nonlocal interactions within the material. We experimentally demonstrate the performance
when generating high-purity OAM beams underwater. Our experimental results show that this method can
generate high-purity OAM beams underwater, achieving over 90% purity for the OAM beams of topolog-
ical charges from m = 1 to m = 4. This is a significant improvement compared with traditional methods,
which typically reach 70–89% purity. These findings highlight the practical applicability of our method
for nonlocally designing the ultrasonic lens, paving the way for advancements in beam performance for
various applications.
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I. INTRODUCTION

Acoustic orbital angular momentum (OAM) is a rapidly
developing field in acoustics with many potential appli-
cations, such as high-capacity wireless communication
[1–3], precise manipulation of minute particles [4,5], and
enhanced medical imaging techniques [6]. OAM beams
possess unique helical wave fronts and a property called
orthogonality. This allows them to carry separate data
streams without interference, a concept known as OAM
multiplexing [7,8]. This capability is promising for envi-
ronments where traditional methods are less effective
[9–11], such as underwater communication. Electromag-
netic waves weaken rapidly underwater, making long-
distance transmission impractical. In addition, acoustic
waves experience less dissipation underwater compared
with electromagnetic waves, making them suitable for
long-range communication. The use of high-purity OAM
beams in underwater acoustics holds particular promise
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for boosting communication speeds [12]. This is especially
crucial for applications like underwater sensor networks,
autonomous underwater vehicles, and marine research,
all of which heavily rely on robust and high-capacity
communication.

Beyond communication, OAM beams offer exciting
possibilities for manipulating particles within a fluid,
expanding the scope of traditional acoustic applications
[13–15]. This targeted manipulation is crucial in sce-
narios such as drug delivery and microscale assembly,
where precise control over minute particles is essential.
The underwater environment shares many similarities with
the human body, making these advancements relevant
for biomedical applications. For example, incorporating
OAM beams into medical ultrasound could lead to more
targeted and efficient drug delivery systems, as well as
improved imaging techniques [6,16–18]. In these contexts,
precise manipulation of OAM can significantly enhance
the effectiveness of treatments and diagnostics compared
with traditional methods.

The potential benefits of OAM technology are par-
ticularly notable for underwater applications. How-
ever, effectively deploying OAM underwater hinges on
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generating high-purity beams. While OAM has seen suc-
cess for airborne sound [19,20], adapting it to underwater
ultrasound presents significant challenges. The distinct
acoustic properties of water and ultrasound, including
higher velocities, impedances, and shorter wavelengths,
make traditional air-based methods like phased arrays and
metasurfaces less effective underwater [21]. Phased array
systems, for example, become considerably more com-
plex when adapted for high-frequency underwater appli-
cations. Similarly, metasurfaces [22] cannot be directly
applied underwater due to the need to address acoustic-
solid coupling and internal wave diffraction, which are
critical underwater but negligible in air [23–25]. In addi-
tion, the high precision required for manufacturing under-
water ultrasound devices adds complexity when produc-
ing these intricate structures. These limitations highlight
the difficulty of directly translating air-based OAM mod-
els underwater, which necessitates cost-effective, easily
manufacturable solutions that offer robust capabilities for
manipulating acoustic fields underwater.

In this context, treating the generation of OAM as a spe-
cific pattern to be achieved through acoustic holographic
lenses [26] presents a promising solution. Such underwater
ultrasonic lenses offer a promising alternative for precisely
manipulating ultrasound fields underwater. These lenses
achieve the desired phase changes in the transmitted beam
by modulating their thickness, allowing enhanced con-
trol over the acoustic field, and fostering the development
of advanced applications. However, conventional design
models for these lenses typically rely on oversimplified
one-dimensional waveguide models, as shown in Fig. 1(c),
which fails to capture the nonlocal interactions [23,27]
and diffraction phenomena that occur within the actual
lens structure. This limitation undermines their effective-
ness in practical underwater applications, particularly for
OAM beams where uniform radiation is crucial. Tradi-
tionally, these lenses are designed based on theoretical
phase requirements without considering the practicalities
of implementation. This would lead to suboptimal perfor-
mance. In practical applications, the fabricated structure
is what truly matters. Oversimplified models that do not
account for the actual geometry and physical interactions
within the lens can significantly reduce the purity of the
generated beams, thereby limiting their functionality and
potential applications.

To address these limitations, the design process needs
to shift from idealized phase design to focus on struc-
ture design. This new design process should accurately
reflect real-world conditions to achieve optimal perfor-
mance. Moreover, this shift also requires a transition from
a direct design methodology based on theoretical formulas
to an inverse design methodology [28–31]. Direct design
methods are limited in accounting for structural complex-
ities, while inverse design approaches excel in solving
complex problems where the relationship between design

parameters and desired outcomes lacks well-defined rela-
tionships. Inverse design methods have been widely used
across various engineering fields to solve previously
intractable problems [27,32].

This study introduces a novel nonlocal inverse design
methodology that aims to achieve the actual structure con-
figuration by constructing the full-wave models, which
account for the intricate interaction and wave diffraction
within the structure and the background medium. By refin-
ing radiation control through comprehensive structural
optimization, this method improves the quality of OAM
beams generated underwater. This transition from simplis-
tic phase models to detailed structural optimizations not
only improves beam purity but also broadens the prac-
tical applicability of OAM technologies in challenging
underwater environments. Our approach utilizes the non-
dominated sorting genetic algorithm II (NSGA-II) [33] in
conjunction with full-wave models to optimize the design
of ultrasonic lenses. By introducing both the coefficient of
variation (C) and signal-to-noise ratio (SNR) as key perfor-
mance metrics, we demonstrate that the inverse-designed
OAM beams exhibit superior uniformity and minimal
crosstalk. Experimental results show that the purity of non-
locally designed OAM beams achieves over 90% across
all tested beam orders. This is a significant improvement
compared with the 70–89% purity achieved with tradi-
tional methods. This enhancement observed in experimen-
tal validations underscores the practical applicability and
effectiveness of our methodology in real-world scenarios.
This comprehensive optimization framework establishes a
new standard for designing and deploying OAM technolo-
gies, paving the way for advanced acoustic applications in
underwater environments.

II. METHOD

A. Nonlocal inverse design methodology

Figure 1(a) showcases a schematic diagram of the
nonlocal inverse design methodology. Unlike traditional
methods that focus on achieving a desired phase profile,
our approach directly optimizes the physical structure of
the ultrasonic lens. Traditionally, the ideal phase profile
required for an underwater OAM beam was directly cal-
culated from formulas, and then an ultrasonic lens was
designed to approximate this phase profile as closely as
possible. As illustrated in Fig. 1(c), this approach relies on
oversimplified models that assume a direct link between
thickness and phase. However, these models fail to cap-
ture the intricate interactions and how ultrasound waves
diffract within the actual lens structure. These limitations
often lead to suboptimal performance because the fabri-
cated lens deviates from the theoretical model, introducing
significant errors that degrade beam quality in practical
applications. On the contrary, our nonlocal inverse design
method overcomes this issue. By integrating full-wave
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(a)

(b)

(c)

(d)

FIG. 1. Nonlocal design of the ultrasonic lens for generating high-quality OAM beam underwater. (a) A schematic diagram of
the nonlocal inverse design methodology that directly integrates the structural configurations into the optimization process. (b) A
diagram of the inverse-designed ultrasonic lens producing high-quality and focused OAM beams, which is the output result of (a).
(c) A comparison that highlights the limitations of conventional designs based on one-dimensional waveguide models, in contrast to
the full-wave model that accounts for the nonlocal interaction and wave diffraction within the structure. (d) Comparisons of the lens
structure designed with traditional and our methods, along with their resulting ultrasound field distributions.

models, we can account for these complex interactions and
diffraction phenomena, ensuring that the designed ultra-
sonic lens performs effectively underwater. The resulting
inverse-designed lens structure, as shown in Fig. 1(b), is
optimized to generate high-purity OAM beams, which is
evident by its superior beam profile compared with the
traditional design [Fig. 1(d)].

B. Initialization

To expedite convergence in the inverse design process,
we initialize the lens structure using the traditional direct
design method rather than random configurations. The
OAM beam has a helical phase profile associated with the

azimuthal angle ϕ. To generate a vortex beam of topologi-
cal order m at a distance F, the theoretical phase profile on
the emitting plane is determined by the following formula:

ϕOAM(x, y, z = 0) = k
√

x2 + y2 + F2 + mϕ, (1)

where k is the wave number in free space and
ϕ = Arg(x + iy) is the azimuthal angle in a polar coordi-
nate system.

The simplified waveguide model assumes that the local
phase change �ϕ(x, y) is linearly determined by the thick-
ness T (x, y) of the lens [Fig. 1(c)], as described by the
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formula [26]:

�ϕ(x, y) = T(x, y)(kh − km), (2)

where kh and km represent the ultrasound wave numbers
in the ultrasonic lens and background medium, respec-
tively. This initial thickness profile T(x, y) is fed into our
nonlocal inverse optimization process. To simulate how
ultrasound waves propagate through the ultrasonic lens,
we utilize the finite-difference time-domain (FDTD) cal-
culation. This calculation is particularly efficient when
combined with angular spectrum methods. We perform
these simulations using K-WAVE software [34,35], which
allows for detailed modeling of ultrasound wave behavior
in complex materials. The time-domain simulations run for
a duration sufficient to reach a steady state, ensuring accu-
rate results. Finally, we extract the amplitude and phase
information of the ultrasound field from the last few cycles
of the time signal.

C. Quality evaluation of the OAM beams

After forward-propagation calculations yield the acous-
tic field distribution at the target plane, we proceed with
a comprehensive quality evaluation based on two key
metrics: coefficient of variation (C) and signal-to-noise
ratio (SNR). These metrics are essential for evaluating
the performance and applicability of the beams in dif-
ferent contexts, such as particle manipulation and data
communication underwater.

C is defined as the ratio of the standard deviation (σ )
to the mean value (µ) of the acoustic pressure, which
measures the uniformity of the field, as described by the
following:

σ =
√

1
2π

∫ 2π

0
(|p(rmax, ϕ)| − μ)2dϕ, (3)

μ = 1
2π

∫ 2π

0
|p(rmax, ϕ)|2dϕ, (4)

C = σ/μ. (5)

Here, rmax denotes the radius with the maximum ultra-
sound intensity. The SNR quantifies the purity of the OAM
beam by comparing the power in the desired m mode
to the power in the other l �= m modes. This is calcu-
lated by transforming the ultrasound field into the angular
spectrum. The angular spectrum A(r, l) is determined by
[36]

1
2π

∫ 2π

0
eilϕeil′ϕdϕ =

{
1, l = l′
0, l �= l′ , (6)

A(r, l) =
∫ 2π

0
p(r, ϕ)e−ilϕdϕ. (7)

The SNR is then calculated as

SNR =
∫ rmax

0 |A(r, m)|2rdr
∑

l�=m

∫ rmax
0 |A(r, l)|2rdr

. (8)

A lower C value indicates a more uniform field distribu-
tion, and a higher SNR shows lower crosstalk between
different OAM modes, reflecting higher purity and effec-
tiveness of the beam.

Both C and SNR are crucial for achieving high-quality
OAM beams. Focusing on only one metric can lead to
suboptimal results, such as nonconvergence or entrapment
in local minima [37]. Therefore, we use a multiobjective
optimization strategy. This approach balances these param-
eters, ensuring robust and efficient OAM beam generation
suitable for various applications.

D. Global optimization algorithm and integration with
a full-wave model

To address the multiobjective optimization require-
ments, we employ the nondominated sorting genetic
algorithm II (NSGA-II). NSGA-II is a well-established
method for finding the optimal solution to complex opti-
mization problems with multiple competing objectives. It
works by creating a pool of potential lens designs and itera-
tively refining them. By sorting the population of potential
solutions into nondominated fronts and maintaining diver-
sity in the population through a crowding distance mech-
anism, this method explores all possibilities and prevents
being stuck on suboptimal solutions.

Designing these lenses is inherently complex due to
their three-dimensional structures and nonlocal interac-
tions. To address this, we integrate NSGA-II with full-
wave models. The process begins with an initial lens
design based on a traditional direct design method. We use
FDTD simulations to predict ultrasound wave propagation
through the lens, taking into account five constraints: (i)
the ultrasound frequency is set at 500 kHz, (ii) the spatial
resolution of the lens is 1 mm due to the precision of 3D
printing technology, (iii) the computational grid is set at
0.25 mm with remeshing to match the lens and computa-
tional grids, (iv) the lens thickness is constrained between
0.25 mm and 8.75 mm, allowing for a 2π -phase change
while ensuring manufacturability, and (v) the optimization
loop runs for a fixed number of 1,000 iterations, balancing
computational efficiency and quality results. Graphics pro-
cessing unit (GPU) acceleration is employed to parallelly
calculate the ultrasound propagation within the structure,
and the angular spectrum method is used when calculat-
ing the field outside the structure in free space. Following
the full-wave simulation, NSGA-II iteratively optimizes
the structure parameters. Each new lens design undergoes
full-wave simulation to evaluate the resulting OAM beam
quality based on C and SNR values.
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E. Optimization loop

1. Initialization. The process begins with an initial
lens structure designed using traditional methods. This ini-
tial design is then used to create the starting population by
adding random thickness distributions.

2. Simulating sound waves. FDTD simulations pre-
dict the propagation of ultrasound waves through the initial
design, resulting in the acoustic field distribution at the
focal plane. Constraints include an ultrasound frequency of
500 kHz, lens spatial resolution of 1 mm, and a computa-
tional grid of 0.25 mm. The GPU acceleration and angular
spectrum methods are employed.

3. Evaluating beam quality. The uniformity (C) and
purity (SNR) of the ultrasound beam are assessed. C mea-
sures the uniformity of the acoustic field, while SNR
quantifies the purity of the OAM beam by comparing the
desired mode’s power to the power in other modes.

4. Optimizing with NSGA-II. Genetic operators,
including mutation and crossover, are applied to mod-
ify the lens structure based on the evaluation results.
The lens thickness is constrained between 0.25 mm and
8.75 mm to allow for a 2π -phase change while ensuring
manufacturability.

5. Repeating the process. Steps 2–4 are repeated for
1,000 iterations, ensuring the highest quality OAM beam
with the best possible C and SNR values.

By combining the power of FDTD simulations, which
can accurately predict sound wave behavior, with the opti-
mization capabilities of NSGA-II, we can design and refine
complex lens structures for optimal acoustic performance.
This combined approach overcomes the limitations of tra-
ditional methods that fail to consider the crucial factors of
how ultrasound nonlocally interacts with the lens material
and background medium. This innovative methodology
allows for a more precise and effective design process,

ultimately resulting in higher-quality OAM beams that are
better suited for real-world underwater applications.

III. RESULTS

To verify the effectiveness of our nonlocal inverse
design method in addressing practical challenges, we con-
ducted experiments at 500 kHz using an ultrasound source
(piezoelectric transducer) with a diameter of 38 mm. We
first measured the ultrasound field without a lens to set
the incident boundary condition for our inverse design
process. We used a photosensitive resin (mass density
1.180 g/cm3; and sound speed 2250 m/s) to fabricate
the ultrasonic lenses. These material properties are cru-
cial for accurately simulating the nonlocal interaction and
were incorporated into our design process. We compared
the performances of the traditional direct and our inverse
design methods by designing the ultrasonic lenses to gen-
erate the OAM beams from m = 1 to m = 4. We focused
these beams on a specific plane at a distance of 40 mm
away from the lens along the vertical axis. As shown in
Fig. 2, the final lens structures generated by the direct and
inverse design methods are illustrated.

The experimental setup is illustrated in Fig. 3. We
ensured precise alignment by carefully mounting the lens
onto the transducer using a clamp. We also applied vacuum
silicone grease between the ultrasonic lens and the trans-
ducer to create a tight seal and prevent air gaps that might
disrupt ultrasound transmission. The ultrasound pressure
distributions at the focus plane were meticulously recorded
using a hydrophone (Precision Acoustic, NH0500, 0.5 mm
in diameter). This hydrophone was maneuvered by a 3D
scanning stage with 1-mm spacing between each point.
The temporal signals captured by the hydrophone were
analyzed with a Fourier transform to extract the amplitude
and phase information of the ultrasound wave. This setup

FIG. 2. Thickness profiles of the lenses designed with the direct and nonlocal inverse design methods.
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(a) (b) FIG. 3. Schematic of under-
water ultrasound field scanning
system. (a) A piezoelectric trans-
ducer and an ultrasonic lens are
used to generate OAM beams.
A hydrophone is mounted on a
3D scanning stage to measure the
ultrasound pressure distribution.
(b) Photographs of ultrasonic
vortex lenses (m = 4) designed
with direct and nonlocal inverse
methods.

allowed for precise measurements and analysis of the lens
performance in generating OAM beams.

Figure 4 visually compares the performance of lenses
designed with a traditional direct and our inverse design

methods for different OAM beams. This figure shows
the ultrasound field on the focal plane, highlighting the
clear improvement achieved with our nonlocal design
method.

(a) (b)

(c) (d)

FIG. 4. Comparison of the
ultrasound OAM beams generated
with the direct and nonlocal
inverse design methods in both
simulations and experiments.
(a)–(d) OAM beams with the
topological order m from 1 to 4.
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The direct design method employs formulas to program
the desired wave front onto the ultrasonic lenses. However,
this method ignores the actual structure of the lens, lead-
ing to nonuniform intensity across the beam. The resulting
ring-shaped intensity patterns resemble fragmented rings
with extreme pressure peaks at regular intervals corre-
lated with the OAM beam order. This critical issue arises
because the actual thickness of the lens cannot perfectly
match the ideal phase profile required for uniform rings.
This mismatch causes errors in ultrasound radiation, result-
ing in the cyclical appearance of extreme values. These
findings clearly demonstrate that the uneven beam patterns
stem from inherent limitations in the lens structure.

In contrast, our nonlocal inverse design method employs
full-wave models to directly optimize the lens structure
itself, rather than the ideal phase profile. This approach
considers the nonlocal complex interactions between

different parts of the lens structure, which are critical for
OAM beam performance. By targeting the optimization
of structural configurations as the primary object, this
method significantly reduces radiation errors caused by
inherent structural design factors. This results in beams
with highly uniform intensity distributions, which are char-
acterized by smoother transitions and fewer fluctuations
in the ultrasound field distribution. The enhanced unifor-
mity achieved with our method is not just theoretical. It has
practical implications for applications that rely on precise
control of ultrasound waves, such as particle manipulation
underwater.

Figure 5 compares the OAM spectra for both direct
and inverse designs, which are obtained from simulations
and experimental results. These spectra are derived by
decomposing the ultrasound field into constituent OAM
components using Eq. (7). Each graph represents a specific

(a) (b)

(c) (d)

Direct design Inverse design Direct design Inverse design

Direct design Inverse design Direct design Inverse design

FIG. 5. Comparison of the OAM spectra generated with the direct and nonlocal inverse design methods from both simulations and
experiments. (a)–(d) OAM beams with the order m being 1 to 4. The horizontal axis is the radial distance from the beam center, the
vertical axis is the OAM order, and the color indicates the strength of specific OAM components.

024070-7



ZHANG, DAI, JIANG, and TA PHYS. REV. APPLIED 22, 024070 (2024)

OAM beam order (m from 1 to 4). The horizontal axis rep-
resents the radial distance from the beam center and the
vertical axis shows the OAM order. The color indicates
the strength of a specific OAM component. Ideally, each
graph should show a single dominant peak at the intended
OAM order and low intensity for all the other orders; this
indicates a pure beam. The direct design method results in
significant crosstalk between OAM components within the
beam. This is evident in the multiple intensity peaks and
broader spectrum distribution. We also see strong inter-
ference from a zeroth-order component, especially in the
beam center. These features highlight the limitations of the
traditional direct approach.

In comparison, our nonlocal inverse design produces
OAM beams with significantly reduced crosstalk. The
desired OAM component is dominant in each graph, with
less interference from other orders. The intensity distribu-
tion is more concentrated around the intended OAM order,
indicating higher fidelity and purity. This improvement is
particularly evident for higher-order OAM beams.

Figure 6 quantitatively compares the purity of OAM
beams generated by both traditional direct and our inverse
design methods using data from simulations and experi-
ments. The vertical axis represents the OAM beam purity
and the horizontal axis shows the OAM beam order. Beam
purity refers to the percentage of energy carried by the
desired OAM component compared with the total energy
in the beam. A higher purity indicates a cleaner beam with
less interference from undesired components.

The direct design method (blue crosses) results in lower
OAM purity across all beam orders. The purity typically
ranges between 70% and 89%, indicating a significant
portion of energy in undesired components. This is partic-
ularly evident at higher-order OAM beams, where purity

drops further, which highlights the limitations of the tradi-
tional approach in controlling unwanted energy within the
beam. In contrast, our inverse design method (red circles)
achieves significantly higher purity, exceeding 90% for all
OAM beam orders in both simulations and experiments.
This high purity is maintained even for higher-order OAM
beams, demonstrating the robustness of our inverse design
approach in minimizing crosstalk and ensuring the desired
OAM component dominates the beam. Compared with
the direct method, this nonlocal design approach improves
purity by up to 20%. This substantial enhancement signi-
fies the superior performance of our inverse design method
in generating cleaner beams with less interference. The
consistency between simulation and experimental results
further validates the effectiveness and practical applicabil-
ity of our nonlocal inverse design methodology.

We further explore the robustness of our inverse design
method under occlusion conditions and its capability to
construct a composite OAM beam, which is difficult to
address with conventional design methods. Figures 7(a)
and 7(b) illustrate the influence of a π /6 occlusion on
the radiation plane for generating OAM beams with
m = 2. The direct design method shows significant degra-
dation, introducing obvious unwanted OAM components.
In contrast, the inverse design method optimizes the lens
structure to mitigate the effects of occlusion, overcoming
constraints and achieving superior performance. In addi-
tion, the construction of composite OAM beams holds
valuable potential for acoustic manipulation and communi-
cation. As demonstrated in Figs. 7(c) and 7(d), the inverse
design method effectively constructs a composite OAM
beam with m = 1 and m = 4. The resulting spectrum is
notably purer, exhibiting minimal mode crosstalk. In addi-
tion, the design achieves equal intensity for both m = 1 and

(a) (b)

Direct design
Inverse design

Direct design
Inverse design

FIG. 6. Comparison of the purity of the OAM beams generated with the direct and our nonlocal inverse design methods from both
the (a) simulations and (b) experiments.
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(a) (c)

(b) (d)

Direct design Inverse design Direct design Inverse design

O
rd

er

FIG. 7. Comparison of the ultrasound OAM beams generated with the direct and nonlocal inverse design methods under occlusion
and composite beam construction. (a) Ultrasound field distributions and (b) corresponding OAM spectra for an OAM beam with topo-
logical charge m = 2, subjected to a π /6 occlusion; inset displays the thickness profiles of the lenses. (c) Ultrasound field distribution
and (d) corresponding OAM spectra for a composite OAM beam with m = 1 and m = 4.

m = 4 components, highlighting the method’s precision
and versatility.

The integration of a full-wave model with inverse design
addresses the limitations of the traditional local design
method, enabling the generation of high-purity OAM
beams underwater. The inverse design method not only
enhances purity but also introduces new possibilities for
OAM construction, such as composite beams and main-
taining purity under occlusion. These are challenges that
conventional methods struggle to resolve. This is crucial
for applications requiring a clear distinction between dif-
ferent OAM modes, such as underwater communication
systems or detecting objects rotating underwater [38]. By
concentrating energy in the desired mode, the nonlocal
inverse design method reduces interference and enhances
signal clarity, leading to more reliable and efficient opera-
tion in these applications.

IV. DISCUSSION

In conclusion, our nonlocal inverse design method
represents a significant advancement in generating high-
quality ultrasound OAM beams underwater by incorporat-
ing full-wave simulations throughout the inverse design
process. This approach overcomes the limitations of tra-
ditional methods and leads to superior performance in
both fundamental research and practical applications. The
improvement in OAM purity, with values consistently
exceeding 90%, ensures minimal crosstalk between differ-
ent modes, which is critical for underwater communication

systems where high channel capacity and signal clarity
are essential. In addition, the reduced crosstalk results in
more reliable and efficient communication channels, which
are essential for underwater sensor networks, autonomous
underwater vehicles, and marine research.

The integration of full-wave models in the inverse
design process could extend the applicability of OAM
beams to more challenging environments, such as adapting
to the density and sound speed variations of oceanic con-
ditions and incorporating the complex environment of the
human body into the lens design. This approach promises
reliable communication and particle manipulation in deep-
sea exploration and medical ultrasound applications. Our
nonlocal inverse design method is not limited to generating
high-purity OAM beams; it also enables the construc-
tion of complex sound fields, advancing various fields.
For example, it can create multiple focal points within
the body, enabling applications such as wireless charg-
ing of implanted medical devices with focused sound
waves and precise neural modulation for targeted stimu-
lation of specific areas of the nervous system. The effi-
ciency of our method is enhanced by leveraging GPU
acceleration to handle the computational complexity of
full-wave simulations, balancing computational demands
with high accuracy. The robustness of our method paves
the way for new applications by enabling complex sound
field constructions. Our comprehensive framework, built
on full-wave simulations and accelerated through parallel
computing, can be further enhanced by integrating deep
learning algorithms. By enabling rapid predictions and
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adjustments to various acoustic environments and require-
ments, deep learning can significantly streamline the
optimization workflow [39,40]. This advancement would
further solidify the practical applicability of our method in
diverse real-world scenarios. Overall, our nonlocal inverse
design method not only sets a new benchmark for gen-
erating high-purity OAM beams but also opens up new
possibilities for various advanced acoustic technologies.
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