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Measuring the temperature of a quantum system is an essential task in almost all aspects of quantum
technologies. Theoretically, an optimal strategy for thermometry often requires measuring energy, which
demands full accessibility over the entire system as well as a complex entangled measurement basis. In this
paper, we take a different approach and show that single-qubit sequential measurements in the computa-
tional basis not only allow for precise thermometry of a many-body system, but may also achieve precision
beyond the thermometry capacity of the probe at equilibrium, given by the Cramér-Rao bound. Thus, using
consecutive single-qubit measurements of the probe out of equilibrium is, in most cases, very beneficial,
as it achieves lower-temperature uncertainties and avoids demanding energy measurements when com-
pared with probes at thermal equilibrium. To obtain such precision, the time between the two subsequent
measurements should be smaller than the thermalization time so that the probe never thermalizes. There-
fore, the nonequilibrium dynamics of the system continuously imprint information about temperature in
the state of the probe. To demonstrate the generality of our findings, we consider thermometry in both spin
chains and the Jaynes-Cummings model.
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I. INTRODUCTION

The estimation of temperature, known as thermom-
etry [1,2], holds relevance across all branches of nat-
ural sciences [3–8]. To date, its significance becomes
increasingly apparent in numerous physical applications,
particularly those demanding low-energy excitations
within cryogenic environments. Indeed, bringing the sys-
tem to ultracold temperatures allows us to observe quan-
tum effects or execute precise processing tasks [9]. Hence,
a precise thermometry scheme is crucial for determining,
for instance, the impact of quantum features in the pres-
ence of thermal fluctuations [10,11]. So far, thermometry
has been explored in several contexts such as nonlinear
optomechanics [12,13], single-particle systems [14–16],
solid-state impurity systems [17,18], topological spinless
fermions [19], few-fermion thermometry [20], establishing
general bounds for optimal nonequilibrium thermome-
try [21], probe optimization [22–24], global thermometry
[25,26], in coupled harmonic oscillators [27], collisional
models [28], thermodynamic length [29], critical quantum
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thermometry [18,30,31], thermometry enhanced by coher-
ence [32], and ultimate thermometry bounds for arbitrary
interactions and measurement schemes [33].

Conventional thermometry relies on the zeroth law of
thermodynamics [14], which implies that a probe reaches
an equilibrium Gibbs state ρ(T) = exp{−H/(kBT)}/Z due
to interaction with a thermal reservoir at temperature T.
Here, H is the Hamiltonian of the probe, kB is the Boltz-
mann constant (hereafter taken as kB = 1), and Z is the
partition function. For any given probe, the best temper-
ature estimation can be obtained by energy measurement,
namely, H being the observable to be measured [34,35].
Such measurement yields the ultimate thermometry preci-
sion var[T̂] ≥ T4/[M (�H)2], where M is the number of
measurements, (�H)2 is the energy fluctuations [1,2,34],
and var[T̂] is the variance of the temperature estimator
T̂ (here, assumed to be unbiased). Estimator T̂ maps the
measured data into parameter space [36]. In this context,
studies on optimal thermometry strategies with coarse-
grained measurements have been pursued [16,37] and even
beyond standard open-system weak-coupling assumptions
[38]. One may focus on finding the optimal probe by
engineering Hamiltonian H . Such optimization for a local
estimation scheme, where prior information about the tem-
perature is available, results in an effective two-level sys-
tem with a maximally degenerate excited state [22]. In the
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absence of prior information, i.e., global sensing, the opti-
mal probe becomes more complex and extra energy levels
are also required [25]. From a practical point of view,
the fact that conventional optimal thermometry requires
energy measurement makes it very challenging as such
actions often require (i) full accessibility over the entire
system and (ii) a complex entangled measurement basis. In
specific situations, like ferromagnetic states, this approach
is not necessary. However, our focus is on more general
states. To overcome these challenging requirements, we
investigate a metrology scheme applied to thermometry by
exploiting sequences of local quantum measurements on
the probe at consecutive time intervals [15,39,40].

Quantum measurement and its subsequent wave-
function collapse can be used as means for induc-
ing nonequilibrium dynamics in a many-body system
at equilibrium [41–53]. Consecutive local measurements,
each separated by a period of nonequilibrium dynam-
ics, provide information about the underlying many-body
system that can be used for sensing purposes [15,39,40,54–
65]. In a thermometry context, several open questions
may arise. Can one achieve precise thermometry through
local measurements? If so, can such measurements sur-
pass the precision of conventional optimal thermometry,
through exploiting nonequilibrium dynamics? Indeed, a
natural question is whether by repeating enough mea-
surements one can reach thermometry precision beyond
the generally complex energy measurement in equilibrium
probes.

In this work, we estimate the temperature of both a
many-body and a light-matter probe. A sequence of con-
secutive measurements, each followed by a period of
nonequilibrium dynamics, is used for estimating the tem-
perature of the system. Three different cases have been
studied, namely, weak, strong, and intermediate thermal-
ization regimes. In the intermediate regime, the thermal-
ization rate partially imprints the temperature into the
quantum state between consecutive measurements. Con-
sequently, our sequential measurement strategy, in most
cases, surpasses the conventional optimal thermometry
approach, which measures the entire thermalized probe
in the energy basis. We support our claims by analyz-
ing several figures of merit, including bare thermometric
sensitivities, scaled thermometry sensitivity per measure-
ment, asymptotic thermometry behavior in the limit of
large measurement sequences, as well as the signal-to-
noise ratio. To demonstrate the performance of our probe,
we have investigated thermometry in both spin chains and
the Jaynes-Cummings model.

The rest of the paper is organized as follows. In Sec. II,
we introduce the figures of merit for quantum parameter
estimation. In Sec. III, we introduce the model of the quan-
tum probes and their open dynamics between the probe and
the bath. In Sec. IV, we outline the procedure for sequen-
tial measurement sensing. In Sec. V, we study the weak,

intermediate, and strong thermalization regimes. Finally,
in Sec. VII, we conclude our work.

II. INFORMATION METRICS

The uncertainty in estimating an unknown parameter λ
encoded into a quantum state ρ(λ) satisfies the Cramér-
Rao inequality [66–70]

var[λ̂] ≥ 1
MF , (1)

where var[λ̂] is the variance of estimator λ̂ (here, assumed
to be unbiased). Estimator λ̂ assigns a value in the param-
eter space from the collected measured data [36]. Here M
denotes the number of measurement trials and F stands for
the classical Fisher information [71,72]:

F =
∑

j

1
pj (λ)

[
∂λpj (λ)

]2 . (2)

Here ∂λ := ∂/∂λ and the summation
∑

j runs over all j
countable measurement outcomes with associate probabil-
ity pj (λ) = Tr[ϒj ρ(λ)], where ϒj is a positive operator-
valued measure (POVM) with random outcome j. The
classical Fisher information has a well-defined operational
meaning, namely, for any fixed measurement basis, the
achievable uncertainty is at best lower bounded by the
right-hand side of the Cramér-Rao inequality in Eq. (1),
with the best scenario achievable if an optimal estimator is
employed. See Appendix B for a Bayes estimator.

In single-parameter sensing, the optimal measurement
that maximizes the classical Fisher information is termed
the quantum Fisher information, denoted Q = max{ϒj }[F ]
[36]. Hence, by definition, the Cramér-Rao inequality
updates to [36,73–76]

var[λ̂] ≥ 1
MF ≥ 1

MQ . (3)

The quantum Fisher information Q, as an optimization
procedure over all possible POVMs, can also be formu-
lated in terms of the symmetric logarithmic derivative
(SLD) self-adjoint operator L(λ) [36]. This SLD oper-
ator is a solution of the Lyapunov equation 2∂λρ(λ) =
{L(λ), ρ(λ)}, where {·, ·} denotes the anticommutator. In
general, it can be proven that the quantum Fisher informa-
tion can be computed as [36]

Q = Tr[ρ(λ)L(λ)2] = Tr[∂λρ(λ)L(λ)]. (4)

The quantum Fisher information has also a well-defined
operational meaning, namely, it represents the ultimate
sensing precision achievable to estimate the unknown
parameter λ encoded in the quantum probe ρ(λ). Note that
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to achieve the ultimate level of precision, one must calcu-
late the SLD L(λ) in Eq. (4). However, L(λ) depends on
the unknown parameter, and, consequently, the SLD poses
significant challenges in local estimation theory, requiring
substantial prior information about the unknown parame-
ter [68,77]. This constraint has been addressed in global
sensing scenarios [78–80], eliminating the need for prior
information about the parameter. Furthermore, even if the
optimal measurement is identified, through the eigenstates
of the SLD [36], it could be difficult in practice. Hence,
a more practical direction can be pursued by exploring
sensing with a readily accessible measurement basis.

III. THERMALIZATION PROCESS

To demonstrate that thermometry through local sequen-
tial measurements can, under certain conditions, sur-
pass thermometry with probes at thermal equilibrium, we
consider two distinct quantum probes following sequen-
tial measurement thermometry: the quantum many-body
Heisenberg probe and the light-matter Jaynes-Cummings
model.

(1) On the one hand, we consider a one-dimensional
many-body probe of N interacting spin-1/2 particles with
Heisenberg interaction. This is a paradigmatic model
in magnetism, explored in both ground-state [81] and
nonequilibrium dynamics [82–85]. The Hamiltonian, with
open boundary conditions, is

HHeis. = −J
N−1∑

j =1

σ j · σ j +1, (5)

where J is the exchange interaction between particles
and σ j is a vector composed of Pauli matrices σ j =
(σ

j
x , σ j

y , σ j
z ) at site j. Note that spin components obey

[σ n
α , σm

β ] = 2iδnmεαβθσ
j
θ , where (α,β, θ = x, y, z), δnm is

the Kronecker delta, and εαβθ is the Levi-Civita symbol.
Without loss of generality, we consider the ferromagnetic
scenario throughout our work, wherein J > 0. In this sce-
nario, the energy is minimized when the spins are parallel
to each other, with the triplet state favoured.

(2) On the other hand, we consider a single two-level
atom interacting with a single-mode quantized electro-
magnetic field via the Jaynes-Cummings Hamiltonian (in
Planck units)

HJC = ω0a†a + ω0
σz

2
+�(a†σ−+aσ+), (6)

where we have assumed a resonance frequency ω0 between
the two-level atom and the field, � is the light-matter
coupling strength, a (a†) is the annihilation (creation)
bosonic operator, and σ− = |g〉〈e| (σ+ = σ

†
−) is the low-

ering (raising) two-level atom operator with |e〉 and |g〉 the

excited and ground states of the two-level atom, respec-
tively. Moreover, we have performed the rotating-wave
approximation; namely, we have discarded fast oscillat-
ing terms in the Hamiltonian, which is an approximation
valid in the weak coupling regime � � 0.1ω0 [86]. The
Jaynes-Cummings Hamiltonian is a paradigmatic model
of light-matter interactions that can be exactly solved in
the polariton basis {|g, n + 1〉, |e, n〉}, where n is the field
number state a†a|n〉 = n|n〉.

To simulate the open dynamics between the quantum
probes and the bath, we consider a master equation in
the Born-Markov approximation as—later demonstrated
within this section—its steady state guarantees the true
probe’s thermalization [87–92], given by

ρ̇(t) = −i[HS, ρ(t)]

+
N∑

ν>0

κ(ν)

[
A(ν)ρ(t)A†(ν)− 1

2
{A†(ν)A(ν), ρ(t)}

]

+
N∑

ν>0

κ(−ν)
[
A†(ν)ρ(t)A(ν)− 1

2
{A(ν)A†(ν), ρ(t)}

]
.

(7)

In the above, for its derivation [87], it is considered the
usual treatment of having the Hamiltonian of the total
closed system as [93]

H = HS + HE + HS,E , (8)

where HS is the system’s Hamiltonian under study, HE is
the Hamiltonian of the environment, and HS,E is the Hamil-
tonian of the interaction between the system’s Hamiltonian
and the environment. The latter is taken to be of the form
HS,E = A ⊗ R, where A and R are self-adjoint operators
acting on the system and the reservoir Hilbert spaces,
respectively [87]. One can obtain

A(ν) =
∑

ε′−ε=ν
P(ε)AP(ε′), (9)

where P(ε) is the projector onto the eigenspace corre-
sponding to the eigenvalue ε of the system’s Hamiltonian,
and the sum runs over all the Bohr frequencies relative to
the system’s Hamiltonian [87]. Finally,

κ(−ν) = exp
(

− ν

T

)
κ(ν) (10)

is known as the Kubo-Martin-Schwinger (KMS) condi-
tion [87,88] that ensures that the steady state of the master
equation (7) corresponds to the Gibbs state. Note that κ(ν)
is generally computed as a function of the correlation func-
tion of the bath [88]. Here, however, we assume that κ(ν)
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is a free parameter defined by a constant value κ and thus
κ(−ν) = exp (−ν/T) κ .

Three approximations have been made to obtain the
above master equation: the Born approximation (assuming
weak system-reservoir interaction coupling), the Marko-
vian approximation (neglecting memory effects of the
reservoir on the system due to a coarse graining in time
of the system-reservoir dynamics), and the rotating-wave
approximation [87]. In particular, it is worth emphasizing
that the rotating-wave approximation is applicable in the
above open quantum dynamics when the maximum of the
rates κ(ν) is significantly smaller than the minimum differ-
ence between the Bohr frequencies relative to the system’s
Hamiltonian [87,93]:

κmax � �νmin. (11)

In what follows, we have carefully checked the above
approximations in our numerical simulations, specifically
Eq. (11), which can be numerically tractable for both
models.

On the one hand, we consider the Jaynes-Cummings
model to exchange excitations with the bath only through
the bosonic mode (i.e., we neglect losses in the two-level
system). In this manner, the system-reservoir Hamiltonian
interaction is

H (JC)
S,E = (a†+a)

∑

k

gk(bk + b†
k), (12)

where mode a interacts with an infinite number of reser-
voir modes bk with corresponding coupling strength gk.
Here, we identify AJC = A = (a† + a), and thus the mas-
ter equation for the Jaynes-Cummings model is the same
as that presented in Eq. (7), with quantum jump operator

[87–92]

AJC(ν = εm − εn) = A(ν = εm − εn)

= |εn〉〈εn|(a†+a)|εm〉〈εm|, (13)

where HJC|εl〉 = εl|εl〉 and ν = εm − εn > 0 is the Bohr
transition frequency from energy level εn to εm. This gives
rise to a closed form of the master equation found in
Ref. [87], where quantum jumps occur between the entire
energy ladder of the Jaynes-Cummings Hamiltonian. Note
that the open dynamics is valid for κmax � 2� (rotating-
wave approximation validity), since the typical evolution
timescale of the system is given by the inverse of the Rabi
frequency 2� [87].

On the other hand, we consider the Heisenberg model
exchanging excitations with the bath through local spin
relaxation (i.e., each qubit is individually coupled to a
common bath). Interestingly, the scenario involving two
coupled qubits interacting with common and separate baths
has been addressed in Ref. [89]. Motivated by the above
JC scenario of two coupled qubits in contact with a com-
mon bath, we consider a single-qubit dissipation of the
form

H (Heisenberg)
S,E = (σ++σ−)

∞∑

k=1

g̃k(b
†
k+bk) (14)

with g̃k the coupling strength between a single qubit
and the bath. Here, we identify AHeis. = A′ = (σ+ + σ−).
Hence, the quantum jump operator A′(η) can be written in
the form [87–89]

AHeis.(η = εm − εn) = A′(η = εm − εn)

= |εn〉〈εn|(σ++σ−)|εm〉〈εm|, (15)

where HHeis.|εl〉 = εl|εl〉 (l = 0, 1, . . . , 2N ) and η = εm − εn > 0 is the Bohr transition frequency from energy level εn to
εm. Therefore, we heuristically extend the losses across the whole spin chain following the master equation:

ρ̇(t) = −i[HHeis., ρ(t)] +
N∑

j =1
η>0

κ(η)

[
A′

j (η)ρ(t)A
′†
j (η)− 1

2
{A′†

j (η)A
′
j (η), ρ(t)}

]

+
N∑

j =1
η>0

κ(−η)
[

A′†
j (η)ρ(t)A

′
j (η)− 1

2
{A′

j (η)A
′†
j (η), ρ(t)}

]
(16)

with the index j running over all spin sites. Note that
Eq. (16) is not a rigorous mathematical derivation of
the quantum open dynamics of the Heisenberg probe. A
more rigorous Lindbladian might be constructed using the

procedure shown in Ref. [94] or by extending the results
derived for the coupled two-qubit case addressed in
Ref. [89]. However, it is a simple and intuitive exten-
sion meant to represent local spin losses in a system of N
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(a) (b)

rnd rnd

FIG. 1. (a) The fidelity F between the Gibbs state ρth and the
evolved state for the Heisenberg model as a function of time Jt.
We set κ = 0.5J , T = J , and the system size is fixed at N = 4.
(b) The fidelity F between the Gibbs state ρth and the evolved
state for the Jaynes-Cummings model as a function of time t. We
set κ = 0.05ω0, � = 0.1ω0, and T = ω0. Two initial states are
considered: a ground state and a random state for both figures.

interacting particles. Since the rigor of the master equation
lies beyond the scope of our work, we consider the above
master equation as it still ensures the Gibbs state as its
steady state.

To demonstrate that master equations (7) and (16)
effectively thermalize the system into the correct Gibbs
state, we evaluate the fidelity F [95] between the Gibbs
state ρth = e−H/T/Z and a state evolving under the open
dynamics. In Fig. 1(a), we plot the fidelity F between ρth
and |ψ〉 = | ↓〉⊗N and a randomly generated initial state
ρrnd (spanned in the computational basis) as a function of
time for the Heisenberg scenario. Without loss of gener-
ality, we consider κ = 0.5J , T = J , and the system size
N = 4. As the figure shows, the fidelity approaches unity
for both initial states; therefore, the open dynamics ther-
malizes into the correct Gibbs state of the system. In
Fig. 1(b), we plot the fidelity F between ρth and |ψ〉 =
| ↓, 0〉, and a randomly generated initial state ρrnd (spanned
in the polariton basis) as a function of time for the Jaynes-
Cummings scenario. As observed from the figure, the
system consistently reaches its steady state corresponding
to the correct Gibbs state. Note that the steady-state solu-
tion can also be verified directly in the Markovian master
equation. See Appendix A for details on the Heisenberg
probe case and Ref. [87] for the Jaynes-Cummings model.

With these settings, we identify three regimes of ther-
malization, namely, (i) the weak thermalization regime,
(ii) the intermediate thermalization regime, and (iii) the
strong thermalization regime. Each case will be addressed
using sequential measurement thermometry in the follow-
ing sections.

IV. SEQUENTIAL MEASUREMENT SENSING
PROTOCOL

The standard approach to estimating an unknown
parameter, such as temperature, involves conducting a sin-
gle measurement on each identical copy of the probe to

FIG. 2. Sketch of the sequential measurement metrology
adapted for thermometry purposes, in particular, for a quan-
tum many-body probe with exchange interaction J initialized
at thermal equilibrium with a bath at an unknown temperature
T. A finite number of local sequential measurements nseq is per-
formed on the probe, followed by the probe-bath open evolution,
collecting correlated measurement outcomes. Here, the single
quantum trajectory γγγ 1 collects five measurement outcomes γγγ 1 =
(0, 1, 1, 0, 1) corresponding to nseq = 5. After a certain number of
sequential measurements is performed on the probe, the system
is reset for a new quantum trajectory.

construct probability distributions. Once the probability
distributions are determined, one can evaluate the clas-
sical Fisher information, as shown in Eq. (2). Here, we
adopt a different sensing approach, where a sequence of
measurements is performed on the probe before restart-
ing the system for a new run of sequential measurements.
This sensing protocol collects correlated measurement out-
comes, which reduces the number of identical copies of
the probe (or the total protocol time) to achieve (or sur-
pass) the same level of sensing precision, thus using the
sensing resources significantly more efficiently [39,40].
Upon conducting a local measurement on the probe, the
quantum state of the entire system collapses, effectively
creating another probe that evolves during a successive
time interval. The steps of the sequential measurement
sensing procedure are as follows; see Fig. 2.

(i) A quantum probe evolves according to Eq. (16)
from ρ(j )(0) to ρ(j )(τj ).

(ii) At time τj , projective measurements {�γj } with ran-
dom outcome γj are performed on the probe, collapsing the
state into

ρ(j +1)(0) = �γj ρ
(j )(τj )�

†
γj

p(γj )
, (17)
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where

p(γj ) = Tr[�γj ρ
(j )(τj )�

†
γj

] (18)

is the probability associated with γj at step j .
(iii) The random outcome γj is recorded and the new

initial state ρ(j +1)(0) is replaced in (i).
(iv) The above steps are repeated until nseq measure-

ment outcomes are consecutively obtained.
(v) After gathering a data sequence of length nseq, i.e.,

γγγ (nseq) = (γ1, . . ., γnseq), the probe is reset to ρ(j )0 and the
process is repeated to generate a new trajectory.

The above steps show that one effectively deals with
different probes at each measurement step. Unlike stan-
dard sensing schemes [96–99], there is no requirement
for specific maximally entangled probes, the necessity for
exploiting quantum phase transitions, or quantum con-
trol. One recovers the standard sensing scheme by setting
nseq = 1.

In the context of the sequential measurement sensing
scenario, the relevant figure of merit is the classical Fisher
information that accounts for the total information content
provided by all possible quantum trajectories [40], namely,

F (n+1) = F (n) +�F (n+1), (19)

where F (n) is the classical Fisher information at measure-
ment step n, and �F (n+1) is the classical Fisher informa-
tion increment after an additional measurement has been
performed on the probe, that is,

�F (n+1) :=
∑

γγγ (n)

Pγγγ (n) f
γγγ (n) . (20)

Here,
∑

γγγ (n) runs over all possible quantum trajectories of

length n, f γγγ
(n)

is the classical Fisher information obtained
from the (n + 1)th sequential measurement probability dis-
tribution in a particular quantum trajectory of length n, i.e.,
γγγ (n), and

Pγγγ (n) =
n∏

j =1

p(γj ) (21)

is the conditional probability associated with the trajectory.
Note that while Eq. (19) is the exact classical Fisher infor-
mation for the sequential measurement sensing case, the
exponential growth in computing all probability distribu-
tions limits the exact evaluation to nseq ∼ 20. To explore
the sensing capabilities of the probe for large values of
nseq, we employ the Monte Carlo methodology devel-
oped in Ref. [40] to evaluate Eq. (19), where the most

likely probability distributions are naturally selected. This
approximation yields

�F (n) ∼ 1
μ

μ∑

j =1

F j ,(n), (22)

where F j ,(n) represents the classical Fisher information
obtained from p(γn) in Monte Carlo trajectory j at mea-
surement step n, and μ accounts for the total number of
Monte Carlo samples.

V. SEQUENTIAL MEASUREMENT
THERMOMETRY

The probe’s initialization, i.e., before any measurement
is performed on the probe, is adequately described by the
Gibbs state

ρ(T) = e−H/T

Z(T) , (23)

where H is the system Hamiltonian, T is the tempera-
ture to be estimated, and Z(T) = Tr[e−H/T] is the partition
function.

Note that it has been shown that the SLD for the probe at
thermal equilibrium in Eq. (23) is L = T−2(H − 〈H 〉) [2].
Therefore, the quantum Fisher information reduces to

Q = 1
T4 (�H)2, (24)

where (�H)2 = 〈H 2〉 − 〈H 〉2 is the energy fluctuations.
This relates directly to the heat capacity of the system,
denoted

CT := ∂T〈H 〉 = 1
T2 (�H)2. (25)

Consequently, it can also be demonstrated that the most
informative measurements regarding temperature T in
Eq. (23) are measurements in the energy basis that often
require full accessibility to the entire system [34]. How-
ever, from a practical standpoint, having access to the
whole system and energy measurements is not readily
available. Therefore, determining the thermometry capa-
bilities of a more minimalist approach, in which only
local measurements are performed on a single qubit in
the computational basis, is highly desirable. In what fol-
lows, we have all the ingredients to explore three relevant
regimes of thermalization between the probe and the bath
using a sequential measurement thermometry approach. In
addition, we put forward a fair comparison between the
sequential and optimal thermometry strategies using sev-
eral figures of merit, particularly the rescaled thermometry
sensitivity per measurement and the asymptotic behavior
of the sequential thermometry strategy.
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(a) (b)

FIG. 3. (a) The classical Fisher information F as a function of
the number of measured qubits Nm for various system sizes N for
a fixed temperature T = 0.2J . (b) The classical Fisher informa-
tion F as a function of temperature T when measuring half of the
system for various system sizes N .

A. Strong thermalization regime

Since the Heisenberg model allows us to derive analyti-
cal closed forms for the quantum Fisher information of the
first nontrivial case, we focus solely on investigating this
scenario. However, similar conclusions can be drawn from
the Jaynes-Cummings model (or any other probe) in sit-
uations of strong thermalization. Indeed, in this case, the
probe becomes strongly thermalized between consecutive
measurements. Thus, an approximation of the above is to
consider the quantum many-body probe at thermal equilib-
rium. Specifically, sequential measurement thermometry
with nseq = 1, as a subsequent measurement will be per-
formed on an identical copy of the probe due to its strong
thermalization with the bath.

In Fig. 3(a), we plot the classical Fisher information F
as a function of the number of adjacent measured qubits
Nm at fixed temperature T = 0.2J . The measurements are
performed in the computational basis. As shown in the
figure, the Fisher information F increases nonlinearly with
an increasing number of measured qubits. It is worth not-
ing that local measurement on a single qubit Nm = 1 gives
zero Fisher information. Therefore, there exists a neces-

sity to consider Nm > 1 for estimation purposes. The null
classical Fisher information is due to the symmetries of the
Heisenberg probe at thermal equilibrium. One can straight-
forwardly demonstrate that the reduced density matrix of a
single qubit is the identity, and thus there is no dependence
on the temperature whatsoever. This situation is differ-
ent from the later-discussed Jaynes-Cummings model at
thermal equilibrium, where the reduced density matrix of
the qubit does depend on the temperature. In Fig. 3(b),
we plot the classical Fisher information F as a function
of temperature T when measuring half of the system in
the computational basis. As the figure shows, the Fisher
information tends to vanish in two extreme cases: T → 0
and T → ∞, regardless of the system size. The value
remains significantly smaller compared to the scenario of
measuring more particles, as shown in Fig. 3(a).

To determine the ultimate sensing precision of the
probe, we evaluate the quantum Fisher information as [see
Eqs. (24) and (25)]

Q = 1
T2 CT = 1

T2 ∂T〈H 〉, (26)

where we have used the heat capacity shown in Eq. (25).
While obtaining general analytical results for 〈H 〉 and Q
for the Heisenberg spin chain at thermal equilibrium poses
challenges, it is possible to address the trivial case of N =
2 and the first nontrivial scenario of N = 3 (N = 4 is also
possible to obtain an analytical result, yet it is excessively
cumbersome to provide any useful insight):

〈H 〉 =

⎧
⎪⎪⎨

⎪⎪⎩

4J
3e4J/T + 1

− J for N = 2,

4J (1 − e6J/T)

e4J/T + 2e6J/T + 1
for N = 3,

and

Q =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

12J 2T−4
[

sinh
(

2J
T

)
+ 2 cosh

(
2J
T

)]−2

for N = 2,

8J 2e4J/T(9e2J/T + e6J/T + 2)
T4(e4J/T + 2e6J/T + 1)2

for N = 3.

Given that the behavior of Q remains universal regard-
less of the choice of N , the expressions presented
for N = 2 and N = 3 suffice to provide significant
insight.

In Fig. 4(a), the quantum Fisher information of the
Gibbs state in Eq. (23) is plotted as a function of the
temperature T for various system sizes N . As the figure
shows, the quantum Fisher information increases with

the system size N . This implies that the inherent nature
of the many-body probe enhances thermometric capabil-
ities. To understand the behavior of the quantum Fisher
information for the Heisenberg spin chain at thermal equi-
librium, one can examine the average energy as the sys-
tem size increases under two extreme temperature limits,
namely, T → 0 and T → ∞. The former case involves
the ground state of the system, resulting in an average
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(a) (b)

(c) (d)

FIG. 4. (a) Quantum Fisher information Q as a function of
temperature T for several system sizes N . (b) Quantum Fisher
information Q as a function of the system size N for several
temperatures T. (c) Classical Fisher information F as a func-
tion of temperature T for various system sizes N . (d) Classical
Fisher information F as a function of system size N for different
temperatures T.

energy of 〈H 〉 = −J (N − 1), while the latter scenario
yields an asymptotic value of 〈H 〉 → 0. The transition
between these two limits gives rise to an inflection point
and, consequently, to the peak observed in the quan-
tum Fisher information. As the average energy of the
ground state decreases with increasing system size N , the
rate for which the transition between these two extreme
cases occurs becomes more pronounced. Consequently,
the quantum Fisher information increases significantly, yet
maintaining the same behavior. Note that in these two lim-
its, T → 0 and T → ∞, the quantum Fisher information
becomes effectively independent of the unknown parame-
ter T (i.e., Q → 0). However, the quantum Fisher infor-
mation reaches its maximum at low-temperature values.
A temperature range highly relevant from a practical
perspective.

In Fig. 4(b), the quantum Fisher information is presented
as a function of the system size N for various temperature
values T. As evident from the figure, a fixed temperature T
leads to a consistent increase in the quantum Fisher infor-
mation, implying that spin chains with a larger number
of particles indeed contribute to enhanced thermometry.
Interestingly, the maximum quantum Fisher information
with respect to temperature, denoted Qmax = Q(T = T∗),
for a given N exhibits a clear nonlinear behavior as the
system size increases. This scenario is particularly valu-
able for local estimation theory, where significant prior
information with respect to the unknown parameter is
available.

To extract all the information content about the temper-
ature, one needs to perform measurements in the energy

basis of the entire spin chain, as defined in Eq. (23) [34].
However, gaining access to and resolving the complete
spectra of the Heisenberg spin chain is often infeasible.
Therefore, we evaluate the classical Fisher information
using a suboptimal yet accessible measurement basis:

�γγγ (N ) =
N⊗

j =1

Ij + (−1)γj σ j
z

2
, γj = 0 or 1. (27)

Using this measurement basis, it becomes straight-
forward to calculate all the probabilities associated
with measurement outcomes γγγ (N ) = (γ1, γ2, . . . , γN ) from
(01, 02, . . . , 0N ) to (11, 12, . . . , 1N ), and, subsequently,
determine the corresponding classical Fisher information.

In Fig. 4(c), the classical Fisher information is plot-
ted as a function of temperature T for various system
sizes N . As the figure shows, the advantages of utilizing a
Heisenberg many-body thermometry persist even with this
suboptimal measurement basis. In addition, the behavior of
the classical Fisher information mirrors that observed for
the quantum Fisher information, although with a reduced
factor of approximately 10.

In Fig. 4(d), we present the classical Fisher information
as a function of the system size N for various temperatures
T. Similar to the quantum Fisher information discussed
earlier, we denote by Fmax = F(T = T∗) the maximum
classical Fisher information with respect to the tempera-
ture for a given N . As observed in the figure, with the
suboptimal measurement basis considered in this context,
a distinct nonlinear increase occurs with the increase of the
system size.

As discussed above, the strong thermalization regime is
constrained to the probe’s heat capacity. In our case, the
heat capacity of the quantum many-body probe increases
with the system size, yet takes no advantage of the sequen-
tial measurement thermometry scheme as the probe in
between measurements is strongly thermalized once again
into a Gibbs state, thus corresponding to an effective copy
of the probe’s initial state.

B. Weak thermalization regime

For this regime of thermalization, one can approximate
the quantum probe to evolve in the limit of vanishingly
weak probe thermalization, namely, when the Gibbs state
evolves according to the unitary time operator U(τ ) =
e−iτH (in Planck units, � = 1) between consecutive mea-
surements.

For the Heisenberg many-body probe, without loss of
generality, we measure a local spin at site N via

�(N )
γj

= IN + (−1)γj σN
z

2
, γj = 0 or 1, (28)

undergoing a fixed evolution time J τ = N between con-
secutive measurements. The choice of the time scale J τ =
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N in between sequential measurements is considered only
to ensure that local correlations have enough time to spread
throughout the system.

In Fig. 5(a), we plot the classical Fisher information F
as a function of the number of sequential measurements
nseq for various system sizes N and a fixed temperature
T = 0.3J . As seen from the figure, a noticeable increase
in the classical Fisher information is evident for a small
number of sequences nseq ∼ 10. Subsequently, the classi-
cal Fisher information grows significantly slower as the
number of sequences increases, indicating that the infor-
mation gain with respect to temperature becomes weaker.
To understand this behavior, we calculate the von Neu-
mann entropy of the entire system, averaged over a total
of μ Monte Carlo trajectories, as

S = 1
μ

μ∑

j =1

Sj , (29)

where

Sj = −Tr
[
ρ
(nseq)
j log ρ(nseq)

j

]
(30)

is the von Neumann entropy computed for state ρ(nseq)
j ,

which is the density matrix for trajectory j where nseq mea-
surements have been performed on the probe. In Fig. 5(b),
we plot the averaged entropy S as a function of the num-
ber of sequences nseq for various system sizes N and the
given temperature T = 0.3J . As observed in the figure, the
averaged entropy decreases monotonically for all cases,
starting from a highly mixed state and converging towards
zero, indicating a pure state S = 0. Hence, the system
undergoes purification with each measurement performed
on the probe [100]. As the system size increases, the cost
of purifying the system also rises.

In the Jaynes-Cummings model, similar conclusions can
be drawn when the system undergoes sequential mea-
surements during unitary evolution. The sequential mea-
surement thermometry in this case will be carried out by
measuring the (qubit) two-level atom at regular times. In
Fig. 5(c), the classical Fisher information F is plotted
as a function of the number of sequential measurements
nseq for a fixed temperature T = 0.3ω0. The figure clearly
shows that the classical Fisher information saturates with
an increasing number of sequential measurements on the
Jaynes-Cummings probe. In Fig. 5(d), the average von
Neumann entropy is plotted against nseq for the same
temperature T = 0.3ω0. The figure shows that the sys-
tem quickly becomes pure, thus losing information con-
tent about the temperature that was originally encoded in
the Jaynes-Cummings quantum state. This behavior can
be understood by considering that the Jaynes-Cummings
dynamics are constrained to transitions within the polariton

(a) (b)

(c) (d)

FIG. 5. Heisenberg probe: (a) classical Fisher information F
as a function of nseq for various system sizes N and fixed T =
0.3J , (b) averaged von Neumann entropy S as a function of
nseq for different N and fixed T = 0.3J . We consider J τ = N .
Jaynes-Cummings probe: (c) classical Fisher information F as a
function of nseq at T = 0.3ω0, (d) averaged von Neumann entropy
S as a function of nseq for a given T = 0.3ω0. We consider
� = 0.1ω0 and ω0τ = 20.

basis {|g, n + 1〉, |e, n〉}. The evolution of the system (con-
sidered pure for the sake of explanatory simplicity) can
be described by a correlated state of the form |ψ(t)〉JC ∼
Ae(n)|e, n〉 + Ag(n)|g, n + 1〉, where Ae(n) and Ag(n) are
distributions dependent on the field number state n asso-
ciated with the excited and ground states, respectively. A
measurement on the two-level atom filters state |ψ(t)〉JC
into one of the distributions Ae(n) or Ag(n) [40]. Sub-
sequent cycles of unitary dynamics and measurements
further narrow the field distribution. Consequently, per-
forming additional sequential measurements on the probe
does not significantly improve the gain of information
regarding the temperature. In fact, with nseq  1, the
resulting state would be purified into a quantum state
spanned by only a few field excitations.

C. Intermediate thermalization regime

While previous thermalization regimes show some lim-
ited benefits, the question on quantum thermometry is
ultimately constrained due to the heat capacity of the
probe (strong thermalization regime) and the purification
of the probe (weak thermalization regime). Intuitively,
leaving the probe to compete between these two cases
might harness the sequential measurement thermometry
more efficiently, giving rise to surpassing the thermometry
achieved by energy measurements over the entire sys-
tem. To demonstrate the conditions under which sequential
thermometry surpasses optimal thermometry strategies, we
analyze various figures of merit. Specifically, we examine
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(a) (b)

FIG. 6. The Heisenberg probe case. (a) Classical Fisher infor-
mation F as a function of temperature T for various numbers
of sequential measurements nseq. For comparison, we also plot
the quantum Fisher information Q of the whole spin chain at
equilibrium as a function of temperature T. (b) Classical Fisher
information F per sequential measurement nseq as a function of
temperature T for several values of nseq. For comparison, we
show the quantum Fisher information Q divided by the system
size N (standard thermometry precision per site). Other values
are κ = 0.5J , N = 4, and J τ = N .

the rescaled thermometry information per measurement
and its behavior as the number of sequential measurements
increases.

Let us first consider the Heisenberg many-body probe.
In Fig. 6(a), we plot the classical Fisher information as a
function of temperature T for several numbers of sequen-
tial measurements nseq for a thermalization strength κ =
0.5J . We consider J τ = N as the time in between consec-
utive measurements, with N = 4. As seen from the figure,
with an increasing number of sequential measurements
nseq, the resulting Fisher information increases across all
the temperature points. Remarkably, the classical Fisher
information obtained through the sequential measurement
protocol highly exceeds the quantum Fisher information Q
achieved with equilibrium probes with just a few (nseq ∼ 8)
sequential measurements. This highlights the remarkable
power of sequential measurements in thermometry: with a
few undemanding measurements on the local spin, one can
achieve precision surpassing that of equilibrium probes,
which may require challenging energy measurements with
full probe accessibility.

One might argue that the increased number of sequen-
tial measurements is responsible for surpassing the ther-
mometry precision achieved by probes at equilibrium.
This argument is based on the fact that sequential mea-
surements involve measuring a single local spin multiple
times, whereas standard thermometry with probes at equi-
librium involves measuring the entire spin chain only
once. To address this concern, we consider the sensitiv-
ity per measurement. Specifically, we use F/nseq, which
is the classical Fisher information obtained from sequen-
tial measurements divided by the number of sequential
measurements. For comparison, we use Q/N , which is
the quantum Fisher information of the probe at equilib-
rium divided by the system size N (standard thermome-
try precision per site). This comparison provides a fairer

(a) (b)

FIG. 7. Asymptotic sensing behavior of the two models. (a)
Heisenberg probe: classical Fisher information per measure-
ment as a function of nseq for a given temperature. (b) Jaynes-
Cummings model: classical Fisher information as a function of
nseq for a given temperature.

assessment of the thermometry precision. In Fig. 6(b), we
plot the precision per measurement, F/nseq and Q/N , as
a function of the temperature T for several choices of nseq.
As seen from the figure, in this normalized scenario, the
conclusion holds: sequential measurement thermometry
surpasses the thermometry precision achieved by standard
thermometry with probes at equilibrium for some specific
temperatures and nseq. In particular, it can be observed
that, for nseq � 10, sequential measurement thermometry
outperforms the standard thermometry scheme for a wide
range of temperatures.

It has been previously reported that in the asymptotic
limit of sequential measurements nseq, the classical Fisher
information scales linearly with nseq [101]. Recently, a
transition from nonlinear to linear scaling behavior has
been explored via Monte Carlo analysis [40]. In the current
thermometry scenario, within the intermediate thermaliza-
tion regime, the probe dynamically encodes the unknown
temperature over time, making the question of asymp-
totic behavior particularly pertinent. In Fig. 7, we plot
the classical Fisher information per site as a function of
nseq for a given temperature, and we have also included
the quantum Fisher information per site for reference.
The latter accounts for the rescaled thermometry strategy
for a probe in thermal equilibrium. In Fig. 7(a), we con-
sider the Heisenberg probe for the case of nseq  1. As
the figure shows, as the probe is constantly thermalized
over time, one can still acquire some small information
with an extra sequential measurement. However, as the
number of sequential measurements becomes increasingly
large, such a gain in information becomes more and more
modest, as expected from the combination of the mixing
channel [101] and the probe’s loss of memory of earlier
states [40]. Similarly, in Fig. 7(b), we present the asymp-
totic sensing behavior for the Jaynes-Cummings model,
from which similar conclusions are drawn. Note that the
Jaynes-Cummings model involves a single qubit; there-
fore, no rescaling analysis is provided. Moreover, for the
parameters considered, the Jaynes-Cummings probe satu-
rates more quickly due to the previously discussed filtering
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(a) (b)

FIG. 8. Jaynes-Cummings probe: classical Fisher information
as a function of temperature T for several values of nseq with� =
0.1ω0 in panel (a) and � = 0.05ω0 in panel (b). The evolution
time between measurements is set to ω0τ = 20 and κ = 0.05ω0.

of the Fock distributions from consecutive qubit projec-
tions. Interestingly, Figs. 7(a) and 7(b) show that in the
large limit of sequential measurements, the thermometry
achieved by a sequential measurement strategy can sur-
pass the thermometry achieved with probes at thermal
equilibrium.

To further demonstrate the generality of the sequential
measurement thermometry scheme outperforming stan-
dard thermometry with probes at equilibrium, we consider
the Jaynes-Cummings model in the intermediate thermal-
ization regime. In Figs. 8(a) and 8(b), we plot the classical
Fisher information as a function of temperature T for
several values of nseq with � = 0.1ω0 in panel (a) and
� = 0.05ω0 in panel (b). For comparison, we also plot
the quantum Fisher information of the Jaynes-Cummings
probe at thermal equilibrium. As clearly shown in the
figure, for both light-matter coupling cases (� = 0.1ω0
and � = 0.05ω0), sequential measurement thermometry
outperforms most of the standard thermometry scenar-
ios with probes at equilibrium with as few as nseq � 8
sequential measurements.

The analysis so far, including a fairer comparison with
rescaled figures of merit, clearly demonstrates the benefit
of employing sequential thermometry strategies over opti-
mal strategies with probes at thermal equilibrium under

(a) (b)

FIG. 9. Heisenberg probe: (a) classical Fisher information F
as a function of nseq for different temperatures, (b) the number
of sequential measurements n∗

seq needed to exceed the quantum
Fisher information obtained by probes at equilibrium as a func-
tion of temperature T. The inset in (b) depicts the ratio F/Q
between the classical Fisher information F at the number of mea-
surements n∗

seq over the quantum Fisher information Q. Other
values are κ = 0.5J , N = 4, and J τ = N .

certain conditions. One clear aspect is the existence of
a specific number of sequential measurements, in the
intermediate thermalization regime, where the sequential
thermometry strategy proves to exhibit higher accuracy
compared to optimal thermometry strategies. To determine
the minimum number of sequential measurements n∗

seq
(for the Heisenberg probe) needed to surpass the optimal
thermometry precision achieved by probes at equilibrium,
in Fig. 9(a), we plot the classical Fisher information F
as a function of the number of sequential measurements
nseq at several temperatures. As shown in the figure, a
clear nonlinear behavior for a short number of sequential
measurements nseq is observed, while a linear trend with
respect to nseq is exhibited as nseq increases. Most notably,
in Fig. 9(b) we quantify the minimum number of sequential
measurements n∗

seq needed to surpass the optimal thermom-
etry precision achieved in energy measurements with full
accessibility. As seen from the figure, for the temperature
range 0.1J ≤ T ≤ 1.0J , the needed number of sequential
measurements n∗

seq increases (decreases) as the tempera-
ture decreases (increases). This can be understood as in the
limit towards T → 0, the Gibbs state will be an eigenstate
of the system, namely, the spins parallel to each other (the
triplet state).

To quantify the advantage of a probe subjected to
sequential measurement thermometry over a thermalized
probe with energy measurements, we consider the ratio
F/Q. Here, F represents the classical Fisher informa-
tion obtained with the minimum number of sequential
measurements n∗

seq required to exceed the quantum Fisher
information Q obtained from the equilibrium probe. In the
inset of Fig. 9(b), by performing n∗

seq sequential measure-
ments, one could surpass the quantum Fisher information
by about 20% for most of the temperatures shown in the
inset of Fig. 9(b).

VI. SIGNAL-TO-NOISE ANALYSIS

From an experimental standpoint, it is a well-known
fact that small signals are hard to detect. This is because,
in such scenarios, even a small uncertainty in estimating
the signal may result in large relative error. To quantify
this issue, one can use the signal-to-noise ratio, which is
defined as

Rλ = λ2

var[λ̂]
, (31)

where λ is the unknown parameter to be estimated and
var[λ̂] is the variance of λ̂ extracted from an unbiased esti-
mator. By using the Cramér-Rao inequality, see Eq. (1),
one readily obtains

Rλ ≤ Mλ2F . (32)
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(a) (b)

FIG. 10. Signal-to-noise ratio T2F as a function of temper-
ature T for several choices of sequential measurements nseq.
For comparison, we also include the signal-to-noise ratio for
the optimal thermometry strategy Q, which involves measuring
the entire probe in the energy basis. (a) Heisenberg probe, (b)
Jaynes-Cummings probe.

By setting M = 1, one can get the single-shot signal-to-
noise ratio as a figure of merit for quantifying the quality of
sensing. In the above, F is the classical Fisher information
with respect to λ. A good estimability of λ will give higher
values of Rλ, namely, λ2 > var[λ̂], for a given value of λ.
In Fig. 10, we plot the single-shot signal-to-noise ratio T2F
as a function of temperature T for several choices of nseq,
when the probe operates in the intermediate thermalization
regime. For comparison, we also include the signal-to-
noise ratio for the optimal thermometry strategy Q, which
involves measuring the entire probe in the energy basis. In
Fig. 10(a), we plot the signal-to-noise ratio for sequential
measurement thermometry using the Heisenberg probe.
The figure shows that the signal-to-noise ratio increases
with the number of sequential measurements nseq. Note
that this represents the signal-to-noise ratio for a single
measurement M = 1, with typical experimental values for
measuring a probe of the order of M ∼ 103. It is known
that a relationship between the confidence interval and
the number of total measurements M can be established
using the signal-to-noise ratio [36]. Hence, as shown in
Fig. 10(a), the performance of the estimability of T across
several values of T becomes higher as nseq increases. On
the other hand, as the temperature T decreases, estimating
the parameter becomes increasingly challenging. This is
because the heat capacity of the probe approaches zero as
T decreases. For completeness, in Fig. 10(b), we present
the signal-to-noise ratio for sequential measurement ther-
mometry using the Jaynes-Cummings probe, from which
similar conclusions can be drawn. Nonetheless, as shown
in the figure, the estimability performance is higher across
all values of T compared with the Heisenberg probe.

Note that our scheme is minimal, i.e., no optimization on
the scheme is performed. Improvement upon optimizing
our scheme using quantum control and feedback control
can improve the minimal nseq to surpass optimal thermom-
etry in the energy basis. Indeed, under certain conditions,
surpassing of the conventional optimal thermometry bound
via local undemanding measurements using sequential
measurement thermometry is the main result of our work.

VII. CONCLUSIONS

The estimation of temperature has primarily been
explored at equilibrium and within the conventional quan-
tum parameter estimation scheme, where a probe is reset
after each measurement. In this work, we introduce two
main differences: (i) we employ a sequential measurement
scheme in which the probe will effectively be different
after each measurement due to wave-function collapse,
and (ii) we exploit nonequilibrium dynamics to enhance
thermometry accuracy. We investigate a many-body probe
with Heisenberg interaction in three distinct thermalization
scenarios: strong, weak, and intermediate thermalization
regimes. Our results reveal that the interplay between
quantum state purification from consecutive measurements
and thermalization due to reservoir interaction leads to
higher thermometry precision as the number of sequen-
tial measurements increases. Our results in sequential
measurement thermometry show that, under certain con-
ditions, it can surpass the precision achieved by conven-
tional optimal thermometry. Since conventional thermom-
etry often requires energy measurements over the entire
system, using consecutive single-qubit measurements may
be highly beneficial in practice. This constitutes the main
result of our work. To support our claims, we investigate
several figures of merit, including thermometry uncer-
tainty bounds, rescaled thermometry information per mea-
surement, and thermometry precision limits for a large
number of sequential measurements. All of these met-
rics demonstrate that, under certain conditions, one can
indeed surpass the thermometry capacity of a probe at
thermal equilibrium. To further demonstrate the general-
ity of our findings, we also present a light-matter model
using the Jaynes-Cummings interaction, which also leads
to the same conclusions. Furthermore, our sequential mea-
surement thermometry operates under minimal control
constraints. Hence, by fine-tuning parameters such as the
evolution time interval, it is feasible to further enhance the
protocol’s sensitivity.
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APPENDIX A: STEADY-STATE VERIFICATION

In this section, we show that the Gibbs state ρth =
e−HHeis./T/Z(T) is indeed the steady state of the Markovian
master equation. In particular, we consider the demonstra-
tion for the Heisenberg model; for the Jaynes-Cummings
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probe, we refer the reader to Ref. [87] for its verification.
We demonstrate that (see the main text for details)

0 = −i[HHeis., ρth]

+
N∑

j =1
η>0

κ(η)

[
A′

j (η)ρthA′†
j (η)− 1

2
{A′†

j (η)A
′
j (η), ρth}

]

+
N∑

j =1
η>0

κ(−η)
[

A′†
j (η)ρthA′

j (η)− 1
2
{A′

j (η)A
′†
j (η), ρth}

]
.

(A1)

Recall that the Gibbs state can be written as

ρth = 1
Z(T)

∑

n

e−εn/T |εn〉〈εn| , (A2)

where the εn are the eigenvalues and the |εn〉 are the eigen-
vectors of the Heisenberg Hamiltonian HHeis.. It is then
straightforward to show the first term on the right-hand
side of Eq. (A1) to be

−i[HHeis., ρth] = 0. (A3)

The dissipation terms, namely, the jump operators on the
right-hand side of Eq. (A1), are

A′
j (η = εm − εn) = |εn〉〈εn|(σ (j )+ + σ

(j )
− )|εm〉〈εm|

= 〈εn| σ (j )x |εm〉 |εn〉 〈εm|
= k(j )nm |εn〉 〈εm| , (A4)

A′†
j (η = εm − εn) = k(j )mn |εm〉 〈εn| , (A5)

where the superscript (j ) in σ (j )+ + σ
(j )
− denotes the j th spin, and we have defined k(j )nm := 〈εn| σ (j )x |εm〉 for simplicity. For

a specific Bohr transition η and spin site j , the second and third terms on the right-hand side of Eq. (A1) read

κ(η)
[
A′

j (η)ρ(t)A
′†
j (η)− 1

2 {A′†
j (η)A

′
j (η), ρ(t)}

] + κ(−η)[A′†
j (η)ρ(t)A

′
j (η)− 1

2 {A′
j (η)A

′†
j (η), ρ(t)}

]

= κ(η)k(j )mnk(j )nm

[ |εn〉 〈εm| ρth |εm〉 〈εn| − 1
2 (|εm〉 〈εm| ρth + ρth |εm〉 〈εm|)]

+ κ(−η)k(j )nmk(j )mn

[ |εm〉 〈εn| ρth |εn〉 〈εm| − 1
2 (|εn〉 〈εn| ρth + ρth |εn〉 〈εn|)

]
. (A6)

One can readily calculate the expressions

|εn〉 〈εm| ρth |εm〉 〈εn| = 1
Z(T)e

−εm/T |εn〉 〈εn| ,

|εm〉 〈εn| ρth |εn〉 〈εm| = 1
Z(T)e

−εn/T |εm〉 〈εm| ,

ρth |εn〉 〈εn| = |εn〉 〈εn| ρth = 1
Z(T)e

−εn/T |εn〉 〈εn| .

By substituting the above expressions into Eq. (A6), we
get

k(j )nmk(j )mnκ(η)
e−εm/T

Z(T) [|εn〉 〈εn| − |εm〉 〈εm|]

+ k(j )nmk(j )mnκ(−η)
e−εn/T

Z(T) [|εm〉 〈εm| − |εn〉 〈εn|]. (A7)

Now, we impose the KMS condition [87,88], namely,

κ(−η) = exp
(
εn − εm

T

)
κ(η). (A8)

By substituting the above KMS condition into Eq. (A7),
the expression becomes zero. Therefore, the thermal state

ρth = e−HHeis./T/Z(T) is indeed the steady state of the
considered master equation, as required.

APPENDIX B: TEMPERATURE ESTIMATION
WITH THE HEISENBERG PROBE

The classical Fisher information determines the sensi-
tivity of an unknown parameter, such as temperature, for a
specific POVM. Thus, it represents the bound achievable
for a particular measurement basis. However, this bound
does not, in actuality, provide the uncertainty of an esti-
mated value. To complete the estimation procedure, it is
necessary to input the collected measurement data into an
estimator. This maps the collected data into the param-
eter space [36], providing the actual uncertainty of the
estimated value. To demonstrate the actual temperature
uncertainty of our sequential measurement thermometry
protocol, we use a Bayesian estimator that takes the (cor-
related) collected data from each quantum trajectory of
length nseq and provides an estimated temperature. The
Bayes’ rule is formulated as

P(T|���) = P(���|T)P(T)
P(���)

, (B1)
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where P(T|���), known as the posterior, is the conditional
probability for temperature T given a set of measurement
outcomes ���; P(T) represents the prior information about
the unknown temperature T—for the sake of simplicity,
we assume that the prior is uniformly distributed—P(���|T),
known as the likelihood, is the conditional probability
for the measurement outcomes ���, assuming the unknown
parameter T; and, finally, the denominator P(���) is a
normalization factor such that the posterior is a valid
probability distribution, namely,

∫
T′ P(T′|���)dT′ = 1.

In sequential measurement sensing, the observed data
of M trajectories are a collection of quantum trajectories
given by

��� = {γγγ 1,γγγ 2, . . . ,γγγM }, (B2)

where��� is an array of vector components γγγ k (representing
the kth quantum trajectory), each with nseq spin measure-
ment outcomes, and M is the number of times the probe
has been reset. The likelihood function then considers the
probable occurrence of each quantum trajectory in the M
resetting runs as [39]

P(�|T) = M !
k1! k2! · · · k2nseq !

2nseq∏

j =1

[p(γγγ j |T)]kj , (B3)

where p(γγγ j |T) is the conditional probability for quantum
trajectory γγγ j assuming T, k1, . . . , k2nseq represent the num-
ber of times that the sequence γγγ 1 = (01, 02, . . . , 0nseq) to
γγγ 2nseq = (11, 12, . . . , 1nseq) occurs in the entire sampling
data set M . Here, 0k and 1k are the σz eigenvalues for
the kth measurement instance. It is worth emphasizing
that p(γγγ j |T) requires classically simulating the probability
distributions for all possible sequences from γγγ 1 to γγγ 2nseq

over a relevant range of T. This might entail a significant
computational cost as nseq increases. We now present the
two representative thermometry scenarios addressed in our
work, namely, when the probe bath evolves within a van-
ishingly weak thermalization strength and when the probe
bath thermalizes with a finite strength.

Let us start the analysis for the vanishingly weak ther-
malization strength, i.e., the unitary dynamics limit. In
Fig. 11(a), we show the posterior as a function of tem-
perature T for several numbers of sequential measure-
ments nseq. Here, we assume that we want to estimate
the unknown (true) temperature of T = 0.3J , utilizing
M = 5000 quantum trajectories (i.e., the probe has been
reset M = 5000 times). As the figure indicates, the poste-
rior function tends to center around the true value. Most
notably, its spread (or variance of the estimated T̂, var[T̂])
becomes narrower, thus explicitly showing a reduction in
temperature uncertainty as nseq increases. In Fig. 11(b),
we compare the variance of the temperature var[T̂] and
the inverse of the classical Fisher information F−1 as

(a) (b)

FIG. 11. The unitary dynamics limit. (a) Posterior as a func-
tion of temperature T for different numbers of sequential mea-
surements nseq. (b) Comparison between the variance of the
temperature estimation var[T̂] and the inverse of the classical
Fisher information F−1 as a function of nseq. We aim to estimate
a true (unknown) temperature of T = 0.3J using a sampling of
M = 5000 quantum trajectories. The system size is set to N = 8.

a function of the number of sequential measurements
nseq. As seen from the figure, with increasing nseq, the
uncertainty of temperature reduces significantly, with the
saturation in agreement with the purification of the sys-
tem due to the consecutive measurements performed on
the probe [see the discussion in Sec. V B]. Remarkably,
with a finite number of samples M = 5000, the variance
and the inverse of the classical Fisher information almost
overlap, demonstrating both the saturation of the Cramér-
Rao inequality Mvar[T̂] ≈ F−1 and the efficiency of the
chosen Bayesian estimation in the presence of correlated
measurement outcomes.

In the case of open dynamics with finite thermaliza-
tion strength, we have demonstrated that the intermedi-
ate thermalization regime leads to enhanced thermometry
capabilities—see Sec. V C for details. To further illus-
trate temperature estimation using the Bayesian estimation
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FIG. 12. Open dynamics in the presence of finite probe-bath
thermalization strength. (a) Posterior as a function of tempera-
ture T for different numbers of sequential measurements nseq. (b)
Comparison between the variance of the temperature estimation
var[T̂] and the inverse of the classical Fisher information F−1

as a function of nseq. We aim to estimate a true (unknown) tem-
perature of T = 0.3J using a sample size of M = 500 quantum
trajectories. Note that in this scenario the posterior is narrower
than in the unitary dynamics case [see Fig. 11(a)], remarkably
achieved using a smaller number of quantum trajectory samples.
Other parameters are N = 4 and κ(ω) = κ = 0.5J .
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method, in Fig. 12(a), we show the posterior as a func-
tion of temperature T for various numbers of sequential
measurements nseq. Here, T = 0.3J represents the true
unknown temperature, and we consider M = 500 quantum
trajectories. As the figure illustrates, two important obser-
vations can be made from the posterior function: (i) the
posterior peaks at higher values, resulting in a significant
reduction in the uncertainty of the temperature; and (ii) this
reduction in uncertainty can be achieved with a lower num-
ber of quantum trajectories, specifically M = 500, which
is one order of magnitude less compared to the unitary
dynamics case with M = 5000. To explicitly observe such
a reduction in temperature uncertainty, in Fig. 12(b), we
compare the variance of the temperature estimation var[T]
with the inverse of the classical Fisher information F−1 as
functions of nseq. As seen from the figure, one achieves
Mvar[T] ≈ F−1 with significantly fewer required quan-
tum trajectories. This observation indicates that allowing
the system to thermalize in the intermediate thermaliza-
tion regime gives rise to an enhanced estimation of the
temperature.
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