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First-principles characterization of thermal conductivity in LaPOy4-based alloys
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Alloys based on lanthanum phosphate (LaPOy4) are often employed as thermal barrier coatings, due
to their low thermal conductivity and structural stability over a wide temperature range. To enhance the
thermal-insulation performance of these alloys, it is essential to comprehensively understand the funda-
mental physics governing their heat conduction. Here, we employ the Wigner formulation of thermal
transport in conjunction with first-principles calculations to elucidate how the interplay between anhar-
monicity and compositional disorder determines the thermal properties of La;_,Gd,PO, alloys, and
discuss the fundamental physics underlying the emergence and coexistence of particlelike and wavelike
heat-transport mechanisms. We also show how the Wigner transport equation correctly describes the ther-
modynamic limit of a compositionally disordered crystal, while the Boltzmann transport equation does not.
Our predictions for microscopic vibrational properties (temperature-dependent Raman spectrum) and for
macroscopic thermal conductivity are validated against experiments. Finally, we leverage these findings
to devise strategies to optimize the performance of thermal barrier coatings.
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I. INTRODUCTION

Improving the thrust and efficiency of airbreathing jet
engines requires increasing the temperature of the gas at
the entry of their turbine cascade (inlet temperature) [1].
Since the 1970s, significant research efforts have been
made to develop materials capable of operating at increas-
ingly higher temperatures, and current turbines employ
superalloy blades covered by thermal barrier coatings
(TBCs) [2-5]. TBCs are critical in determining the per-
formance and lifespan of turbines: they protect the blades
from thermal stresses, allowing operational temperatures
higher than the melting point of the superalloy. Thus,
one of the key objectives [6—8] in current research on
TBCs is to find materials with the lowest possible thermal
conductivity [1,2].

Hitherto, most of the progress on improving the thermal-
insulation performance of TBC materials has relied on
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experiments and trial-and-error efforts, which hinted that
the presence of compositional disorder in highly anhar-
monic materials can be beneficial for their thermal-
insulation performance [9,10]. However, a first-principles
understanding of the microscopic physics governing heat
conduction in these materials is missing, preventing their
systematic optimization. The absence of such under-
standing on how the interplay between anharmonicity
and compositional disorder affects the transport proper-
ties of the TBC can be traced back to limitations of
established first-principles approaches for thermal trans-
port in solids, namely, first-principles molecular dynamics
(FPMD) [11-16] and the linearized Boltzmann trans-
port equation (LBTE) for phonons [17-25]. Specifically,
despite recent advances [26,27], FPMD approaches still
have a high computational cost, which practically limits
their application to materials having nanometric disorder
length scale (simulation cells containing a few hundred
atoms). On the other hand, the LBTE accounts exclusively
for particlelike (intraband) heat transport mechanisms and
misses wavelike interband tunneling; thus, it is in principle
accurate only in weakly anharmonic crystals characterized
by well-separated phonon bands [28]. The LBTE with a
perturbative description of compositional (mass) disorder
[29] has been shown to successfully describe the thermal

Published by the American Physical Society
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properties of SiGe alloys [30], i.e., weakly anharmonic
materials in which low-frequency vibrational modes dom-
inate transport [31]. However, such a perturbative scheme
fails in strongly anharmonic systems where transport is not
dominated by low-frequency modes [32]. Thermal insula-
tors and alloys for TBCs [33,34] belong to this class; thus,
the effect of compositional disorder on the thermal con-
ductivity of these materials cannot be described using the
perturbative treatment within the LBTE.

These limitations can be overcome by relying on the
recently introduced Wigner transport equation (WTE)
[28]. Specifically, the WTE generalizes the LBTE by
accounting not only for the particlelike propagation of
populations of phonons, but also for wavelike tunneling
between vibrational eigenstates with an energy difference
smaller than their linewidths. The former transport mecha-
nism is commonly called “intraband,” or “band-diagonal”
transport; the latter is often referred to as “interband” trans-
port, originating from the band-off-diagonal elements of
the Wigner density matrix, also known as “coherences”
[33]. Accounting for both these transport mechanisms
allows one to unify under the same formal equation the
LBTE for weakly anharmonic crystals and the Allen-
Feldman equation for disordered solids [35], also covering
all the intermediate cases—such as alloys for TBC mate-
rials—in which anharmonicity [33,36—40] and disorder
[41-45] are both relevant.

Here, we combine first-principles calculations with the
Wigner formulation to unveil the microscopic heat conduc-
tion mechanisms in LaPOy4 [7,46—49], in its solid solutions
with GdPOy, and its composites with La,Zr,O;. These
materials are employed in TBCs [7,46—49] due to their
low thermal conductivity [46—49], high melting point [50],
chemical durability [51], structural stability [52], and large
thermal expansion coefficient [53] over a wide temperature
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where hw(q)y is the energy of the phonon having wave
vector  and mode index s, which carries the specific heat
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where N(q); = {exp[hw(q),/ksT]—1}"" is the Bose-
Einstein distribution at temperature 7, v*(q),y is the
velocity operator coupling eigenstates s and s” at the same
wave vector ( (o denotes a Cartesian direction) [33], NV, is
the number of q points entering in the q summation, and V
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range. After characterizing the properties of the heat car-
riers in LaPO,, we show that microscopic particlelike
and wavelike transport mechanisms emerge and coex-
ist in this material, and we discuss how they contribute
to the macroscopic thermal conductivity. Next, we ana-
lyze how atomic scale compositional disorder affects ther-
mal transport in La;_,Gd, PO, alloys, describing La-Gd
mass-substitutional disorder explicitly using models con-
taining up to 5184 atoms. Finally, we use the continuum
Maxwell model for the effective conductivity of compos-
ites [54,55] to discuss how thermal conductivity is affected
by compositional disorder at the micrometer scale, inves-
tigating composites containing micrometer-sized grains of
LayZr,O7 and LaPOy at different concentrations.

II. WIGNER FORMULATION FOR THERMAL
TRANSPORT

The WTE [28,33] describes thermal transport in solids
accounting for the interplay between structural disorder,
anharmonicity, and Bose-Einstein statistics of vibrations.
Such an equation provides a comprehensive approach
to thermal transport in solids, allowing one to describe
structurally ordered “simple crystals” with interband spac-
ings much larger than the linewidths [56,57], glasses
[43—45], as well as the intermediate regime of “com-
plex crystals” with interband spacings smaller than the
linewidths [33,36-38]. In the following, we summarize the
salient features of the WTE. For complex crystals having
ultralow thermal conductivity, the WTE can be accurately
solved using the single-mode relaxation-time approxima-
tion (SMRTA) [30,44,58], since in these cases the SMRTA
yields results practically indistinguishable from the exact
solution [28,33,37,38,44]. Within the SMRTA, the Wigner
conductivity expression assumes the compact form

[C(q)s + T'(q)y]/2
[@(q)s—w(q)y]*> + [T(@)s + T'(@)y1?/4°

(1

(

is the primitive-cell volume; finally, AI'(q); = Al (q)zmh +

AL (q)s™ + KT (q)™ is the total linewidth, determined by
anharmonicity [18,59] [AL'(q)2"], isotopic impurity disor-
der [29] [A"(q), "], and grain-boundary scattering [60,61]
[AL'(q)°]; see Appendix A for details. We stress that
the damping (linewidths) of phonons due to the presence
of isotopes is taken into account perturbatively using the
approach introduced by Tamura [29]. This model pre-
dicts the isotopic impurity linewidth to be proportional
to the variance of the distribution of the isotopic masses
[see Eq. (A3) in Appendix A]; we also note that, for the
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elements considered here (La, Gd, P, O), this variance
yields isotopic impurity linewidths negligible compared
to anharmonic linewidths (see Appendix E for details). In
contrast, the large mass disorder due to La— Gd substi-
tution in La;_,Gd,PO4 alloys will be taken into account
exactly using the Wigner formulation (more on this later),
since recent work [32] has shown that Tamura’s perturba-
tive treatment fails in systems where heat transport is not
dominated by low-frequency (acoustic) vibrations.

In crystals, it is useful to resolve the WTE conduc-
tivity (1) as the sum of two terms, k7 = xp + k¢ [33].
The term «p is referred to as “populations conductiv-
ity” [28,33] and is determined by the diagonal (s = s’) or
perfectly degenerate [s # s’ with w(q); = w(q)y] terms
in the summation in (1). Specifically, kp can be writ-
ten as k= 1/(VN) Y, Cloo(@)]v* (@)os AP (q);; this
expression shows that kp describes a heat-transport mech-
anism in which heat carriers transport the energy hw(q);,
and propagate particlelike with velocity v*(q),, over the
mean free path A?(q); = v#(q)ss[T'(q)s]~!, in analogy
with particles in a classical gas. In contrast, the nonde-
generate off-diagonal elements (referred to as “coherences”
[28,33]) do not have an absolute energy, but are charac-
terized by an energy difference hw(q); — hw(q)y; they
describe conduction through a wavelike tunneling mecha-
nism between pairs of phonon bands (a mechanism bearing
analogies to the electronic Zener interband tunneling [62]).
In Eq. (1), nondegenerate off-diagonal elements deter-
mine the coherences conductivity x¢ [28,33]. It has been
shown in Refs. [28,33,63] that in simple crystals particle-
like mechanisms dominate over the wavelike tunneling and
thus k, > k., while in complex crystals both these mecha-
nisms coexist and may have comparable strength, implying
that k, ~ k.. Finally, Refs. [44,45,64] have shown that in
strongly disordered oxide glasses k, < k..

ITI. RESULTS AND DISCUSSION

A. LaPQy: vibrational properties and Raman spectra

In order to elucidate the microscopic physics that gov-
erns thermal transport in LaPOg-based alloys, we start
by computing from first principles the microscopic vibra-
tional properties appearing in the thermal conductivity
expression (1) for the fundamental component LaPQOj.
Specifically, we employ density-functional theory (DFT)
to optimize the geometry (see Fig. 14 in Appendix F), to
compute the vibrational harmonic frequencies [65] (see
Appendix F, in particular the phonon dispersions are
shown in Fig. 15, and the phonon density of states is
shown in Fig. 16) and anharmonic third-order linewidths
[18,19,21] (see Fig. 10 in Appendix B). These quanti-
ties are calculated employing the standard perturbative
approach, where frequencies and velocity operators are
determined at the harmonic level and considered temper-
ature independent, and the anharmonic linewidths depend

on temperature through the Bose-Einstein distribution [see
Eq. (A1) in Appendix A]. In order to assess the accuracy of
this perturbative approach in describing the actual frequen-
cies and linewidths, we employ the theoretical frequencies
and linewidths to predict the temperature dependence of
the experimentally measurable nonresonant Raman spec-
tra [68],

(Fs + 1—‘ins)/z
w — a)s)2 + (T + Fins)2/4’

I, T) le(n( 3)

where I;(7) is the Raman intensity of the phonon mode
s computed within the Placzek approximation and using
the powder average formula [Eq. (5) in Ref. [69]], includ-
ing the laser-frequency factor at experimental conditions;
ws and T’y are the bare phonon frequencies and total
linewidths at q = 0. The linewidths are the full width at
half maximum, related to the lifetime as 7, = [I",]~!, and
are determined by both anharmonicity (I'*™") and isotopic
impurity disorder (I'y'"), i.e., [y = [y + '™ respec-
tively. Finally, I'j,s = 2 cm ™! accounts for the instrumental
broadening [70] affecting the experiments [66,67] with
which we compare our calculations. In this approach the
temperature dependence of the Raman spectra originates
from the Bose-Einstein occupation numbers appearing in
the intensity /,(7), and from the linewidths appearing in
the Lorentzian broadening, as in previous work [33].

We show in Fig. 1 a comparison between the theoreti-
cal and experimental Raman intensities in powder samples
at 300 K (experiments by Hirsh et al. [67]) and at 1000
K (experiments by Lucas et al. [66]). Then, we note that
the theoretical and experimental spectra are systemati-
cally shifted by approximately 26 cm~!. Systematic, rigid
shifts between the theoretical and experimental spectra
comparable to those observed here are common in the lit-
erature, and the small relative discrepancies (< 2.5% for
the optical modes) observed here are within the accuracy
with which DFT predictions usually describe experiments
[71-73]. We also note that energy shifts in the symmetric
or asymmetric POy stretching modes around 1000 cm™!
may be related to the presence of water in the experimen-
tal samples [66,67,73], which is not accounted for in our
calculations. More importantly, the positions of the exper-
imental peaks are essentially unaffected by temperature;
this indicates that in LaPOy,, the temperature renormal-
ization of the vibrational frequencies, not accounted for
in the standard perturbative treatment of anharmonicity
employed here, is unimportant. In the insets of Fig. 1,
we highlight how the broadening of the experimental
Raman peaks—which is determined mainly by anhar-
monicity and is negligibly affected by compositional disor-
der [67]—is in agreement with our theoretical predictions
at all temperatures for the most intense, high-frequency
part of the Raman spectrum. We recall that the anhar-
monic linewidths generally increase with frequency and
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FIG. 1. Temperature-dependent Raman spectra. Solid lines are

theory at 1000 K (top) and 300 K (bottom); dashed lines are
experimental data, from Lucas et al. [66] at 1000 K (top) and
from Hirsh et al. [67] at 300 K (bottom). In the insets, the
theoretical spectra have been rigidly shifted by 26 cm™! to
higher frequencies (right) to ease the comparison between the
broadening of the theoretical and experimental spectra.

temperature [33,36,44,45] (see Fig. 10 in Appendix B).
Thus, from the good agreement between the theoretical
and experimental broadening at high frequencies—where
anharmonic effects are usually largest—we infer that the
standard perturbative approach employed here provides
a description of the anharmonic microscopic vibrational
properties of LaPO, that is sufficiently accurate for our
purposes. Finally, we note that the low-frequency part of
the experimental Raman spectrum at 1000 K is sharper
than the theoretical predictions. Such behavior may be due
to the occurrence of grain coalescence in the sample of
Lucas et al. [66], which could cause partial crystallization
and departure from our calculations that assume a powder
sample. Additional details on the Raman simulations are
reported in Appendix F 2.

B. Thermal conductivity of LaPOy,

In this section, we use the first-principles microscopic
vibrational properties of LaPO, to evaluate the ther-
mal conductivity as a function of temperature [Eq. (1)].
Figure 2 shows our theoretical predictions for a bulk sam-
ple (i.e., without considering grain-boundary scattering;
more on this later); these are compared with experiments
by Hongying et al. [47], Aibing et al. [46], Chenglong
et al. [48], and Shijina et al. [49]. Theory and exper-
iments are in overall good agreement (more details on
the spread of the experimental data will be discussed
later), both approaching a 7~! trend at low temperature
and a milder-than-7~! decay at high temperature. These
different trends in the low- and high-temperature limits
emerge from the coexistence of particlelike and wavelike
transport mechanisms, whose relative strength depends
on temperature. Specifically, Fig. 2 shows that the par-
ticlelike mechanisms—which determine the populations
conductivity xp discussed in Sec. [—dominate at low tem-
perature. This is a consequence of the increase of «xp(7)
upon lowering temperature 7, which can be understood
by recalling that the particlelike conductivity emerging
from the Wigner formulation is totally equivalent to the
LBTE conductivity [33], and in crystals characterized by
dominant third-order anharmonicity, the latter universally
follows a kp(T) ~ T~ scaling for T > Tp, where T}, is the
Debye temperature [74—77]. For LaPOy, Tp ~ 144 K [78],
explaining why «p(T) o« T~! for T > 200 K. In contrast,

6.0
50

40 r
30r

201

K (W m~! K‘l)
—
o

| ——«kp(bulk) Hongying
——«kc(bulk)  * Chenglong
——xkr(bulk) @ Shijina
O Aibing
0.2 : : :

200 500 1000 1500 2000
T (K)

FIG. 2. Thermal conductivity of LaPO4. Green line denotes

the populations conductivity «p, which follows the 7' decay
typical of Peierls’ particlelike transport in crystals with dominant
third-order anharmonicity. Blue line denotes the coherences con-
ductivity k¢, significant at high temperature. Black line denotes
the total conductivity, k7 = kp + k¢. Scatter points are experi-
ments from Aibing et al. [46], Hongying et al. [47], Chenglong
et al. [48], and Shijina et al. [49]. The theoretical conductivities
are the average trace of the respective tensors; these are estima-
tors for the conductivity of the polycrystalline samples employed
in experiments [79].
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wavelike mechanisms yield a coherences conductivity «¢
that in LaPOy, increases with temperature and determines
the milder-than-7""! decay at high temperature.

Now we focus on the spread displayed by different,
independent experiments [46—49], which is deemed to
originate from differences in the samples. Specifically, the
conductivity is sensitive to the sample’s grain properties
and size [47,80,81], which are determined by the synthe-
sis process. The experiments that are closest to our bulk
(perfect-crystal) calculations are those by Hongying et al.
[47], who used heat treatment to obtain samples with a
high degree of crystallinity (average grain size 2 25 pwm).
We also note that the highest-temperature experiment per-
formed by Hongying et al. [47] (T ~ 1500 K) departs from
the decreasing trend displayed by all the other experiments
discussed in the same reference. This change in trend
might originate from the onset of the radiative conduc-
tion; the description of this effect goes beyond the scope
of the present study. The other experiments reported in
Fig. 2 show a lower conductivity, which originates from
the smaller average grain size and consequent stronger
grain-boundary scattering in these samples. Specifically,
the samples used by Shijina et al. [49] had grains with
a size of 1-4 wm, Aibing et al. [46] used samples with
grains in the 1-3 pm range, and Chenglong et al. [48]
used samples with grains in the 2—5 pwm range. We show in
Fig. 3 that accounting for grain-boundary scattering at the
micrometer length scale [see Eq. (A4) in Appendix A] pro-
duces variations of the total thermal conductivity that are
broadly compatible with the spread observed in different

6.0 &g
5.0 Py ——bulk ——10" pm

—1lpm ——1072pm

4.0

k (Wm™tK™1)

200 500 1000 1500 2000

FIG. 3. Effect of grain-boundary scattering on the conductiv-
ity. We considered grain sizes equal to 1072 (red), 10! (blue),
and 1 pm (green) to compute the conductivity, and we com-
pared results with the bulk value (black). The solid, dashed, and
dotted lines are k7, kp, and k¢, respectively. Each line is the
average trace of the respective conductivity tensor, an estima-
tor for the conductivity of the polycrystalline samples employed
in experiments [79].

experiments. Finally, we note that Fig. 3 also reports pre-
dictions for samples with nanometer-sized grains (blue and
red curves); this is to provide information on how much
the conductivity would change if the experimental nanos-
tructuring techniques for the TBC (see, e.g., Refs. [82,83])
were used to prepare the samples.

C. Particlelike and wavelike transport

The calculations in the previous section highlighted
how the macroscopic thermal conductivity is determined
by both particlelike and wavelike microscopic transport
mechanisms. In this section, we investigate these micro-
scopic transport mechanisms; specifically, how their rela-
tive strengths and contributions to the total macroscopic
conductivity vary as a function of temperature. As dis-
cussed in Ref. [33], it is possible to resolve how much
each phonon (q), contributes to the particlelike [KCp(q)s]
and wavelike [[Cc(q),] conductivities (the bar denotes the
average trace of the mode-resolved contributions to the
particlelike and wavelike conductivity tensors; full expres-
sions are reported in Appendix C). Simoncelli et al. [33]
demonstrated that the relative strength of these contribu-
tions scales as the ratio between the average interband
spacings (Awayg = Wmax/3Na, Where wmax is the maxi-
mum phonon frequency, N is the number of atoms in the
primitive cell, and 3N, is the number of phonon bands) and
the linewidth I"(q); = [t(q)s]~"! [here 7(q); is the phonon
lifetime]:

ICC(q)s ~ F(q)s _ [Aa)avg]_l

s _ @)
,Cp(q)s A(Uavg T(q)s

Equation (4) predicts that phonons having a lifetime 7 (q);
equal to the inverse interband spacing [Awyy]™" (also
referred to as the “Wigner limit in time” [33]) contribute
simultaneously and with equal strength to both particle-
like and wavelike conduction mechanisms. In contrast,
phonons with a lifetime much longer (shorter) than the
Wigner limit in time contribute predominantly to the par-
ticlelike (wavelike) conductivity. Finally, Eq. (4) predicts
the transition between these two limits to be nonsharp
and centered at the Wigner limit in time. These analytical
expectations are verified numerically in Fig. 4. Specifi-
cally, in the upper panel of the figure, we show the distribu-
tion of phonon lifetimes as a function of phonon energies
at different temperatures. For each phonon mode (individ-
ual scatter point in Fig. 4), we use the particlelike and
wavelike conductivity contributions [Kp(q)s and Kc(q)s
appearing in Eq. (4), respectively] to resolve the conduc-
tion mechanisms through which the phonon participates
to heat transport, as well as how much the microscopic
phonon mode contributes to the macroscopic conductivity.
The first piece of information on the type of conduction
mechanism is encoded in the color of the scatter point,
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FIG. 4. Phonon lifetimes (a)-c) and mean free paths (d)<f) as a function of energy at different temperatures. A color code has
been used to show the origin of the conduction mechanism; green, blue, and red represent the particlelike, wavelike, and mixed
conductivity (50% each), respectively. The area of each circle corresponds to its contribution to the total conductivity. In the upper
panels, the horizontal black dashed line is the “Wigner limit in time,” where the phonon lifetime 7(q), is equal to the inverse of the
average interband spacing [7(q), = [Awaye]™'; see the text]. The purple dashed hyperbola T = 1/w indicates the regime of validity
of the Wigner formulation, which requires phonons above such a line to be well-defined (nonoverdamped) quasiparticles [84]. The
horizontal dashed line in the mean free path panel is the average bond length of LaPOy. The pie charts have an area proportional to the
total conductivity; the green and blue slices represent the particlelike and wavelike contributions, respectively.

determined according to the value of the parameter

. Kr@s = Ke(@,
ICP(q)s + ICC(q)s

®)

Equation (5) implies that ¢ = +1 when the phonon (q);
predominantly contributes to particlelike conduction (cor-
responding to green), ¢ = —1 when instead the phonon
contributes mainly to wavelike conduction (blue), and,
finally, ¢ = 0 when the phonon contributes equally to
particlelike and wavelike conduction (red). In the follow-
ing, we employ a linear color scale interpolating blue,
red, and green to resolve possible intermediate cases.
The second piece of information, on the magnitude of
the transport mechanisms, is represented by the area of
each scatter point, which is proportional to the contri-
bution of such phonon to the total thermal conductivity
[size o KCp(q)s + Kc(q)s]. Figure 4 shows that the rel-
ative strength of particlelike and wavelike mechanisms
strongly depends on the energy of the phonon, and varies

significantly with temperature. Specifically, at room tem-
perature (panel (a)), most of the phonons have a lifetime
7(q), above the Wigner limit in time [Awayg]™" (repre-
sented by the horizontal black dashed line), and their green
color indicates that they mainly contribute to particlelike
transport. Increasing temperature (panel (b) is 1000 K, and
panel (c) is 1500 K) yields a reduction of the lifetimes;
numerical results confirm the analytical expectations that
phonons with a lifetime comparable to the Wigner limit
in time (red) contribute simultaneously to particlelike and
wavelike conduction mechanisms, and phonons with even
shorter lifetimes mainly contribute to wavelike transport.
These findings can be intuitively understood by recalling
that phonons with extremely short lifetime are suppressed
very quickly and thus cannot propagate particlelike enough
to yield a sizable contribution to the populations conduc-
tivity. However, these short-lived phonons can still inter-
fere and tunnel wavelike—we recall that interference and
tunneling also occur between damped waves—resulting
in a significant contribution to the wavelike conductivity.
Finally, we highlight that all the phonons in LaPO4 have
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lifetimes longer than their reciprocal frequencies [t(q)s >
[w(q)s]7", i.e., they are all above the purple dashed line in
panels (a)<(c)]; thus, Landau’s quasiparticle picture [84]
for phonons holds in LaPO,4 and consequently the Wigner
formulation can be applied [33,40].

The lifetime-energy analysis reported in the upper panel
of Fig. 4 sheds light on the microscopic timescales under-
lying heat transport, and how they affect the macroscopic
conductivity. In order to gain further insights, particu-
larly on the dependence of the conductivity on the grains’
length scales discussed in the previous section, it is use-
ful to recast such an analysis in the space-energy domain.
To achieve this, we multiply the phonon lifetimes by the
corresponding group velocities, obtaining the microscopic
propagation length scales of phonons [mean free paths
(MFPs)] A(q)s = [IV(Q)ssllT(q)s/~/3 [here, [v(q)sll/~/3
is the spatially averaged modulus of the group velocity].

The bottom panels of Fig. 4 show the MFP versus
phonon energy at 300 K (d), 1000 K (e), and 1500 K (f).
Similarly to the phonon lifetime-energy plots, a crossover
from particlelike to wavelike transport is clearly evident
here as well, and such a nonsharp transition is centered
around the average bond length (see Ref. [33] for details on
the relation between the particle-wave crossover in space
and the average bond length). We highlight how phonons
with MFPs larger (smaller) than the average bond length
contribute to particle (wavelike) conduction, and phonons
with MFPs equal to the average bond length contribute
simultaneously to both particle and wave mechanisms.
Finally, we note from the lower panels of Fig. 4 that
it is apparent that most of the phonons in LaPO, have
MFPs always equal or shorter than 1 jum, rationalizing the
small difference between the bulk thermal conductivity and
the thermal conductivity computed having accounted for
grain-boundary scattering at length scale 1 wm discussed
in Fig. 3.

D. Engineering the thermal conductivity through
compositional disorder

1. Effects of compositional disorder on vibrational
properties

La;_,Gd,POy, alloys are promising materials for future
thermal barrier applications, due to their excellent thermal
stability and chemical durability [85]. In general, the pres-
ence of compositional disorder (alloying) causes a reduc-
tion of the thermal conductivity [1,2,31,32,86-92], and is
thus expected to be beneficial for TBC applications. To the
best of our knowledge, there are no theoretical or experi-
mental works on the thermal conductivity of La;_,Gd,POy4
alloys. As anticipated in the Introduction, recent work [32]
has highlighted how the standard LBTE-based perturbative
treatment of compositional disorder [29,30,86]—which is
accurate in systems with weak disorder or weak anhar-
monicity and low-frequency (acoustic) vibrational modes

dominating transport [30,31,86]—fails in systems where
transport is not dominated by low-frequency modes. We
have seen in Fig. 4 that LaPOj at high temperature belongs
to this class; hence, in this section we develop a compu-
tational protocol that exploits the Wigner formulation to
describe compositional-mass disorder explicitly, overcom-
ing the limitations of the standard LBTE-based perturba-
tive treatment of disorder. In particular, the perturbative
treatment of mass disorder introduced by Tamura [29]
for isotopic impurities is limited to describing how weak
compositional disorder affects the phonon linewidths and
the particlelike conductivity emerging from the LBTE.
Here we overcome the limitations of such a perturba-
tive description by introducing an approach that can be
applied to systems with arbitrary disorder and anharmonic-
ity. We show that this approach explicitly accounts for
the effect of compositional (mass) disorder on thermal
transport, comprehensively describing how disorder affects
the vibrational frequencies, velocity operator, and intrinsic
anharmonic linewidths that determine the particlelike and
wavelike conductivities.

To explicitly describe how compositional-mass disorder
affects the conductivity, we need to compute the quanti-
ties entering Eq. (1)—i.e., vibrational frequencies, velocity
operators, and linewidths—in compositionally disordered
structures. Starting from the harmonic frequencies and
velocity operators, we compute them explicitly in the
mass-substitution approximation [65] according to the fol-
lowing procedure: (i) we build a perfect supercell (of size
up to 6 x 6 x 6, i.e., containing up to 5184 atoms) of the
primitive cell of LaPOy; (ii)) we destroy the crystalline
order within such a supercell by introducing composi-
tional disorder (hereafter we use the term “disordered cell”
to refer to this compositionally disordered atomic struc-
ture); (iii) we calculate the vibrational properties of the
disordered cell. In particular, in step (ii) we introduce com-
positional disorder in the rare-earth site by replacing the
mass of La with that of Gd with probability x € [0, 1] in
the mass-rescaled force-constant tensor:

1 %V
GRboz,R/b’a’ = ; .
fe (Mp)f (M) 9t(R)po 0u(R")pror | o

(6)

Here R is a Bravais vector, b denotes an atom having
mass M, and position in the primitive cell 7, and «
is a Cartesian direction; 92 V/0u(R)p 0u(R')pror|eq is the
second derivative of the Born-Oppenheimer potential eval-
uated at equilibrium atomic positions, which within the
mass-substitution approximation [65] is considered to be
equal to that of pure LaPO,4. The function f; introduces
compositional-mass disorder on the La sites by replac-
ing the mass of La with that of Gd with probability
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xe[0,1],ie.,

My, with probability 1 — x,

ﬁé (MLa) = MGd

7
with probability x, )

while it leaves unaffected the masses of O and P [f, (Mp) =
Mo and f,(Mp) = Mp for all x]. Then, the disordered har-
monic mass-rescaled force-constant tensor (6) is used to
compute the dynamical matrix at wave vector q,

—ig-(R —
D(@)poprar = E Groa.opore TR, (8
R

which is then diagonalized,

> D@bo bt E @sier = O (@QE@spa- ()

ba’

The eigenvalues appearing in Eq. (9) are related to
the vibrational frequencies w(q)s, and the eigenvectors
E(q)s.pe describe how atom b moves along the Cartesian
direction o when the phonon with wave vector q and mode
s is excited. As discussed in Ref. [33], the velocity operator
is obtained from these quantities as

Vﬂ (q)s,s/ = Z 5*(q)s,ba (Vf V D(‘l)ba,b,a) g(q)s’,b/a’-

ba,b o’

(10)

To estimate the effect of compositional disorder on the
linewidths, we focus on bulk systems with negligible
(zero) grain-boundary linewidths. In addition, we neglect
intrinsic isotopic impurity disorder, since it has negligi-
ble effects on the conductivity of LaPO,4 and GdPOy (see
Fig. 13 in Appendix E). To evaluate the effect of com-
positional disorder on the dominant, anharmonic part of
the linewidths AI'*™(q),, we calculate such a quantity
[Eq. (A1) in Appendix A] using third-order force con-
stants modified to account for compositional disorder using
the aforementioned mass-replacement function f'(Mp) [see
Eq. (A2) in Appendix Al].

We show in Fig. 5 that the mass-substitution approx-
imation captures the lower conductivity of pure GdPO4
compared to pure LaPQOy, in agreement with experiments
(see Refs. [46,93] for the former, and Refs. [46—49] for the
latter). Therefore, the mass-substitution approximation is
accurate enough for the scope of the present analysis. The
inset of Fig. 5 shows that GAPO4 has conductivity lower
than LaPOy4 because of a simultaneous reduction of both
the particlelike and wavelike conductivities. The reduction
of kp caused by the substitution La—Gd can be under-
stood from the increase in the linewidth shown in Fig. 10 in
Appendix B, and the reduction of the energy of the acous-
tic modes (i.e., reduction in the phonon group velocities)

6
5P\ 4 20T
kp(LaPO;) ==+ kp(GdPO,) ==
—— ko(LaPO;) ==+ ko(GdPO,
-~ 4r kr(LaPO;) ==+ kr(GdPO,)
b NN
‘E 3 WL NNy gol=—""
2
v 2F S R
. Q . 'TT_X.—'
1+ k7(LaPOs) A Hongying Aibing-(GdPO,) ===+ Expt-ave(LaPO,)
== k7(GdPO;) X Chenglong Winter-(GdPO,) Expt-ave(GdPO,)
O Aibing { Shijina
200 300 400 500 600 700 800 900 1000
T (K)
FIG. 5. Conductivities of pure LaPO, and GdPOy4. The total

conductivity of LaPO, (GdPOy) is shown with a black solid
(dashed) line, and experiments with red [46—49] (orange [46,93])
symbols. The red dotted (orange) line is the average of the exper-
imental data for LaPO4 (GdPOy). Inset: the reduction of the total
conductivity (x7) caused by completely replacing La— Gd orig-
inates from a simultaneous reduction of particlelike (xp) and
wavelike (k) conductivities.

shown in Fig. 16(c) in Appendix F. The reduction of «¢
upon La— Gd substitution is caused by the decrease of
the off-diagonal velocity-operator elements, which accom-
panies the decrease of the group velocities (diagonal
velocity-operator elements).

Knowledge of the anharmonic linewidths of pristine
LaPO, and GdPO, (see Fig. 10 in Appendix B; both
these pristine materials have a 24-atom primitive cell), and
the unaffordable computational cost for calculating of the
anharmonic linewidths in disordered cells of La;_,Gd, PO4
containing thousands of atoms [44], motivate us to adopt
the approximate description of anharmonic linewidths for
alloys introduced in past work [32,44,86]. In practice,
this corresponds to (i) coarse graining the frequency-
anharmonic-linewidth distributions of pure LaPO, and

pure GdPOy into single-valued functions of w, Fﬁ‘;‘;,m (w)

and Fg‘:}},m (w) [Appendix B discusses the use of Eq. (B1)
for such coarse graining, and the accuracy of the approxi-
mations performed]; (ii) determining the linewidths of the
disordered alloy by the composition-weighted average of
the LaPO,4 and GdPO,4 linewidths [94]:

Fiﬁ?,dexPO4 (@) =1~ X)Ffr;}ﬁm (@) +x Fg:ﬁ)oz; ().

(11

2. Effects of compositional disorder on thermal
properties

After having computed the harmonic frequencies and
velocity operators, and anharmonic linewidths in a
compositionally disordered cell with Eq. (11), we use
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these quantities to evaluate the thermal conductivity (1).
Implementation details of this protocol are provided in
Appendix F 3.

The description of how compositional disorder affects
thermal conductivity becomes more accurate as one
increases the size of the disordered cell. In practice, one
has to numerically verify that the disordered cell is large
enough to yield computational convergence; this can be
done by computing all the parameters entering Eq. (1) in
increasingly larger disordered cells, and verifying that, for
sizes larger than a certain value, the conductivity remains
practically unchanged. In Fig. 6 we test the computational
convergence for the case x = 0.5, where we show that
employing disordered cells containing 1536, 3000, and
5184 atoms yields practically indistinguishable results for
the total conductivity. It is worth noting that in these calcu-
lations we used Fourier interpolation to improve the accu-
racy with which bulk vibrational and thermal properties are
extrapolated from the finite atomistic model [44,95,96]. In
particular, we computed these properties using a 5 x 5 x
5 q mesh for the 1536-atom cell, a3 x 3 x 3 q mesh for the
3000-atom cell, and a 3 x 3 x 3 q mesh for the 5184-atom

6
—1-5184, s,
0.8} —¢-3000, Qs
5 1536, Qs
—*—24, Qusx

0.4F
4

- 02

X

T O 0 1 1 1

e 3k 600 800

=

Y

kp(1536, Qsx) -=--kp(24, Qsx)
k7(1536, dsx) +KT(24v Qisx)

----kp(5184, Gsx) ----kp(3000, G35 )
L Fk7(5184, 3x) =>=k7(3000, qx)

0
200 300 400 500 600 700 800 900 1000
T (K)

FIG. 6. Thermal conductivity of models of Lay 5GdgsPO4 hav-
ing different sizes. The solid lines with the markers are total
conductivities «7; dashed lines are the particlelike conductivi-
ties kp. Different colors denote calculations done in disordered
cells having different sizes and using different q meshes (in the
legend, numbers represent the numbers of atoms in the disor-
dered cells, and “q,x” means that conductivities are evaluated
on a nxnxn q mesh). The particlelike conductivity xp decreases
as the size of the model increases; also accounting for the wave-
like conductivity k¢ in models containing 1536 or more atoms
atoms, the total conductivity k7 = kp + k¢ converges to the bulk
(size-independent) limit of the conductivity k7 = kp + k¢. Inset:
difference between the total conductivity of pure LaPO,4 and that
of Lay sGdy sPO4 described with disordered cells containing 24,
1536, 3000, and 5184 atoms.

cell. We recall that performing a Fourier interpolation on
a n x n x n q mesh spanning the Brillouin zone of a cer-
tain reference cell allows us to simulate a system that is
n X n X n larger, but with a disorder length scale limited to
the size of the reference cell [44,45,97]. Therefore, com-
paring calculations performed using disordered cells of
different sizes, and using different meshes, provides infor-
mation about how much the conductivity is affected by
finite-size effects. Figure 6 shows that the total conductivi-
ties obtained from disordered atomistic models having cell
size (i.e., disorder length scales) ranging from 1536 to 5184
atoms are practically indistinguishable in the q-sampling
limit [98]; this implies that, for La; _,Gd, PO, alloys, disor-
dered cells containing 1536 atoms are already sufficiently
large to yield a computationally converged value for the
thermal conductivity.

Figure 6 also highlights that, in order to predict the bulk
limit of the thermal conductivity of an alloy, it is necessary
to (i) account for both particlelike and wavelike trans-
port mechanisms via Eq. (1); (ii) evaluate Eq. (1) using
compositionally disordered cells of size sufficiently large
to accurately describe disorder. These two requirements
are related. In fact, introducing compositional disorder in
LaPOy causes a reduction of kp [99] and an increase of «¢.
We find that in La;_,Gd,PO; alloys, upon increasing the
size of the disordered cell (i.e., accuracy in the description
of disorder) beyond 1536 atoms, the total Wigner conduc-
tivity k7 = kp + k¢ converges to a size-independent, bulk
limit of the alloy’s conductivity (see the inset of Fig. 6 and
Fig. 7).

As already discussed in Refs. [86,95], in the presence
of disorder the particlelike conductivity depends on the
size of the disordered cell used to describe the system,
and converges to zero in the limit of infinitely large dis-
ordered cells. This last statement is supported by numer-
ical evidence in Fig. 7, Fig. 4.7 of Ref. [86], and Fig.
12 of Ref. [44], and additional details are provided in
Appendix D. To further confirm and validate that the
reduction of the conductivity is caused by compositional
disorder, we verified that in a pristine LaPOy, crystal with-
out disorder xp, k¢, and k7 are all independent from the
arbitrary choice of the crystal’s unit cell: the dashed lines in
Fig. 7 demonstrate this for cells containing 24 atoms (prim-
itive cell), 1536 atoms (4 x 4 x 4 supercell), and 5184
atoms (6 x 6 x 6 supercell); Fig. 12 in Appendix D shows
analogous tests performed at higher temperatures.

After having validated the computational protocol to
describe disorder in the mass-substitution approximation
within the Wigner framework, we analyze how the vari-
able compositional disorder affects thermal conductivity.
Figure 8 shows the conductivity of La;_,Gd, PO, alloys
at different compositions and various temperatures. We
see that, compared to pristine LaPO,, the conductivity
decreases as compositional disorder increases. Such a
decrease is more pronounced at low temperatures (300 K),

024064-9



ANEES PAZHEDATH et al.

PHYS. REV. APPLIED 22, 024064 (2024)

101

— kp(LagsGdosPO;,)

— — k¢(LapsGdosPOs)

‘x — k71(LagsGdosPO,)

N ol 7 kp(LaPOy,)

0 (

~—  } T (

'Y

1071 1 !
102 103

Number of atoms in unit cell

FIG. 7. Necessity to consider both «p and k¢ to describe the
thermal conductivity of alloys. Green, blue, and black are parti-
clelike (kp), wavelike (k¢), and total (k7 = «xp + k) conductiv-
ities at 200 K for pristine LaPO, (dashed) and LajsGdysPO4
alloy (solid). We highlight how, when the alloy is accurately
described with large disordered cells, the total conductivity k7
respects the physical expectation of being independent from the
number of atoms in the alloy’s unit cell, even if the ratio xp/x¢
is size dependent [44].

where anharmonicity is weak and does not dominate over
disorder in limiting heat transfer. At 300 K, the dependence
of the conductivity from composition bears analogies with
that observed in other alloys [9,30,89,100—105], displaying
a U-shaped trend that reaches a minimum at x ~ 0.7. We
note that in the minimum the conductivity is about 12%
lower than that of pristine LaPOj. Such a decrease is much
smaller than the order-of-magnitude decrease observed
in archetypal alloys such as Si,Ge;_, [30] for two rea-
sons. First, anharmonicity in LaPO4 and GdPO, is much
stronger than that in Si and Ge, yielding a much lower
thermal conductivity already in the pristine components;
second, there is less mass contrast between La and Gd
(mass ratio, Gd/La = 1.13) compared to Si and Ge (mass
ratio, Ge/Si = 2.59). When increasing the temperature,
anharmonic effects become stronger and thus progressively
dominate over compositional disorder in determining the
conductivity; this is apparent from the almost negligible
dependence of the conductivity from compositional disor-
der (and disappearance of the U-shaped trend) observed at
1000 K.

In summary, we have developed a computational
protocol that allows us to evaluate the effect of composi-
tional disorder within the Wigner framework. This proto-
col allows us to shed light on how the interplay between
compositional disorder and anharmonicity determines the
conductivity, and will be potentially very useful to study
materials for next-generation TBCs.

K (W m—1 K‘l)

19 r

1.8 ¢

T = 1000 K
1.7

16 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

LaPO, Composition (x) GdPO,

FIG. 8. Thermal conductivity of La;_,Gd,PO4 alloys as a
function of composition, at 300, 700, and 1000 K. At 300 K, the
conductivity drops as compositional disorder increases, reach-
ing a minimum at x ~ 0.7. The effect of compositional disorder
becomes less relevant as temperature increases.

3. Micrometer-scale disorder: LaPOy4/La;Zr,0,
composites

LayZr,07 has been identified as another potential TBC
material with very low thermal conductivity [7]. How-
ever, its low thermal expansion coefficient causes the
formation of cracks and delamination at high temperatures
[106]. Composite structures of La,Zr,O; and LaPO4 have
been suggested to offer better thermomechanical proper-
ties compared to the base materials [81]. Computing the
thermal conductivity of composites characterized by com-
positional disorder at the micrometer length scale has a
prohibitively high computational cost for first-principles
methods. Therefore, in order to have a qualitative under-
standing of heat conduction in LaPO,4/La,Zr,O; compos-
ites, we employ the continuum Maxwell [54] model for
the effective conductivity of a composite (see Eq. 2.14 of
Ref. [55]), which determines the total thermal conductivity
of the composite (kpiy) from the total conductivities of the
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FIG. 9. Conductivity of LaPO4/La;Zr,O; composites. LaPOy4

(filler) is added to La,Zr,O7 (matrix) at different weight percent-
ages, and the thermal conductivity is computed using Maxwell’s
effective-conductivity model for composites [54,55]. Experimen-
tal data are taken from Zhang et al. [81].

matrix (k) and filler (k;):
Kmix — K1 K2 — K1

Koy + 2k

Kmix + 2K (12)
with 7 the volume fraction of the filler. Here we consider
LayZr, 07 as the matrix (its conductivity is taken from ref
[33]) and LaPOy as the filler. As in the experimental work
by Zhang et al. [81], we consider composites containing
weight percentages LaPO, equal to 10%, 20%, 30%, and
40%, and we estimate the conductivity of the composite
using Eq. (12). Figure 9 shows the thermal conductivity
of the composite as a function of temperature at different
filler fractions. The conductivity increases with an increase
in the fraction of LaPQy; in all cases, it is higher than
that of pristine La;Zr,O7 and smaller than that of LaPOy.
This trend is in broad agreement with the experiments per-
formed by Zhang et al. [81]. We also note that experimen-
tal samples have porosities that vary with the filler fraction,
as well as interfaces between La,Zr, Oy and LaPO, phases.
These effects are not accounted for by Maxwell’s effective-
conductivity model employed here, and their description
might improve the agreement between theory and experi-
ments in Fig. 9, but it is an open challenging problem that
is beyond the scope of the present paper.

IV. CONCLUSIONS

We have shown that the Wigner formulation of thermal
transport [33] can be combined with first-principles tech-
niques to quantitatively predict the macroscopic thermal-
insulation performance of compositionally disordered
materials for thermal barrier coatings [2—5,85]. First, we
have investigated heat transport in pristine LaPOy4, show-
ing that the recently developed Wigner transport equation

[28,33] rationalizes the conductivity decay milder than 7!
observed in experiments [46—49]. More precisely, we have
shown that the macroscopic trend of the conductivity is
determined by the coexistence of microscopic particlelike
and wavelike conduction mechanisms: the former strongly
decays with temperature, while the latter increases with
temperature, and the sum of the two yields the mildly
decreasing trend observed in experiments. We have dis-
cussed how grain-boundary scattering affects the conduc-
tivity of LaPQy, showing that such a mechanism has a
weak effect in samples having micrometric grains, but
would become very important in nanostructured samples
[82,83]. In particular, we have analyzed how the relative
strength of particlelike and wavelike transport mechanisms
depends on the temperature, energy, and mean free path
of the microscopic heat carriers. We have developed and
tested a computational protocol that allows us to explicitly
describe within the Wigner formulation how composi-
tional disorder affects the conductivity, and we employed
it to investigate the thermal properties of La;_,Gd,PO4
alloys. In particular, we described compositionally disor-
dered samples containing up to 5184 atoms, a size that is
one order of magnitude larger than that tractable by state-
of-the-art first-principles molecular dynamics techniques.
We discussed how the interplay between anharmonicity
and disorder affects thermal transport in La;_,Gd,POy
alloys at different temperatures, showing that disorder has
strong effects around room temperature and almost negligi-
ble effects at high temperatures (= 700 K). We have gained
two important insights into the problem of predicting the
thermal conductivity of alloys with nonperturbative com-
positional disorder (i.e., described explicitly with disor-
dered cells containing thousands of symmetry-inequivalent
atoms). First, we have confirmed the inadequacy of the
particlelike LBTE in addressing such a problem, as it
would predict a conductivity converging to zero upon
increasing the size of the disordered cell [86]. Second, and
most importantly, we have shown that the Wigner trans-
port equation successfully addresses this problem, as it
describes how in alloys the total conductivity, obtained
as the sum of the particlelike and wavelike conductivi-
ties, converges to the size-independent bulk limit of the
conductivity. The computational scheme introduced here
sets the stage to rationalize thermal transport with quan-
tum accuracy in solids with compositional-mass disorder,
and will be potentially very useful to develop novel design
strategies for thermal barrier coatings.

The raw data needed to reproduce the findings of this
study are available on the Materials Cloud Archive [107].
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APPENDIX A: PHONON LINEWIDTHS

The linewidths appearing in Eq. (1) are determined
by third-order anharmonicity [18,59], isotopic impurity
disorder [18,29], and grain-boundary scattering [60,61].
Specifically, the anharmonic linewidth is

T N / N 7 / 7
A (q), = AN e P+ N@y + NQ) 18[00 (@)—o(q)y —o(q)]
q,,S/,SH
+ 2[N(q")y —N(@")s18[@(q)s + ©(q)y — @(q")s]}, (A1)
where
1 h3 1
V(3) 1 ol — g( )s ozg( /)s/ /a/g( N)s” o’ o
Wl a;& DS LM MA M) Y 8 0(@s0(@)vo @)y
b,,b/,,b//
1 FEN 2 A2)

X E—
Nc au(q)ba 8u(q/)b/a’au(q”)b”a”

are the three-phonon coupling matrix elements [59] and f,(M;) is the mass-replacement function used to account for
compositional disorder in the mass-substitution approximation discussed in Sec. III D 1. The linewidth due to isotopic

impurity disorder (used only in the pure cases) is [18,29]

A h
AP (q), = -0 @, Y slo@—(@)e] Y g}
c q.9 b

2
; (A3)

> E@} @)y b

where gé’ =Y fir([(mp) — m;p]/ (my))? is the mass-variance parameter for the masses of atom b (f;; and m;;, are the
mole fraction and mass, respectively, of the ith isotope of atom b; (m),) = . fi;m; is the weighted average mass).
Finally, the linewidth due to grain-boundary scattering evaluated according to the Casimir model [61] in the presence

of perfectly absorbing boundaries is [60]

AT (@)™ =

[V(Q)ssl
PR

(A4)

APPENDIX B: REPRESENTING ANHARMONIC LINEWIDTHS AS A FUNCTION OF FREQUENCY

In this section, we discuss the details of the computation of the analytical function I'*"(w), used in Sec. IIID 1
to approximatively determine the linewidths as a function of frequency. Similarly to previous work [32,44,86], the
description of anharmonic linewidths as a single-value function of frequency, I'*™"(w), is determined as

1

Fanh(w) —

(B1)

where I'1 (w) and I'; (w) are defined as

VT () + 1/Th)?
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w, the smallest nonzero frequency, and 0 =15 cm™! a
broadening chosen sufficiently large to ensure that the
fw — AT linewidths are averaged in a smooth way. The functional
overdamped form of the approximated function I'*™"(w) is inspired by
past work [32,44,86] and the specific expressions [(B1),
(B2), (B3), (B4)] to determine it have been devised and
10t b validated relying on exact calculations performed in pure
LaPOy4. Specifically, we show in Fig. 10 the function
I'Lapo, (w) for pure LaPOy. In Fig. 11 we demonstrate that
4 p g
the exact and approximated treatments of anharmonicity
yield practically indistinguishable conductivities over the
entire temperature range analyzed.
. 100 L
T
S
\U/ 6 K p[prim-cell, 17 x 17 x 17 q mesh, exact "(qs)]
IE i c[prim-cell, 17 x 17 x 17  mesh, exact "(qs)]
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FIG. 10. Frequency-anharmonic linewidth distribution of
LaPO4 and GdPO, at different temperatures, represented as
scatter points. The lines show their coarse graining into single-
valued functions I'*"(w); coarse-grained functions for LaPO,
and GdPO, are shown with solid and dashed lines, respectively.
The purple area is the overdamped regime, where the Wigner
formulation cannot be applied.

T (K)

FIG. 11. Validation of the approximated treatment of anhar-
monicity. In LaPOy the «p, k¢, and «7 conductivities computed
using the primitive cell and a 17 x 17 x 17 q mesh remain prac-
tically unchanged if the exact linewidths (solid) or approximated
linewidths [dashed; see Eq. (B1)] are used. Using the primi-
tive cell and a 18 x 18 x 18 q mesh, which contains exactly
the same frequencies of a perfect 6 x 6 x 6 supercell with a
3 x 3 x 3 q mesh (see Fig. 12) yields conductivities (scatter
points) compatible with the exact ones.
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APPENDIX C: SINGLE-VIBRATION
CONTRIBUTION TO THE PARTICLELIKE AND
WAVELIKE CONDUCTIVITIES

In this appendix we report the full expression for the
contribution of a vibration with wave vector q and mode s
to the average trace of the particlelike and wavelike con-
ductivity tensors [/Cp(q)s and KCc(q)s, respectively]. These
single-mode conductivity contributions are used to com-
pute the size of the points in Fig. 4 [size o Kp(q)s +
Kc(q)s] and their color [Eq. (5)]. We note that this
analysis could be extended to resolve Cartesian-direction-
dependent contributions to the conductivity; here we con-
sider the average over the three Cartesian directions for
simplicity. _

The expression for Kp(q), follows directly from the
average trace of the integrand of the SMRTA particlelike
conductivity [30],

J

Clq)y

av _ 1 1 Z w(q)s + w(q)s’ |:C(q)s +

4 w(qQ)s

:| % (q)s,s’ v (q)s’,s
@ (q)s’

3

B = 3 2 P 2@ @ @

a=I

F( )s’
(CD)

where V is the primitive-cell volume, N, is the number of
q points appearing in the sum, C(q)s, v*(q)s,s, and I'(q);
are the specific heat, group velocity, and linewidths of the
phonon (q), already discussed in Sec. II. The contributions
to the particlelike conductivity KCp(q), are obtained from
the terms entering the sum of Eq. (C1):

Kp(@)s = C(@)s 7 (Q)ss P (Q)ss[T (@] (C2)

with 72V(q)ss = \/ % Zi:l [v*(q)ss|> the spatially aver-
aged group velocity.

The expression for Kc(q)y is obtained starting from the
average trace of the coherences conductivity tensor,

[C(q)s + T'(q)y]/2
[0(@)y —w(q)s]> + [T(q)s + T (q)y1?/4
(C3)

The integrand of this equation contains couplings between pairs of vibrational modes. To resolve how much each single
vibrational mode contributes to the pairwise wavelike (coherences) transport mechanism, we weight the contribution of
each mode with its specific heat (see Ref. [33] for details), yielding the single-vibration contribution to the wavelike

conductivity:

Ke(q)s =

Z Cl@)s w(q)s + w(q)y |:C(Q)s n
s's C(q)s + C(q)s/

C(q)s/ ]

w (q)s w (q)s/

1
x [5 > |v°‘(q>s,s/|2][

o

APPENDIX D: STRENGTH OF PARTICLELIKE
AND WAVELIKE TRANSPORT IN ORDERED OR
DISORDERED CELLS

We show in Fig. 12 that in pristine LaPOy, the particle-
like, wavelike, and total conductivities do not depend on
the arbitrary choice of the unit cell used to describe the
system, in agreement with physical expectations.

We now provide an analytical reasoning that comple-
ments the numerical results reported in Sec. II1 D 2, which
showed that in the presence of disorder the particlelike
conductivity decreases upon increasing the size of the dis-
ordered cell used to describe the system (Figs. 6 and 7).
This behavior can be understood analytically, recalling
that (i) the conductivity of an extremely large disordered
cell can be described without relying on Fourier inter-
polation [i.e., evaluating Eq. (1) at q = 0 only, or over

w(q)s’_w (q)s]2 + [F (q)s + F(q)s/]2/4

(C4)

(

an n x n x n q mesh would produce no differences; see
Ref. [44] for details]; (ii) the presence of disorder forbids
degeneracies between vibrational modes [109]; (iii) due to
time-reversal symmetry, the velocity operator at ¢ = 0 has
zero diagonal elements. These properties imply that in the
limiting case of an infinitely large disordered cell kp = 0,
and only «¢ determines the total conductivity. To further
confirm the correctness of this analytical reasoning, it is
useful to apply it to the opposite limit of a perfect supercell
of a pristine crystal. In this case, the vibrational frequen-
cies at q = 0 of the perfect supercell are simply obtained
by folding the phonon bands of the primitive cell [110].
Then, the presence of crystal symmetries within the super-
cell allows for the emergence of perfectly degenerate
vibrational modes, which contribute to the particlelike
conductivity through nonzero off-diagonal-and-degenerate
velocity-operator elements. These considerations imply
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6§ = kp(5184, Gsx) kp(1536, Qsx) - Kp(24, Gusx)
= = 1 kc(5184, dsx) (1536, Osx) kc(24, disx)
51 "\ ==xr(5184, qsx) k7(1536, Qsx) —*— Kk7(24, Cusy)
T4t
X
T
€ 3
=
X 2t
1 L

0 . . . . . .
200 300 400 500 600 700 800 900 1000
T (K)

FIG. 12. Conductivity of pristine LaPO, described with
different unit cells. The particlelike conductivity («xp, dashed,
equivalent to the Peierls-Boltzmann conductivity), wavelike con-
ductivity (dotted, «¢), and total Wigner conductivity (solid, k7 =
kp + k¢) are independent from the arbitrary choice of the unit
cell used to describe a pristine crystal. Using the 24-atom primi-
tive cell (red, evaluated on a 18 x 18 x 18 q mesh), or supercells
of the primitive containing a number of atoms equal to 1536
(orange, 4 x 4 x 4 supercell, evaluated on a 5 x 5 x 5 q mesh)
and 5184 (green, 6 x 6 x 6 supercell, evaluatedona3 x 3 x 3 q
mesh), yields indistinguishable results.

that in pristine crystals «p, k¢, and k7 do not depend on the
arbitrary choice of the unit cell used to describe the con-
ductivity (see the dashed lines in Figs. 7 and 12, as well as
Fig. 2 of Ref. [33]).

APPENDIX E: NEGLIGIBLE EFFECT OF
ISOTOPES ON THE CONDUCTIVITY

In Fig. 13 we show that accounting or not for the con-
tributions of isotopes to the linewidths [29] [Eq. (A3)] has
negligible effects on the thermal conductivities of LaPOy
and GdPOy (variations smaller than 1%).

APPENDIX F: COMPUTATIONAL METHODS

1. Structural and vibrational properties of LaPOy

The crystal structure of monazite LaPOy is taken from
the experimental work of Ni ef al. [108]; it is monoclinic
(space group P2;/n) and contains 24 atoms (four formula
units) in the primitive cell (Fig. 14).

DFT calculations are performed using the Quan-
tum ESPRESSO (QE) distributions [111]. We employed
the revised Perdew-Burke-Enzerhof functional (PBEsol)
[112]; pseudopotentials were taken from the SSSP preci-
sion library (version 1.1.2) [113,114]. We used a kinetic
energy cutoff of 80 Ry, and the Brillouin zone was sam-
pled using a 3 x3x3 Monkhorst-Pack [115] k-point mesh
with a (1 1 1) shift. The structure is relaxed using the vari-
able cell relax (ve-relax) scheme, with a force convergence

1.0
LaPO4
=== GdPO,4
0.8
S
8
—
X
I8
g x
g
0.0 . . . . . . . \
200 400 600 800 1000 1200 1400 1600 1800 2000
T (K)
FIG. 13. Negligible effect of isotopes on conductivity. In pris-

tine LaPOy4 (solid) and GdPOy4 (dashed), the relative difference
between the total conductivity obtained whether or not account-
ing for isotopes at natural abundance [29] [Kimp(T) and kpure (1),
respectively] is always smaller than 0.6%.

threshold of 10~ Ry/Bohr. The resulting equilibrium lat-
tice parameters are in good agreement with experiments;
see Table I.

The second-order force constants (fc2) are computed
using density-functional perturbation theory [65] over a
4 x 4 x 4 q mesh in reciprocal space. The LO-TO splitting
at the I" point is incorporated using the nonanalytic term
correction computed with dielectric tensor and Born effec-
tive charges [116]. The absence of the imaginary phonon
modes in the phonon dispersion (Fig. 15) confirms the
dynamical stability.

The third-order force constants (fc3) are computed with
a 2 x 2 x 2 supercell using QE and the ShengBTE pack-
ages [117]. Here, the finite difference method is used and
the nearest-neighbor interaction up to 8 nearest neighbors

FIG. 14. DFT-optimized primitive cell of LaPO,. Green, pur-
ple, and red represent La, P, and O atoms, respectively.
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TABLE I. Optimized lattice parameters and volume of LaPO,4. Experimental data are taken from Ni et al. [108]. The theoretical
primitive-cell volume is 0.26% smaller than the experimental measurement at 300 K.

Functional a(A) b (A) ¢ (A) o (deg) B (deg) y (deg) V(A%
PBEsol 6.843 7.074 6.478 90.000 103.478 90.000 304.938
Expt. from Ni et al. [108] 6.831 7.071 6.503 90.000 103.270 90.000 305.732

is incorporated. The QE fc2 and fc3 are exported to hdfS
formats using Phonopy [118] and HIPHIVE [119] pack-
ages, respectively. The linewidths are then computed using
the Phono3py package [21,120].

2. Raman spectrum

The Raman intensities /; appearing in Eq. (3) were
computed from the Raman tensor [121,122]

Iy 1 9%Fyy
dug;  VIEIE’

(FD)

where Fy; is the force acting on atom / and &£ is the
macroscopic electric field. The Raman tensor was com-
puted using the finite-electric-field approach [122], as
implemented in the aiida-vibroscopy package [121]
within the AiiDA infrastructure [123,124]. The second-
order derivative appearing in Eq. (F1) was evaluated
through the application of a small electric field, described
by the electric enthalpy functional [125,126], an exten-
sion of the Kohn-Sham functional that allows us to find
metastable solutions in the presence of a homogeneous
electric field. In particular, we used a fourth-order central
difference formula with an electric field step of about 0.8 x
1073 (Ry)a.u. [1 (Ry) a.u. ~ 36.3609 V/A] to remove
the finite size dependence of the numerical derivative (see
Ref. [121] for details), and a Monkhorst-Pack grid of
10 x 9 x 10 to ensure a well-converged spectra. Finally,
the tensor was symmetrized according to the LaPO, space

group.

1200 —— with NAC --+---without NAC
1000 = =—
800 -
T
€ 600+ =
S ?@
3 —
= 400 s
200
—
0
r V4 D B r A E zZ C T r
FIG. 15. Phonon dispersion of LaPO4. Red (blue) is with

(without) the nonanalytic (NAC) term correction. We highlight
how NAC affects the splitting of the LO-TO mode at q = 0.

We conclude this appendix by discussing in more detail
the temperature dependence of the Raman spectra in Fig. 1.
Specifically, we note that the relative intensity of the
theoretical Raman spectra does not decrease monotoni-
cally with temperature for all the peaks—the peak around
200 cm™~! is more intense at 1000 K than at 300 K. Such
behavior originates from the presence of the temperature-
independent instrumental linewidth in the Lorentzian (3),
and from the Bose-Einstein distribution appearing in the
Raman cross section for /;. To quantitatively understand
this behavior, we consider the maximum Raman intensity
at w ~ 200 cm™!,

(= w, 1) ~ [N(ws, 1) + 11/(Ts + Tins),  (F2)

where [N(w,, T) 4+ 1] = (1 — exp{—Hhiw,/ksT})~'. We see
from Fig. 10 that, for w; &~ 200 cm™!, we have 2 cm™! =
[ins > T It follows that the temperature dependence of
the Raman intensity of these modes arises entirely from
the Bose-Einstein occupations. In particular, comparing

the intensities at 77 = 300 K and 7> = 1000 K, we have
H(wy, T2) /1 (ws, T1)

~ [N(wy, T2) + 11/[N(w, T1) + 11 ~ 2.5, (F3)

and this explains why the Raman peak at low-frequency
becomes sharper upon increasing temperature. In contrast,
for high-frequency modes, 2 cgn_1 =Tins K 'y ~ T, and
from Eq. (F2), it follows that [ N(wy, T) 4+ 1]/ Ty decreases
upon increasing temperature.

Finally, we note that the results reported in Fig. 1 are
computed using the same level of theory used in the
thermal conductivity calculations. Specifically, they are
computed using the standard perturbative treatment of
anharmonicity (also used in the phonon Boltzmann trans-
port equation [74,127]) that considers third-order broad-
ening effects (bubble three-phonon diagram) and neglects
the renormalization of the frequencies due to anharmonic-
ity and temperature. As discussed in Sec. V of Ref. [33],
rigorously accounting for the influence of these effects on
the thermal conductivity is an open challenging problem,
which requires also accounting for anharmonic terms in
the heat flux [128] to ensure a consistent treatment of the
approximations that have to be performed.

3. Evaluating the Wigner conductivity of alloys

The thermal conductivity is calculated by solving the
linearized form of the Wigner transport equation in the
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homogeneous regime, relying on the solver implemented
in the Phono3py code [120]. The scattering operator is
computed on a mesh of size 17 x 17 x 17 by accounting
for the isotopic scattering effects [29,30] and third-order
anharmonicity.

To evaluate the effect of compositional disorder on the
conductivity of La;_,Gd,PO4, we employ the following
computational protocol.

(1) We build a perfect 6 x 6 x 6 supercell of the primi-
tive cell of LaPOy.

(2) We construct second-order force constants (fc2) for
the perfect supercell. We do this by mapping the primitive-
cell force constants into the supercell using the tool of
Ref. [129].

(3) We use the pristine supercell fc2 computed at
the previous point as a starting point to describe
compositional disorder at eight different compositions
x €[0.05,0.15,0.30,0.50,0.70, 0.85,0.95,1.00]. Specifi-
cally, we use the mass-substitution approximation
explained in Sec. I[IID 1 [see Egs. (6) and (7)]. For each
composition x, we scan the supercell sites containing La,
and with probability x, we replace the mass of La atoms

)
)

1]
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1200

with the mass of Gd [representative configurations are
shown in Fig. 16(a)].

(4) We assess the dynamical stability of each of the
eight compositionally disordered configurations by diago-
nalizing the mass-substituted, disordered dynamical matrix
(6), and verifying that the vibrational density of states is
nonzero only for positive values of the vibrational energy
[Figs. 16(b) and 16(c)].

(5) We compute the velocity operator [Eq. (10)] for
each disordered composition on the computationally con-
verged 3 x 3 x 3 q mesh (see Fig. 12 for convergence
tests). In this step, to reduce the computational cost,
we neglect the effect of the nonanalytical term correc-
tion [116]. We validate this approximation in Fig. 17 by
showing its negligible effect on the thermal conductivity.

(6) We employ the velocity operator and the coarse-
grained linewidth [Eq. (11)] to evaluate the Wigner ther-
mal conductivity (1).

We note, in passing, that we considered one disordered
configuration for each composition, since the convergence
tests in Fig. 6 show that the total conductivities of different
disordered cells of LaysGdysPO4 larger than 1536 atoms
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FIG. 16. Explicit simulation of harmonic vibrational properties of La;_,Gd,POy4 alloys. (a) Front view of the 5184-atom disor-
dered cell of La,_,Gd, PO, of different compositions x. The green, violet, red, and purple colors represent La, P, O, and Gd atoms,
respectively. (b) Phonon density of states (DOS) as a function of x; for all the disordered configurations considered, the vibrational
frequencies are real and positive, indicating dynamic stability. (c) Enlarged view of the phonon DOS in the range 50 to 300 cm™!,

where compositional disorder has the largest effects.
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K 7(with NAC)

——— k7(without NAC)

200 300 400 500 600 700 800 900 1000
T (K)

FIG. 17. Negligible effect of the nonanalytical term correction
on the conductivity of pristine LaPO,4, computed using a perfect
5184-atom supercell (a 6 x 6 x 6 repetition of the primitive cell)
ona3 x 3 x 3 qmesh.

of the same composition x = 0.5 are practically indistin-
guishable.
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