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Nonadiabatic geometric quantum gates that are robust against systematic errors
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A nonadiabatic geometric quantum gate is realized by integrating nonadiabatic geometric phases with
global geometric features into the unitary quantum control, thereby removing the limitation of a long evo-
lution time in the adiabatic case. However, systematic errors are inevitable in practical quantum control;
these lead to the deviation of the evolution from target conditions to inducing geometric phases, smearing
the robustness of the induced geometric quantum gates. Here, we present a general theoretical framework
with enhanced robustness for geometric quantum gates by preserving fundamental geometric conditions.
We first analytically evaluate the influence of systematic errors on geometric gates and then propose an
optimized approach to mitigate this influence. Numerical simulations indicate that, as the geometric con-
ditions are still maintained in the presence of systematic errors in our scheme, the constructed geometric
quantum gates exhibit strong robustness, far superior to that of conventional schemes. Furthermore, we
propose implementing the scheme in superconducting quantum circuits, where geometric quantum gates
can achieve high fidelity with current experimental parameters. Therefore, the enhanced gate performance
highlights the promise of our scheme for large-scale quantum computations.
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I. INTRODUCTION

Quantum computation has enormous potential appli-
cations and can handle certain problems that are hard
for classical computers [1]. Reliable quantum information
processing requires the ability to implement high-fidelity
quantum gates. However, environmental-induced decoher-
ence and inevitable control errors in quantum manipulation
will degrade the gate fidelity. Geometric phases, both
abelian [2,3] and non-abelian [4,5], due to their global geo-
metric nature, exhibit inherent resistance to certain local
noise [6–8], making geometric quantum computation a
promising strategy to enhance the robustness of quantum
gates.

Early approaches to geometric quantum computation
[9,10] employed adiabatic evolution to suppress transi-
tions between instantaneous eigenstates of the Hamilto-
nian. However, the adiabatic condition results in prolonged
gate operation times, reducing gate performance due to

*Contact author: liangyan9009@163.com
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decoherence. To address this constraint, nonadiabatic geo-
metric quantum computation (NGQC) [11,12] and nonadi-
abatic holonomic quantum computation (NHQC) [13,14]
based on abelian and non-abelian geometric phases were
introduced. The combination of control robustness and
rapid operations has expedited the theoretical development
[15–35] and stimulated experimental validations in various
physical systems [36–47].

However, NGQC and NHQC schemes necessitate strict
adherence to geometric conditions, namely, the cyclic evo-
lution condition and parallel-transport condition, imposing
stringent requirements on the driving Hamiltonian. In the
presence of systematic errors, defects in these conditions
are induced, leading to nonclosed evolution paths and
nonzero dynamical phases [48], thereby diminishing the
robustness of geometric phases. There are many proposals
to enhance the robustness of NGQC and NHQC, such as
optimal control [49–51], composite pulse [22,52,53], and
optimization algorithms [54], but the fundamental prob-
lem of geometric condition defects induced by systematic
errors remains unresolved.

Here, different from previous works, we present a
general theoretical framework with enhanced robustness
for geometric quantum gates by preserving fundamental
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geometric conditions. We first analyze the influence of
systematic errors on cyclic evolution and parallel-transport
conditions, as well as the induced gate infidelity. Sub-
sequently, we introduce an optimized NGQC (ONGQC)
scheme. In the presence of systematic errors, our scheme
can maximize the preservation of cyclic evolution and
parallel-transport conditions that are essential for NGQC,
by optimizing the path parameters. Numerical simulations
demonstrate the remarkable performance of our scheme
against systematic errors, surpassing both conventional
NGQC and dynamical (DY) schemes, as well as previous
optimization approaches. In addition, we further propose
implementing this scheme in superconducting quantum
circuits, where high-performance geometric quantum gates
can be achieved with current technologies. Our scheme is
readily implementable, and thus, is promising for future
large-scale quantum computation.

II. THE OPTIMIZED NGQC

In this section, we first present how to construct the
nonadiabatic geometric quantum gate by reverse engineer-
ing of the Hamiltonian in a two-level quantum system.
Second, we analytically evaluate the influence of system-
atic errors on geometric gates. Finally, we propose an
optimized approach to mitigate the influence of systematic
errors on target geometric quantum gates.

A. Inverse engineering of NGQC

We first proceed to construct the nonadiabatic geometric
quantum gate by reverse engineering of the target Hamil-
tonian. Consider a two-level system with lower and upper
energy levels denoted by |0〉 and |1〉: assuming � = 1
hereafter, in the interaction picture, the Hamiltonian for a
resonantly driven two-level system can be written as

H(t) =
(

0 �R(t)− i�I (t)
�R(t)+ i�I (t) 0

)
, (1)

where the specific forms of �R(t) and �I (t) are yet to
be determined, and they represent the real and imaginary
components of the Rabi frequency. A set of orthogo-
nal solutions of the time-dependent Schrödinger equation,
i|ψ̇±(t)〉 = H(t)|ψ±(t)〉, can be constructed as

|ψ+(t)〉 = e−if (t)/2|φ+(t)〉,
|ψ−(t)〉 = eif (t)/2|φ−(t)〉, (2)

with

|φ+(t)〉 = cos
θ(t)

2
e−iα(t)/2|0〉 + sin

θ(t)
2

eiα(t)/2|1〉,

|φ−(t)〉 = sin
θ(t)

2
e−iα(t)/2|0〉 − cos

θ(t)
2

eiα(t)/2|1〉, (3)

where parameters θ(t) and α(t) denote the time-dependent
polar and azimuth angles on a Bloch sphere, respectively,
and f (t) is the global phase with f (0) = 0. Thus, the path
of evolution states, |ψ±(t)〉, can be visualized on the Bloch
sphere.

Furthermore, utilizing the reverse engineering of the tar-
get Hamiltonian [24,55–57], i.e., H(t) = i

∑
j =± |ψ̇(t)〉j

〈ψ(t)|, the parameters in Eq. (1) can be determined as

�R = 1
2
(ḟ cosαsinθ − θ̇sinα),

�I = 1
2
(ḟ sinαsinθ + θ̇cosα), (4)

where the condition of α̇ = −ḟ cosθ is used to ensure
that driving is resonant. Additionally, when the cyclic
evolution condition is satisfied at the final time τ , i.e.,
|φ±(τ )〉 = |φ±(0)〉 = |ψ±(0)〉, the corresponding evolu-
tion operator is

U(τ ) =
∑
j =±

e∓if (τ )/2|ψj (0)〉〈ψj (0)|. (5)

During the process, the overall phase, f (τ ), has both geo-
metric and dynamical components, with the dynamical
phase being calculated as

γd(τ ) =
∫ τ

0
〈φ+(t)|H(t)|φ+(t)〉dt = −

∫ τ

0

α̇sin2θ

2cosθ
dt. (6)

To induce a pure geometric phase, the dynamical phase
should be zero at the end of the cyclic evolution, i.e.,
γd(τ ) = 0. To this end, the conventional NGQC schemes
[21,22] set time-independent azimuth angles, that is, α̇ =
0, and the corresponding path of the evolution state,
|ψ+(t)〉, is a closed path passing through the north and
south poles, as shown in the left side of Fig. 1(a).

B. Robust conditions for NGQC

However, regarding robustness against systematic
errors, the conventional NGQC scheme lacks sufficient
advantages over the standard DY scheme in most cases.
In the following, we examine the influence of systematic
errors on quantum evolution. The Hamiltonian becomes
H ′(t) = H(t)+ V(t), where the error term is

V(t) =
(

η�m ε(�R − i�I )

ε(�R + i�I ) −η�m

)
, (7)

with �m being the maximum pulse amplitude; ε and η are
the error fractions of Rabi error and the frequency-shift
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FIG. 1. Schematic illustration of the evolution paths for S and
X gates. (a) Evolution paths of both the NGQC and our ONGQC
schemes in the absence of errors, where the ONGQC scheme
does not require optimization in this case (cn = 0). In the pres-
ence of (b) Rabi error with ε = 0.1 and (c) frequency-shift error
with η = 0.1, evolution paths of the NGQC scheme deviate from
closed path, whereas evolution paths of the ONGQC scheme are
still closed paths.

error, respectively. The evolution operator with errors is

U′(τ ) =
∑
j =±

|ψ ′
j (τ )〉〈ψj (0)|, (8)

where |ψ ′
j (τ )〉 denote the evolution states, which satisfy

the Schrödinger equation, i|ψ̇ ′(t)〉 = H ′(t)|ψ ′(t)〉.
An important condition for realizing a NGQC gate is

cyclic evolution, that is, |ψ±(τ )〉 = e∓if (τ )/2|ψ±(0). Nev-
ertheless, errors introduce deviations, 〈ψ ′

j (τ )|ψj (τ )〉 �= 1,
disrupting the cyclic condition. Intuitively, errors lead to
nonclosed evolution paths on the Bloch sphere in a conven-
tional NGQC, as depicted in Figs. 1(b) and 1(c). Another
vital condition for NGQC gates is the parallel-transport
condition, γd(τ ) = 0. However, errors induce a nonzero
dynamical phase, as illustrated in Figs. 2(a) and 2(c). Vio-
lation of these conditions diminishes the robustness of
conventional NGQC gates against systematic errors, lack-
ing sufficient advantages compared to standard dynamical
gates, as demonstrated in Figs. 3 and 4. Hence, ensur-
ing the conditions of cyclic evolution and zero dynamical
phase under systematic errors is crucial for the immunity
of geometric quantum gates.

Now we analytically derive the conditions for cyclic
evolution to be satisfied in the presence of errors. Defining
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FIG. 2. Dynamical phase γd(t) for S and X gates: (a),(c)
NGQC schemes; (b),(d) ONGQC schemes.

the gate fidelity as [58]

F = 1
2
|Tr(U†(τ )U′(τ ))|,

= 1
2

[〈ψ ′
+(τ )|ψ+(τ )〉 + 〈ψ ′

−(τ )|ψ−(τ )〉], (9)

in the absence of errors, the cyclic condition holds,
i.e., |ψ ′

±(τ )〉 = |ψ±(τ )〉 = e∓if (τ )/2|ψ±(0), and F = 1. In
the presence of errors, the fidelity is expanded to the
second-order perturbation, resulting in (see Appendix C
for details):

F = 1 − E ε − Eη, (10)
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FIG. 3. Gate fidelities as a function of ε for (a) S gate and (c)
X gate, and as a function of η for (b) S gate and (d) X gate.
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FIG. 4. For a decoherence rate of � = 10−4�m, the compre-
hensive performance of the S gate in (a) ONGQC, (c) NGQC,
and (e) DY schemes, and the comprehensive performance of the
X gate in (b) ONGQC, (d) NGQC, and (f) DY schemes.

where

E ε = 1
8

(∣∣∣∣
∫ τ

0
ε ḟ sin2θdt

∣∣∣∣
2

+
∣∣∣∣
∫ τ

0
ε

(
1
2

ḟ sin2θ − iθ̇
)

eif dt
∣∣∣∣
2
)

, (11a)

Eη = 1
8

(∣∣∣∣
∫ τ

0
η�mcosθdt

∣∣∣∣
2

+
∣∣∣∣
∫ τ

0
η�msinθeif dt

∣∣∣∣
2
)

,

(11b)

which denote the adverse influence of the Rabi error
and frequency-shift error, respectively, on cyclic evolu-
tion. Therefore, to maintain the robustness of geometric
quantum gates against systematic errors, we need to min-
imize the error-influence terms, E ε and Eη, as well as the
dynamical phase:

γd =
∫ τ

0
〈ψ ′

+(t)|H ′(t)|ψ ′
+(t)〉dt. (12)

Note that when systematic error fractions ε and η are time
independent or vary slowly enough during a gate opera-
tion, Eq. (11) is valid. However, if ε and η vary rapidly and
unpredictably, minimizing Eq. (11) becomes impractical,
thus impeding the effectiveness of our method.

C. Optimal control

We now propose an ONGQC to minimize the error-
influence terms and the dynamical phase by optimizing
path parameters. We express f as a function of θ and
expand it into a Fourier series of

f (θ) =
N∑

n=1

cn sin 2nθ , (13)

where cn is a free real parameter. Following the
conventional NGQC schemes [21,22,25,48], we divide
the evolution path into three segments. In each seg-
ment, the polar angle, θ(t), satisfies boundary condi-
tions θ(0) = θ0, θ(τ1) = 0, θ(τ2) = π , θ(τ ) = θ0. And the
azimuth angles, α(t), satisfy the boundary conditions

α(0) = α0,α(τ1) = α0 + ∫ τ1
0 α̇dt, t ∈ [0, τ1],

α(τ1)=α(τ1)+ γg ,α(τ2)=α(τ1)+
∫ τ2
τ1
α̇dt, t ∈ [τ1, τ2],

α(τ2) = α(τ2)− γg ,α(τ) = α0, t ∈ [τ2, τ ],
(14)

which include a sudden change in azimuth angles, α(t), at
the north and south poles of the Bloch sphere. This is con-
sistent with conventional NGQC schemes; see Appendix A
for details. To ensure a smooth pulse, θ(t) needs to satisfy
θ̇ (0) = θ̇ (τ1) = θ̇ (τ2) = θ̇ (τ ) = 0. Then, we optimize the
parameter cn to minimize its adverse influence on cyclic
evolution and dynamical phases in Eqs. (11) and (12).

To clarify the optimization process, we consider the S
and X gates as examples, with (θ0,α0, γg) set to (0, 0,π/4)
and (π/2, 0,π/2), respectively. For the S gate, requiring
only two segments due to θ(0) = 0, we can choose θ(t) =
π sin2(π t/2τ1) and τ1 = τ/2 to satisfy the boundary con-
ditions. For the X gate, we set

θ(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

π

2
− π

2
sin2 π t

2Ta
, t ∈ [0, τ1],

πsin2π(t − τ1)

2Tb
, t ∈ [τ1, τ2],

π − π

2
sin2π(t − τ2)

2Tc
, t ∈ [τ2, τ ],

(15)

where Ta = τ1, Tb = τ2 − τ1, and Tc = τ − τ2.
We numerically minimize Eqs. (11) and (12), with cn as

variables. This process involves initializing with an initial
guess of cn and then determining the optimal parameters
that minimize the objective functions. Through the opti-
mization of parameter cn, we minimize Eqs. (11) and (12),
ensuring the satisfaction of the cyclic condition in the
presence of various types of errors, while maintaining the
dynamical phase close to zero. Table I presents the opti-
mized values of parameter cn for the S gate and the X
gate under various types of error. In addition, here we
truncate with n = 5, which is arbitrary, but this setting is

024061-4



NONADIABATIC GEOMETRIC QUANTUM GATES THAT ARE... PHYS. REV. APPLIED 22, 024061 (2024)

TABLE I. Optimization parameters cn for different types of errors. Case 1 addresses the Rabi error; case 2 addresses the frequency-
shift errors; and case 3 includes both the Rabi error and frequency-shift errors, as well as decoherence.

Segment I Segment II Segment III

Case Gate c1 c2 c3 c4 c5 c1 c2 c3 c4 c5 c1 c2 c3 c4 c5

1 S 2.89 1.05 0.24 0.01 0.01 2.89 1.05 0.24 0.01 −0.01 . . . . . . . . . . . . . . .

X −0.13 −0.49 −0.25 −0.05 −0.09 0 −3.1 −1.22 −0.35 −0.18 0.12 0.32 0.2 0.22 0.03
2 S 2.51 1.22 0.54 0.18 0.10 2.51 1.22 0.54 0.18 0.10 . . . . . . . . . . . . . . .

X 0.03 0.43 0.36 0.25 0.19 0.11 −2.42 −0.31 0.1 −0.08 0.19 0.56 −0.03 0.13 0
3 S 2.41 1.22 0.54 0.18 0.04 2.41 1.22 0.54 0.18 0.04 . . . . . . . . . . . . . . .

X −0.13 −0.49 −0.25 −0.05 −0.09 −0.01 −2.91 −1.22 −0.36 −0.19 0.12 0.32 0.2 0.22 0.03

accurate enough for our purpose. Figure 1 illustrates the
evolution paths of our ONGQC and conventional NGQC
schemes. In the absence of errors, the ONGQC scheme,
without optimization (cn = 0), exhibits a closed path along
the longitude for both the ONGQC and NGQC schemes.
However, in the presence of Rabi or frequency-shift errors,
the evolution path of the NGQC scheme no longer remains
closed, while the ONGQC scheme maintains closure, as
shown in Figs. 1(b) and 1(c). These facts illustrate that,
by minimizing Eq. (11) through parameter optimization,
the cyclic condition can be satisfied. Additionally, by min-
imizing Eq. (12), the ONGQC scheme achieves a near-zero
dynamical phase, as shown in Figs. 2(b) and 2(d), i.e.,
the obtained phase is almost purely geometric, and thus,
promises a good gate performance. Conversely, errors
cause the conventional NGQC scheme to have a large
nonzero dynamical phase, as shown in Figs. 2(a) and 2(c),
which leads to poor gate performance under these system-
atic errors.

Through parameter optimization, the fundamental con-
ditions of NGQC, i.e., cyclic evolution and zero dynam-
ical phase, are well satisfied, significantly enhancing the
robustness of the implemented geometric quantum gates
against systematic errors. In Fig. 3, we demonstrate the
numerical results for the robustness of the S gate and X
gate in the ONGQC scheme against Rabi errors (case 1)
and frequency-shift errors (case 2), and compare them with
both the conventional NGQC scheme and the DY scheme;
see Appendixes A and B for their respective implementa-
tion details. These results show that our scheme exhibits
exceptional immunity to systematic errors, maintaining a
fidelity above 99% across the entire range of systematic
errors.

To assess the experimental relevance of the ONGQC
scheme, we numerically simulate the comprehensive
performance of the quantum gate using the master
equation [59]:

ρ̇(t) = i[ρ(t), H ′(t)] + 1
2

∑
l=−,z

�lL(Al), (16)

where H ′(t) is the Hamiltonian with systematic errors;
ρ(t) is the density matrix of the quantum system;

L(A) = 2AρA† − A†Aρ − ρA†A; A− = |0〉〈1|; Az =
|1〉〈1| − |0〉〈0|; and �− and �z are the decay and dephas-
ing rates, respectively. We define the gate fidelity as
F = 1/6

∑6
k=1〈�k(0)|U†(τ )ρ(τ)U(τ )|�k(0)〉 [60], with

|�k(0)〉 ∈ {|0〉, |1〉, (|0〉 + |1〉)/√2, (|0〉 − |1〉)/√2, (|0〉 +
i|1〉)/√2, and (|0〉 − i|1〉)/√2} being the initial states. As
depicted in Fig. 4, with decoherence rates of �− = �z =
� = 10−4�m, the overall performance of the ONGQC
scheme surpasses that of the NGQC and DY schemes.

D. Comparison with other optimized schemes

The construction of nonadiabatic geometric quantum
gates necessitates meeting the cyclic evolution condi-
tion and the parallel-transport condition. These geomet-
ric conditions are the foundation for the robustness of
nonadiabatic geometric quantum gates. Systematic errors
can induce defects in these conditions, leading to non-
closed evolution paths and nonzero dynamical phases [48],
thus reducing the robustness of geometric quantum gates.
Various optimization approaches have been proposed to
enhance the robustness of NGQC and NHQC, such as
state-independent NGQC [29], optimal control [49–51],
and composite pulse techniques [22,52,53]. Although
these optimization schemes can improve the robustness of
quantum gates, the improvements do not stem from the
geometric nature of the gates but rather from the opti-
mization itself, leaving the fundamental issue of geometric
condition defects caused by systematic errors unresolved.

In contrast to previous works, the proposed ONGQC
scheme offers a general theoretical framework with
enhanced robustness for NGQC by preserving fundamen-
tal geometric conditions. Next, we compare our scheme
(ONGQC) with the state-independent NGQC (SINGQC)
scheme in Ref. [29], the robust NHQC (RNHQC)
scheme in Ref. [51], and the composite short-path
NHQC (CSNHQC) scheme in Ref. [52] to highlight this
distinction.

Here, we take the S gate as an example. The Hamiltonian
and corresponding parameter settings used in SINGQC,
RNHQC, and CSNHQC are detailed in Appendix D. We
compare the robustness of the S gate in different schemes
against Rabi errors and frequency-shift errors in Figs. 5(a)
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FIG. 5. Robustness of the S gate in different schemes with
respect to (a) Rabi error and (b) frequency-shift error.

and 5(b), respectively. We find that the SINGQC, RNHQC,
and CSNHQC schemes are robust against either Rabi
errors or frequency-shift errors, but not both simulta-
neously. This work (ONGQC) simultaneously enhances
robustness against both types of errors, representing a sig-
nificant advancement in the field of nonadiabatic geometric
quantum computation.

Although the SINGQC, RNHQC, and CSNHQC
schemes can enhance the robustness of quantum gates in
some cases, this enhancement is not derived from their
geometric nature but merely through optimization. As
shown in Figs. 6 and 7, after optimization, these schemes
either do not satisfy the cyclic condition or have nonzero
dynamical phases. Our ONGQC scheme maximizes the
preservation of the geometric nature of geometric quantum
gates, ensuring both the cyclic evolution and parallel-
transport conditions, and thus, guaranteeing the robustness
of geometric quantum gates. This significantly enhances
the practicality and reliability of geometric quantum gates,
paving the way for their implementation in complex quan-
tum computation systems.

III. PHYSICAL IMPLEMENTATION

In this section, we propose to implement our ONGQC
scheme on superconducting quantum circuits [61].
Numerical evaluations suggest that high-quality quantum
gates can be achieved with state-of-the-art technologies.
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FIG. 6. Dynamic phase γd(t) in Eq. (12) of the S gate. (a) Rabi
error with ε = 0.1; (b) frequency-shift error with η = 0.1. When
γd(τ ) = 0, there is no accumulation of dynamical phase.

(a)

(b)

FIG. 7. Evolution paths for the S gate in different schemes are
illustrated, (a) considering a Rabi error of ε = 0.1, and (b) con-
sidering a frequency-shift error of η = 0.1. Top row displays
three-dimensional representations, while the bottom row shows
projections onto the X -Y plane. In the evolution-path diagrams,
red dots represent the initial states, and blue dots represent the
final states. Coincidence of red and blue dots indicates satisfac-
tion of the cyclic condition, while their noncoincidence indicates
a failure to satisfy this condition.

A. Single-qubit quantum gates

We consider two-dimensional (2D) superconducting
quantum circuits consisting of capacitively coupled trans-
mon qubits [62,63], as depicted in Fig. 8(a). For the
construction of single-qubit gates, we focus on the lowest-
three energy levels of a transmon qubit, denoted as
{|0〉, |1〉, |2〉}, where {|0〉, |1〉} form the computational
space, and {|2〉} is the main leakage space, as illustrated in
Fig. 8(b). We consider that a transmon qubit is driven by
an external microwave field, and the system Hamiltonian
is given by

HD(t) = (1 + ε)A(t) · S − α|2〉〈2| + mη�m

∑
m=1,2

|m〉〈m|,

(17)

where α denotes the intrinsic anharmonicity of the trans-
mon; ε and η are the Rabi and frequency-shift error ratios,
respectively. To mitigate information leakage to noncom-
putational spaces, we employ “derivative removal via adi-
abatic gate” (DRAG) technology [64]. The corresponding
control field, A(t) = A0(t)+ AD(t), comprises the original

024061-6



NONADIABATIC GEOMETRIC QUANTUM GATES THAT ARE... PHYS. REV. APPLIED 22, 024061 (2024)

FIG. 8. Illustration of our physical implementation. (a) 2D
square superconducting transmon-qubit lattice consists of capac-
itively coupled transmons. (b) Energy-level diagram of a single
driven qubit, where microwave fields are applied to induce
the couple of the two lowest levels, but the dispersive transi-
tions among the higher excited states are stimulated because of
the weak anharmonicity (α) nature of the transmon qubit. (c)
Energy spectrum of two capacitively coupled transmons, where
two-excitation subspace can be used to implement the CZ gate.

component, A0(t) = (Ax, Ay , Az) = (�R,�I , 0), and the
additional DRAG correcting component, AD(t) = (−Ȧy +
AzAx, Ȧx + AzAy , 0)/(−2α). The operator vector, S, is
specifically written as Sx = ∑

m=0,1

√
m + 1(|m + 1〉〈m| +

|m〉〈m + 1|), Sy = ∑
m=0,1

√
m + 1(i|m + 1〉〈m| − i|m〉

〈m + 1|), and Sz = ∑
m=0,1(1 − 2m)|m〉〈m|.

We assess the performance of quantum gates in a
superconducting transmon system, using the S gate as an
illustrative example. In this context, the decoherence oper-
ators in the master equation are A− = |0〉〈1| + √

2|1〉〈2|
and Az = |1〉〈1| + 2|2〉〈2|, with decoherence rates �− =
�z = 2π × 2 kHz, and qubit anharmonicity α = 2π × 220
MHz. Utilizing the optimized parameters from case 3
in Table I, we depict the comprehensive performance
of the S gate against Rabi and frequency-shift errors in
Figs. 9(a)–9(c), and compare it with those of conven-
tional NGQC and DY schemes. In our simulations, we set
the maximum pulse amplitude for all schemes to �m =
2π × 20 MHz, resulting in gate durations of 90 ns for
the ONGQC scheme, 50 ns for the conventional NGQC
scheme, and 37.5 ns for the DY scheme. Clearly, in the
presence of decoherence, the ONGQC scheme exhibits
superior robustness to that of the corresponding NGQC
and DY schemes, as shown in Figs. 9(a)–9(c).

B. Two-qubit quantum gates

We now proceed to construct a nontrivial two-qubit geo-
metric gate between two capacitively coupled transmon
qubits, denoted as T1 and T2, as depicted in Fig. 8(a). The
Hamiltonian of two coupled qubits is

H12(t) =
∑

m=1,2

∑
j =1,2

[jωm − (j − 1)αm]|j 〉m〈j |

+ g12

∏
m=1,2

⎛
⎝∑

j =1,2

λj σ
m
j

⎞
⎠+ H.c., (18)

where ωm and αm are the intrinsic qubit frequency and
anharmonicity of Tm, respectively. Additionally, g12 is
the coupling strength between the two capacitively cou-
pled transmons, σm

j = |j 〉m〈j − 1|, λ1 = 1, and λ2 = √
2.

Once transition frequencies of adjacent transmon qubits
are set, their coupling strength, g12, is generally fixed. To
achieve controllable coupling [65,66], we add an ac driv-
ing on the transmon qubit, T1, to adjust its qubit frequency,
i.e., ω1(t) = ω1 + Ḟ(t), where F(t) = β sin(νt + φ), and ν
and φ represent the frequency and phase of the driving
field, respectively. By utilizing the Jacobi-Anger iden-
tity, exp [iβ cos(νt + φ)] = ∑∞

m=−∞ imJm(β)exp[im(νt +
φ)], with Jm(β) denoting Bessel functions of the first kind,
the Hamiltonian in the interaction picture can be expressed
as

H I
12(t) = g12J1(β)e−i(νt+φ){|01〉〈10|ei�t

+
√

2|11〉〈20|ei(�+α1)t

+
√

2|02〉〈11|ei(�−α2)t} + H.c., (19)

where |kl〉 = |k〉 ⊗ |l〉, and � = ω1 − ω2 denotes the
qubit-frequency difference. The resonant interaction can
be induced in the single- or two-excitation sub-
spaces by selecting different driving frequencies, ν,
and the corresponding energy-level diagram is shown
in Fig. 8(c).

When we set �− α2 = ν and neglect high-order oscil-
lating terms, the effectively resonant interaction Hamilto-
nian in the two-excitation subspace, {|02〉, |11〉}, can be
written as

H ′
12(t) =

(
0 g

′
12e−iφ

g
′
12eiφ 0

)
, (20)

where g′
12 = √

2g12J1(β) represents the effective cou-
pling strength, and J1(β) is the first-order Bessel func-
tion. Since Eq. (20) has the same form as Eq. (1), state
|11〉 can accumulate a purely geometric phase, simi-
larly to the single-qubit case. Therefore, in the whole
two-qubit computational subspace, {|00〉, |01〉, |10〉, |11〉},
we can achieve a two-qubit geometric control-phase
gate, i.e.,

U′(τ ) = diag(1, 1, 1, eiγ ′
). (21)

For a two-qubit geometric gate, we can also use the
optimization strategy to mitigate the influence of sys-
tematic errors. Here, the Rabi-error term we consider
is g12 → (1 + ε)g12, and the frequency-shift-error term
is ηg12(|11〉〈11| + |22〉〈22|). Here, we take the CZ gate
(γ ′ = π ) as an example to assess the performance of our
scheme. The optimized parameters are c1 = 0.006, c2 =
0.001, c3 = 0.01, c4 = 0.026, and c5 = 0.015. For a cou-
pling strength of g12 = 2π × 13 MHz, the optimized gate
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(a) (b) (c)

(f)(e)(d)

FIG. 9. Robustness of quantum gates against Rabi and frequency-shift errors in superconducting quantum systems. Robustness of
the S gate in (a) ONGQC, (b) NGQC, and (c) DY schemes, and CZ gate in (d) ONGQC, (e) NGQC, and (f) DY schemes. Decoherence
rate is � = 2π × 2 kHz.

duration is τ = 73 ns. The anharmonicities of transmon
qubits are set as α1 = 2π × 220 MHz and α2 = 2π × 350
MHz [61]. To test our gate performance, we define the gate
fidelity as F ′ = 1/16

∑16
k=1〈� ′

k(0)|U′†(τ )ρ ′U′(τ )|� ′
k(0)〉,

where ρ ′ is the two-atom density operator, and |� ′
k(0)〉 =

|ψ ′
k1(0)〉 ⊗ |ψ ′

k2(0)〉 is the initial state of the two qubits,
with |ψ ′

kj (0)〉 (j = 1, 2) denoting the ith qubit initially in
one of the states {|0〉, |1〉, (|0〉 + |1〉)/√2, (|0〉 − i|1〉)/√2}
[46]. The decoherence rates of the j qubit are �j

− = �j
z =

2π × 2 kHz. With these settings, the robustness of the
ONGQC scheme surpasses that of the NGQC scheme and
the DY scheme, achieving the highest fidelity of 99.86%,
as depicted in Figs. 9(d)–9(f).

IV. CONCLUSION

We investigate the influence of systematic errors on
cyclic evolution and parallel-transport conditions, pre-
senting an ONGQC approach to maximize the preser-
vation of these conditions in the presence of errors.
Numerical simulations reveal a substantial boost in gate
robustness. The comprehensive performance of geometric
single- and two-qubit gates, implemented on supercon-
ducting quantum circuits, outperforms those of conven-
tional NGQC and standard DY schemes. This highlights
the distinct advantage of the ONGQC scheme in resist-
ing error interference, providing heightened reliability and
stability in practical applications. In addition, this exten-
sible approach of the ONGQC scheme can be applied
to other physical platforms, such as quantum dots and
trapped ions. Therefore, our scheme provides a promis-
ing way to achieve large-scale fault-tolerant quantum
computation.
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APPENDIX A: THE CONVENTIONAL NGQC
SCHEME

Here, we construct the nonadiabatic geometric gates by
using the conventional NGQC scheme [21,22]. In the inter-
action picture, the Hamiltonian in a resonant two-level
system can be written as

Hc(t) =
(

0 �c(t)e−iφc

�c(t)eiφc 0

)
, (A1)

where �c(t) = �msin2(π t/T) and φc denote the strength
and phase of the driving field, respectively. The entire
evolution time, T, is divided into three parts to obtain a
geometric evolution, and the pulse area and relative phase
φc within each segment meet the following conditions:

∫ T1

0
�c(t)dt = θc,φc = φ − π

2
, t ∈ [0, T1],

∫ T2

T1

�c(t)dt = π ,φc = φ + γ + π

2
, t ∈ [T1, T2],

∫ T

T2

�c(t)dt = π − θc,φc = φ − π

2
, t ∈ [T2, T]. (A2)
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The corresponding evolution operator is given by

Uc(T) = Uc(T, T2)Uc(T2, T1)Uc(T1, 0),

= cos γ + sin γ
(

cos θc sin θce−iφ

sin θceiφ − cos θc

)
,

= eiγn·σ (A3)

where n = (sin θc cosφ, sin θc sinφ, cos θc) is a unit vector
in any direction on the Bloch Sphere, and σ = (σx, σy , σz)

are the Pauli operators for the computational subspace
{|0〉, |1〉}. Consequently, any single-qubit nonadiabatic
geometric gate can be realized by selecting appropri-
ate parameters θc, φ, and γ . To demonstrate that Uc(T)
is an arbitrary single-qubit geometric gate, we take the
orthogonal eigenstates of n · σ as

|ν+〉 = cos
θc

2
|0〉 + eiφ sin

θc

2
|1〉,

|ν−〉 = e−iφ sin
θc

2
|0〉 − cos

θc

2
|1〉.

(A4)

The evolution operator can be expressed as

Uc(T) = eiγ |ν+〉〈ν+| + e−iγ |ν−〉〈ν−|. (A5)

Obviously, the orthogonal states |ν±〉 satisfy the cyclic
evolution condition and the parallel-transport condi-
tion in the above evolutionary process, i.e., |ν±(T)〉 =
Uc(T)|ν±〉 = e±iγ |ν±〉 and 〈ν±|U†

c(t)Hc(t)Uc(t)|ν±〉 = 0.
Therefore, we can construct any single-qubit gate in a geo-
metric way by selecting appropriate parameters θc, φ, and
γ ; here, we choose the S gate and X gate as two typi-
cal examples, which correspond to the parameters θc = 0,
φ = 0, and γ = π/4 and θc = π/2, φ = 0, and γ = π/2,
respectively.

APPENDIX B: THE DYNAMICAL SCHEME

In the dynamical scheme, the Hamiltonian of the system
is the same as Eq. (A1), i.e.,

Hd(t) =
(

0 �d(t)e−iφd

�d(t)eiφd 0

)
, (B1)

where �d(t) = �msin2(π t/T) and φd represent the
strength and phase of the driving field, respectively.
The corresponding evolution operator is given by
Ud(θd,φd) = cosθdI − isinθd(cosφdσx + sinφdσy), where
θd = ∫ T

0 �(t)dt. By choosing appropriate parameters, the
S gate and X gate can be expressed as

US
d(θd,φd) = Ud

(π
4

,π
)

Ud

(
π

4
, −3π

2

)
Ud

(π
4

, 0
)

,

(B2)

UX
d (θd,φd) = Ud(π , 0). (B3)

APPENDIX C: GATE FIDELITY UNDER
QUANTUM ERRORS

When considering the influence of systematic errors,
the Hamiltonian becomes H ′(t) = H(t)+ V(t), where
the error term V(t) is defined in Eq. (7) in the main
text. The evolution operator incorporating errors is then
given by U′(τ ) = ∑

j =± |ψ ′
j (τ )〉〈ψj (0)|, where |ψ ′

j (τ )〉 are
the evolution states satisfying the Schrödinger equation:
i|ψ̇ ′(t)〉 = H ′(t)|ψ ′(t)〉. The gate fidelity is defined as [58]

F = 1
2
|Tr(U†(τ )U′(τ ))|,

= 1
2

[〈ψ ′
+(τ )|ψ+(τ )〉 + 〈ψ ′

−(τ )|ψ−(τ )〉]. (C1)

By using the time-dependent perturbation theory to expand
the gate fidelity, we can obtain

〈ψ ′
+(τ )|ψ+(τ )〉 = 1 + O1 + O2 + · · · , (C2)

where On denotes the error term of total order n. The first
two terms are

O1 = −i
∫ T

0
e(t)dt, (C3a)

O2 = −
∫ T

0
dt
∫ t

0
dt′[e(t)e(t′)+ g∗(t)g(t′)], (C3b)

with

e = 〈ψ+|V|ψ+〉 = −1
2
(η�mcosθ − ε ḟ sin2θ), (C4a)

g = 〈ψ+|V|ψ−〉 = 1
2

[
η�msinθ + ε

(
1
2

ḟ sin2θ − iθ̇
)]

eif .

(C4b)

The other terms can be determined from a symbolic dia-
gram [67,68]. Similarly, we can obtain

〈ψ ′
−(τ )|ψ−(τ )〉 = 1 + i

∫ T

0
e(t)dt

−
∫ T

0
dt
∫ t

0
dt′[e(t)e(t′)+ g(t)g∗(t′)].

(C5)

Substituting Eqs. (C2) and (C5) into Eq. (C1), and up to
the second order, we have

F = 1 + O2,

= 1 − 1
2

[∫ T

0
e(t)dt

]2

− 1
2

[∫ T

0
g(t)dt

]2

, (C6)

where the property of
∫ T

0 dt
∫ t

0 dt′[a(t)b(t′)+ a(t′)b(t)] =∫ T
0 a(t)dt

∫ T
0 b(t)dt has been used. When considering only
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TABLE II. Hamiltonian and corresponding parameter settings adopted in SINGQC, RNHQC, and CSNHQC schemes.

Scheme Hamiltonian Pulse shape Phase

SINGQC Ref. [29] H1(t) = �1e−i( π2 +ϕ0)|0〉〈1| + H.c.,

H2(t) = [
�2e−iϕ(t)|0〉〈1| + H.c.

]+�σz ,

H3(t) = �3e−i[ π2 +ϕ(τ2)]|0〉〈1| + H.c.,

∫ τ1

0
�1dt = 2π − θ1

2
,

�2 = −1
2

sin θ1 cos θ1ϕ̇(t)

� = 1
2

sin2 θ1ϕ̇(t),∫ τ3

τ2

�3dt = 0 − (2π − θ1)

2
,

ϕ0 = 0,

ϕ(t) = 2π(t − τ1)

cos θ1(τ2 − τ1)

ϕ(τ2) = 2π
cos θ1

,

θ1 = arccos
π

γ + π
,

γ = π

4
,

RNHQC Ref. [51] Hr(t) = �r(t)e−iφ0(t)|b〉〈e| + H.c., �r(t) =
√
�2

R +�2
I ,

�R = cosϕ sinχ ḟ − sinϕχ̇ ,

�I = sinϕ sinχ ḟ + cosϕχ̇ ,

χ = π sin2[π t/T]

f = [2χ − sin(2χ)],

ϕ̇ = −ḟ cosχ ,∫ T/2

0
ḟ cosχdt = 0,

∫ T

T/2
ḟ cosχdt = 0,

ϕ(0) = −π/2,

ϕ(T/2) = −π ,

tanφ0 = �I/�R,
CSNHQC Ref. [52] Hc(t) = {

�c(t)e−i[β(t)+χ(t)]|b〉〈e| + H.c.
}

+�(t)|e〉〈e| �c(t) =
√

[β̇ sinα]2 + α̇2/2

(t) = −β̇(t) [1 + cosα(t)]

β = β0 + π sin2(π t/2/T),

α = 2 arctan[l sinβ − β0],

l =
√

2πγ − γ 2/(π − γ ),

χ = arctan{α̇/[β̇ sinα]},
β0 = 0, t ∈ [0, T],

β0 = π , t ∈ [T, 2T],

γ = π/4,

the frequency-shift error, the gate fidelity becomes Fη =
1 − Eη, where

Eη = 1
8

(∣∣∣∣
∫ τ

0
η�mcosθdt

∣∣∣∣
2

+
∣∣∣∣
∫ τ

0
η�msinθeif dt

∣∣∣∣
2
)

,

(C7)

and when considering only the Rabi error, the gate fidelity
becomes Fε = 1 − E ε , with

E ε= 1
8

(∣∣∣∣
∫ τ

0
ε ḟ sin2θdt

∣∣∣∣
2

+
∣∣∣∣
∫ τ

0
ε(

1
2

ḟ sin2θ − iθ̇ )eif dt
∣∣∣∣
2
)

.

(C8)

Considering both the Rabi and frequency-shift error, the
gate fidelity can be written as

F = 1 − E ε − Eη. (C9)

APPENDIX D: THE CONSTRUCTION OF OTHER
OPTIMIZATION CONTROLS

We now briefly introduce the optimization schemes
presented in Refs. [29,51,52], which correspond to the
SINGQC, RNHQC, and CSNHQC schemes, respectively.
The Hamiltonians and corresponding parameter settings
used in these proposals are summarized in Table II.
The SINGQC scheme employs a simple two-level struc-
ture, while the RNHQC and CSNHQC schemes require a
three-level quantum system composed of two low-energy
states, |0〉 and |1〉, along with an auxiliary excited state, |e〉,
as they construct nonadiabatic holonomic quantum gates.
In the Hamiltonians Hr(t) and Hc(t), the state |b〉 represents
the bright state [51,52].

Figure 5(a) in the main text shows the robustness of
the S gate in different schemes against Rabi-frequency
errors [� → (1 + ε)�], and Fig. 5(b) in the main text
demonstrates the robustness of the S gate in differ-
ent schemes against the frequency-shift error. The form
of the frequency-shift error in the SINGQC scheme is
η�mσz, while in the RNHQC and CSNHQC schemes, it is

024061-10



NONADIABATIC GEOMETRIC QUANTUM GATES THAT ARE... PHYS. REV. APPLIED 22, 024061 (2024)

η�m|e〉〈e|. Here, � denotes the Rabi frequency, �m repre-
sents the maximum value of Rabi frequency �, σz denotes
the Pauli-Z operator, and ε and η denote error ratios.
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