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Realization of dynamically controlled resonator pairs in nanomechanical arrays
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Nanomechanical resonator arrays constitute a promising platform for topological physics and integrated
acoustic devices. However, achieving precise control of the couplings between resonators has been a
significant challenge for realizing a time-dependent Hamiltonian. In this work, we address this challenge
by designing the geometric parameters of the resonators, enabling us to achieve dynamical control over
the coupling strength and frequency stability. Our scalable resonator array allows for the dynamic control
of coupling strengths between every individual resonator pair, ranging from zero to more than 20 times the
dissipation rate. Moreover, we demonstrate Rabi-like oscillations with real-time-varying Rabi frequencies.
This dynamically controlled system provides an extended platform for investigating dynamic processes
and their applications.
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I. INTRODUCTION

Nanomechanical resonator arrays are promising plat-
forms for enhanced sensing [1,2], phonon transmission
[3–5], quantum information processing [6], and the explo-
ration of complex collective dynamics [7–10]. Dynam-
ically controlled coupling involves arbitrary control of
the coupling between resonators over time, encompassing
periodic, quasiperiodic, or other forms of coupling con-
trol, thus broadening the applications of the array. This
control enables topological pumping [11,12] and facili-
tates the creation of synthetic gauge fields [13]. Recently,
researchers have achieved dynamic control over several
modes in a single resonator [14,15] and over collective
modes in a few resonators [16–18]. To further manipulate
the coherent modes in a larger lattice, achieving dynamical
couplings between discrete resonators presents a relatively
simple approach. However, this remains a challenge in
experiments.

Considerable progress has been made in tuning the cou-
pling strengths through methods such as strain [19–21],
the piezoelectric effect [22], and cavity coupling [23]. The
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electrostatic parametric coupled array [5,24] has attracted
attention due to its scalability in forming extensive lattices
and its ability to mitigate undesirable strain coupling. Fur-
thermore, the strength of couplings is directly proportional
to the adjustable ac voltage, facilitating precise reconfigu-
ration of the couplings [25,26]. However, dynamic tuning
of the coupling strength over a broad range can result
in parametric coupling failures in experiments. Robust
broad-range dynamic control requires the addressing of
the complex interplay between couplings and resonance
modes, as well as between coupling themselves, thereby
imposing new requirements on the design of the geometry.
A systematic analysis of coupling mechanisms is crucial
for optimizing geometry design, ensuring the elimination
of influencing factors and enhancing the system reliability.

In this paper, we conduct a comprehensive investiga-
tion into the electrostatic parametric coupling mechanism.
Numerical results and experiments shed light on the role
of the geometric parameters of the nanomechanical res-
onator array in determining the coupling strength and
dissipation. We further explore the impact of control volt-
age on the coupling strengths and the frequency shifts of
the resonators. We discover that the previous limitations
in dynamically controlling electrostatically coupled arrays
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[5,24] stem from the changing electrostatic force, which
alters the resonant frequency of the mechanical resonator,
leading to parametric coupling failure. We subsequently
redesign the geometric parameters of the nanomechani-
cal resonator array to enable a dynamically controllable
coupling strength, ranging from zero to the highest pos-
sible value, thus achieving a balance between the coupling
strength, dissipation, frequency stability, and fabrication
yield. We showcase substantial control over the resonators
by employing Rabi-like oscillations with variable oscilla-
tion frequencies in real time. This exemplifies the ability to
continuously change the coupling strength without causing
other changes during the experiment.

II. EXPERIMENTAL SYSTEM

We present the device in Fig. 1 and in Fig. 1(a) we
outline the fabrication process, which consists of the fol-
lowing steps:

(i) A high-resistance silicon wafer is coated on
both sides using low-pressure chemical vapor deposition
(LPCVD) with a high-stress silicon nitride layer measur-
ing 100 nm in thickness, exhibiting a tensile stress of
TSiN = 1 GPa.

(ii) The lithography is followed by the evaporation of
10 nm of gold (Au) and 5 nm of chromium (Cr), followed
by a lift-off process to create the metal layers. This process
is reiterated to produce a thicker bonding area.

(iii) The contours of the string resonators are defined
through electron-beam lithography (EBL), followed by

inductively coupled plasma reactive-ion etching (ICP RIE)
to etch the metal in the resonator gaps.

(iv) The RIE is followed by etching of the silicon nitride
in the gap, while the surrounding areas are protected by
photoresist and metal.

(v) The resonator array is rendered suspended through
the application of potassium hydroxide (KOH) wet etch-
ing. Furthermore, focused-ion-beam (FIB) etching is used
to eliminate intrinsic strain coupling by modifying the
resonator clamping area. The modifications ensure that
parametric couplings become predominant.

This array consists of several high-stress silicon nitride
(SiN) suspended beams with dimensions of length l, width
w, thickness h1, and a gap d between the resonators,
as shown in Fig. 1(b). In the linear regime, the double-
clamped beams can be modeled as simple-harmonic res-
onators. The equivalent displacement of the ith resonator
is zi. Electrostatic parametric coupling between the res-
onators is achieved by applying a modulated voltage
through external electrodes, which are connected to a metal
coating of thickness h2 on the resonators [24,27]. Further-
more, this metal coating facilitates the use of the standard
magnetomotive technique for excitation and detection of
the resonators [28].

In Fig. 1(c), we depict a schematic of the experimental
circuits. A lock-in amplifier is connected to the resonator
i, which excites and detects the motion of the resonator
in an ambient magnetic field of 0.9 T along the Y direc-
tion. In order to couple the adjacent resonators, a voltage
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FIG. 1. The fabrication, coupling mechanism, and measurement circuit of the device. (a) The fabrication process of the Au-coated
silicon nitride resonator array: (i) LPCVD; (ii) coating and lift-off; (iii) EBL and ICP; (iv) RIE; (v) wet etch (KOH). (b) A two-
dimensional (2D) cross-section schematic of the coupled resonators, detailing the geometric parameters, including the width w, the
gap d, and the thickness of the metal h1 and SiN h2, respectively. (c) A microscope image of the device, which consists of 13 double-
clamped resonators, with dimensions of l = 240 µm, w = 5 µm, d = 600 nm, h1 = 20 nm, and h2 = 100 nm. The measurement circuit
includes a lock-in amplifier (LIA), a dc source (Vdc) and an arbitrary waveform generator (AWG).
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difference V = Vdc + Vac cos(νp
i t) is applied, where νp

i is
the pumping frequency. The ac pumping from an arbitrary
waveform generator (Zurich Instruments, HDAWG) and
a dc voltage Vdc (Stanford Research Systems, SIM928)
are combined via a bias tee connected to resonator i + 1,
while resonator i is grounded. The magnitude of the Z-
direction component of the electrostatic force Fz is found
to be directly proportional to the displacement differ-
ence between the resonators, z = zi − zi+1. Consequently,
the relation Fz ∼ ζV2z = ∂Fz/∂z × z is derived, where ζ
is the constant characterizing the electrostatic coupling
between the resonators. Parametric coupling between the
ith and (i + 1)th resonators occurs when νp

i is equal to the
difference in the resonance frequencies, νp

i = |νi − νi+1|.
The motion equations of the coupled resonators are derived
as follows [24]:

{
z̈i + γiżi + ν2

i zi = 2g cos(νp
i t)zi+1,

z̈i+1 + γi+1żi+1 + ν2
i+1zi+1 = 2g cos(νp

i t)zi,
(1)

where γi is the dissipation rate, m indicates the uniform
mass of the resonators, and g = ζVdcVac/m is the para-
metric coupling strength. The response spectrum of the
resonator is analyzed using the lock-in amplifier (Zurich
Instruments, HF2LI) and exhibits distinct peak splitting
under conditions of strong coupling [for details, see
Fig. 6(a) in Appendix C]. The width of the peak splitting

� is directly correlated with the strength of coupling,

� = g/
√
νiνi+1. (2)

III. ANALYSES

The coupling mechanism is analyzed by finite-element
analyses (FEAs) and experimental measurements. The
electrostatic force is proportional to the length l. To assess
the dependence of the coupling strength on the geomet-
ric parameters of the array, FEA in two dimensions is
then utilized, as illustrated in Fig. 1(b) (for details, see
Appendix A). Fz maintains a linear relationship with the
relative displacement along the Z axis, enabling the fitting
of ζ/l = (∂Fz/∂Z) /(lV2) [Fig. 2(a), inset]. The parameter
ζ/l serves as a metric to quantify the coupling capacity of
the resonator array in terms of the geometric parameters,
excluding the length.

In Fig. 2(a), we illustrate a significant decrease in the
coupling coefficient ζ/l as the gap distance d decreases.
The influence of the width on ζ/l is relatively minor
in comparison to that of d, particularly when w > d. A
power-law fit of ζ/l ∝ (d/d0)

−α is observed, where α is
fitted to 1.826 and d0 is the unit gap distance. The cou-
pling coefficients are calculated from the slope of the
linear fitting of the Z-direction electromagnetic force Fz
at differing amplitudes per unit length per unit voltage,
as shown in the inset. In Fig. 2(b), we observe a linear
increase of the coupling coefficient ζ/l with variations of
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FIG. 2. The relationship between the coupling coefficient ζ/l and the geometric parameters. The dark yellow star represents the
measured mean coupling strength of the array shown in Fig. 1. (a) The numerical results of ζ/l versus the gap d, where the width
w = 0.1, 1, 10 µm and the thickness of the metal layer h1 = 20 nm. The red line shows the exponential fitting. The inset illustrates the
linear fitting of (∂Fz/∂z)/(lV2), with coupling coefficient ζ/l. (b) The results of ζ/l versus the thickness of the metal layer h1, with
width w = 5 µm and the gap d ranging from 300 to 600 nm. The lines show the results of a linear fit. (c) The impact of varying the
width gap ratio w/d with h1 = 20 nm and d from 100 to 600 nm. The solid lines show that ζ/l grows exponentially with w when
w/d < 1. The dashed line guides the turning points at w/d = 1 and ζ/l is unchanged with w when w/d > 1.

024060-3



YICHUAN ZHANG et al. PHYS. REV. APPLIED 22, 024060 (2024)

h1, ζ/l ∝ (h1 + h0), where the fitting intercept h0 is differ-
ent for differing gaps d. In Fig. 2(c), we show the impact
of the width with the aspect ratio, where a marked change
occurs at w/d = 1. For w/d < 1, the coupling coefficient
increases exponentially with the width, following the fit
ζ/l ∝ (w/w0)

β , with β = 0.220. However, when w/d > 1,
the coupling coefficient remains nearly unchanged, lead-
ing to ζ/l ∝ (d/d0)

−α(h1 + h0). The turning points occur
at w/d = 1, with differing gaps d. When w/d > 1, we
can characterize the coupling strength g (for details, see
Appendix C) as follows:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

g ∝
(

d
d0

)−α
× h1 + h0

(ρ1h1 + ρ2h2)w
VdcVac,

� ∝ l
(

d
d0

)−α
× h1 + h0√

ρATSiN
VdcVac.

(3)

Here, ρ1,2 denotes the equivalent density of the metal and
silicon nitride layers and TSiN signifies the stress in the
silicon nitride layer.

In addition to enhancing the coupling strength, it is also
important to minimize the dissipation in the resonators.
A quantitative investigation has been conducted into the
relationship between the geometric parameters and the
resonator dissipation.

In experiments, the total dissipation γ can be expressed
as γ = γmag + γcl + γ0, where γmag represents the magne-
tomotive dissipation [28] and γcl is the clamping loss [29].
γ0 represents the sum of the remaining dissipation, includ-
ing the multilayer loss [30], the thermoelasticity [31,32],
the phonon interaction [33,34], and the gas damping [35].
The dissipation factors listed above have no obvious rela-
tionship with the length l and width w of the beam when
the thicknesses h1 and h2 are determined. Therefore, we
mainly consider the competition between the magnetic
dissipation and the clamping loss.

The total dissipation γ of beams of differing geome-
tries is measured at room temperature, as shown by the
black dots in Fig. 3(a). The magnetomotive dissipation
comes mainly from the measurement circuits. The exci-
tation and readout of the resonator, which are based on
the Lorentz force and the electromotive force, are modeled
as an RLC parallel circuit with characteristic impedance
Zc = ξ l2B2/(mν) [28]. ξ is a constant relating to the beam
shape and B is the uniform ambient magnetic field. The
magnetomotive dissipation, γmag, is derived as γmag =
νZcRext/|Zext|2 ∝ B2lw−1. The terms Rext and Zext denote
the resistance and impedance of the external measure-
ment circuit, respectively. Calibration of the coefficient
Rext/|Zext|2 involves measuring the dissipation as a func-
tion of the magnetic field (for details, see Appendix B).
Furthermore, γmag for various aspect ratios is depicted by
the blue line in Fig. 3(a) and the blue triangle indicates the
experimental results.
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FIG. 3. The influence of the geometry on the dissipation and
the resonance frequency. (a) The dissipation γ versus the aspect
ratio w/l, with ambient magnetic field B = 0.9 T. The black dots
are the measured mean dissipation of the resonators in differing
array samples. The blue triangle is the measured magnetomotive
dissipation, from the calibration of the varying magnetic field
(the error bar is smaller than the triangle). The blue line is an
extension of the result. The red dots represent the dissipation
excluding the magnetomotive dissipation, γ − γmag = γcl + γ0,
and the red line is a linear fit. (b) The experimentally measured
frequency shift caused by the applied Vdc and Vac. V2

rm = V2
dc =

V2
ac/2, with the width of resonator being w = 5 µm. The lines are

fitting results and the dashed line is the theoretical result. (c) The
measured frequency shifts caused by the voltage applied to the
resonators, Vdc, with w = 3, 5 µm. The lines are the fitting results
and the dashed line is the theoretical result.

The dissipation arising from the elastic energy radi-
ation through the supports into the substrates is known
as the clamping loss and is characterized by γcl ∝ w/l
[29]. γcl + γ0 can be obtained as γ − γmag, as shown by
the red dots in Fig. 3(a). The red line is the result of a
linear fitting. According to the above analysis, the rela-
tionship between the total dissipation and the aspect ratio
is obtained, γ = Pmagl/w + Pclw/l + γ0. The values of
the coefficients are derived from the fitting: Pcl = 2π ×
(136 ± 166) (Hz), Pmag = 2π × (0.0672 ± 0.0019) (Hz),
and γ0 = 2π × (7.89 ± 2.98) (Hz).

Another issue that must be considered is the effect
of the control voltages on the resonance frequencies of
the resonators, because a key feature of the parametric
coupling method is the frequency selectivity. First, the res-
onance frequency shift �νi = νi − ν̃i resulting from the
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electrostatic force is delineated in Appendix C,

�νi ≈ ζ
V2

dc + V2
ac/2

2mν̃i
. (4)

In Fig. 3(b), we display the experimentally measured fre-
quency shift, with an independently applied Vdc or Vac.
It should be noted that the horizontal axis represents the
mean square value of the voltage, V2

rm. The geometric
parameters of the resonators are as follows: l = 240 µm,
w = 5 µm, d = 600 nm, and h1 = 20 nm. Through
the FEA, we obtain that �ν/V2

rm ≈ 2π × 17.92 Hz V−2,
which is in good agreement with the experiments, as
shown in Fig. 3(b).

In Fig. 3(c), we illustrate the effect of resonators of
differing widths on the frequency shift. As the width
decreases, there is a notable increase in the frequency
shift, even though the electrostatic force Fz = ζV2z is
almost the same. This suggests that when the width is large
(such as 5 µm), the electrostatic force Fz is the primary
source causing the frequency shift, coinciding well with
the theoretical calculation. However, when the width is
small, some nonobvious factors dominate. In order to min-
imize the frequency shift, fabricating the resonators with
a larger width is imperative. In addition, since the cou-
pling strength scales with VdcVac, actively increasing Vdc
and decreasing the Vac contributes to the control stability of
the coupling strength over time. Widening the beam could
enhance its tolerance to high Vdc. This method proves
effective in mitigating frequency shifts during the exper-
iments. Extensive fabrication and measurement results
of array samples demonstrate that for lengths within l ∈
[180, 240] µm, a width larger than 5 µm is crucial to
ensure that the frequency shift from nonelectrostatic force
factors is insignificant, thus facilitating real-time resonator
control.

IV. RESULTS

The nanomechanical resonator array, featuring dimen-
sions of l = 240 µm, w = 5 µm, d = 600 nm, h1 =
20 nm, and h2 = 100 nm, exhibits high fabrication yields,
enabling the creation of arrays comprising up to more
than ten consecutive resonators. At 77 K and within a
0.9 T magnetic field, the eigenfrequency of the resonators
stands at approximately 770 kHz and their Q factors typi-
cally exceed 6 × 104. The electrostatic coupling strength
demonstrates a linear relationship with Vdc and Vac (for
details, see Appendix C). The characterization of a typical
array with ten resonators is shown in Table I. The aver-
age ζ/l = 3.34 ± 0.70 (Nm−2 V−2) is depicted as the dark
yellow star in Fig. 2. The quantitative design of such geo-
metric parameters yields a coupling parameter of ζ/l =
3.46 (Nm−2 V−2), which aligns with the experimental find-
ings. Furthermore, Table I reports that all nearest-neighbor

TABLE I. Characterization of the coupling strength. The cou-
pling strength is linearly proportional to the product VdcVac. The
coefficients ζ for the nearest-neighbor coupling strength for an
array of ten resonators are listed. �max is the split when Vac =
0.8 V and Vdc = 9.5 V.

i, i + 1 ζ/mν (Hz V−2) �max/γ

1,2 33.50 27.19
2,3 35.55 33.48
3,4 25.41 23.21
4,5 31.27 23.58
5,6 48.03 36.54
6,7 27.63 22.13
7,8 38.91 30.78
8,9 31.02 23.34
9,10 41.39 30.72

coupling between adjacent resonators could be tuned from
0 to 20γ , greatly expanding the applications of this array.

The behavior of the coupled classical mechanical res-
onators can be analogous to the Schrödinger equations
(for details of the analogy, see Appendix D). The transfer
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FIG. 4. The demonstration of Rabi-like oscillations of the
vibration intensity of the resonator. (a) The measurement
sequence. (b),(c) The upper parts depict the values of the applied
Vac throughout the measurement, corresponding to the variation
of the coupling strength. The lower parts illustrate the experi-
mentally measured vibration intensity (blue points). The red line
is fitted according to Rabi-like oscillations. The error bars are
smaller than the data points. t = 77K and Vdc = 8 V. (b) Vac =
0.8 V, yielding a constant coupling strength. The Rabi-like oscil-
lations have constant periods, TR = 4.65 ms. (c) Vac = 0.8(1 −
t/150) (V). The periods of the Rabi-like oscillations vary from
about TR = 4.89 ms to more than 9.58 ms.
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of elastic energy between coupled resonators can be
explained in a form similar to Rabi oscillation [20,22]. In
Fig. 4, we illustrate such oscillations and demonstrate the
dynamic control of the coupling strength. The experiment
sequence is shown in Fig. 4(a). Resonator i is excited to a
steady-state vibration. Then, Vdc and Vac are applied to res-
onator i + 1 to turn on the parametric coupling between the
adjacent resonators. Meanwhile, the excitation is turned off
and the vibration intensity is measured on resonator i. The
oscillations of the coherently transferred elastic energy are
observed. The oscillation frequency serves as a probe for
the coupling strength. It is crucial to note that through-
out this process, there is no occurrence of quantum state
superposition or entanglement.

In Fig. 4(b), Vac is maintained at a constant value
throughout the measurement, so that the oscillation period
remains constant. The normalized signal intensity can be
fitted by VS ∼ e−γ t cos2 (�t/2), where γ /2π = 8.56 Hz
represents the dissipation and �/2π = 1/TR = 215 Hz.
As shown in Fig. 4(c), a continuously varying Vac may
induce variations in the coupling strength, resulting in the
coupling strength being dynamically reduced from more
than 20γ to 0. Vs(t) is fitted as e−γ t cos2{(�t/2)[1 −
(t/2T)]}, where T = 150 ms is the total time. These period-
varying oscillations exemplify real-time control over each
coupling strength in the whole array.

V. CONCLUSIONS

In conclusion, we have numerically and experimen-
tally analyzed the effects of the geometric and control
parameters on the coupling strength, dissipation, and fre-
quency shift of nanomechanical resonator pairs. Based on
these studies, we have successfully developed a nanome-
chanical resonator array featuring dynamical-control capa-
bilities. In situ, real-time, and wide-ranging control of
the coupling strength is demonstrated via Rabi-like oscil-
lations with a time-varying Rabi frequency. This array
enables the construction and observation of arbitrarily
time-dependent processes in the lattice. Promising appli-
cations are expected in the fields of topological adiabatic
and nonadiabatic transfer of coherent phonons [36,37].
Furthermore, this array can be used to construct a quasi-
one-dimensional system for the experimental study of
quasiperiodic physics [38] and the multidimensional gauge
field [39].
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APPENDIX A: SIMPLIFYING THE
ELECTROSTATIC FORCE CALCULATIONS INTO

TWO DIMENSIONS

The coupled resonators are akin to slightly staggered
parallel-plate capacitors. Previous FEAs have explored the
properties of parallel-plate capacitors [40,41]. The elec-
trostatic force exerted on the slightly staggered resonator
beams can be calculated using the Maxwell stress-tensor
method [42]. Under the conditions that the length is much
larger than the width and thickness of resonators, l � w, h,
edge effects along the X axis can be neglected, implying
Ex ≈ 0 and thus allowing for the neglect of the tensor

↔
T

associated with the X axis. Consequently, the length l can
be extracted from the integral

F =
∮

s

↔
TdA = l

∮ ↔
T2Dds, (A1)

where the symbol s denotes the surface of the resonator,
with the integral being taken over this surface.

↔
T2D sig-

nifies the Maxwell stress tensor in the Y-Z plane and the
integral is computed around the cross section.

APPENDIX B: CALIBRATION OF
MAGNETO-MOTIVE DAMPING

The oscillator drive and measurement based on elec-
tromagnetic induction can be equated to an RLC parallel
circuit with the impedance Zc = ξ l2B2/(mν) of the oscilla-
tor [28], where ξ is a geometry constant, B is the strength of
the applied magnetic field, l is the length of the resonator, m
is the mass, and ν is the resonance frequency of the funda-
mental vibration mode. Rext and Zext are, respectively, the
resistance and complex impedance of the external circuit
used for excitation and measurement:

γmag = νZcRext

|Zext|2 = ξRext

|Zext|2
l

(h1ρ1 + h2ρ2)w
B2 ∝ B2. (B1)

Here, ξRext/|Zext|2 can be calibrated by measuring the
dissipation versus the magnetic field, at the ambient tem-
perature of 4 K, as shown in Fig. 5. It is noted that the
magnetomotive damping is independent with temperature.
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FIG. 5. The calibration of the magnetomotive damping. The
dissipation has been measured as a function of variable magnetic
fields (B2) using experimental circuits at a temperature of 4 K.
The length of the resonator is l = 200 nm and the width is w =
3 nm. The dissipation increases linearly with B2 and the slope is
fitted to be 7.769 (Hz/T2).

APPENDIX C: CHARACTERIZATION OF THE
COUPLING STRENGTH OF RESONATOR PAIRS

Consider the equations of motion of coupled adjacent
resonators S and I [24] with applied drive FDeiνDt,⎧⎪⎪⎨

⎪⎪⎩
z̈S + γSżS + ν̃2

S zS = ζV2

m
(zI − zS)+ FDeiνDt

m
,

z̈I + γI żI + ν̃2
I zI = ζV2

m
(zS − zI ).

(C1)

Here, γS,I = νS,I/QS,I are the decay rates and Q is the qual-
ity factor. As illustrated in Fig. 6, γ /2π represents the full
width at half maximum (FWHM) of the response spec-
trum, denoting average decay, γ = √

γSγI . Substituting
V = Vdc + Vac cos(νpt) into Eq. (C1) and performing the
rotating-wave approximation yields{

z̈S + γSżS + ν2
S zS = 2g cos(νpt)zI + fDeiνDt,

z̈I + γI żI + ν2
I zI = 2g cos(νpt)zS,

(C2)

where g = ζVdcVac/m denotes the coupling strength and
the resonance frequencies of the fundamental modes of the
resonators are shifted because of the applied electrostatic
force,

νS,I =
√
ν̃2

S,I + ζ
V2

dc + V2
ac/2

m
,

�ν = ν − ν̃ ≈ ν2 − ν̃2

2ν̃
= ζ

V2
dc + V2

ac/2
2mν̃

.

(C3)
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FIG. 6. The characterization of the coupling strength. (a) The
frequency response spectrum is measured with Vdc = 9.5 V and
Vac = 0.2 V applied across resonators 5 and 6. (b) The frequency
split of the array of ten resonators as a function of Vac, with Vdc =
9.5 V. The frequency of the ac pumping signal does not change
during the variation of Vac. The frequency split exhibits a linear
relationship with Vac.

Parametric coupling occurs when the pump frequency νp

equals the difference in the shifted resonance frequencies,
νp = |νS − νI |. The cos(2νpt) terms are neglected due to
the rotating-wave approximation, fD = FD/m.

We use the Fourier-transform method to obtain the
response of the resonators in the frequency domain:

{
(ν2

S − ν2 + iνγS)χS[ν] = gχI [ν − νp] + fD[ν],

(ν2
I − ν2 + iνγI )χI [ν] = gχS[ν − νp].

(C4)

Therefore,

χS = fD

(ν2
S − ν2 + iνγS)− g2

ν2
I −(ν+νp)2+i(ν+νp)γI

. (C5)

We obtain two resonance frequencies near νS in
the parametric coupled pairs under the conditions
γS,I 	 νp 	 νS,I ,

ν±≈νS ± �

2
, � = g√

νSνI
. (C6)

The practice coupling strength g can be obtained by
measuring the peak splitting width �ν of the response
spectrum, �ν = � = g/

√
νSνI , as shown in Fig. 6(a).

For a high-stress double-clamped resonator, the reso-
nant frequency of the fundamental mode is derived as
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TABLE II. The measured resonance frequencies and Q factors
of ten resonators in an array.

i ν/2π (kHz) Q

1 752.589 63 243
2 756.667 66 374
3 749.413 62 451
4 734.569 62 252
5 746.227 58 758
6 757.777 66 472
7 744.841 63 122
8 758.887 65 990
9 753.245 66 074
10 763.773 62 604

ν = 1
2l

√
TSiN/ρA [43], where ρA = w(ρ1h1 + ρ2h2). Here,

ρ1,2 and h1,2 denote the equivalent density and thickness of
the metal and silicon nitride layers, respectively. TSiN rep-
resents the prestress in the silicon nitride layer. As shown
in Table II, the frequencies and quality factors of the fab-
ricated resonators are nearly uniform, so m

√
νSνI ≈ mν =√

ρATSiN/2 under the condition νS ≈ νI . Based on the fit-
ting results of Figure 2, we find that ζ/l ∝ (d/d0)

−α(h1 +
h0). The relation between the coupling strength g (peak
splitting �) and the resonator geometry can be derived as

g = ζVdcVac

m
∝

(
d
d0

)−α
× h1 + h0

ρA
VdcVac, (C7)

� = g√
νSνI

∝ l
(

d
d0

)−α
× h1 + h0√

ρATSiN
VdcVac. (C8)

APPENDIX D: THE RABI-LIKE OSCILLATION IN
COUPLED MECHANICAL RESONATOR PAIRS

Consider the equation of motion of the ith resonator in
the lattice [24],

z̈i + γiżi + ν2
i zi = 2gi−1 cos(νp

i−1t)zi−1 + 2gi cos(νp
i t)zi+1,

(D1)

where gi denotes the coupling between the ith and (i + 1)th
resonators and the pump frequency νp

i = |νi − νi+1|. Tak-
ing the vibration phase into consideration, the complex
amplitude ψi of the ith resonator is defined as

zi(t) = 
(ψi), zi(t) = ψieiνit + ψ∗
i e−iνit. (D2)

The complex amplitude can be measured by the lock-in
amplifier, ψi = |ψi(t)|eiθi(t), where θi(t) is the demodulated
phase.

The first and second derivatives of zi(t) are derived as
follows:

{
żi(t) = (ψ̇i + iνiψi)eiνit + c.c.,

z̈i(t) = (ψ̈i + 2iνiψ̇i − ν2
i ψi)eiνit + c.c.

(D3)

Substituting Eqs. (D2) and (D3) into Eq. (D1), we obtain
the equation for ψ ,

ψ̈i + 2iνiψ̇ + γiψ̇i + iγiνiψi = gi−1ψi−1 + giψi+1. (D4)

As shown in Eq. (C6), gi/νi ≈ �i and we could rewrite
Eq. (D4) as

iψ̇i + 1
2νi
ψ̈i + γi

2νi
ψ̇i = −γi

2
ψi + �i−1

2
ψi−1 + �i

2
ψi+1.

(D5)

Equation (D5) denotes that ψi varies at differing rates,
such as the dissipation rate γi and the coupling �i/2.
Since νi � γi,�i, 1, the second and third terms on the left
can be neglected. Thus, the equations of motion can be
analogously mapped into the Schrödinger equations:

i
d
dt
� = Heff�, (D6)

where

Heff =

⎛
⎜⎜⎜⎝

−iγ1/2 �1/2

�1/2 −iγ2/2
. . .

. . . . . . . . .
�n−1/2 −iγn/2

⎞
⎟⎟⎟⎠ .

(D7)

Equation (D6) characterizes the elastic wave (vibrations)
transfer between the coupled resonators.

Consider the dynamics of two coupled resonators,
assuming that the resonators are nearly the same, γS ≈
γI ≈ γ :

i
d
dt

(
ψS
ψI

)
=

(−iγ /2 �/2
�/2 −iγ /2

) (
ψS
ψI

)
. (D8)

The eigenvalue of the effective Hamiltonian is λ± =
−i(γ /2)±�/2 and the eigenvectors are φ1 =

024060-8
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(
√

2/2,
√

2/2)T and φ2 = (
√

2/2, −√
2/2)T. With the ini-

tialization, φ(0) = (ψS(0),ψI (0))T = (1, 0)T,

⎧⎪⎪⎨
⎪⎪⎩
ψS(t) = e−γ t/2 cos

(
�t
2

)
,

ψI (t) = −ie−γ t/2 sin
(
�t
2

)
.

(D9)

Therefore, the vibration intensity |ψS,I |2 is measured:

⎧⎪⎪⎨
⎪⎪⎩

VS(t) ∝ |ψS(t)|2 = e−γ t cos2
(
�

2
t
)

,

VI (t) ∝ |ψI (t)|2 = e−γ t sin2
(
�

2
t
)

.
(D10)

We have conducted Rabi-like oscillations under a lin-
early changing coupling strength, g(t) = g0(1 − t/T),� =
�0(1 − t/T), demonstrating the variability of the coupling
strength and the rate of oscillations. Consider the Hamil-
tonian without dissipation, H ′(t), with varying coupling
�(t)/2. Assuming that ε = �0/2T, the solution of the
equation

i�̇ = H ′(t)� =
(

0 ε(T − t)
ε(T − t) 0

)
� (D11)

is φ1,2(t) = φ1,2(0)e±ε(Tt−t2/2), so we have the amplitude
with the dissipation taken into account,

⎧⎪⎪⎨
⎪⎪⎩
ψS = e−γ t/2 cos

(
ε

(
t2

2
− Tt

))
,

ψI = ie−γ t/2 sin
(
ε

(
t2

2
− Tt

))
.

(D12)

Thus, the signal intensity is

⎧⎪⎪⎨
⎪⎪⎩

VS(t) ∝ e−γ t cos2
(
�0t
2

(
1 − t

2T

))
,

VI (t) ∝ e−γ t sin2
(
�0t
2

(
1 − t

2T

))
.

(D13)
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