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Large dipole moments between high Rydberg states have been utilized to measure microwave electric
fields based on electromagnetically induced transparency, while nonlocal Rydberg interactions are not
suitably addressed yet in most relevant works. Here we adopt a mean-field superatom model to inves-
tigate the main restrictions of Rydberg microwave electrometry due to nonlocal interactions in atomic
samples of appropriate densities. It is found that accurate microwave measurements can be attained in
the linear regime only for dilute enough atomic samples and not too strong probe fields, which jointly
determine whether Rydberg excitations are insignificant. This then leads to the critical lines of atomic
density and probe intensity, below which the discrepancy between measured and real values is negligible
due to vanishing Rydberg interactions, for a fixed microwave or coupling field. Our findings are instruc-
tive to identify the optimal conditions for Rydberg microwave electrometry by reaching a compromise
between high precisions and high accuracies, requiring, respectively, large and small numbers of Rydberg
excitations, when measuring weaker microwave fields.
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I. INTRODUCTION

Rydberg atoms [1] refer to atoms in highly excited
states with large principal quantum numbers (n � 1),
hence exhibiting very large atomic radii (∝ n2, up to
µm) and very long radiative lifetimes (∝ n3, up to
100 µs). It is more useful to note that very large
dipole moments (∝ n2, of the order of 103ea0) can be
found between densely distributed Rydberg states with
widely selectable energy spacings (∝ n−3, covering most
microwave frequencies). These distinctive features make
high-lying Rydberg atoms of great interest in the fron-
tier fields of microwave measurement [2–22], quantum
sensing [23–27], quantum imaging [28–32], etc. In particu-
lar, researchers have achieved remarkable successes in the
sensitive microwave measurements using low-excitation-
density Rydberg atomic gases [2–20] based on the quan-
tum optical techniques of electromagnetically induced
transparency (EIT) [33] and Autler-Towns (AT) split-
ting [34,35]. The amplitude and sensitivity of minimum
detectable microwave electric field demonstrated in these
experiments are significantly lower than those achieved
using typical antenna-based methods [2,36] and can be fur-
ther reduced by developing a superheterodyne receiver [7].
Moreover, antenna-based methods are subjected to limita-
tions in terms of frequency range and calibration complex-
ity since antennas will lead to perturbations of microwave
electric fields and suffer from out-of-band interference
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[30,36,37]. Rydberg-based microwave sensing, as an alter-
native approach, exhibits advantages such as direct SI unit
calibration, wide bandwidth, compact size, and no metal
disturbance [30] in addition to high sensitivity due to, e.g.,
the invariance of atomic intrinsic parameters and an up-
converted readout from microwave amplitude to optical
frequency.

So far, most researches focusing on the microwave elec-
trometry based on Rydberg atomic gases are implemented
at room temperature by taking the frequency interval
between two transmission peaks in a Rydberg EIT-AT
experiment as a direct measure of the microwave field.
But, hot atoms will bring unexpected problems [2,37], such
as Doppler broadening, atomic collision, black-body radi-
ation, and transit time broadening, which must increase
the linewidths of transmission peaks and hinder the mea-
surement of weaker microwave fields. In contrast, cold
atoms help to overcome these problems so that it is
viable to improve the measurement accuracy [15,38] until
approaching the standard quantum limit (SQL) [23,37]
by increasing the number of Rydberg excitations [8,39].
This strategy is restricted however by another intrinsic fea-
ture of Rydberg atoms, nonlocal van der Waals (vdW)
and dipole-dipole (DD) interactions, which are benefi-
cial to the development of quantum memory, quantum
computing, and quantum simulation [40–45] but become
significant only for dense atomic samples and strong
probe fields. Then, it is necessary to understand what
are the roles of vdW and DD interactions in Rydberg
microwave electrometry though, in most previous studies
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working with dilute atomic samples and weak probe fields
[2,15,46], these interactions (about 100 Hz or smaller)
have not been studied in depth. We only find in a
recent experiment [8] that strong Rydberg interactions are
explored to improve the sensing precision of microwave
field by utilizing the enhanced sensitivity close to a crit-
ical transition point in a many-body nonlinear model. To
the best of our knowledge, no works have been devoted
to investigating the effects of weak Rydberg interactions
in microwave electrometry, especially when they change
gradually from vanishing to non-negligible.

In this work, we try to study the main effects of vdW
and DD interactions on the microwave field measurement
by considering a four-level cascade system of cold Ryd-
berg atoms coherently driven by a probe, a coupling, and
a microwave field. This is done by examining the AT split
EIT spectra of the probe field by varying the microwave
field as a mean-field superatom (SA) model [47–49] is
adopted to treat the vdW and DD interactions in terms of
energy shifts and coupling rates, respectively, with respect
to two Rydberg states. Numerical results show that the lin-
ear regime where accurate microwave measurement can
be achieved depends on both atomic density and probe
intensity, and it is possible to work in this linear regime
for a relatively large atomic density using a weak enough
probe intensity. We also provide critical lines, manifested
as the joint variations of atomic density and probe inten-
sity, that can be chosen to accurately measure a certain
microwave field for a fixed coupling field without being
affected by Rydberg interactions. Finally, we present the
amplitude and sensitivity of minimum detectable electric
field restricted by Rydberg interactions.

We further explain our motivations as follows. In Ryd-
berg microwave electrometry, dense atomic samples or
strong probe fields are required to attain essential Ryd-
berg excitations enabling high sensing precisions, while
dilute atomic samples and weak probe fields are required
to ensure negligible Rydberg interactions enabling high
sensing accuracies. It is also desired to narrow down the
transmission linewidth, facilitating the accurate sensing
of weaker microwave fields, by increasing atomic density
in the presence of negligible Rydberg interactions. Thus,
it should be of interest to examine, in which regimes of
atomic densities (or Rydberg excitations), one can reach
the highest precisions yet without sacrificing too much
accuracy by tuning the probe Rabi frequency.

II. MODEL AND EQUATIONS

We consider a four-level cascade system of cold atoms
with three transitions |1〉 ↔ |2〉, |2〉 ↔ |3〉, and |3〉 ↔
|4〉 driven by a probe field of frequency (amplitude)
ωp (Ep ), a coupling field of frequency (amplitude) ωc
(Ec), and a microwave field of frequency (amplitude) ωm
(Em), respectively, as shown in Fig. 1(a). Corresponding
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FIG. 1. (a) Configuration of a four-level atomic system driven
by a probe field on transition |1〉 ↔ |2〉, a coupling field on tran-
sition |2〉 ↔ |3〉, and a microwave field on transition |3〉 ↔ |4〉.
Two atoms in Rydberg states |3〉 and |4〉 exhibit also self vdW
(V s

33 and V s
44) and exchange DD (Ve

34) interactions. (b) Schematic
of a microwave electrometry realized in cold atoms, where the
probe and coupling fields travel along a common z direction
whereas the microwave field illuminates the atomic sample trans-
versely. Small gray and large red spheres denote ordinary and
Rydberg atoms, respectively, with the blow-up of a composite
structure (containing just one Rydberg atom) acting collectively
as a SA.

Rabi frequencies are defined as �p = Ep℘12/2�, �c =
Ec℘23/2�, and �m = Em℘34/2� while relevant detunings
refer to �p = ωp − ω12, �c = ωc − ω23, and �m = ωm −
ω34 with ℘μν and ωμν being electric dipole moment and
resonant frequency, respectively, on transition |μ〉 ↔ |ν〉.
The coupling field is applied to generate an EIT window
for the probe field while the microwave field will result
in an AT splitting of the EIT window. Then the distance
between two AT peaks may serve as a direct measure of
amplitude Em for the microwave field. Two atoms located
at positions rj and rk, respectively, if excited to |3〉 and/or
|4〉 taken here as different Rydberg states, will interact
through the self vdW potentials V s

33 = Cs
33/|rj − rk|6 and

V s
44 = Cs

44/|rj − rk|6 as well as the exchange DD poten-
tial Ve

34 = Ce
34/|rj − rk|3, with Cs

33, Cs
44, and Ce

34 being
respective state-dependent coefficients.

With the above considerations, taking the electric-dipole
and rotating-wave approximations as usual, we can write
down the total Hamiltonian

H = Haf + HV , (1)

for a sample of N cold atoms, where the first term

Haf = −�

N∑

j =1

{[�p |2〉〈2|j + (�p + �c)|3〉〈3|j

+ (�p + �c + �m)|4〉〈4|j ]

− [�p |2〉〈1|j + �c|3〉〈2|j + �m|4〉〈3|j
+ �∗

p |1〉〈2|j + �∗
c |2〉〈3|j + �∗

m|3〉〈4|j ]}, (2)

024034-2



RESTRICTIONS OF MICROWAVE ELECTROMETRY... PHYS. REV. APPLIED 22, 024034 (2024)

describes atom-field interactions while the second term

HV = �

N∑

k<j

[V s
33|3〉〈3|k ⊗ |3〉〈3|j + V s

44|4〉〈4|k ⊗ |4〉〈4|j

+ Ve
34(|4〉〈3|k ⊗ |3〉〈4|j + |3〉〈4|k ⊗ |4〉〈3|j )], (3)

describes both vdW and DD interactions. Taking H with
Lindblad superoperator L[ρ j ] describing relevant dissipa-
tion processes into the master equation

∂

∂t
ρ j = − i

�
[H, ρ j ] + L[ρ j ], (4)

we can try to examine the dynamic evolution of the density
operator ρ j for the j th atom. It is, however, rather diffi-
cult or impossible in principal to obtain an exact solution
of this many-body problem because the dynamic evolu-
tion of a specific ρ j depends on many other ρk through
Rydberg interactions. To overcome this difficulty, we can
resort to the SA model [47–49] in the spirit of a mean-field
approximation as detailed later.

Along this line, we can replace ρ j with the mean-field
operator ρ and H with the mean-field Hamiltonian

H = −�[�p |2〉〈2| + (�p + �c − s33)|3〉〈3|
+ (�p + �c + �m − s44)|4〉〈4|]
+ �[�p |2〉〈1| + �c|3〉〈2| + (�m + e43)|4〉〈3|
+ �∗

p |1〉〈2| + �∗
c |2〉〈3| + (�∗

m + e34)|3〉〈4|], (5)

appropriate for each atom driven by the three fields along
with the Lindblad superoperator

L[ρ] =

⎛

⎜⎝

	21ρ22 0 0 0
0 	32ρ33 0 0
0 0 	43ρ44 0
0 0 0 0

⎞

⎟⎠

+

⎛

⎜⎝

0 −γ21ρ12 −γ31ρ13 −γ41ρ14
−γ21ρ21 −	21ρ22 −γ32ρ23 −γ42ρ24
−γ31ρ31 −γ32ρ32 −	32ρ33 −γ43ρ34
−γ41ρ41 −γ42ρ42 −γ43ρ43 −	43ρ44

⎞

⎟⎠ ,

(6)

where ρ
j
μν has been replaced by ρμν since all atoms exhibit

the same behavior in the mean-field sense. In the above,
	μν refers to the population decay rate from level |μ〉
to level |ν〉, while γμν = ∑

κ(	μκ + 	νκ)/2 refers to the
decoherence rate between levels |μ〉 and |ν〉. Moreover,
we have used s33 and s44 to denote the energy shifts of lev-
els |3〉 and |4〉 induced by self vdW interactions; e34 = e∗

43
to denote the coupling rates between levels |3〉 and |4〉
induced by exchange DD interactions. Strengths of these
Rydberg interactions may be determined by a differential

measurement between a pair of lower states and the pair of
higher states under consideration.

With ρ j → ρ and H → H in the mean-field sense, it is
then straightforward to expand Eq. (4), for the four-level
cascade system of cold atoms in Fig. 1(a), into following
single-body density matrix equations

∂tρ11 = 	21ρ22 + (i�pρ12 + h.c.),

∂tρ22 = 	32ρ33 − 	21ρ22 + (i�cρ23 − i�pρ12 + h.c.),

∂tρ44 = −	43ρ44 − (i�′
mρ34 + h.c.),

∂tρ12 = −γ ′
21ρ12 + i�∗

p(ρ11 − ρ22) + i�cρ13,

∂tρ13 = −γ ′
31ρ13 + i�∗

cρ12 − i�∗
pρ23 + i�′

mρ14,

∂tρ14 = −γ ′
41ρ14 − i�∗

pρ24 + i�′∗
mρ13,

∂tρ23 = −γ ′
32ρ23 + i�∗

c(ρ22 − ρ33) − i�pρ13 + i�′
mρ24,

∂tρ24 = −γ ′
42ρ24 − i�∗

cρ34 + i�′∗
mρ23 − i�pρ14,

∂tρ34 = −γ ′
43ρ34 + i�′∗

m(ρ33 − ρ44) − i�cρ24, (7)

restricted by
∑

μ ρμμ = 1 and ρμν = ρ∗
νμ with “h.c.” rep-

resenting a Hermitian conjugate and γ ′
ij = γij + idij denot-

ing complex decoherence rates. Here, we have redefined
d12 = �p , d13 = �c + �p − s33, d14 = �c + �p + �m −
s44, d23 = �c − s33, d24 = �c + �m − s44, and d34 =
�m + s33 − s44 as relevant detunings including self vdW
interactions, while �′

m = �m + e43 as the microwave Rabi
frequency including exchange DD interactions.

The key for numerically solving Eq. (7) then rests with
calculating energy shifts s33 and s44 as well as coupling
rates e34 = e∗

43 by adopting the mean-field SA model. We
first recall the well-known concept of Rydberg block-
ade, indicating that at most one atom within a blockade
sphere of radius Rb = [Cs

33(γ
2
21 + �2

c)
1/2/�2

c]1/6 and vol-
ume Vb = (4π/3)R3

b in the EIT regime can be excited to
each Rydberg state due to vdW interactions. Note also
that atomic excitation to intermediate state |2〉 will be well
suppressed in the EIT window due to quantum destruc-
tive interference. Hence, it is appropriate to treat all nSA =
NatVb atoms inside this blockade sphere collectively as
a SA containing at most one Rydberg excitation with
Nat being the atomic density. In particular, the zero- and
first-order collective states are given by [47–49]

|1SA〉 = |11, 12, . . . , 1j , . . . , 1nSA〉,

|2SA〉 = 1√
nSA

nSA∑

j =1

|11, 12, . . . , 2j , . . . , 1nSA〉, (8)

|3SA〉 = 1√
nSA

nSA∑

j =1

|11, 12, . . . , 3j , . . . , 1nSA〉,

|4SA〉 = 1√
nSA

nSA∑

j =1

|11, 12, . . . , 4j , . . . , 1nSA〉,
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while the second- and higher-order collective states can
be safely neglected. We then introduce the SA projec-
tion (transition) operators ̂μν = |μSA〉〈νSA| with μSA =
νSA (μSA �= νSA), and use their mean values μν to sub-
stitute ρμν in Eq. (7) after replacing �p with

√
nSA�p

to account for collective enhancement and disregarding
Rydberg interactions between different SAs.

In the limit of a weak probe, up to the first-order per-
turbative expansion, the set of dynamic equations on SA
density-matrix elements μν can be solved to yield

13 = �p�c(�p + �c)
√

nSA11/A,

14 = �p�c�m
√

nSA11/A,
(9)

in the case of �m = 0 and 	43 � 	32 → 0 by assum-
ing 22  33,44  11 in the EIT regime [47–49].
Here we have also set A = (�c + �p)[(�p − iγ21)(�c +
�p) − �2

c] − (�p − iγ21)�
2
m for convenience. Proceeding

with 33 = 3113, 44 = 4114, and 34 = 3114,

we finally arrive at the following expressions:

33 = nSA�2
p�

2
c(�c + �p)

2

|A|2 + nSA�2
p�

2
c[(�c + �p)2 + �2

m]
,

44 = nSA�2
p�

2
c�

2
m

|A|2 + nSA�2
p�

2
c[(�c + �p)2 + �2

m]
,

34 = nSA�2
p�

2
c�m(�c + �p)

|A|2 + nSA�2
p�

2
c[(�c + �p)2 + �2

m]
,

(10)

restricted by 11 + 33 + 44 = 1 and μν = ∗
νμ. Equa-

tions (10) allow us to evaluate the total Rydberg excitation
in our atomic sample through Natρ33 ≈ NSA33, Natρ44 ≈
NSA44, and Natρ34 ≈ NSA34 with NSA = V−1

b being the
SA density. Here we have considered that the atomic sam-
ple is homogeneously illuminated by all three fields so that
ρμν and μν are space independent in a good approxima-
tion. In this regard, energy shifts s33 and s44 as well as
coupling rates e34 = e∗

43 of each atom interacting with its
neighboring atoms can be calculated through the spatial
integrations [50,51]

s33 ≡
∫

d3r′V s
33(r − r′)Natρ33(r′) ≈ 2π

∫ π

0
sin θdθ

∫ rθ

R
dr

Cs
33

r4 NSA33 ≈ 4π

3
NatCs

33NSA33,

s44 ≡
∫

d3r′V s
44(r − r′)Natρ44(r′) ≈ 2π

∫ π

0
sin θdθ

∫ rθ

R
dr

Cs
44

r4 NSA44 ≈ 4π

3
NatCs

44NSA44,

e34 ≡
∫

d3r′Ve
34(r − r′)Natρ34(r′) ≈ 2π

∫ π

0
sin θdθ

∫ rθ

R
dr

Ce
34

r
NSA34 ≈ 4π f (R, rp)Ce

34NSA34,

(11)

where f (R, rp) = ∫ π/2
0 ln(R/rθ ) sin θdθ is a dimensionless

constant, R = N−1/3
at refers to the interatomic distance,

while rθ = rp/ sin θ denotes the distance from the axis to
the surface of a cylindrical atomic sample with rp being the
beam radius of a probe field.

With s33, s44, and e34 = e∗
43 in hand, it is easy to solve

Eq. (7) in the steady state by taking ∂tρμν = 0 so that we
can attain the complex probe susceptibility (proportional
to atomic coherence ρ21) as given below

χp = Nat℘
2
12

�ε�p
ρ12. (12)

According to the Beer-Lambert law, we can further write
down the transmissivity for a probe field passing through a
sample of length L as shown in Fig. 1(b)

Tp = exp[−kp Im(χp)L], (13)

where kp = ωp/c = 2π/λp refers to the vacuum wave
vector with λp being the probe wavelength.

III. RESULTS AND DISCUSSION

In this section, we make numerical calculations to inves-
tigate the microwave electrometry using a many-body
system of cold Rydberg atoms in the presence of self vdW
and exchange DD interactions. To be more specific, we
take |5S1/2, F = 1〉, |5P3/2, F = 2〉, |60S1/2〉, and |61P1/2〉
of 87Rb atoms as the four levels in Fig. 1(b) from bottom to
top in order. Then, we have the population decay rates [52]
	21 = 2π × 6.0 MHz, 	32 = 2π × 0.69 kHz, and 	43 =
2π × 0.30 kHz as well as the Rydberg interaction coef-
ficients [53–55] Cs

33 = 2π × 135 GHz µm6, Cs
44 = 2π ×

3.15 GHz µm6, and Ce
34 = 2π × 40.0 MHz µm3. More-

over, we choose to consider a cylindrical sample of length
L = 1.5 cm, radius rp = 0.25 mm, and density Nat/N0 ∈
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[0.1, 2.0] with N0 = 1.0 × 1010 cm−3, which promises
high probe transmission in two split EIT windows, on
one hand, and yields vanishing or very weak Rydberg
interactions, on the other hand. In this case, our Rydberg
blockade assumption due to self vdW interactions between
two atoms in the same Rydberg state holds true because
the interatomic distance R ∈ {10, 3.68} µm is obviously
larger than the Le Roy radius rLR = 1.1 µm and the vdW
distance dvdW = 2.38 µm for both Rydberg states [53].
Hence, in line with Ref. [47], it is viable to neglect in
our atomic sample unexpected broadening or decoherence
effects observed for dense samples [50,56] of 2 or 3 orders
larger densities. Of course, a high Rydberg state (e.g., with
n = 60 considered here) against a low Rydberg state (e.g.,
with n = 20 ∼ 30 in the past works) may compensate to
a certain extent the big difference in atomic density since
Rydberg interactions typically scale with n11. Moreover,
we note that two atoms in different Rydberg states always
exhibit exchange DD interactions [55,57] because the (res-
onant) exchange transition does not involve a perturbative
correction.

First, we examine the influence of Rydberg interactions
on probe transmission in Fig. 2 for fixed microwave and

probe Rabi frequencies by properly varying atomic density.
Figure 2(a) shows that, for Nat = N0, two symmetric EIT
peaks appear at �±

c = ±�m due to AT splitting when Ryd-
berg interactions are purposely discarded, but shift slightly
rightward to different extents when Rydberg interactions
are correctly included. This indicates, Rydberg interac-
tions are significant and result in a nonlinear dependence
of �f = �+

c − �−
c on �m, hence an inaccurate estima-

tion on the microwave field amplitude. Similar plots are
given in Fig. 2(b) for Nat = N0, 0.5N0, and 0.1N0 yet with-
out changing other parameters in the presence of Rydberg
interactions. We can see that the two EIT peaks become
more and more symmetric by moving leftward and finally
stop at �±

c = ±�m as N0 continuously decreases to yield
gradually negligible Rydberg interactions. It is also clear
that the two EIT peaks become broader and broader as N0
continuously decreases to yield gradually reduced optical
depths. The above results can be well understood by illus-
trating two prominent Rydberg interactions in Figs. 2(c)
and 2(d), from which we observe that |s33| (� |s44| due
to Cs

33/Cs
44 � 43 and 33 ≥ 44) is comparable to �m

for Nat = N0, but becomes negligible for Nat = 0.1N0;
e34 = e43 is negative for �c < 0 but positive for �c > 0,

FIG. 2. (a) Probe transmission against coupling detuning in the presence (red solid) or absence (blue dashed) of vdW and DD
interactions with Nat/N0 = 1.0. (b) Probe transmission in the presence of vdW and DD interactions, (c) Rydberg shift due to vdW
interactions, and (d) Rydberg coupling due to DD interactions against coupling detuning with Nat/N0 = 1.0 (red solid), Nat/N0 = 0.5
(blue dashed), and Nat/N0 = 0.1 (black dotted), respectively. Other parameters are �p/2π = 0.1 MHz, �c/2π = 1.25 MHz, �m/2π =
0.5 MHz, �p = �m = 0, λp = 780 nm, and ℘12 = 1.73 × 10−29 C m except those specified at the beginning of Sec. III.
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FIG. 3. Probe transmission against microwave Rabi frequency
and coupling detuning in the presence of Rydberg interactions
with (a) Nat/N0 = 0.5 and �p/2π = 0.05 MHz; (b) Nat/N0 =
1.0 and �p/2π = 0.05 MHz; (c) Nat/N0 = 2.0 and �p/2π =
0.05 MHz; (d) Nat/N0 = 2.0 and �p/2π = 0.025 MHz. White
dashed lines denote microwave field strengths corresponding to
�% = 2%. Other parameters are the same as in Fig. 2.

thus leading to a �c-dependent effective microwave Rabi
frequency �m + e43 so that the two EIT peaks become
asymmetric.

Next, we examine the probe transmission against both
microwave Rabi frequency �m and coupling detuning �c
to gain a more comprehensive insight into the availabil-
ity of Rydberg microwave metrology. This has been done
in Fig. 3 for three different values of not only atomic
density Nat but also probe Rabi frequency �p by consid-
ering that energy shift s33 and coupling rate e34 depend
on �p through SA Rydberg population 33 and coher-
ence 34, respectively. Figures 3(a)–3(c) show that the
linear regime characterized by two symmetric EIT peaks
appropriate for an accurate microwave metrology reduces
evidently as Nat gradually increases for a fixed �p . That
is, the boundary of linear and nonlinear regimes (roughly
marked by a horizontal white line) slowly moves upward
for a denser atomic sample exhibiting stronger vdW and
DD interactions. A smaller �p can be adopted, however,
to counteract the adverse nonlinear effect resulted from a
larger N0 and thus attain a more extended linear regime,
which can be seen by comparing Figs. 3(c) and 3(d). This
is because smaller probe Rabi frequencies result in lower
Rydberg excitations, hence reduced energy shift s33 and
coupling rate e34 is favorable for the accurate measurement
of weaker microwave fields.

To further clarify the joint functions of atomic density
Nat and probe Rabi frequency �p , we extract the measured
values �f of microwave Rabi frequency from Fig. 3 and
compare them with corresponding real values �m in terms

FIG. 4. Measured values of (a) microwave Rabi frequency and
(b) their percent differences against real values of microwave
Rabi frequency with Nat/N0 = 0.5 and �p/2π = 0.05 MHz
(red circle); Nat/N0 = 2.0 and �p/2π = 0.05 MHz (blue star);
Nat/N0 = 2.0 and �p/2π = 0.025 MHz (black square). Other
parameters are the same as in Fig. 2.

of the percent difference defined as

�% = �f − 2�m

2�m
× 100%. (14)

Numerical results are illustrated in Fig. 4 for a few com-
binations of Nat and �p . It is clear that, for Nat/N0 = 0.5
and �p = 2π × 0.05 MHz, �f deviates evidently from
2�m so that we observe a significant �% in the non-
linear regime referring to a relatively weak microwave
field (�m � 2π × 0.2 MHz), but coincides well with
2�m so that we observe a vanishing �% in the linear
regime referring to a relatively strong microwave field
(�m � 2π × 0.2 MHz). The evident deviation of �f
from 2�m, hence �% from vanishing, occurs however
for a stronger microwave field (�m � 2π × 0.5 MHz) to
result in a reduced linear regime as we consider a denser
atomic sample with Nat/N0 = 2.0 while keeping �p =
2π × 0.05 MHz. Fortunately, we can roughly recover
the original linear regime (i.e., attain a vanishing �%
for �m � 2π × 0.2 MHz again) by simply applying a
weaker probe field with �p = 2π × 0.025 MHz. Above
discussions indicate that Nat and �p jointly determine the
strengths of nonlocal Rydberg interactions, thus the avail-
able linear regime for accurate microwave measurements.

Then, we plot in Fig. 5 several critical lines with
respect to Nat and �p , below which �f differs from �m
by |�%| ≤ 2% for a microwave field not weaker than
that used in the corresponding calculation. Figure 5(a)
shows that a critical line will move upward (i.e.,
toward both larger Nat and larger �p ) to result in
an extended linear regime as it is calculated with
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FIG. 5. Critical lines referring to |�%| = 2% as joint vari-
ations of probe Rabi frequency and atomic density with (a)
�m/2π = 0.05 MHz (red circle), 0.2 MHz (blue star), and
0.5 MHz (black square); (b) �c/2π = 0.5 MHz (red circle),
1.25 MHz (blue star), and 2.0 MHz (black square). Other param-
eters are the same as in Fig. 2 except �c/2π = 1.25 MHz in (a)
and �m/2π = 0.5 MHz in (b).

a stronger microwave field. This can be understood
by analyzing the relationship between Rydberg inter-
actions and microwave intensity. Specifically, diago-
nalizing the two-level Hamiltonian for Rydberg states
|3〉 and |4〉 yields its eigenvalues: E± = (s33 + s44)/2 ±√

(2�m + 2e34)2 + (s33 + s44)2/2, referring to the modi-
fied positions of two EIT peaks. In the case of �m com-
parable to s33 or e34, E± are strongly affected by Rydberg
interactions, leading thus to a large |�%|. Conversely,
when �m is much larger than s33 and e34, Rydberg interac-
tions have little effects on E±, leading thus to a negligible
|�%|. Then, based on the fact that s33 and e34 are roughly
independent of �m in the case of 	43,32  �m, an increase
of �m will evidently reduce |�%| and must broaden the
available range of Nat and �p referring to an invariant
|�%|. Note also that Nat and �p exhibit an inverse relation-
ship along each critical line because Nat must be reduced
as �p increases in order to ensure a constant Rydberg
excitation Natρ33, dominant over Natρ44 since |s33| � |s44|.
Similar results can be found from Fig. 5(b) where a critical
line moves upward to yield an extended linear regime as it
is calculated with a stronger coupling field. This is because
an increase of �c results in a reduction of Rydberg excita-
tion Natρ33 ≈ NSA33 = Nat�

2
p/(�

2
c + 2nSA�2

p), leading
thus to less SA population 33 and smaller energy shift
s33. That means, we can opt to increase Nat or �p so as to
maintain a constant Natρ33 while increasing �c.

With these critical lines, we can determine the mini-
mum detectable microwave electric field Emin against Nat
for different values of �p and �c as shown in Fig. 6.

FIG. 6. Minimum detectable electric field determined by crit-
ical lines referring to |�%| = 2% against atomic density with
(a) �p/2π = 0.025 MHz (red circle), 0.05 MHz (blue star), and
0.1 MHz (black square); (b) �c/2π = 0.5 MHz (red circle),
1.25 MHz (blue star), and 2.0 MHz (black square). Other param-
eters are the same as in Fig. 2 except �c/2π = 1.25 MHz in (a)
and �p/2π = 0.1 MHz in (b).

It is not difficult to see from Fig. 6(a) that Emin keeps
roughly invariant on average for �p = 0.025 MHz, but
increases continuously on average for �p = 0.05 MHz and
�p = 0.1 MHz, as Nat becomes larger and larger. Here
we have considered that a microwave field with �m <

Emin℘34/2� cannot be accurately measured due to the non-
linear dependence of �f on �m resulted from essential
Rydberg interactions. We further find from Fig. 6(b) that
Emin slowly increases as Nat becomes larger and larger for
a fixed �c, but first increases and then decreases as �c
becomes larger and larger for a fixed Nat, on the whole.

We learn from Fig. 6 that lower atomic densities and
weaker probe fields should be chosen to accurately mea-
sure weaker microwave fields. This is also restricted by the
sensitivity of minimum detectable electric field determined
by SQL of shot noises and given by [23,37]

S = Emin√
Hz

= h
℘34

√
NeffT2

, (15)

with T2 = (	−1
43 + 	−1

32 )/2 and Neff = πr2
pLNatρ33. Now,

let us examine the impact of Rydberg interactions on the
microwave electrometry from the perspective of sensitiv-
ity S. Figure 7 illustrates the variation of sensitivity S
with respect to atomic density Nat by considering both
cases in the absence or presence of Rydberg interactions.
We find that, for Nat � 0.5N0, sensitivity S remains indis-
tinguishable no matter whether Rydberg interactions are
included or not and �m is smaller or larger though it
rapidly reduces as Nat increases. For 0.5N0 � Nat � N0,

024034-7



WANG, ZHANG, and WU PHYS. REV. APPLIED 22, 024034 (2024)

FIG. 7. Sensitivity of minimum detectable electric field
against atomic density at (a) �c = −�m/2; (b) �c = �m/2.
Red-circle, blue-star, and black-square lines refer to �m/2π =
0.05 MHz, 0.1 MHz, and 1.0 MHz, respectively. Solid (dot-
ted) lines are attained in the presence (absence) of Rydberg
interactions. Other parameters are the same as in Fig. 2 except
�p/2π = 0.07 MHz and �c/2π = 1.5 MHz.

the difference between S attained with Rydberg interac-
tions and that without Rydberg interactions becomes more
significant but remains indistinguishable for different val-
ues of �m. For Nat � N0, S becomes sensitive to �m
when Rydberg interactions are considered, though is still
independent of �m when Rydberg interactions are absent.
Based on these observations, we conclude that by selecting
an appropriate Nat in a certain range, the measured value of
S can be further reduced, thereby improving the precision
of microwave-field measurement.

IV. CONCLUSIONS

In summary, we have investigated the effects of weak
vdW and DD interactions in a microwave measurement
system based on cold Rydberg atoms driven into the EIT
regime. Numerical results show that energy shifts due to
self vdW interactions and coupling rates due to exchange
DD interactions may bring this system into a nonlinear
regime where measured values of the microwave Rabi
frequency deviate from real ones, which is especially evi-
dent for stronger probe fields and denser atomic samples.
Hence, we have found critical lines with respect to atomic
density and probe Rabi frequency only below which Ryd-
berg interactions can be neglected to make accurate mea-
surement of microwave electric fields. In this regard, the
minimum detectable electric field at boundaries of the
linear and nonlinear regimes is determined by Rydberg
excitations depending on both atomic density and probe
Rabi frequency. Moreover, the sensitivity of minimum

detectable electric field is controlled by Rydberg interac-
tions even in the linear regime because they can make
the microwave field off resonance by introducing differ-
ent energy shifts for the two Rydberg states. We hope
that our findings could shed light on future works of Ryd-
berg microwave electrometry, e.g., for pursuing an optimal
compromise between high precision and high accuracy
(requiring more and less Rydberg excitations, respectively)
of weaker microwave measurement.
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and M. D. Lukin, Quantum phases of matter on a 256-atom
programmable quantum simulator, Nature 595, 227 (2021).

[45] P. Scholl, M. Schuler, H. J. Williams, A. A. Eberharter, D.
Barredo, K. N. Schymik, V. Lienhard, L. P. Henry, T. C.
Lang, T. Lahaye, A. M. Lauchli, and A. Browaeys, Quan-
tum simulation of 2D antiferromagnets with hundreds of
Rydberg atoms, Nature 595, 233 (2021).

[46] S. Kumar, H. Fan, H. Kübler, J. Sheng, and J. P. Shaffer,
Atom-based sensing of weak radio frequency electric fields
using homodyne readout, Sci. Rep. 7, 42981 (2017).

[47] D. Petrosyan, J. Otterbach, and M. Fleischhauer, Electro-
magnetically induced transparency with Rydberg atoms,
Phys. Rev. Lett. 107, 213601 (2011).

[48] D. Yan, Y.-M. Liu, Q.-Q. Bao, C.-B. Fu, and J.-H. Wu,
Electromagnetically induced transparency in an invertedy

system of interacting cold atoms, Phys. Rev. A 86, 023828
(2012).

[49] Y.-M. Liu, X.-D. Tian, D. Yan, Y. Zhang, C.-L. Cui, and J.-
H. Wu, Nonlinear modifications of photon correlations via
controlled single and double Rydberg blockade, Phys. Rev.
A 91, 043802 (2015).

[50] B. J. DeSalvo, J. A. Aman, C. Gaul, T. Pohl, S. Yoshida,
J. Burgdörfer, K. R. A. Hazzard, F. B. Dunning, and T. C.
Killian, Rydberg-blockade effects in Autler-Townes spectra
of ultracold strontium, Phys. Rev. A 93, 022709 (2016).

[51] J. Han, T. Vogt, and W. Li, Spectral shift and dephasing of
electromagnetically induced transparency in an interacting
Rydberg gas, Phys. Rev. A 94, 043806 (2016).

[52] Daniel A. Steck, Rubidium 87 D Line Data, available online
at http://steck.us/alkalidata (revision 2.3.2,10 September
2023).
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