PHYSICAL REVIEW APPLIED 22, 024032 (2024)

Strong coherent ion-electron coupling using a wire data bus

Baiyi Yu®, Ralf Betzholz®, and Jianming Cai
School of Physics, Hubei Key Laboratory of Gravitation and Quantum Physics, International Joint Laboratory on
Quantum Sensing and Quantum Metrology, Institute for Quantum Science and Engineering, Huazhong University
of Science and Technology, Wuhan 430074, China

® (Received 8 May 2024; revised 22 July 2024; accepted 23 July 2024; published 12 August 2024)

Ion-ion coupling over long distances represents a highly useful resource for quantum technologies, for
example, to sympathetically cool or interconnect qubits in ion-based quantum computing architectures.
In this respect, the recently demonstrated wire-mediated ion-ion coupling stands due to the simplifica-
tion of its trap layout and its prospects for deterministic entanglement. However, the strength of such
coherent ion-wire-ion coupling is typically weak, hindering its practical utilization. Here, we propose a
wire-mediated scheme for coherent ion-electron coupling. The scheme not only enables the sympathetic
cooling of electrons via advanced ion-cooling techniques, but also allows promotion of the effective ion-
ion coupling strength by orders of magnitudes via electron mediation. Our work thus paves a way toward
quantum information processing in ion-electron hybrid quantum systems.
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I. INTRODUCTION

Coherent coupling represents a paramount ingredient for
the implementation of most quantum technologies [1—6],
because it is crucial for establishing one of their most
essential resources, namely the entanglement of different
quantum mechanical degrees of freedom. For example,
the coupling between qubits is an integral ingredient for
the realization of entangling gates in quantum comput-
ing [7—14]. On the other hand, besides the coupling of
different degrees of freedom within the same system, the
coherent coupling of entirely different types of quantum
systems is likewise intriguing, since it opens routes to build
hybrid platforms, potentially harnessing and combining the
advantages of different quantum systems [15-28].

Trapped-ion systems, with their rich internal energy lev-
els, for instance, were shown to exhibit unique advantages
in quantum information processing [29—42] and precision
sensing [43—48], whereas trapped-electron systems, with
their simpler spin-up and -down internal states, have a long
history in high-precision measurements [49—57] and hold
the potential to accelerate quantum information processing
speed due to their remarkably large charge-to-mass ratio,
as compared to ions [58—71]. Therefore, coherently cou-
pling trapped ions and electrons could not only make estab-
lished techniques based on lasers, such as laser cooling
[72], indirectly applicable to trapped electrons, but could
also substantially enhance the ion-ion coupling strength if
their interaction is mediated by electrons.
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However, this task is not straightforwardly achievable
due to the extreme mass difference and opposite electric
charges of ions and electrons. These differences pose a
great challenge for trapping electrons and ions in close
proximity in order to exploit the direct Coulomb interac-
tion between them. Even in the scenario of a wire-mediated
coupling [73], where electrons and ions are separately
trapped and connected via a conductor wire, the typi-
cally large detuning between their motional frequencies
significantly suppresses their interaction.

In this work, we propose a scheme to establish such a
wire-mediated coherent coupling between trapped ions and
electrons that remedies their frequency detuning through
a local parametric modulation of the electron-trapping
potential. Because of the remarkably greater charge-to-
mass ratio of the electron, in feasible experimental setups,
the wire-mediated ion-electron coupling strength for sin-
gle particles could be orders of magnitude larger than
the wire-mediated ion-ion coupling strength [73]. Build-
ing on this basic hybridization, we further discuss an
electron-mediated ion-ion coupling scheme, which not
only promises a faster generation of entanglement, but
would also allow sympathetic [74—77] and even exchange
cooling [78,79]. This, in turn, could promote precision
measurements of charged particles, such as protons or
antiprotons [80—86].

II. ION-ELECTRON COUPLING SCHEME

We consider a setup, schematically depicted in Fig. 1(a),
for the coherent coupling of ions and electrons, that are
separately trapped at two distant positions and connected
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FIG. 1. (a) Schematic of separately trapped ions and elec-
trons connected via a conductor wire (golden line). The trapping
potential of electron is properly modulated to ensure an effective
coupling. (b) Equivalent circuit of the system shown in (a). The
ion motion is equivalent to the LC circuit with capacitance C;
and inductance L;, whereas the electron motion is equivalent to
that with variable capacitance C,, and inductance L.. The con-
ductor wire with capacitance C,, to the ground serves as a bridge
between the two LC circuits.
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via a conductor wire (represented in golden). The key
problem that needs to be addressed is the large motional-
frequency mismatch between the ions and the electrons
for typical trapping potentials. This mismatch significantly
suppresses the ion-electron coupling via the conductor
wire. To overcome this difficulty, we implement a proper
electric driving field in the axial direction of the elec-
tron trap, as indicated by the potential modulation (gray)
in Fig. 1(a). This modulation results in an axial electron-
motion component resonant with the axial ion motion,
thereby effectively coupling the ions and electrons through
a wire data bus despite the large mass difference between
them. For the case of each trap holding a single particle,
the axial-motion Hamiltonian of the combined ion-wire-
electron system can be written as

H =H;+H.+ Hj, )

where H;) is the Hamiltonian of the axial ion (electron)
motion and H; describes the wire-mediated ion-electron
coupling. Although Eq. (1) describes only the axial motion,
the results remain valid when considering the full equation
of motion for both Paul and Penning traps [43,87—89].

A. Hamiltonian and equivalent circuit

We then derive the explicit form of the Hamiltonian for
the case of each trap holding a single particle following
Ref. [90] and references therein. Firstly, we consider a fic-
titious situation where the conductor wire is at potential
U,, and carries a total charge Q,, = C, U, while the ion
and the electron in each trap carry no charge. The effec-
tive distance Dj() of the ion (electron) to the wire can be
defined as

U,

Die) = Erg’
e

@)

where Ej) is the electric field generated by the wire at
the equilibrium position of the ion (electron) along the
axial direction [73,76]. Then, the potential generated by
the conductor wire at the ion (electron) position is given
by

U,
Uitey = Uite)0 — Xiey = (3)
i(e)

where x;(.) is the position of the ion (electron) relative to its
equilibrium point and Uy, o is the potential generated by
the conductor wire at the equilibrium point. One can then
change to a dual case, where the wire has zero net charge
and is at potential U, while the ion (electron) carries the
charge g;(). Application of Green’s reciprocity theorem to
these two cases leads to

(]i i Ue e

U, = Zidit Yede @)

Ow

Combining this with Eq. (2), we can directly obtain the

force exerted on the ion (electron) by the wire with poten-
tial U, namely,

Fip = 2290 7w (5)

Substituting Eqgs. (3) and (4) into Eq. (5) and ignoring
constant forces, we arrive at

2
q: q4iqe
F = —x _ , 6
‘TN, p?  “C,Dib, ©)
. 2
Fe = —X; 4iqe 2e (7)

— X, .
c,DD, “°C,D?

We then take into account the trapping potentials of the ion
and the electron and obtain

mixX; + m,—a)izxi —F; =0, ®)
mexe + mew?[1 + n cos(wat)x, — F, = 0, 9)

where m; ) and w;( represent the mass and harmonic trap-
ping frequency of the ion (electron), respectively, whereas
n and w, denote the depth and frequency of the driving
field applied to the trapped electron, respectively. Substi-
tuting F; and F, with the expressions given by Egs. (6) and
(7), respectively, we have

mix; 4+ miw* (1 + o;)x; + yx, = 0, (10)
MeXe + mea)g[l 4+ ncos(wgt) + aelx. + yx; =0, (11)
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where we have introduced the two shorthands

Do
e
G = ——— (12)
e Cwmi(e)wl.z(e)D?(e)
qiqe
= . 13
Y = C DD, (13)

Therefore, the three parts of the total Hamiltonian intro-
duced in Eq. (1) are explicitly given by

p> 1
Hi =~ 4+ —mio*(1 + ap)x?, (14)
Zm,- 2
2 1
_ Pe 2.2
H, = + —mew,x;[1 + ae + neos(wat)],  (15)
2m, 2
H; = yxix,, (16)

where p;) represents the momentum of the ion (electron).

The equivalent circuit of this system is represented
in Fig. 1(b), where the electric current /;,) corresponds
to the ion (electron) velocity [911, Li) = mi) D,y /9ie,
and Cj) = [a)?(e)Li(e)]*l denote the equivalent inductance
and capacitance of the ion (electron) [73,78], respectively,
and one has 1/C, =1/C, + 1/C4, with the capacitance
Cy = [n cos(wat)w?*L,])~! accounting for the driving field.
Using the equivalent circuit elements, one obtains o) =
Cie/Cy and y = x/m;ym,/L;L.C?%. Here, we briefly note
that w./w; > 1 is expected under typical experimen-
tal conditions. Furthermore, this model can be extended
straightforwardly to the case of multiple particles in each
trap by considering the center-of-mass motion and making
the replacements gy — Nice)Gie) and miey = Nie)Mice)»
where Nj(,) is the number of ions (electrons) [75,76,78,91].

B. Effective coherent coupling

To illustrate the effective coherent coupling between the
ions and electrons in such a setup, we rewrite the Hamilto-
nian (1) using annihilation and creation operators. Using
the annihilation operator a = \/m;w;/2h(x; + ip;/m;w})
and suppressing the zero-point energy, the Hamiltonian of
the ion motion can be directly rewritten as H; = hwl’.aTa,
with the effective ion frequency o) = w;iv/1 + ;.

The electron Hamiltonian, on the other hand, requires
the transformation to an appropriate reference frame before
it can be cast in the form H, = /9,0 (1)b'b, if we also omit
the zero-point energy and define 6(¢) as the phase of a
special solution

S (@) = r(0) exp[i6(1)] (17

of the Mathieu equation that constitutes the classical
equation of motion under H, [92-96]. The annihilation

operator of the electron motion thus reads

b [m. W " i

= xe ——PDe
2h meWp

and is time independent, since the Wronskian W =

(F*of —f 9f%)/2i = r*0,0 satisfies 3, = 0 [96].

We note that the position of the electron, x,, is rescaled
to rx, in this reference frame, leading to the coupling

(18)

h
Y (a+ah) b+

2/ mimew; W

In the interaction picture with respect to H; and H,, where
the annihilation operators transform according to a —
a exp(—iwﬁ) and b — bexp[—if ()], we find the coupling
Hamiltonian

Hy = ryxix, =

19)

hy
2/ mimew; W
The general form of f(#) can be obtained by solving

the classical motion of the electron under H,, which is
governed by

HM = (ae™ ' + gt ety (bf* +b'f). (20)

@

where o/, = w.+/1 + «, is the effective electron frequency
and ' = n/(1 + «.) is the effective driving depth. This
equation of motion can be transformed into the standard
Mathieu equation [97]

% + o [1 + 7 cos(a)dt)] X, =0,

D s 14— 20 05280k, = 0 (22)
— —2Qcos x. =0,
dg?
using the substitutions
wgt 4w? An'
= —, A= € , = — . 23
=2 0= @
The Floquet solution of Eq. (22) is given by
fE) =e" Y ce™, (24)

k=—o00

where w is the characteristic exponent for the standard
form of the Mathieu equation, and ¢; is its kth Fourier
coefficient [97—99] and we thereby find

00
f(t) — eiuwdt/Z Z Ckeikwdt.

(25)
k=—o00
Then, under the resonance condition
(1 +2k)wqa/2 = ], (26)

the kth Fourier component of the electron motion will be
resonant with the ion motion. We can therefore perform a
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(a) The relative coupling strength R; for k£ = 0 across various values of " and ) /w,. (b) The ratio of ), to )} resulted

from the resonant condition for £ = 0 across various values of 7" and w,/w,. The areas with white color in both (a),(b) correspond
to the regions with nonreal characteristic exponent j, where the electron motion is unstable. The enlarged panels in both (a),(b) are
depicted with contour lines in the regions bounded by u = 0 and p = 1. The values represented by the contour lines are indicated in
the colorbars. The black cross denotes the typical parameters that we use in our further discussion.

rotating-wave approximation discarding highly oscillating
terms in Eq. (20) and finally obtain

H™ ~ hgy(ab'+a'b), (27)
where the coupling strength has the form
YCk

k=
& 2/ mimeaw;W

with ¢;/~/W decided by the driving-field parameters. The
Hamiltonian (27) describes a coherent excitation exchange
between ion and electron [2], enabling the sympathetic or
exchange cooling of the electron motion [76,78].

(28)

II1. DRIVING-FIELD PARAMETERS

We now analyze the relation between the driving-field
parameters and the coupling strength under the resonance
condition (26). To illustrate the enhancement of the cou-
pling strength with respect to the ion-wire-ion coupling,
we define the relative coupling strength

=Dy |2 (29)
m@

where g; = 0.5y /w:m; is the ion-wire-ion coupling
strength, and Dy = |ci| V/wa(u + 2k)/2W is a factor
depending on the effective driving depth 5’ and the ratio
of the effective electron frequency w) to the driving fre-
quency wy. Equation (29) shows that the enhancement is
proportional to the square root of the mass ratio of ion to
electron «/m;/m,, which is, for example, around 269 for
40Ca™ ions.

8k

Ry =

il

We then give a detailed derivation to show the depen-
dence of Dy to the driving-field parameters. The charac-
teristic exponent p and the Fourier coefficients ¢; in Eq.
(24) can be numerically calculated for the specified param-
eters 4 and Q if we restrict Re(u) € [0,2) and ) _ led)® = 1
[100]. With p and ¢, the Wronskian with respect to &,
Wy = (f*0cf —f0:f*)/2i, can be calculated by

1
We = z—l.(f*asf —f 0cf ) |e=o

= ach(n+k+k). (30)
k,k'

Then we can obtain the Wronskian with respect to ¢ by

Wz%W. 31)

The parameter Dy in Eq. (29) can then be expressed with
We as

Dy = |cil

(32)

Therefore, for any given w,/w, and n’, we can first calcu-
late the corresponding 4 and O and then obtain Dy using
Eq. (32). Specifying +/m;/m. subsequently, the relative
coupling strength R; can be obtained.

Figure 2(a) illustrates the relative coupling strength Ry
for different values of 1’ and w)/w,; with k = 0 and m;
equal to the mass of *’Ca™. The colored (gray-scale)
areas in Fig. 2(a), correspond to real values of the char-
acteristic exponent u and represent the electron-motion
regions where stable solutions of the Mathieu equation
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(a) The relative coupling strength Ry with &£ = 1 across various values of " and w/,/w,. (b) The ratio of w] to w; resulted

from the resonant condition with k£ = 1 across various values of " and w/,/wq.

exist, whereas the white areas correspond to nonreal p and
denote the regions of unstable electron motion. In addition,
the boundaries of the stability regions correspond to inte-
ger i [97]. As shown in Fig. 2(a), with increasing values
of i/, there is a concomitant increase in the relative cou-
pling strength R;, accompanied by a reduction in the size
of the stable region. This puts a constraint on increasing 7n’.
We further observe that, with increasing w/,/ w4, the relative
coupling strength R; exhibits an overall decline across sta-
ble regions. This trend is illustrated by the expanded dark
regions in Fig. 2(a) as ), /w, increases. The enlarged panel
of Fig. 2(a) compares two regions both delimited by a left
boundary with u = 0 and a right boundary with u = 1.
The contour lines in the enlarged panel of Fig. 2(a) overall
shift upwards for the region with larger w/,/wg, indicating
that a higher value of n’ is required to achieve the same
relative coupling strength R; when parameters fall within
the region with larger w/,/wg.
Using Eq. (26), the ratio w/,/w! can be expressed as

/

/
w, o, 2

o wgp+2k

(33)

Given that u depends solely on 1" and w/, /w4, Eq. (33) can
be used to determine the ratio w,/w; for any given k, n’
and w/,/w,. Figure 2(b) presents the numerically calculated
w|,/w; for k = 0 across various values of " and w/w,. For
regions corresponding to conventional experimental con-
figurations with w//w; > 1, it is found that © — 0 and
w), > wy. Since w),/w] is proportional to w,/wg, the light
yellow areas in Fig. 2(b) expand as )/ /w, increases. The
enlarged panel of Fig. 2(b) clearly shows that the contour
lines overall shift to the center of the stable region for those
with larger ), /w4, indicating that a larger © can be used to
achieve the same w,/w; when parameters fall within the
region with larger w/,/w,.

For £ > 1 and conventional experimental configura-
tions, where w,/w; > 1, Eq. (33) leads to

a)/

—“ >k
[0F]

(34)

Figure 3 takes k = 1 as an example, showing the relative
coupling strength R; under such condition. In this case,
R gains significant magnitude largely in the very narrow
stable region where ” > 1, which may result unstable trap-
ping in experiments. Similar conclusion can also be found
for the case of k > 1. Therefore, we mainly focus on the
case of £k = 0.

The black cross in Fig. 2 denotes a typical set of the
potential parameters. This typical set is calculated in a
reverse way. We first specify w; = 25w and k = 0, which
leads to p = 2w;/wy = 0.08 according to the resonance
condition of Eq. (26). We then set 0 = —6.0 and calculate
A reversely from p and Q by constraining A into the spe-
cific stable region. In our case, we have 4 ~ 7.88. Then we
can calculate n' = —20/4 ~ 1.52 and w, = waN A2 ~
35w;. With this set of parameters, the relative coupling
strength R, between single *’Ca™ ions and single electrons
is approximately 111.5 and the corresponding coupling
strength may reach kilohertz regime for the Paul trap
geometry demonstrated in Ref. [73].

IV. ELECTRON-MEDIATED ION-ION COUPLING

We now show that one can enhance the coupling
between two separately trapped ions via an electron-
mediated image-current interaction. The schematics of the
model for Paul and Penning traps are shown in Figs.
4(a) and 4(b), respectively. In both setups, two separately
trapped ion clouds are connected to the central electrons
via two common electrodes. In Paul traps, the axial direc-
tion is perpendicular to the surfaces of the conductor wires
[golden lines in Fig. 4(a)]. In Penning traps, the axial
direction is horizontally along the ring electrodes [gray
blocks in Fig. 4(b)]. This electron-mediated ion-ion cou-
pling could be appealing for applications, such as qubit
interconnection [73,101] and sympathetic cooling [74—76],
and may also bring a revival of exchange cooling [78] due
to the enhanced coupling rate.
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FIG. 4. (a) Schematic of electron-mediated ion-ion coupling
for Paul traps. (b) Schematic of electron-mediated Be-proton
coupling for Penning traps. The gray blocks represent cross-
section views of the ring electrodes. C,, 2y in (a),(b) is the
capacitance of the common electrode 1(2) to ground. (c) Pro-
ton temperatures within one exchange (¢ € [0, %x]) for dw =
(27)100 mHz. The solid line represents the proton average
temperature and the band represents the 5%-95% range of
the proton temperatures. (d) Proton temperatures at #., for
dw = (2m)[100, 200, ...,500] mHz. Large scatters, error bars,
and small scatters denote the proton average temperatures, the
5%95% ranges of the proton temperatures and the proton
temperature of every trajectory, respectively.

The Hamiltonian of the ion-electron-ion system in the
interaction picture can be written as

AN = Z hg; (e_i‘sfta;b +h.c),
j=12

(33)

where g; is the coupling strength between the center-of-
mass motion of the electrons and the ions in the j th trap, as
described by the annihilation operator a;, and §; represents
the corresponding frequency detuning.

As for quantum information processing, we envisage
that such ion-ion coupling mediated by electrons can
be utilized to construct deterministic entanglement of
separately trapped single ions. First, we initialize two
laser coolable and separately trapped single ions into the
motional state |1,0) at t = 0. Assuming that, in Eq. (35),
g1 =g =gand

8n?

51:82:5::|:g m,

n=13,5,..., (36)
the motional energies of the ions are fully exchanged,
regardless of the initial state of the electrons, after the swap

time

T [2n—+1
gl 2

(37

Tswap =

At Tgyap/2, the motional quantum state of the two ions
is in a maximally entangled state, namely in one of
the two NOON states (|1,0):ti|0,1))/\/§ [102] (see
Appendix A). The detuning § is intentionally added to
make the electron motion return to its initial state at
Tswap/2, Which is similar to the Melmer-Serensen gate
for trapped ions [18,103,104]. For the ion-ion coupling
with coupling strength g;;, the swap time is m/2g; [2].
Therefore, the gain of the ion-electron-ion coupling rel-
ative to the ion-ion coupling under similar experimental
parameters can be expressed as

1
=Ro |5
22n+ 1)

where R is given by Eq. (29) with Fourier order £ = 0.
For two “°Ca™ ions trapped separately, the coupling gain is
approximately 45.5 with » = 1 and the driving parameters
indicated by the black cross in Fig. 2.

For a near symmetric and resonant case, the two ion
clouds in separated traps will almost fully exchange their
energy at

T / 2g ii
Tswap

gain =

(3%)

v

lex = R
V&1 T &

regardless of the initial state of the electrons, which can
be utilized to achieve exchange cooling. To illustrate
this, we numerically simulate the electron-mediated energy
exchange process between *Be™ ions and a single pro-
ton in the classical regime. All simulation parameters
are referenced from well-developed Penning trap experi-
ments [75—77]. The effective electrode distances are set to
—Dipe = D1, = —Dy, = Dyp = 3.2 mm, where the first
subscript denotes the electrode number, the second sub-
script denotes the particle species, and + is decided by
the relative position of the particles to the electrodes. The
capacitances of the electrodes are setto C,,; = Cy,» = 5.5
pF. The effective trapping frequencies of Be and proton are
W, = wp = (2)354.25 kHz, and the driving frequency,
effective driving depth and effective trapping frequency of
the electron trap, denoted by the black cross in Fig. 2, are
wg = 25w, 1" ~ 1.52, and w, ~ 35wy, respectively. The
ratio of the number of Be ions Ng, to the number of protons
Np is chosen to be approximately equal to the ratio of mp,
to mp, which insures that g, and g, in Eq. (35) are approx-
imately equal in the symmetric trap configuration. For the
single-proton case, we have Ng. = 9. The electron number
N, is set in the simulation to 1000, a value that is attainable
in experimental settings [105-107]. The coupling con-
stants ype. and yp, can be obtained with Eq. (13). Using
Eq. (28), we then obtain the corresponding coupling rates
g1 ~ g» ~ (2m)5.6 Hz. The coupling gain, relative to the
Be-proton wire-mediated coupling with Ng. = 1000 and

(39)
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Np =1, can also be calculated using Eq. (38) with n =0
and considering the mass and particle number modifica-
tions to Ry. In this case, the coupling gain is approximately
37.5.

Our simulation takes into account the relative frequency
uncertainties by randomly adding normal-distributed
detunings with standard deviation dw to the electron
and proton trap for every simulation trajectory, see
Appendix B. Other heating noise is negligibly small
for a cryogenic Penning trap. The simulation results are
obtained from 10000 trajectories for each §w with the Be
cloud initially cooled to 0.5 mK, near the Doppler limit
[76], and the temperatures of the electron cloud and the
single proton are both equal to 10 K. The relative initial
phases of the proton and the electrons motion are ran-
domly chosen from [0, 2], see Appendix B. The proton
average temperature for dw = (27)100 mHz is depicted
by the solid line in Fig. 4(c). After a single exchange,
at f.x & 63 ms, the proton average temperature reaches
133.4 mK. Figure 4(d) shows the dependence of the
cooling performance on the frequency uncertainty. Even
for §w = (27)500 mHz, the temperature of the proton
decreases 81% on average within a single exchange (63
ms), reaching 1.9 K.

V. CONCLUSION

In this work, we presented a wire-mediated scheme
for coherent ion-electron coupling with a two-orders-
of-magnitude-enhanced strength, compared to known
wire-mediated ion-ion coupling. For mere single ions and
electrons, our analysis shows that the ion-electron coupling
strength may reach kilohertz regime in feasible experimen-
tal setups. With demonstrated techniques for ion-trap noise
reduction, such as Ar" bombardment [108] and operation
at cryogenic temperatures [109], the electron-mediated
image-current coupling between ions would be competi-
tive with existing remote-coupling methods based on ion
shuttling [38,110] or photon linking [111,112], regarding
quantum information processing. Further numerical sim-
ulations of electron-mediated exchange cooling of single
protons in low-noise Penning traps [113,114] highlight
the potential application of our scheme for precision mea-
surements. Our work thereby lays the groundwork for
the development of various hybrid platforms with promis-
ing prospects for electron-mediated coupling of ions to a
broad range of systems, from microscopic particles like
antiprotons to macroscopic devices like LC circuits [25].
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APPENDIX A: DETAILS ON
ELECTRON-MEDIATED ION-ION COUPLING

Here, we give a detailed analysis on ion-electron-ion
motion coupling for deterministic entanglement genera-
tion and exchange cooling in a rotating frame where the
Hamiltonian is time independent.

As for deterministic entanglement generation, assuming
g=g1 =g and § = §; = &, we have

A = hsbh + gl(al+a))b+Hel (A1)
Generally, the initial state can be written as
|]//(t)> = Z cnl,nz,n3(t) |n1’n2sn3> > (AZ)

ny,n,n3

where ¢, , », (1) is the probability amplitude of the state
|ny,np,n3) with ny, np, and n3, representing the phonon
numbers for ion 1, ion 2 and electron, respectively. Using

W) .

; A3
ot iei ( )

we have

ICnynyny = 6n3cn|,n2,n3

+gvm + Ly/nicn —1nyn341
+gvn3 + Ly/nacn, pny—1 541
+g\/ n3\/ nj + lcn1+1,n2,n3—l

+g\/n_3\/ ny + 1cn1,n2+1,n3—la (A4)

where [ ] stands for 3/97. For a total phonon number equal
to 1, we can simplify Eq. (A4) to

iC100 = gCo01, (AS)
iCo10 = gCo01» (A6)
icoo1 = Scoo1 + gc00 + gColo- (A7)

With initial conditions cjg9 = 1, coi0 = 0, and co9; = 0,
the solution for the probability amplitudes is

1.
1 e 2 | s
cio0(?) = 5 + > cos <§gt 8+ 53)
1

| e (1 t,/8+52> (A8)
——sin| - S
2,/8+ 82 2% !
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1 e—%igtﬁy 1
cor0(t) = —E + 5 cos <§gt\/ 8+ 33)
1.
i8,e~ 28" ( 1
+ 9~ in( = t,/8+53),
2/srar o \2f

1

2iem2%r (1]
coo1 () = BN sin (Egt, /8 + 83) , (A10)

r

(A9)

where we defined §, = §/g. At the end of the evolution,
t = 7, we expect coo1 (t) = 0, which is fulfilled if

1
Egr,/B + 682 = mm,

with an integer m. Substituting Eq. (A11) into Egs. (AS8)
and (A9), we thereby find

(All)

1 .

cio(t) = 5 [14 (= )"e b ], (A12)
1 _Llirs
coro(T) = E[—1+(—1)’"e zlgf'] (A13)
and if one now requires

T
——g18, =n—, Al4
587 n- (Al4)

with another integer n and combines this condition with
Eq. (Al1), one arrives at

5=+ 82 (A15)
= CmE —
2 2 _ 2
SELI Dl (A16)
2 gl 2

where m,n € Z and [2m| > |n|.
If n is odd, we substitute Eq. (A14) into Egs. (A12) and
(A13), obtaining

c100(t) = % {1 +i<—1>['”+"51]}, (A1)

cono(r) = % {—1 +i<—1>[’”+"51}}, (A18)

which means the motion of the two ions is in one of the
NOON states (|1,0) £i10,1)) /+/2 at ¢ = . Without loss
of generality, we can assume n, m > 0. If we substitute 2m

with n 4+ 1, we can obtain

8n?
§=tg | A19
SV —— (A19)
it
= |t (A20)
2|g| 2

where we find that T = Tgyap/2 With 744, defined by the
Eq. (37). On the other hand, if n is even, we substitute Eq.
s(A14) into Egs. (A12) and (A13), obtaining

1 n
eno(@) = 5 {1+ D], (A21)

1 n
con(@ =3 {-1+ 0 @A)

which means that, at t = 1, the two ions are either in their
initial states for even m + n/2 or fully exchange their ener-
gies for odd m + n/2. For the full-exchange case with even
m (namely m + n/2 is odd and m is even), by rewriting Eq.
(A16) as

x [m—(8)

T = —y ————=2,
g 2

(A23)

we find that t/2 in such a case is equivalent to T with odd
n. This means that the two ions not only exchange their
energies at t = t in such a case, but are also in a NOON
state at = 7/2. However, for the full-exchange case with
odd m, /2 is not equivalent to T with odd » and the nonin-
teger m/2 results cgo; (t/2) # 0, which means that the two
ions are not in a NOON state at 7/2.

In summary, we can substitute n/2 in Eq. (A23) with
integer n and obtain

T [m?—n?
gl 2 7

T = Tswap = (A24)

where m,n € Z, |m| > |n| and m + n is odd. Only when n
is odd, the two ions are in a NOON states at t = Tgyap/2.
Setting m = n 4 1, we have

T [2n+1
Tswap = |g_| 5
which is Eq. (37).

Although we assume the initial phonon number of the
electron is zero, the results we obtained here are actually
not dependent on the initial phonon number of the electron.

(A25)
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We then discuss this argument in Heisenberg’s picture. In
Heisenberg’s picture, we have

1
a (1) = 7 [a1(0) — a2(0) + h()],

1
@) = 7 [42(0) — a1 (0) + h(n],

i[2a,(0) + 2a;(0) + 8,b(0)] . ( at\/3 + 53)
b(t) = — ' sin
eigtdr/2 /8 + 8}% 2

. /8 + 82
+ e78%/2p(0) cos <‘%) , (A28)

(A26)

(A27)

where

2

i[8, (@1(0) + a2(0)) — 4b(0)] _ (gt\/8+53>
=+ sm{ —————|.
eigtr/2 /8 4 52 2

(A29)

/ 2
h(t) = e~/ [a(0) + a2(0)] cos <M)

At ¢ = 7, substituting g7./8 4+ §2/2 with Eq. (All), we
have

a(t) = %m(O) [1+ (=Dmeem/?]

+ %az(O) [—1+ (=D"e ™ 2],  (A30)
ax (1) = %az(O) [1+ (—1)"e 8777

+ %al(O) [-1+ (=Dme &), (A31)
b(t) = (—1)"b(0)e &% /2, (A32)

We see that a;(t) and ay(7) is not dependent on 5(0),
which means that the results we mentioned before are not
dependent on the initial motional state of the electron.

We then discuss the resonant case for exchange cooling.

For g # g but §; = §, = 0, defining g = ,/g? + g3, in

Heisenberg’s picture, we have

2 2
@ (1) = a1(0) [‘% cos(gh) + g—é} — ib(0)L sin(gn
g g g

+ az(O)%[COS(gt) —1], (A33)

2 2
ar(1) = ay(0) [g—j cos(gr) + g—;} — ib(0)22 sin(gr)
g g g

ta (O)% [cos(gr) — 1], (A34)
b(t) = b(0) cos(gry — 11081 T2 O o
(A35)

These equations can be utilized to obtain the energy
exchange of the classical motion by assuming the ini-
tial state to be a direct product state of coherent states,
|y, a0, B). The center-of-mass energies of the separately
trapped particles can be written as

E\0) = ho(a]0m @) = ho l OF,  (A36a)
Ex(0) = ho(a}(0a () = ho a0, (A36b)
Ep(t) = haoy (b1 (b)) = hawy 1BO)I7, (A36¢)
where
gig g7 2
o () = azl—zz[cos(gt) — 11+ a1—12 [cos(gt) + —§i|
g g 81
- iﬁ‘% sin(g?), (A37)
g8 2 g7
a () = all—zz[cos(gt) — 11+ “2% [cos(gt) + —12i|
g g 53
- iﬂ‘% sin(g?), (A38)
B(t) = B cos(gr) — i% sin(gr),  (A39)

w is the frequency of the two separately trapped ions,
and wj is the effective frequency of the electron under
the driving field, which can be determined by the ratio of
the electron average motional energy to the correspond-
ing Fock number. From Egs. (A36), we can find that, if
g1 = g, at time t,, = 7 /g, the energies of ions are fully
exchanged.
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(a) Analytical (solid blue line) and numerical (dashed yellow line) solutions of the proton temperature 7, within a single

exchange. (b) Numerical error of the proton temperature around the end of the exchange.

APPENDIX B: NUMERICAL DETAILS ON
EXCHANGE COOLING

In the simulation of exchange cooling, we consider 9
9Be™ ions, 1000 electrons and a single proton. The cou-
plings between traps are mediated via common electrodes.
The classical motion of the system is governed by

XBe + C‘)gexBe + Ybee Xe
Be/"Be
. , VBe,e VP.e
=¥ + @[l 4+ 1’ cos(wat) [Xe + ——xpe + ———x
e e [ n ( d )] e Neme Be Neme P
. ”n VP,e
=Xp + wpxp + X. =0, (B1)
pmp

where xge, X., xp are the center-of-mass positions of
the °Be™ ions, the electrons and the single proton,
respectively. The numerical integration of Eq. (B1) uses
the 12th-order explicit adaptive Runge-Kutta-Nystrom
method provided by DifferentialEquations.jl
[115] with step-size control options abstol = 1.0 x 107!2,
reltol = 1.0 x 107!2, and number type Double64 pro-
vided by DoubleFloats.jl [116]. The number type
Double64 has a significand of 106 bits, two times larger
than that of the common number type Float64.

To make sure that the finite numerical precision does not
negatively affect our simulation results, we compare our
simulation results with the theoretical analysis. Substitut-
ing the subscript 1 and 2 of £ and « in Eq. (A36) with Be
and P and setting 8 = 0 and o, and «p in the same phase,
we have

Epe() = ‘ Ep(O)%[COS(gt) ~1]
g2 g2 2
-+%@?h@ﬁ%],(m
1

Ep(t) = ‘ EBe<0>%[cos(gr) —1]

2 2 2
-+@@%Pwm+%],(M)

83

which corresponds to the initial condition: x.(0) =
xge(0) = xp(0) =0 pm, xe(0) =0, xe(0)
= /2EB:(0)/mpe, and xp(0) = /2Ep(0)/mp. Defining
Te = Ege/kp and Tp = Ep/kp, we can obtain the solid
blue line in Fig. 5(a) using Eq. (B3) with 7T3.(0) =
0.5 mK and 7p(0) = 10 K. The dashed yellow line in
Fig. 5(a) shows the numerical result of 7p(#) within a sin-
gle exchange, which is nearly identical to the theoretical
one. Around the end of the exchange, the energy devia-
tion of the simulation result from the theoretical one is
only a few nK X kg, as shown in Fig. 5(b). This numeri-
cal accuracy is sufficient for our case. Figure 6 shows the
center-of-mass position trajectory of the electrons around
tex/2, where the electrons reach the max amplitude during
the exchange process.

Figures 4(c) and 4(d) are obtained from 10000 trajec-
tories for each standard deviation dw. Besides the random

100

. (pm)
o

—1001

T T T

31.524 31.525 31.526
t (ms)

FIG. 6. Electron
exchange process.

dynamics around the midpoint of the
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detunings, every trajectory also takes into account the ran-
dom phases of the initial modes. Other sources of noise are
negligible in the cryogenic Penning trap [76,114]. Equa-
tions (A36) indicate that only relative initial phases will
influence the energy of motion during exchange. There-
fore, we randomly add relative initial phases ¢p and ¢, to
the proton and electron initial state, respectively, and set
the Be ion initial phase to 0. For the single proton with
initial temperature 7p and relative phase ¢p, we have

2kpT;
xp(0) = = sin(¢p), (B4)
mpwp
. 2kpTp
xp(0) = cos(¢p). (B5)
mp

As for electrons, it is appropriate to define the electron tem-
perature by the kinetic energy averaged over the infinite
time #:

R 1
Ekin,e = t’lglgo ; '/(; Emexg dt = EkBTe. (B6)

To see the relationship between 7, and the electron motion
amplitude, we rewrite Eq. (25) into a form with sine
functions:

Xe(t) = Afs(H) = Ae Y cisin [(u + 2k)°"7”’t}, (B7)

k=—00
where A, is the amplitude of the electron motion. Immedi-

ately, we can write down the electron velocity as

Aewd
2

X () = Z (n 4 2k)cy cos |:(//L + 2k)w7dt].

k=—00

(B8)

With Parseval’s theorem [117], we obtain
/—oo t’ 2

1 ! 1 AZ 2 X
m -/ md =253 (w2 (BY)
0 8 k=—00

Substituting Eq. (B9) into Eq. (B6) and using the definition
S=>r oln+ 2k)ci|?, we obtain

8k T,
Ao= [—55 (B10)
mewS
With the relative phase ¢., we have
o0
x(0) = A sin(¢e) Y ci, (B11)
k=—00
0 = 2 cosig 3 G+ 20 (B12)
.(0) = cos(@, )
X, 5 M Ck

k=—o0

To sum up, for every simulation trajectory, we first ran-
domly generate ¢pp and ¢, in the [0, 2] range to obtain
the initial motional state using Egs. (B4) and (B5) and
Egs. (B11) and (B12). Then, we modify w, and wj with
two randomly generated relative detunings, whose stan-
dard deviations are both set to §w. Next, we integrate Egs.
(B1) with numerical configurations mentioned above to
obtain the original data for Figs. 4(b) and 4(c).

With Eq. (B10), we can also calculate the effective fre-
quency wp mentioned in Eq. (A36c¢). Equation (B10) can
be rewritten as

Azmow}S
Ky T, = % (B13)
For a coherent state | 8), we have
ksT, = hawy |8 . (B14)
Therefore, we obtain
A’mew?S
ooy 1B = “ (B15)

According to the transformations made to obtain H,, the
classical amplitude A, is connected to the coherent state

|8) by

2h
m,w’

4. = |Bl (B16)

where W is the Wronskian defined in Eq. (31). Substituting
Eq. (B16) into Eq. (B15) and utilizing Eq. (31), we obtain

a)dS

= —, B17
2 (B17)

Wp

For the driving-field parameters that we choose in our
simulation, wy is approximately (277)142 MHz.
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