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Parametric converters are parametric amplifiers that mix two spatially separate nondegenerate modes
and are commonly used for amplifying and squeezing microwave signals in quantum computing and
sensing. In Josephson parametric converters, the strong localized nonlinearity of the Josephson junction
limits the amplification and squeezing, as well as the dynamic range, in current devices. In contrast, a
weak distributed nonlinearity can provide higher gain and dynamic range, when implemented as a kinetic
inductance (KI) nanowire of a dirty superconductor, and has additional benefits such as resilience to mag-
netic field, higher-temperature operation, and simplified fabrication. Here, we propose, demonstrate, and
analyze the performance of a KI parametric converter that relies on the weak distributed nonlinearity of a
Nb-Ti-N KI nanowire. The device utilizes three-wave mixing induced by a dc current bias. We demonstrate
its operation as a nondegenerate parametric amplifier with high phase-sensitive gain, reaching two-mode
amplification and deamplification of approximately 30 dB for two resonances separated by 0.8 GHz, in
excellent agreement with our theory of the device. We observe a dynamic range of −108 dBm at 30
dB gain. Our device can significantly broaden applications of quantum-limited signal processing devices
including phase-preserving amplification and two-mode squeezing.

DOI: 10.1103/PhysRevApplied.22.024025

I. INTRODUCTION

Superconducting quantum optics finds many potential
technological applications, including continuous-variable
quantum computation [1–3] and teleportation [4,5], remote
qubit entanglement [6], and quantum illumination [7]. In
these applications, entangled photon pairs or two-mode
squeezed states over two separate microwave channels
are useful [4,8]. This is typically accomplished using
two Josephson parametric amplifiers [4] or a Josephson
parametric converter (JPC) [9,10] in which a few dis-
crete Josephson junctions (JJs) provide the nonlinearity.
The JPC has further applications including frequency con-
version and beam splitting [11], directional amplification
[12–14], qubit readout [15,16], and two-qubit coupling
[17,18]. However, recent studies have shown fundamental
limitations on the JPC’s amplification and squeezing capa-
bilities due to the higher-order effects of the strong local-
ized nonlinearity of JJs [19,20]. Parametric amplifiers with
weak distributed nonlinearity based on kinetic inductance
(KI) have been shown experimentally to possess favorable
features including higher gain and dynamic range [21],
strong single-mode squeezing [22], and operation at high
magnetic fields [23–26] and temperatures [27,28].

*Contact author: jsalfi@ece.ubc.ca

Here, we introduce and experimentally demonstrate a
KI parametric converter (KIPC) made of the distributed
weak nonlinearity provided by the KI of a supercon-
ducting nanowire. We find that the device provides high
gain on two spatially separated modes and exhibits high
dynamic range. The KIPC is a four-port device, where
each port selectively couples to one of the two modes,
unlike previously reported two-mode kinetic inductance
parametric amplifiers, where the two modes couple to the
same ports [28,29]. To separate the frequencies of the res-
onance modes and to realize selective coupling, the design
breaks the continuous symmetry of the ring by varying
the KI-enhanced impedance for different sections of the
ring. For single-mode input, we achieve two-mode ampli-
fication above 30 dB with dynamic range around −108
dBm, exceeding the dynamic range of previously reported
JPCs at the same gain by more than 20 dB [30], and con-
firm cross-correlation between the amplified quadratures
of the output signal and idler. We also observe interfer-
ence fringes for two-mode input with deamplification of
27 dB and output coherent cancellation of 99.995%. We
expect our device, which features high dynamic range and
simple fabrication and promises higher temperature and
magnetic-field operation, to find applications in phase-
sensitive amplification and two-mode squeezing. The weak
distributed nonlinearity inherent in our design could be
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helpful to obtain higher amplification and squeezing than
in devices with localized nonlinearities in which higher
harmonics may play a role [19,20].

II. DEVICE

A parametric converter possesses two nondegenerate
resonant modes that couple via a three-wave mixing
(3WM) process when the device is pumped near the sum
or difference of their frequencies that is typically induced
by a dc bias that also tunes the mode frequencies [9]. Here,
we focus on the amplification regime, where the pump is at
the sum frequency. For a classical pump at ωp , the Hamil-
tonian describing this regime in a frame rotating at ωp/2
is

H = ��aa†a + ��bb†b + �

2
(
ξa†b†+ξ ∗ab

)
, (1)

where a and b are the annihilation operators of the two
modes with resonance frequencies ωa and ωb, respectively,
�a = ωa − ωp/2, �b = ωb − ωp/2, and ξ is the 3WM
rate representing the strength of the nonlinearity. The four-
wave mixing (4WM) is ignored in Eq. (1) due to the small
Kerr nonlinearity of kinetic inductance nanowires [21,23].

A schematic for our device, which features two nonde-
generate resonance modes a and b that couple to different
ports, is shown in Fig. 1(a). The device consists of a super-
conducting nanowire ring, capacitively coupled to four
ports at its four sides. The characteristic impedance of the
nanowire changes between two values; Za near ports 1 and
3, and Zb near ports 2 and 4. The impedance variation along

the ring enables the definition of two modes, which couple
predominantly to different ports of the device. As illus-
trated in Fig. 1(a), the ring exhibits two mirror symmetries,
vertical and horizontal, rendering the voltage distribution
of mode a to be symmetric along the vertical axis and anti-
symmetric along the horizontal axis, and vice versa for
mode b. The alignment of ports 1 and 3 along the verti-
cal axis, where mode a has maximum voltage and mode b
has zero voltage, gives maximum coupling of these ports
to mode a, and maximum isolation from mode b. Simi-
larly, ports 2 and 4 are maximally coupled to mode b and
maximally isolated from mode a. The 3WM nonlinearity
responsible for the parametric amplification is generated
by the dc current applied to the ring via low-pass filters,
which reflect photons in resonant modes a and b.

The variation of the impedance over the ring separates
the two modes energetically. The mode with maximum
voltage at the points of high impedance has higher res-
onance frequency than the other mode. The resonance
frequencies in the linear regime can be found using the
telegrapher equation subject to symmetry-defined bound-
ary conditions. The resonance frequencies of the ideal
circuit in Fig. 1(a) obey (see Appendix A)
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and Zb) are the phase velocity and characteristic impedance
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FIG. 1. Device design and linear characterization. (a) Schematic of the KIPC. It consists of a KI nanowire ring resonator with two
symmetry axes defined by sections with characteristic impedance Za �= Zb. The ring has four microwave ports (1 to 4) aligned with the
symmetry axes for capacitive coupling, and four dc lines for current bias through low-pass filters. The symmetry constraints break the
degeneracy of the two orthogonal modes in the ring such that each mode selectively couples to two ports. The {0} and {+, −} indicate
the voltage nodes and antinodes, respectively, for mode a (blue) and mode b (orange). (b) Optical image of the fabricated device.
The ring has an octagon shape. The impedance is varied by changing the distance between the nanowire and the ground plane to get
Za ≈ 940 � and Zb ≈ 1320 �. The low-pass filters are on-chip LC filters. The dc current is applied between two of the dc lines, while
the other two are kept open. The coherent pump tone can be applied via any of the microwave ports. (c) Transmission spectrum from
ports 1 and 2 to ports 3 and 4. Mode a (b) shows high transmission only for S31 (S42), confirming the selective coupling to the ports.
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FIG. 2. Two-mode amplification. (a) Frequency configuration for 3WM in which a pump photon is converted into signal and idler
photons. (b) Experimental setup for amplification measurement. Signal and pump tones at frequencies ωs and ωp are sent to the inputs
of the KIPC and signal and idler tones at ωs and ωi = ωp − ωs are measured at the outputs. Low-pass filters with a cutoff frequency
of 8 GHz are added at the outputs to filter out the pump tone. (c),(d) Measured signal and idler gains at ωs and ωi, respectively, versus
signal detuning from mode b (ωs − ωb) and idler detuning from mode a (ωi − ωa) at a pump power of −34 dBm. Top and right
panels compare experiment (points) and theory [lines, Eq. (3)] for slices of the 2D gain maps along the horizontal and vertical arrows,
respectively. (e),(f) Measured signal and idler gains, respectively, versus signal power Ps at different pump powers.

of the blue (orange) sections in Fig. 1(a). The different-
impedance condition (Za �= Zb) is sufficient for lifting the
degeneracy of the two modes. The impedance can be
changed by varying a geometrical parameter in the cross
section of the nanowire [31].

We implemented the device as an octagonal ring, shown
in Fig. 1(b), made of Nb-Ti-N nanowire of thickness 10
nm, width 0.4 µm, and total length 2.2 mm. The sheet
kinetic inductance of the film is approximately equal to
40 pH/�. The impedance variation is realized by vary-
ing the gap between the nanowire and the ground plane
[32,33]. At the upper and lower sides, the gap is 1 µm
giving a predicted impedance Za ≈ 940 �, while at the
left and right sides, the gap is 25 µm giving an estimated
impedance Zb ≈ 1320 � [33]. The low-pass filters at the
four corners are on-chip superconducting LC filters imple-
mented as kinetic inductors and interdigital capacitors. The
filters reflect photons above 0.7 GHz back into the ring and
pass low frequencies.

The resonance frequencies of the two modes are exper-
imentally obtained from the transmission spectrum S31
(ωa = 5.5 GHz) and S42 (ωb = 6.3 GHz), as presented
in Fig. 1(c). The resonance frequencies predicted by Eq.
(2) are around 4.5 and 5.5 GHz, which are close to
the measured values. The mismatch between experiment
and theory probably occurs because the ground areas

surrounding the filters are removed, reducing the capaci-
tance and increasing the resonant frequency of the actual
device with respect to the model. By comparing the four
transmission combinations in Fig. 1(c), we find that mode
a has 15- and 25-dB isolation from ports 2 and 4, respec-
tively, while mode b is isolated by more than 25 dB from
ports 1 and 3. The residual coupling of mode a to the
input port for mode b is likely due to deviations of the
physical realization [Fig. 1(b)] from the idealized circuit
[Fig. 1(a)]. Fabrication imperfections, such as variations in
the sheet kinetic inductance, introduce symmetry-breaking
perturbations, which might cause small shifts in the loca-
tions of voltage nodes and lead to imperfect isolation. The
resonance frequencies are shifted by the dc current that
provides the 3WM in the device (see Appendix B). At
dc current above 370 µA the device turns normal. For
the nonlinear operation in the rest of the paper, we use
Idc = 320 µA, leaving a margin for the microwave current
from the pump tone.

III. RESULTS AND DISCUSSION

A. Amplification

We operate the device as a nondegenerate parametric
amplifier by sending a signal tone to port 2 at angular
frequency ωs ≈ ωb and a pump tone to port 1 at ωp ≈
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FIG. 3. Phase correlation. (a) Basic experimental setup for
measuring the output quadratures. (b),(c) Scatter plots for the
measured quadratures of the output signal and idler, respec-
tively, at varying input signal phase φs ∈ [−π , π ]. The results
are normalized, and the phases of the outputs are shifted so that
(I , Q) = (−1, 0) at φs = −π . (d) Scatter plot for the I compo-
nents of the signal and idler, showing positive correlation. (e)
Scatter plot for the Q components of the signal and idler, show-
ing anticorrelation. All arrows start at φs = −π and show the
direction of increasing φs.

ωa + ωb, and measuring the output amplified signal at ωs
and output idler at ωi = ωp − ωs ≈ ωa. In this regime,
the signal is amplified by downconverting pump photons
into signal and idler photons, as illustrated in Fig. 2(a). A
schematic of the experimental setup is shown in Fig. 2(b).
The signal gain is extracted from the measured output pow-
ers as the ratio between the output power when pump is on,
and the output power when pump is off for a signal at reso-
nance, which represents the input power at resonance. The
signal gain is extracted as the ratio between the signal out-
put and input powers. To estimate the latter, we switch off
the pump and measure the signal output power for resonant
signal input. Similarly, the idler gain is referred to the input
signal.

For a fixed pump power of −34 dBm, we plot the mea-
sured signal and idler gains Gs and Gi in Figs. 2(c) and
2(d), respectively. Data was taken for different detunings

of the signal (idler) from resonant mode b (a) by vary-
ing ωs and ωp . The signal gain [Fig. 2(c)] peaks around
the two-mode resonance point, and reduces gradually far
from resonance with tilted elliptic contours. A similar pat-
tern is observed for the idler gain [Fig. 2(d)] with the same
value and location for the maximum gain point. For mea-
surements of sufficiently long duration, e.g., in Figs. 2(c)
and 2(d), we observe jumps in the gain of the device.
These are more frequent at higher pump powers or without
filtering the current bias. All measurements presented
in this paper were conducted with a 10-kHz low-
pass filter at room temperature on the current bias
line.

A theoretical analysis of the device using input-output
theory (see Appendix E) predicts signal and idler ampli-
tude gains

gs(δ) = κb

Ds(δ)
[i(δ + �a) − κa] , (3a)

gi(−δ) = i
√

κaκb

Di(−δ)

ξ

2
, (3b)

where δ = ωs − ωp/2, κa (κb) is the coupling loss rate of
mode a (b) to ports 1 and 3 (2 and 4), and the denominator
is given by Ds/i(δ) = [i(δ ± �a) − κa] [i(δ ∓ �b) − κb] −
|ξ |2/4. The expressions in Eq. (3) are related to the mea-
sured power gains by Gs/i = |gs/i|2. We fit the measured
signal [idler] gain in Fig. 2(c) [Fig. 2(d)] to Gs [Gi],
to extract |ξ | = 7.408(32) MHz [7.729(31) MHz], κa =
4.597(26) MHz [4.829(25) MHz], and κb = 3.210(18)

MHz [3.315(18) MHz]. In addition to the similar extracted
couplings with small fitting uncertainties, the top and
side panels in Figs. 2(c) and 2(d) illustrate the good
agreement between theory and experiment. This demon-
strates the ability of our device to perform nondegen-
erate 3WM and to generate the output into two sepa-
rate ports, which is the primary function of a parametric
converter [10,30].

We characterize the gain and dynamic range of the
device at different pump powers. Figures 2(e) and 2(f)
show the measured signal and idler gains, respectively,
versus signal power, Ps, at different pump powers. At high
gain, the signal and idler have similar gain levels, while
at low gain (<10 dB), where the input signal represents
a significant part of the output, the idler gain is smaller
than the signal gain. The 1-dB compression points of the
signal and idler gains are similar, and they are 22–32
dB larger than the typical values reported for the JPC
[30,34,35]. For example, for a signal gain of 30 dB (20
dB), our KIPC exhibits 1-dB compression at Ps ∼ −108
dBm (approximately −93 dBm), while previously reported
JPCs have 1-dB compression points around −130 dBm
[30] (−125 dBm [34]).
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FIG. 4. Two-mode interference and deamplification. (a) Basic experimental setup for interference and deamplification measurement.
Pump and idler tones are combined and sent to the device through port 1, while the signal tone is sent through port 2. Low-pass
filters remove the pump from the outputs. (b),(c) Signal and idler gains relative to the input signal, respectively, versus signal phase
and power. The input idler power is fixed at Pi = −106 dBm. The dashed lines highlight the signal power level corresponding to
maximum deamplification. (d),(e) Signal and idler gain versus signal phase at Pi = −106 dBm and optimal Ps [dashed lines in (b),(c)].
The measurement is taken at high phase resolution (1◦) and low measurement bandwidth (100 Hz). The solid lines are obtained
from theory [Eq. (3)] using κa = 4.55 MHz (4.96 MHz), κb = 3.57 MHz (3.41 MHz), ξ = 7.00 MHz (7.45 MHz), and Pi/Ps = 1.28
(0.84) for the signal (idler). The fitted couplings resemble those obtained from Fig. 2, and the extracted ratios Pi/Ps are close to the
experimentally estimated values of 1.41 and 0.71. The horizontal lines at about 10 dB indicate the signal gain (idler gain with respect
to idler input) at no idler (signal) input. The pump power for all data is −35 dBm. We expect that the discontinuity in gain in Fig. 4(e)
has a common cause with the discontinuities observed in Fig. 2, discussed in Sec. III A.

B. Phase correlation

Next, we investigate the correlation between the phases
of the output signal and idler by varying the input signal
phase while keeping the pump phase fixed. The phase cor-
relation is determined by measuring the four quadratures
of the two outputs as shown in Fig. 3(a). By demon-
strating the output phase correlation for a coherent input
signal, we verify the phase coherence of the 3WM process
in our device. Accordingly, we expect to generate phase-
correlated pairs when the device is operated on the vacuum
state.

Scatter plots for different combinations of the four out-
put quadratures are presented in Fig. 3. The input signal
phase is varied from −π to π , which corresponds to a full
circle in the input phase space. Figure 3(b) shows the full
circle on the signal output Is-Qs phase diagram, verifying
the phase-preserving nature of the KIPC, similar to the JPC
[30]. The output idler components Ii-Qi also exhibit a full
circle [Fig. 3(c)], indicating the dependence of the idler
phase on the input signal phase. Figures 3(e) and 3(d) show
that Is and Ii are positively correlated, while Qs and Qi are
anticorrelated, which agrees with theory (Appendix E) and
matches the cross-correlation properties of the JPC [8].

C. Deamplification

Parametric converters can be operated in the coher-
ent attenuation regime, where incoming signal and idler
tones are deamplified at a certain relative phase [36]. For
parametric converters with hybrid couplers, as the JPC is
usually used [8,10,12], the deamplification results from
upconverting incident signal and idler photons into pump
photons. In that case, the device has effectively three ports
that couple selectively to the signal, idler, and pump, where
the input and output of each tone share the same port
(reflection regime), and the deamplification level is lim-
ited by the single-input gain G0 (maximum deamplification
is approximately 4G0 [36]). Although our device can be
utilized in a similar way by adding a hybrid coupler, we
focus here on investigating the deamplification in the trans-
mission regime without the hybrid coupler. In this case,
the deamplification at the output port can result from par-
tial up-conversion of incident photons or from destructive
interference at the output port, depending on the input sig-
nal and idler powers and phases. In the latter case, the
output at any given port can, in principle, vanish at arbi-
trary gain (see Appendix E). Energy is conserved by total
unamplified reflection of the corresponding input without

024025-5



KHALIFA, FELDMANN, and SALFI PHYS. REV. APPLIED 22, 024025 (2024)

net generation of pump photons. This feature can be used
for routing and splitting microwave signals on chip [12].

We test the deamplification of the KIPC by interfering
two tones at the signal and idler frequencies. Figure 4(a)
shows the setup for this experiment. Here, we insert coher-
ent input tones at both ωs and ωi, in addition to the pump
tone at ωp = ωs + ωi. We vary the signal phase, while
keeping the pump and the input idler phases fixed. We also
sweep the signal power to reach maximum deamplifica-
tion at fixed idler and pump powers. Figures 4(b) and 4(c)
show the measured signal and idler gains (relative to the
input signal power), respectively, versus signal phase and
power. We observe, for both Gs and Gi, interference fringes
and a power dependence of the deamplification.

To quantify the deamplification more precisely, we set
the signal power to the value that minimizes Gs or Gi, and
measure the respective gain with higher phase resolution
and lower measurement bandwidth. For both output ports,
we reach a deamplification of 27 dB, as shown in Figs. 4(d)
and 4(e). By fitting the data in Figs. 4(d) and 4(e), we find
similar couplings to those obtained from Fig. 2. When any
of the input tones are turned off, the interference pattern
disappears and we get a phase-independent gain of 10 dB
with respect to the remaining input. Figures 4(d) and 4(e)
also show that, at constructive interference both Gs and Gi
are 6 dB above the single-input level, indicating a twofold
increase in the voltage gain (fourfold increase in the power
gain) at these points. This gives a ratio of −43 dB between
the outputs at destructive and constructive interference,
which corresponds to a coherent cancellation of 99.995%
for the output signal and idler tones [11,36]. We note that
the measured deamplification level of 27 dB is higher than
the expected value for up-conversion, given the single-
input gain of 10 dB. This is consistent with input-output
theory predicting that the deamplification shown in Figs.
4(d) and (e) results from destructive interference rather
than up-conversion.

IV. CONCLUSION

We have designed, fabricated, and tested a novel KI
parametric converter, providing the functionality of the
JPC, but differing from the JPC in its use of distributed
weak KI nonlinearity, instead of the nonlinearity of a few
discrete JJs. The symmetry properties of our device enable
the spatial and temporal separation of its two modes,
while maintaining simple design and fabrication. We have
demonstrated the basic operation of the device as a non-
degenerate parametric amplifier, and measured signal and
idler gain above 30 dB and dynamic range of around
−93 dBm at 20 dB gain. In addition, we have observed
cross-correlation between the quadratures of signal and
idler, suggesting the possibility of generating entangled
microwave beams and two-mode squeezing. For coherent
signal and idler inputs, we have obtained a strong 27-dB

deamplification due to destructive interference, which can
be used to route and split microwave signals. The device
properties are in good agreement with input-output theory
model we developed for the device.

These results set the KIPC as a potential alternative for
the widely used JPC, generally for the simplicity of its
design and fabrication, and particularly in the applications
requiring high input power, high temperature, or magnetic
field. These advantages result from its high dynamic range,
and the inherently anticipated operation above 1 K and
resilience to magnetic field. This work motivates further
studies on the noise properties and two-mode squeezing
capabilities of the KIPC, relative to the JPC and other
Josephson-based approaches for two-mode squeezing and
entangled photon-pair generation.
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APPENDIX A: RESONANCE FREQUENCIES OF
THE KIPC

We theoretically calculate the resonance frequencies of
the two fundamental modes for the KIPC ideal circuit in
Fig. 1(a), which consists of four transmission line sections
(1 to 4) of equal length, l/4. Each section j has uniform
inductance and capacitance per unit length, Lj and Cj ,
where Lj = La and Cj = Ca for j = 1, 3, while Lj = Lb
and Cj = Cb for j = 2, 4. We consider the telegrapher
model for each section of the ring separately, and apply
boundary conditions at the intersection point between two
adjacent sections by requiring continuous voltage and cur-
rent. Due to the device symmetry, we need to apply the
boundary conditions at only one intersection point. The
dependence of the inductance on the microwave current
is ignored. Also, the coupling capacitors and the low-pass
filters are ignored.
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The temporal charge distribution of mode m ∈ {a, b}
along section j can be described by the charge telegrapher
equation as [21]

∂2Qm(xj , t)
∂x2

j
= Lj Cj

∂2Qm(xj , t)
∂t2

, (A1)

where xj ∈ [−l/8, l/8] is the position variable along
section j , and t is time. To find a solution for this equation
for modes a and b, we use the ansatz

Qa(xj , t) = Aj sin
(
kaj xj + φaj

) [
a†eiωat − ae−iωat] ,

Qb(xj , t) = Bj sin
(
kbj xj + φbj

) [
b†eiωbt − be−iωbt] ,

(A2)

where kmj = ωm/vj is the wave vector of mode m along
section j , vj = 1/

√
Lj Cj is the phase velocity along

section j , Aj , and Bj are normalization amplitudes, and φmj
is to be determined from the symmetry constraints. The
current and voltage along the ring are related to the charge
through

Im(xj , t) = ∂Qm(xj , t)
∂t

, Vm(xj , t) = 1
Cj

∂Qm(xj , t)
∂xj

.

(A3)

By substituting for Qm from Eq. (A2), we get the current
and voltage for the two modes as

Ia(xj , t) = iωaAj sin
(
kaj xj + φaj

) [
a†eiωat + ae−iωat] ,

Ib(xj , t) = iωbBj sin
(
kbj xj + φbj

) [
b†eiωbt + be−iωbt] ,

Va(xj , t) = ωaZj Aj cos
(
kaj xj + φaj

) [
a†eiωat − ae−iωat] ,

Vb(xj , t) = ωbZj Bj cos
(
kbj xj + φbj

) [
b†eiωbt − be−iωbt] ,

(A4)

where Zj = √
Lj /Cj is the characteristic impedance of

section j . Applying the symmetry constraints so that Va
has antinodes at x1/3 = 0 and nodes at x2/4 = 0, we get
the phase φaj = (j − 1)π/2. Similarly, for Vb antinodes at
x2/4 = 0 and nodes at x1/3 = 0, we get φbj = j π/2.

Now, we apply the boundary conditions at the intersec-
tion point between sections 1 and 2 (i.e., at x1 = l/8 and
x2 = −l/8). For continuous current and voltage for mode
a, we get

A1 sin (ka1l/8) = A2 sin (−ka2l/8 + π/2) , (A5a)

A1Za cos (ka1l/8) = A2Zb cos (−ka2l/8 + π/2) . (A5b)

By dividing Eq. (A5b) by Eq. (A5a), substituting for ka1
and ka2, and rearranging, we reach the relation defining ωa

tan
(

ωa

va

l
8

)
tan

(
ωa

vb

l
8

)
= Za

Zb
. (A6)

Similarly, the conditions for continuous current and volt-
age for mode b are

B1 sin (kb1l/8 + π/2) = B2 sin (−kb2l/8 + π) , (A7a)

B1Za cos (kb1l/8 + π/2) = B2Zb cos (−kb2l/8 + π) .
(A7b)

Dividing Eq. (A7b) by Eq. (A7a), substituting for kb1 and
kb2, and rearranging, we get ωb from

tan
(

ωb

va

l
8

)
tan

(
ωb

vb

l
8

)
= Zb

Za
. (A8)

APPENDIX B: FREQUENCY SHIFT BY DC
CURRENT

The dc current that provides the 3WM in the nanowire
causes a shift in the device resonances as measured from
the transmission spectrum at low input probe power, as
shown in Fig. 5. This occurs due to the self-consistent sup-
pression of the condensate, and KI, with the supercurrent
[37]. Assuming that the inductance is dominated by KI, the
relation between the device resonances and the dc current
can be obtained from Eq. (2) and the current-dependent
expression of inductance

La = Lb = L0

[

1 +
(

Idc/2
I∗

)2

+ α

(
Idc/2

I∗

)4
]

. (B1)

Here I∗ is the effective nonlinear current scale which is
proportional to the critical current of the nanowire, and
α is a unitless coefficient of the higher-order nonlinear-
ity. The value of Idc is divided by 2 in Eq. (B1) because
the current is divided into two branches in the device.
By fitting the data in Fig. 5 to Eq. (2) with the current-
dependent inductance in Eq. (B1), we extract I∗ = 779 and
1033 µA for modes a and b, respectively. This mismatch
could be attributed to local defects in the nanowire or to a
nonuniform width due to fabrication imperfections.

APPENDIX C: FULL MEASUREMENT SETUP

The full measurement setup is shown in Fig. 6. The
device is measured in a dilution refrigerator at 10 mK.
The two input microwave lines are connected to ports 1
and 2 of the device. The input tones are generated by
microwave sources at room temperature and attenuated
inside the refrigerator. For the interference experiment, the
idler and pump tones are combined and sent through the
same input line. Each input line has a total of 16-dB atten-
uation distributed over different stages, as shown in Fig. 6,
in addition to a high-pass filter (VHF-8400+) with 8-GHz
cutoff frequency placed on the mixing chamber to filter the
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dc

FIG. 5. Dependence of the resonance frequency of the two
modes on dc current. The fitting is done according to Eq. (2)
with the current-dependent inductance in Eq. (B1).

noise at the signal and idler frequencies while passing the
pump. The high-pass filter has insertion loss of 36 dB at
ωa and 25 dB at ωb. The filters were installed on both input
lines in order to enable the pump to be inserted either from
the signal or idler side. To estimate the attenuation of the
filters at ωa and ωb at cryogenic temperatures, the filters
were calibrated at 4 K separately. We note that after adding
these high-pass filters to the setup, several parasitic reso-
nances arise in the transmission spectrum that do not exist
without the filters. This is attributed to the formation of a
short resonator between the filters and the device. This is
not an issue, though, since the two modes of our device
are easy to determine by observing their shift with dc cur-
rent. An optimized version of the setup would avoid these
filters by separating the pump into a third input line, then
combining the pump and the idler (or signal) at the mixing
chamber by a diplexer before going to the device.

The two output lines are connected to ports 3 and 4 of
the device. On each line, the output goes through two circu-
lators (LNF-CIC4_8A) with a total of 40-dB isolation and
is then filtered by a low-pass filter (VLF-7200+) of 8-GHz
cutoff frequency to pass the signal and idler while reflect-
ing the pump. High electron mobility transistor (HEMT)
low-noise amplifiers (LNF-LNC4_8C) are used to amplify
the outputs at 3 K. Then, at room temperature, the outputs
are either measured directly by a spectrum analyzer (SA),
or are further amplified and down-converted to dc by a
mixer (MMIQ-0218L) for measuring their quadratures via
a data acquisition card (DAQ).

The dc current is generated by a current source through
a series of low-pass filters; a bias tee (ZFBT-4R2G+) at
room temperature, and two low-pass filters at 3 K (VLF-
3800+) and 0.1 K (VLF-630+). The room-temperature
low-pass filtering achieved by the bias T with cutoff fre-
quency approximately 10 kHz was found to be useful to
realize stable 30-dB gain. Although slightly higher pump
powers than shown in Fig. 2(d) and Fig. 2(e) produced
gains approaching 50 dB, the data are not shown here since
the device stability was an issue. This could be because of

,

3 K
3

40

10 mK

DAQ

40

30

0.1 K

0.7 K

SA

3

3 3

4.6

0.8

4.6

0.8
10 10

8 88 8

dc

rf

FIG. 6. Full measurement setup. Attenuation and amplifica-
tion values are shown in dB. The cutoff frequencies of the filters
are shown in GHz. The black squares represent 50-� termination.

the device entering the bistability regime or because of the
high sensitivity to dc current noise at high gain.

APPENDIX D: NOISE PERFORMANCE

The SNR improvement due to the KIPC is the reciprocal
of the noise figure F = SNRoff / SNRon, which we model
by

F = 1
G

Nsys + (G − 1)NKIPC

Nsys
. (D1)

Here, SNRon(G) is the SNR when the KIPC is pumped
to get signal gain G > 1, SNRoff is the SNR when the
KIPC is not pumped so that G = 1, Nsys is the noise power
of the HEMT at 2.8 K in our measurement, and NKIPC
is the input referred noise power added by the KIPC. In
Eq. (D1), we assume zero input noise, which leads to an
overestimation of NKIPC. Figure 7 shows the measured
noise figure at the signal output versus signal gain. At
small gain, the noise figure decreases linearly with gain.
As the gain becomes comparable to the ratio Nsys/NKIPC,
the noise figure starts saturating. The measured data is
fitted to Eq. (D1) to extract NKIPC/Nsys = 0.167(8), cor-
responding to SNR improvement of approximately 8 dB.
Assuming that Nsys is equivalent to 4.8-K noise tempera-
ture (2-K added noise by the HEMT as per the datasheet

024025-8
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FIG. 7. Noise figure versus signal gain. Solid line represents
the data fitting to Eq. (D1).

of the manufacturer plus 2.8-K thermal noise), which cor-
responds to approximately 15.6 photons at 6.2 GHz, we
obtain a rough estimate of approximately 2.6 added noise
photons by the KIPC. The estimate of 15.6 noise photons
added by the HEMT agrees with the value obtained by the
noise calibration of similar systems in the literature [28].

The ideal operation in the quantum-limited regime with
only 0.5 added noise photons corresponds to a SNR
improvement of 15 dB instead of the 8 dB obtained in
Fig. 7. We expect that better noise performance could be
achieved by optimizing our measurement setup. Improve-
ments in thermal anchoring of the high-pass filters might
help to reduce the noise injected into the circuit. Further
reduction in added noise might be possible by separating
the pump input line from the idler line, and adding filters
to the pump line with higher rejection at the signal and idler
frequencies.

APPENDIX E: INPUT-OUTPUT THEORY FOR
THE KIPC

The Hamiltonian in Eq. (1),

Hr = ��aa†a + ��bb†b + �

2
(
ξa†b†+ξ ∗ab

)
, (E1)

describes only the ring resonator itself. To include the
two input and output lines, we introduce modes cj (�)

at port j and frequency ω = � + ωp/2, and add the port
Hamiltonian

Hp = �

4∑

j =1

∫
d ��c†

j (�)cj (�). (E2)

We model the capacitive coupling by

Hc = i�
√

κa

2π

∫
d �

[(
c†

1(�) + c†
3(�)

)
a

− a†
(

c1(�) + c3(�)
)]

+ i�
√

κb

2π

∫
d �

[(
c†

2(�) + c†
4(�)

)
b

− b†
(

c2(�) + c4(�)
)]

. (E3)

Here, we assume that the coupling is perfectly mode selec-
tive but frequency independent. The overall Hamiltonian
becomes H = Hr + Hp + Hc.

Input-output theory [38] introduces the input and output
fields

cj ,in/out(t) = 1√
2π

∫
d � e−i�(t−t0/1) cj ,0/1(�), (E4)

where t0 < t < t1 and cj ,0/1(�) is the Heisenberg repre-
sentation of cj (�) at time t0 or t1, respectively. Applying
the Fourier transformation c(�) = 1/

√
2π

∫
d t ei�t c(t)

shows that these fields directly correspond to the observ-
ables cj ,0/1(�),

cj ,in/out(�) = ei�t0/1 cj ,0/1(�). (E5)

In terms of input fields, the Heisenberg equations of
motion for modes a and b become

∂ta = 1
i�

[a, Hr] − √
κa(c1,in + c3,in) − κaa

= −i�aa − i
ξ

2
b†−√

κa(c1,in + c3,in) − κaa,

∂tb = 1
i�

[b, Hr] − √
κb(c2,in + c4,in) − κbb

= −i�bb − i
ξ

2
a†−√

κb(c2,in + c4,in) − κbb.

(E6)

Input and output are related by

√
κaa = c1,out − c1,in = c3,out − c3,in,

√
κbb = c2,out − c2,in = c4,out − c4,in.

(E7)

In Eqs. (E6) and (E7), all operators are evaluated at time t.
Our goal is to express c3,out(�) and c4,out(�) in terms of

cj ,in(�). We Fourier transform the Heisenberg Eqs. (E6)
and their adjoints, and use Eq. (E7) to express a in terms
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of c3,in/out and b in terms of c4,in/out. This yields

⎛

⎜⎜
⎝

c3,out

c†
4,out

c4,out

c†
3,out

⎞

⎟⎟
⎠ =

⎛

⎜⎜
⎝

c3,in

c†
4,in

c4,in

c†
3,in

⎞

⎟⎟
⎠ − K

(
A−1

ab 0
0 A−1

ba

)
K

⎛

⎜⎜⎜⎜
⎝

c1,in + c3,in

c†
2,in+c†

4,in

c2,in + c4,in

c†
1,in+c†

3,in

⎞

⎟⎟⎟⎟
⎠

,

(E8)

where K = diag(
√

κa,
√

κb,
√

κb,
√

κa),

Aab =
(

κa − i(� − �a) iξ/2
−iξ ∗/2 κb − i(� + �b)

)
, (E9)

and Aba is Aab with exchanged indices a and b. In Eq. (E8),
cj abbreviates cj (�), and c†

j stands for [cj (−�)]†. Rows 1
and 3 of Eq. (E8) evaluate to

c3,out = c3,in + gii(c1,in + c3,in) + gsi(c2,in + c4,in)
†,

c4,out = c4,in + gss(c2,in + c4,in) + gis(c1,in + c3,in)
†.
(E10)

For completeness, we add that

c1,out = c1,in + gii(c1,in + c3,in) + gsi(c2,in + c4,in)
†,

c2,out = c2,in + gss(c2,in + c4,in) + gis(c1,in + c3,in)
†.
(E11)

The amplitude gains are

gss = κb

Ds
[i(� + �a) − κa],

gsi = i
√

κaκb

Di

ξ

2
,

gii = κa

Di
[i(� + �b) − κb],

gis = i
√

κaκb

Ds

ξ

2
,

(E12)

with

Ds/i = [i(� ± �a) − κa][i(� ∓ �b) − κb] − |ξ |2
4

.

(E13)

Note that we identify mode b, input port 2, and output port
4 as the signal, and mode a, input port 1, and output port
3 as the idler. The first (second) index of amplitude gain g
indicates the input (output).

Let us now specify to the three scenarios in Sec. III
of the main text. When measuring at signal frequency
ωs = δ + ωp/2 and idler frequency ωi = −δ + ωp/2, the
relevant amplitude gains become gss(δ), gis(δ), gii(−δ),

and gsi(−δ). Assuming that, at time t0, the input fields are
in the coherent eigenstates |α〉 and |β〉 of c1(−δ) and c2(δ),
respectively, and the output fields are in the vacuum state,
input-output theory predicts the following measurement
outcomes for the quadratures at the output ports:

Ii + iQi = eiδ(t1−t0)[gii(−δ)α + gsi(−δ)β∗],

Is + iQs = e−iδ(t1−t0)[gss(δ)β + gis(δ)α
∗].

(E14)

In the absence of idler input, α = 0, the relevant gains are
further reduced to gs(δ) = gss(δ) and gi(−δ) = gsi(−δ), cf.
Eq. (3) of the main text, and the power gains become

Gs/i = |Is/i|2 + |Qs/i|2
|β|2 = |gs/i(±δ)|2. (E15)

We observe that Is + iQs ∝ β and Ii + iQi ∝ β∗, which
implies the phase correlations shown in Fig. 3 of the
main text (note that the phases of β and the input signal
have opposite sign). In the case of signal and idler input,
complete extinction by destructive interference requires

β

α∗ = −i
√

κa

κb

ξ

2[i(δ + �a) − κa]
for zero signal output,

β

α∗ = −i
√

κa

κb

2[i(δ − �b) − κb]
ξ ∗ for zero idler output.

(E16)
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