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Noisy entanglement testing for ranging and communication
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Given a quantum system S entangled with another system I , the entanglement-testing problem arises,
prompting the identification of the system S within a set of m ≥ 2 identical systems. This scenario serves
as a model for the measurement task encountered in quantum ranging and entanglement-assisted com-
munication [Phys. Rev. Lett. 126, 240501, (2021)]. In this context, the optimal measurement approach
typically involves joint measurements on all m + 1 systems. However, we demonstrate that this is not
the case when the subsystems containing system S are subjected to entanglement-breaking noise. Our
approach utilizes the recently developed measurement technique of correlation-to-displacement conver-
sion. We present a structured design for the entanglement-testing measurement, implementable with local
operations and classical communications (LOCC) on the m + 1 systems, while joint between multiple
identical copies. Furthermore, we prove that this measurement approach, combining Gaussian operations
and ON and OFF photon detection, achieves optimality in terms of error probability asymptotically under
noisy conditions. When applied to quantum illumination, our measurement design enables optimal ranging
in scenarios with low signal brightness and high levels of noise. Similarly, when applied to entanglement-
assisted pulse-position-modulated classical communication, the measurement design leads to a significant
relative advantage in communication rates, particularly in scenarios with low signal brightness.
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I. INTRODUCTION

Entanglement is one of the most intriguing phenomena
in quantum mechanics. It manifests nonlocal correlation
that remains even if two quantum systems are far apart, as
evident from the Bell inequality tests [1–3] and satellite-
based entanglement distribution experiments [4]. As the
“spooky action at a distance” unveils itself, it becomes
apparent that this phenomenon is beneficial for various
information-processing tasks, such as sensing [5,6] and
communication [7,8].

The subtle nature of entanglement makes measuring
and manipulating it a challenging task. We consider the
example of entanglement testing [see Fig. 1(a)], where one
needs to identify the signal system S—entangled with a
given reference system I—among multiple identical sys-
tems. The entanglement-testing problem models the mea-
surement task encountered on the receiver’s end during
quantum ranging [9] and entanglement-assisted communi-
cation with pulse-position modulation (PPM) [9,10].

In general, the optimal measurement approach for entan-
glement testing is expected to involve joint measurement

*Contact author: qzhuang@usc.edu, zhuangquntao@gmail.com

of the entire m + 1 systems, beyond current experimen-
tal capabilities when m becomes large. Stepping back,
designing any suboptimal sequential measurement with
local operations and classical communications (LOCC)
is also nontrivial, especially in the optical domain rel-
evant to ranging and communication. This is because
most available detectors are destructive—once the refer-
ence photon I is measured, it is absorbed and therefore
destroyed. The destructive nature of the measurement pre-
vents a sequential scheme as a single reference I can
support only a two-photon measurement with one of the m
photons. Indeed, previous experiments of quantum hypoth-
esis testing in optical systems have all relied on sequen-
tial measurements, such as realizing the Dolinar receiver
[11,12], conditional nulling receiver [13,14], adaptive mul-
tistate discrimination [15–17] and receivers empowered
by machine learning [18]. These experiments consider
quantum states without nonclassical correlation, while
entanglement testing involves quantum correlations.

Such a unique quantum hypothesis-testing problem not
only reflects the fundamental conundrum of quantum
measurement in manipulating entanglement, but is also
relevant to various quantum sensing and communica-
tion applications. Here we list two examples—quantum
ranging and entanglement-assisted communication
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(a) (b) (c)

FIG. 1. Schematic of (a) the problem of entanglement testing, and its application to (b) quantum ranging and (c) entanglement-
assisted communication with pulse-position modulation. The blue ball depicts the reference photon, while the red balls depict the
photons potentially entangled with the reference, the blue and red curvy lines indicate the original entangled signal-reference pair.

[see Figs. 1(b) and 1(c)]. In time-of-flight quantum rang-
ing [9], the signal photon entangled with the reference idler
may return to the detector among m time bins correspond-
ing to the different range of the reflecting target, among
other noise photons. In entanglement-assisted communi-
cation with pulse-position modulation [9,10], one encodes
log2 m bits of information by sending the signal pulse
among m positions (time bins), while the decoding side
needs to decide which position (time bin) contains the
photon entangled with the reference.

Given the general challenging nature of the
entanglement-testing problem, we consider its noisy limit,
where m potential signals are contaminated with noise.
Such a noisy limit of entanglement testing reduces to the
testing of quantum discord [19], which might admit eas-
ier optimal measurement strategy. At the same time, due
to the reference idler being noiseless, the problem is not
entirely classical—Ref. [9] finds that the error probability
is suppressed by the initial entanglement beyond what is
possible if the initial signal-idler correlation were classical.
However, the analyses are based on the quantum Cher-
noff bound [20–23], while the measurement scheme for the
entanglement-testing problem is unknown.

In this work, we provide an explicit design of the
entanglement-testing measurement with LOCC and prove
its optimality in the noisy limit when the signal brightness
is low. We adopt a recently developed tool of correlation-
to-displacement conversion [24,25] and combine it with
the conditional nulling decision strategy. Via heterodyne
detection on the signal system, one can convert the quan-
tum correlation to coherent optical displacement, such that
classical measurement strategies (albeit requiring ON and
OFF photon detection) can follow up to resolve the quan-
tum problem. Through asymptotic analyses, we offer a
closed-form solution to the error probability, which aligns
well with exact numerical simulations. In terms of the
ranging application, an optimal six-decibel error-exponent
advantage over classical schemes can be achieved by the

proposed measurement, at the limit of low signal bright-
ness and high levels of noise. Interpreting the results to
pulse-position-modulated entanglement-assisted commu-
nication, the proposed receiver achieves increasing advan-
tage over the classical capacity without entanglement
assistance [26–28] as the signal brightness decreases, out-
performing previous receivers that achieve only a constant
advantage [29].

II. CONTINUOUS-VARIABLE ENTANGLEMENT
TESTING

As a single-photon state is susceptible to noise and
loss, we consider the continuous-variable version of
entanglement testing. In this version, the signal mode
and idler mode are initially in the two-mode squeezed
vacuum (TMSV) state, which is the multiphoton infinite-
dimensional generalization of a Bell pair. The wave func-
tion of a pair of TMSV in the photon number basis is
given by

|φTMSV〉SI =
∞∑

n=0

√
N n

S

(NS + 1)n+1 |n〉S |n〉I , (1)

where |n〉 is the number state defined by â†â |n〉 = n |n〉,
and â is the annihilation operator. Both the signal and the
reference idler have a thermal reduced state with a mean
photon number NS.

We consider the noisy version of entanglement testing,
where the signal goes through a thermal-loss channel Lκ ,NB

described by the input-output relation of field annihilation
operators

âh = √
κ âS + √

1 − κ êh, (2)

where κ is the transmissivity and êh is the thermal noise
mode with a thermal photon number NB/(1 − κ). It is
straightforward to evaluate the mean photon number of the
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noisy return mode
〈
â†

hâh

〉
= NB + κNS � NB, considering

the limit NB � NS.
As shown in Fig. 1, the noisy version of continuous-

variable entanglement testing considers the scenario where
the noisy return is hidden among m − 1 identical thermal
modes â�, 1 ≤ � 	= h ≤ m, each with a mean photon num-
ber NB. The task of entanglement testing is to recognize
âh among the m identical modes, given access to the per-
fectly stored idler âI . Mathematically, this is a quantum
state hypothesis testing between

ρ̂h =
(
⊗n	=hσ̂

(B)

ân

)
⊗ �̂

(T)

âhâI
, (3)

where σ̂ (B) denotes a thermal state with a mean photon
number NB, and �̂(T) denotes the noisy TMSV when the
signal goes through the thermal-loss channel. For more
details on the characterization of the involved quantum
states, refer to Ref. [9].

When the noise NB is significantly high, even though the
return âh and idler âI are no longer entangled, determining
which pair was originally entangled remains a nontrivial
task. Despite the complexity arising from the involvement
of a large number of systems (m + 1), Ref. [9] demon-
strates that the error probability in the weak signal and high
noise limit (NB � 1, NS � 1) exponentially decays with
the number of repeated probing M :

PE,H ∼ m − 1
m

exp
[
−2MκNS

NB

]
, (4)

which is tight in the error exponent. Notably, this
entanglement-assisted performance exhibits a six-decibel
error exponent advantage over scenarios where there is no
entanglement between the signal S and idler I initially. For
classical coherent state signals with the same total mean
photon number MNS, the error probability asymptotically
follows:

PC,H ∼ m − 1
m

exp
[
− 2MκNS

1 + 2NB + 2
√

NB (1 + NB)

]

� m − 1
m

exp
[
−MκNS

2NB

]
, when NB � 1. (5)

This expression is also tight in the exponent.
Now, let us delve into the application of noisy entan-

glement testing in quantum ranging and entanglement-
assisted communication. As depicted in Fig. 1(b), the
objective of ranging is to determine the distance of a
reflecting target from the observer. For a required preci-
sion �, the range can be discretized into m bins of size
�, and the target’s location in the hth bin is unknown
to the observer. To solve the ranging problem, the signal
âS is sent out, and returned signals are continuously col-
lected at times t� = 2��/c, where c is the speed of light,

and 1 ≤ � ≤ m. When the outgoing signal hits the target
at distance h�, it gets reflected back mixed with thermal
noise. This process can be modeled by the thermal-loss
channel Lκ ,NB , where κ is the reflectivity of the target, and
NB describes the noise. To enhance performance, quan-
tum ranging stores an idler âI without any noise [9]. At
the receiver side, the ranging task is reduced to entan-
glement testing—determining which mode among the m
return modes â�, 1 ≤ � ≤ m, was originally entangled with
the reference idler âI .

The scenario of entanglement-assisted communication
with pulse-position modulation is akin to that of quantum
ranging [9]. In Fig. 1(c), the encoding involves two bits,
resulting in four possible configurations of entanglement.
Each configuration comprises a signal pulse âS in a distinct
time bin, entangled with the idler âI , which is preshared
without noise to the receiver. After traversing a communi-
cation link modeled as the thermal-loss channel Lκ ,NB , the
received modes â1, . . . â4 all assume a thermal state with
a mean photon number NB. This is under the approxima-
tion that the source brightness NS is low. The decoder’s
objective is to determine which mode among â1, . . . â4 was
originally entangled with âI .

Having introduced the problem in a single-mode formal-
ism, we can enhance the SNR amid high noise by sending
multiple modes in each pulse, denoted as âS ≡ {â(n)

S }M
n=1.

Consequently, each return pulse â� ≡ {â(n)
� }M

n=1 contains
M modes, for 1 ≤ � ≤ m. Each â(n)

S is entangled with an
idler mode â(n)

I , resulting in the idler system âI ≡ {â(n)
I }M

n=1
containing M modes as well. In both the ranging and com-
munication scenarios, this configuration requires the time
bin duration T ≡ 2�/c to satisfy M ≡ TB � 1, where B
is the bandwidth of the signal.

III. MEASUREMENT DESIGN

As shown in Fig. 2, we propose a structured receiver
design to solve the above entanglement-testing problem.
The receiver contains two steps. First, heterodyne detec-
tion is performed on the m return systems to implement
the correlation-to-displacement conversion [24,25], which
reduces the entanglement-testing problem to the coherent-
state detection problem. Due to the specific structure of
the coherent states, the second step then involves a condi-
tional nulling detection to determine the system originally
entangled with the reference idler.

A. Converting correlation to displacement

Before going to the receiver design, we briefly review
the correlation-to-displacement conversion module that we
utilize here. Consider a pair of signal and idler in the state
�̂(T), generated from TMSV [Eq. (1)]. When the signal
goes through the thermal-loss channel in Eq. (2), the cross-
correlation 〈âSâI 〉 = √

κNS(NS + 1); while the modes âS
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Array

FIG. 2. Illustration of the receiver design process. Initially, the
measurement outcomes of the signal modes are employed to
compute the weight matrix W through Gram-Schmidt orthogo-
nalization. This calculated matrix is then utilized to control the
beam splitter. Subsequently, the conditional nulling strategy is
applied to ascertain the accurate value of h.

and âI have reduced states thermal, with mean photon
number NB + κNS and NS correspondingly. One performs
a heterodyne measurement on the signal, generating a com-
plex outcome r, which satisfies a circularly symmetric
complex Gaussian distribution with variance

vM = (NB + κNS + 1)/2. (6)

From conditional Gaussian map analyses [30],
Refs. [24,25] show that conditioned on the measurement
result r of the signal heterodyne, the idler is in a displaced
thermal state with mean Cp/2vMr	 and thermal-noise
mean photon number

E = NS(NB + 1 − κ)

2vM
≡ NS(NB + 1 − κ)

NB + κNS + 1
. (7)

The first step of the receiver protocol adopts the
correlation-to-displacement conversion, where one per-
forms heterodyne measurement on all return pulses
â1, . . . , âm, leading to measurement results r1, . . . , rm, with
each ri ∈ CM being a complex vector. From Refs. [24,25],
each element of the vector (ri)j ∈ C obeys a circularly
symmetric complex Gaussian distribution with the vari-
ance vM. Here we have adopted the notation (x)k to denote
the kth component of the vector x, where the extra bracket
is added to avoid potential confusion with the system
indices in the subscripts.

As indicated in Fig. 2, suppose the true hypothesis is
ρ̂h as specified in Eq. (3), where the return pulse âh and
the idler âI are correlated. Then, the idler has a remaining
entanglement connection with hth bin before the hetero-
dyne measurement. Conditioned on the measurement, the
idler mode â(n)

I is in a displaced thermal state ρ̂(d)n,E , with

the mean

(d)n = Cp

2vM
(r∗

h)n ≡
√

κNS(NS + 1)

NB + κNS + 1
(r∗

h)n, (8)

and thermal mean photon number E. Here we define the
notation Cp ≡ √

κNS(NS + 1) to simplify later calcula-
tions. For simplicity, we also denote the conditional mean
of all M modes âI as the vector d.

Conditioned on the measurement results r1, . . . , rm, the
correlation-to-displacement conversion then programs an
array of beam splitters to interfere the M idler modes and
produces the first m output modes that concentrates all
information about the hypothesis

â(n)′
I = 1

cn
r′

n · âI , 1 ≤ n ≤ m, (9)

while the rest M − m modes are discarded since they
do not contain information about the hypothesis, where
{r′

n}m
n=1 is obtained by Gram-Schmidt orthogonalization

of the measurement result vectors {rn ∈ CM }m
n=1 and each

cn = |r′
n| is the normalization constant. At this point, the

correlation-to-displacement conversion step is complete.
Below we provide analytical insights to the conversion.

To facilitate our analyses, we define the M × M weight
matrix to represent the beam-splitter transform

W =

⎛

⎜⎜⎜⎜⎝

r′T
1 /c1

...
r′T

m /cm
...

⎞

⎟⎟⎟⎟⎠
. (10)

Here we explicitly express only the first m rows out of the
M rows in total. This choice stems from our focus on the
initial m modes, with the remaining M − m modes deemed
irrelevant and subsequently discarded. The omitted M − m
rows of the weight matrix can be chosen arbitrarily subject
to the orthogonality constraint. With the notation defined,
we can write the mean of the m idler modes after the beam-
splitter array as

d′ = W · d = Cp

2vM

⎛

⎜⎝
r′T

1 · r∗
h/c1

...
r′T

m · r∗
h/cm

⎞

⎟⎠ . (11)

Note that the thermal-noise characteristics among the idler
modes are not changed as the thermal noise is independent
and identical (IID) among all modes. Consequently, after
the entire correlation-to-displacement conversion the idler
mode â(n)

I is in a displaced thermal state ρ̂(d′)n,E .
As different ri’s are independently sampled from high-

dimensional Gaussian distribution, their overlap scales
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as 1/M . More specifically, for any constant a > 0, the
following probability bounds hold:

Pr
(
| Re(rT

i · r∗
j )|/|ri||rj | > a

)
≤ 1

2a2M
, (12a)

Pr
(
| Im(rT

i · r∗
j )|/|ri||rj | > a

)
≤ 1

2a2M
. (12b)

See Appendix A for a proof. As a result, different ri are
approximately orthogonal when M � m, thus the Gram-
Schmidt orthogonalization does not change the first m
vectors a lot: r′

i ≈ ri, i ∈ [1, 2, . . . , m]. An experimen-
tal realization of such a beam-splitter transformation can
potentially be via extending the mode selector in Ref. [25],
with programmable mode coupler, phase modulation and
dispersion, or sum-frequency generation.

With the above approximation, the mean of the idler
states become

d′ ≈ Cp

2vM

⎛

⎜⎝
rT

1 · r∗
h/c1

...
rT

m · r∗
h/cm

⎞

⎟⎠ , (13)

in which

(d′)h ≡ α1 ≈ Cp

√
M

2vM
=
√

MκNS(NS + 1)

(NB + κNS + 1)
, (14)

while all other entries are (W · d)i ≡ α0 ≈ 0. At the same
time, the statistical fluctuation of mean due to the ran-
dom outcome is small compared to thermal noise E, when
NB � 1 (see Appendix A). This means that we can use the
above approximation of α1, α0 in our asymptotic analyses.
At this point, the correlation-to-displacement conversion
module has transformed the original entanglement-testing
problem to a coherent-state testing problem, where there is
a nonzero mean pulse among m − 1 zero-mean pulses, in
the presence of common noise of E on all modes.

B. Coherent-state detection: conditional nulling

Now we design the measurement for coherent-state
hypothesis testing, which completes the measurement
design for noisy entanglement testing. As the problem
is state hypothesis testing between pulse-position modu-
lated coherent states, we directly adopt the generalized
conditional-nulling receiver [13,14,31]. It involves opti-
cal displacements and ON-OFF photon detection measure-
ments, with the adaptive strategy as described below:

1. Choose variable i = 1, then perform displacement
D(−α1) on the ith mode.

2. Perform binary-state discrimination on the ith mode
via photon counting: if the count is nonzero, discard the ith

mode, and repeat step 1 with the index increased to i + 1;
if the count is zero, go to the next step.

3. Perform binary-state discrimination via photon
counting sequentially on the remaining modes j = i +
1, . . . m. If the j th mode count is nonzero, conclude with
the decision h̃ = j . If all the remaining counts are zero,
then conclude with the decision h̃ = i.

To understand the performance, we consider the two types
of errors happening in the binary-state discrimination sub-
problem: false alarm error, where one mistakes zero mean
as nonzero and we denote the error probability as p1; false-
negative error, where one mistakes nonzero mean as zero
and we denote the error probability as p2. We can gain
insights into the problem by first considering the M � 1
limit, where the statistical fluctuations in α1 and α0 are
negligible and therefore

p1 = 1 − Pα0,E(0) = 1 − e− |α0|2
E+1

1
1 + E

, (15a)

p2 = Pα1,E(0) = e− |α1|2
E+1

1
1 + E

, (15b)

where α0 ≈ 0, α1 ≈ Cp
√

(M/(2vM)) as specified in
Eq. (14), and Pα,NB(·) is the number distribution of dis-
placed thermal state with mean α and thermal noise NB.

IV. PERFORMANCE ANALYSIS

A. Error probability

We begin the performance analysis with the error prob-
ability in noisy entanglement testing, which has a direct
implication in entanglement-assisted ranging. We combine
both analytical approach and Monte Carlo simulations in
our analyses. To enable analytical solution, we take the
M � 1 approximation such that the statistical fluctuation
is not relevant and two types of error are well character-
ized by Eq. (15). In this case, the overall error probability
Pm is a function of the error probabilities of the binary-
state discrimination subtask, false-alarm probability p1 and
false-negative probability p2. However, due to the ther-
mal noise, unambiguous information is impossible and the
derivation in Ref. [31] does not apply. Towards this end,
we derive the iterative formula as the following.

Theorem 1. The error probability Pm for the condi-
tional nulling receiver with m equal-prior hypotheses can
be obtained via iterating

1 − Pn = (1 − p1)
n

n

+ n − 1
n

[(1 − p2) (1 − Pn−1) + p2Qn−1] (16)

for n = 2, . . . , m with the initial condition P1 = 0, where
p1, p2 are the binary-state discrimination error probabilities
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and the function

Qn =
{

1 − p2, if p1 = 0,
(1 − p2) [1 − (1 − p1)

n]/(np1), otherwise.
(17)

We present the proof in Appendix B.
As a sanity check, we consider the extreme case where

NS � 1 while MκNS/NB remains finite. At this limit, we
can approximate E = 0, α0 = 0 and α1 = √

((MκNS)/NB)

in Eq. (15) and the displaced thermal states become coher-
ent states, thus p1 = 0 and p2 = e−|α1|2 . This represents the
ideal classical conditional nulling receiver scenario and the
recursion relation in Eq. (16) becomes

Pn = n − 1
n

(
(1 − e−|α1|2)Pn−1 + e−2|α1|2

)
, (18)

which admits the closed-form solution

PCN,ideal ≡ Pm = 1
m

[
me−|α1|2 +

(
1 − e−|α1|2

)m
− 1

]

(19)

≈ 1
2
(m − 1)e−2|α1|2 = 1

2
(m − 1)e−2MκNS/NB .

(20)

Comparing the receiver asymptotic performance in
Eq. (20) and the ultimate quantum limit in Eq. (4), we
prove that the proposed correlation-to-displacement based
receiver achieves the optimal performance in noisy entan-
glement testing at the NS � 1 and NB � 1 limit. This is
also verified numerically in Fig. 3, where Eq. (4) (black
solid) is just a constant factor better than the proposed
receiver’s asymptotic performance [Eq. (19), red solid].

At finite NS, NB, we evaluate the receiver performance
via both exact recursion in Eq. (16), as shown by the
dashed lines with the color indicating different NS val-
ues. In the recursion, we have also taken the approxi-
mation that α1 ≈ √

((MκNS(NS + 1))/((NB + κNS + 1)))

and α0 ≈ 0, assuming M � 1 making statistical fluctu-
ations negligible. The results are also verified by exact
Monte Carlo simulation (dots) based on implementing
the strategy and simulating the exact measurement statis-
tics, including the heterodyne outcome r1, . . . , rm, the
corresponding Gram-Schmidt orthogonalization, and the
randomness in α0, α1. This alignment of the dots and
the dashed lines suggests that the approximation made
in Eq. (14) assuming M � 1 is reasonable. Overall, the
results at finite NS shows that the proposed receiver’s
error probability is bounded by p1 and p2, approaching a
constant as the SNR becomes excessively large, with the
lower bound decreasing in proportion to NS. Therefore, the
receiver’s optimality holds only in the NS � 1 limit and

CN

CN

CN

CN

CN

CN

CN

FIG. 3. Error probability vs SNR, where κ = 0.1, Nb = 10,
m = 10, and M ∈ [10/NS , 103/NS]. PCN is the conditional
nulling error calculated using the recursion relation Eqs. (16)
and (15); α0 = 0 and α1 is from Eq. (14) in the dashed line; α0
and α1 are calculated from Monte Carlo simulation in the dotted
line. The ideal-CN line corresponds to the case where the noise is
zero. PC,H and PE,H are the classical and entanglement-assisted
Helstrom limit, respectively.

at finite NS the optimal measurement for entanglement-
testing problem is still unknown with the presence of noise.
It is likely that a joint detection instead of the conditional
nulling type of LOCC strategy is needed.

B. EA communication rates

Now we translate the error-probability performance of
noisy entanglement testing to the application scenario of
entanglement-assisted communication. As we explained in
Sec. II, in a pulse-position modulated communication pro-
tocol, one sends a pulse among m time bins through the
thermal-loss channel. To enhance the communication qual-
ity, one can also adopt a repetition encoding under the PPM
encoding, with M modes in each time bin. On the receiver
side, suppose the error probability of the hypothesis test-
ing is P, the information rate per mode can be evaluated
from standard formula as Rm,M (P) = I (P) /Mm, where the
mutual information

I (p) = log2 (m)

+
[
(1 − p) log2 (1 − p) + p log2

(
p

m − 1

)]
.

(21)

From the quantum limit PE,H in Eq. (4), we evaluate the
rate allowed by entanglement-assisted PPM encoding as
RH = maxm,M Rm,M (PE,H ); for the receiver performance,
we use the iterative formula Pm obtained from Eq. (16)
under the M � 1 limit to obtain RCN = maxm,M Rm,M (Pm).
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To benchmark the communication rates, we consider
the ultimate rate limits of reliable communication over
the quantum channel—the channel capacity. Without
entanglement-assistance, the achievable rates are bounded
by the Holevo-Schumacher-Westmoreland (HSW) classi-
cal capacity [26–28], solvable for the thermal-loss channel
as [32]

C(Lκ ,NB) = g (κnS + NB) − g (NB) . (22)

where g(n) = (n + 1) log2(n + 1) − n log2 n is the entropy
of a thermal state with mean photon number n and nS =
NS/m is photon number per mode when Mm modes are
considered. With entanglement, the EA classical capacity
is increased to [7]

CE(Lκ ,NB) = g(nS) + g(n′
S) − g(A+) − g(A−), (23)

where A± = (D − 1 ± (n′
S − nS))/2, n′

S = κnS + NB and
D = √

(nS + n′
S + 1)2 − 4κnS(nS + 1). In the limit of

nS � 1, NB � 1, we have

C(Lκ ,NB) � κnS

ln(2)NB
, CE(Lκ ,NB) � κnS ln(nS)

ln(2)NB
, (24)

showing CE/C ∼ ln(nS) diverging as the brightness of the
signal decreases to zero.

The numerical results presented in Fig. 4 reveal inter-
esting insights. As shown in Ref. [9], in the limit of
small nS, the quantum limit of PPM entanglement-assisted
communication RH approaches the entanglement-assisted

CN

FIG. 4. Rate/C vs nS for Nb = 20 and κ = 0.1. The values of
C and CE are determined using Eqs. (22) and (23), respectively.
Additionally, RH and RCN are computed as RL,M = I (P) /Mm
based on the ultimate quantum limit given by Eq. (4) and the
condition for nulling error probability provided in Eq. (16).
The optimization is performed over the parameters M and m to
maximize the corresponding values.

capacity CE asymptotically, but a growing gap emerges as
nS increases. On the other hand, there is a widening dispar-
ity between RH and rate offered by the proposed receiver
RCN as nS decreases. This indicates that the correlation-
to-displacement conversion condition-nulling receiver is
unable to fully leverage the advantages of EA classical
capacity in scenarios with lower signal strength. However,
as the signal brightness diminishes, the condition-nulling
receiver exhibits an expanding advantage over classical
capacity, surpassing the performance of previous practical
receivers [29] that maintain only a constant advantage.

V. DISCUSSION AND CONCLUSION

In this study, we introduce a structured receiver design
aimed at addressing the continuous-variable entanglement-
testing problem in the presence of noise. In the asymptotic
regime of low signal brightness, the receiver demon-
strates optimal error-probability performance. However, in
regions characterized by finite brightness and lower levels
of noise, determining the optimal receiver design remains
an open challenge.

Regarding entanglement-assisted communication, our
proposed receiver efficiently decodes pulse-position mod-
ulation, exhibiting a rate advantage over classical capac-
ity. Notably, this advantage increases as the signal
brightness decreases. It is worthwhile to highlight that,
while our receiver outperforms classical capacity, it does
not yet reach the entanglement-assisted capacity. The
task of devising an optimal receiver to fully saturate
the entanglement-assisted capacity in decoding pulse-
position-modulated signals remains an open problem.

Finally, we clarify the relation of our result to previ-
ous related works [9,24,25]. Reference [9] adopts quantum
Chernoff bound to analyze the error-probability perfor-
mance allowed by entanglement in the entanglement-
testing problem, however, without any design of the
measurement needed to achieve the bound. Our mea-
surement design and performance analyses have there-
fore added the missing piece of measurement design
for entanglement testing. References [24,25] propose the
correlation-to-displacement measurement design to solve
the binary hypothesis-testing problem, without actual
protocols to address the entanglement-testing problem.
In this regard, we further extended the correlation-to-
displacement paradigm to entanglement testing between
multiple hypotheses.
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APPENDIX A: ORTHOGONALITY
APPROXIMATION

Let us assume (ri)j = aij + ibij , thus both aij and bij
obey a zero-mean Gaussian distribution with variance vM,
N (0, vM), leading to

|ri| =
√√√√

M∑

j =1

|(ri)j |2 =
√√√√

M∑

j =1

(a2
ij + b2

ij ) (A1)

= √
vM

√√√√
M∑

j =1

(
aij√
vM

)2

+
(

bij√
vM

)2

(A2)

= √
vMC, (A3)

where C obeys the χ distribution of degree of freedom 2M .
When M � 1, the mean E(C) ≈ √

2M while the variance
VAR(C) ≈ 1/2, so

E(|ri|) ≈
√

2MvM, VAR(|ri|) ≈ vM/2. (A4)

On the other hand,

rT
i · r∗

j

|ri||rj | =
∑M

l=1(ail + ibil)(ajl − ibjl)

|ri||rj | (A5)

=
∑M

l=1(ailajl + bilbjl) + i(ajlbil − ailbjl)

|ri||rj | . (A6)

By the law of large numbers, when M � 1,
∑M

l=1 ailajl
approximately obeys a Gaussian distribution N (0, Mv2

M),
thus we can have

|ri|√
2MvM

∼ χ2M

(
μ = 1, σ 2 = 1

4M

)
(A7)

∑M
l=1 ailajl

2MvM
∼ N

(
μ = 0, σ 2 = 1

4M

)
. (A8)

Therefore, when M � 1, ((|ri|)/(
√

2MvM)) ≈ 1 and
((
∑M

l=1 ailajl)/(2MvM)) ≈ 0. On the other hand,

rT
i · r∗

j /|ri||rj | can be rewritten as

∑M
l=1

(
ailajl

2MvM + bilbjl
2MvM

)
+ i

(
ajlbil

2MvM − ailbjl
2MvM

)

|ri|√
2MvM

|rj |√
2MvM

(A9)

≈
M∑

l=1

(
ailajl

2MvM
+ bilbjl

2MvM

)
+ i

(
ajlbil

2MvM
− ailbjl

2MvM

)

(A10)

= R + iI , (A11)

in which both R and I obey the distribution N (μ =
0, σ 2 = (1/2M )). By Chebyshev’s inequality Pr(|R −
μ| ≥ kσ) ≤ (1/k2) and setting k = a/σ , we have

Pr(|R| ≥ a) ≤ σ 2

a2 = 1
2Ma2 . (A12)

The analysis is the same for the imaginary part, thus we
obtain Eq. (12).

Next, after the beam-splitter transformation, the major
nonzero mean of the mode is

(W · d)h = α1 = Cp

2vM
|rh| (A13)

∼ χ2M

(
μ = Cp

√
M

2vM
, σ 2 = C2

p

8vM

)
. (A14)

More explicitly, the mean and the variance are

μ =
√

κMNS(NS + 1)

NB + κNS + 1
, (A15)

σ 2 = κNS(NS + 1)

4(NB + κNS + 1)
. (A16)

Using approximation |ri|/
√

2MvM ≈ 1 when M � 1, the
mode mean close to zero is

(W · d)i = α0 = Cp

2vM

rT
i · r∗

j

|ri| (A17)

= Cp

2vM

√
2MvM

rT
i · r∗

j /2MvM

|ri|/
√

2MvM
(A18)

≈ Cp

√
M

2vM
(R + iI) = R′ + iI ′, (A19)

in which

R′, I ′ ∼ N
(

μ = 0, σ 2 = C2
p

4vM

)
. (A20)

The variance of both α1 and α0 are proportional to
C2

p/2vM. Up to this point, we have only taken the M � 1
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(a) (b1) (b2) (b3)

FIG. 5. Potential trajectories and outcomes in the conditional nulling strategy. (a) The procedure initializes setting i = 1, and subse-
quent to the displacement D(−α1), conducts photon counting in the initial mode. If the outcome is zero (depicted as an empty circle),
one proceeds to photon counting sequentially for the remaining modes. In the event of a nonzero photon count in the kth mode, the
procedure ends with the decision that h̃ = k; however, if all the remaining modes exhibit a photon count of zero, the procedure ends
with the decision h̃ = 1. Conversely, if the photon count in the first mode is nonzero (indicated by a solid circle), one eliminates the
first mode and iterate the process starting from i = 2. (b1) Assuming the true hypothesis is h = 1 and conditional nulling initiates with
i = 1, after the displacement D(−α1) in the initial mode, the means of all modes become α0 ≈ 0. Achieving the accurate decision
necessitates photon counts of 0 for all n modes, illustrated by the dashed-line circle. The associated probability is p = (1 − p1)

n. This
is denoted by the trajectory 1 → i → 1 in (a). (b2) Assuming the true hypothesis is � = k and conditional nulling commences with
i = 1, the mean of the first mode following the displacement is −α1. If the photon count in the first mode is nonzero, the first mode is
discarded, and this iterative process is then applied to the remaining modes, as illustrated by the path 1 → 2 → · · · in (a). (b3) Under
the same hypothesis as (b2), if the photon count in the first mode is zero after the displacement, the subsequent step involves photon
counting for all the remaining modes. Here, Gn−1 represents the probability of successfully identifying h̃ = k, depicted by the path
1 → i → k in (a).

limit and obtain asymptotic results that hold for any values
of NS, NB. Now we further consider the NB � 1 limit, both
variances of α0 and α1 are very small compared to thermal
noise E, so the following approximation holds:

α1 ≈ Cp

√
M

2vM
, α0 ≈ 0, (A21)

as long as one includes the thermal noise E in the quantum
state.

APPENDIX B: PROOF OF THEOREM 1

Proof. At any step i, there are three scenarios in which
the decision is correct:

1. When the true hypothesis h = i, and the state dis-
crimination gives the correct answer. This happens with
the probability (((1 − p1)

n)/n) (path 1 → i → 1 in Fig. 5).
2. When the true hypothesis h 	= i, and the state

discrimination in step 2 gives nonzero mean correctly.
This happens with the probability ((n − 1)/n)(1 − p2)(1 −
Pn−1) (path 1 → 2 → · · · in Fig. 5).

3. When the true hypothesis h = j 	= i, and the state
discrimination in step 2 gives zero mean incorrectly and
finds the true j in the remaining n − 1 modes. This happens
with the probability ((n − 1)/n)p2Qn−1 (path 1 → i → k
in Fig. 5).

In summary,

1 − Pn = (1 − p1)
n

n
+ n − 1

n
(1 − p2)(1 − Pn−1) (B1)

+ n − 1
n

p2Qn−1, (B2)

where Qn−1 is the probability of successfully identifying
the correct mode using one-by-one method. We have

Qn−1 = 1
n − 1

(1 − p2) + n − 2
n − 1

(1 − p1)Qn−2, (B3)

so

Qn =
⎧
⎨

⎩

1 − p2, if p1 = 0
(1 − p2)(1 − (1 − p1)

n)

np1
, otherwise.

(B4)
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