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Exceptional points in transistor-metamaterial-inspired transmission lines
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Motivated by our recent findings in [Phys. Rev. Lett. 128, 013902, 2022], which introduced a new
class of electromagnetic bulk materials whose response is similar to conventional semiconductor tran-
sistors, here we propose a one-dimensional (1D) version of such materials based on transmission lines
coupled with FET isolators. We demonstrate that the response of this 1D system is nonreciprocal and
non-Hermitian, analogous to the idealized transistor-metamaterial, and is also characterized by a broken
time-reversal symmetry. We analyze the wave propagation in the system and find that the interaction
between the eigenmodes can either lead to gain or loss, depending on the propagation distance. Further-
more, it is also shown that the system may be operated at an exceptional point, wherein the response
becomes singular, and the power gain is maximized. Finally, we demonstrate that the exceptional point
coincides with the point of operation of typical microwave amplifiers, such as the distributed amplifier.
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I. INTRODUCTION

Hermiticity is a feature of physical systems related to
energy conservation. In a Hermitian system, the dynam-
ics of the state vector are conservative and governed by
unitary (linear) operations [1]. Hermitian systems have a
real-valued energy spectrum with their eigenvectors form-
ing an orthogonal basis [1,2]. In the case of electrody-
namics, a Hermitian material response requires that the
permittivity and permeability tensors satisfy ε̄ = ε̄† and
μ̄ = μ̄†, with the dagger symbolizing the conjugate trans-
pose (commonly referred to as the Hermitian conjugate).
In recent years, there has been considerable interest in
deliberately designing systems that deviate from Hermi-
tian principles to achieve unprecedented control over light,
enabling phenomena such as unidirectional propagation,
enhanced sensitivity at exceptional points, and tailored
dispersion relations [3–10]. Achieving this non-Hermitian
response involves a variety of strategies, such as harness-
ing parity-time (PT ) symmetry [11–13], incorporating
active electronic elements into system design [14–16] or
components with optical gain [17].

Furthermore, in Ref. [18], we recently proposed a mech-
anism to obtain a strong nonreciprocal and non-Hermitian
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response based on the interaction between a static electric
bias and material nonlinearities, analogous to the response
of standard metal-oxide-semiconductor field-effect tran-
sistors (MOSFETs). In Refs. [18–20], it was demon-
strated that the response of this MOSFET metamaterial
(MOSFET-MTM) can either exhibit optical gain or dissi-
pation depending on the relative phase of the electric field
components inside the material. Such metamaterial may
be useful to obtain robust electromagnetic isolation and
amplification.

In this work, we investigate a 1D implementation of the
MOSFET-MTM based on transmission lines coupled with
FET isolators. We theoretically show that the response
of the structure is nonreciprocal, non-Hermitian, and is
characterized by a broken time-reversal symmetry. We
demonstrate that the interaction between the system eigen-
modes can enable regimes with gain and loss, depending
on the propagation distance.

An important feature of non-Hermitian systems is that
their eigenstates are generally nonorthogonal and that their
energy spectrum is complex-valued. This attribute endows
these systems with unique characteristics, among which
the emergence of exceptional points stands out [21–23].
At an exceptional point, the non-Hermitian operator or
matrix becomes defective, leading to a singularity in which
two or more eigenvalues (and the associated eigenvec-
tors) coalesce and become degenerate [21,23]. Exceptional
points have received significant attention for the unpar-
alleled opportunities that they offer in enhancing sensing
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capabilities [24–29]. Exceptional points have also been
studied in the context of chiral transport and topological
phenomena [30–36], unidirectional invisibility [37–40],
formation of bulk Fermi arcs [41], and unusual quan-
tum criticality [42–48]. It is important to mention that
degeneracies in the eigenvalues may also be observed
in Hermitian systems [22,49]; however, the correspond-
ing eigenvectors can still form an orthogonal basis. Here,
based on the MOSFET metamaterial concept, we propose
a method to operate two asymmetrically coupled trans-
mission lines at an exceptional point. We show that at
the exceptional point, the response becomes singular and
the system behaves as an amplifier whose gain increases
with the square of the number of transistors, similar to the
well-known distributed amplifier [50–53].

This paper is organized as follows. In Sec. II, we briefly
describe the main characteristics and wave propagation
properties of the MOSFET-MTM. In Sec. III, we propose
a possible implementation of the MOSFET-MTM based
on capacitively coupled transmission lines. We analyze the
wave propagation within the structure, demonstrating the
feasibility of operating it at an exceptional point. The oper-
ation at the degeneracy point is marked by a substantial
power gain. Finally, in Sec. IV, the conclusions are drawn.
The time dependence of the fields is assumed of the type
e−iωt, where ω is the oscillation frequency.

II. MOSFET METAMATERIAL

The MOSFET metamaterial (MOSFET-MTM) is an ide-
alized material that exploits the interaction between an
electric static bias and material nonlinearities, drawing
inspiration from the response of standard MOSFETs [18].
In the MOSFET-MTM, the relation between the polariza-
tion vector P and the electric field E is P = ε0χ̄(E) · E,
with the susceptibility tensor given by

χ(E) =
⎛
⎝

χxx(Ez) 0 0
0 χyy 0
0 0 χzz

⎞
⎠ . (1)

The susceptibility tensor is a nonlinear function of the elec-
tric field, as the component χxx(Ez) depends on the electric
field along the z-direction, Ez. It was shown in Ref. [18]
that when this material is biased by a static electric field
E0 in the x-z plane (E0 = Ex0x̂ + Ez0ẑ), the effective lin-
earized response of the material, i.e., the response of the
material for small variations of the electric field around the
biasing point δP = ε0χ̄lin(E) · δE, with E = E0 + δE and
δE � E0, may be described by the following linearized
susceptibility tensor:

χ̄lin =
⎛
⎝

χxx(Ez0) 0 ∂Ezχxx(Ez0)Ex0
0 χyy 0
0 0 χzz

⎞
⎠ . (2)

As the displacement vector D relates the fields as
D = ε0E + P, it follows that the relative effective lin-
earized permittivity of the MOSFET-MTM may be written
as [18]

ε̄ = 1 + χ̄lin =
⎛
⎝

εxx 0 εxz
0 εyy 0
0 0 εzz

⎞
⎠ . (3)

As ε̄ �= ε̄†, the response of the MOSFET-MTM is non-
Hermitian. Furthermore, since ε̄ �= ε̄T, the material is also
nonreciprocal.

To analyze the consequences of this type of metamate-
rial response, let us consider the plane wave propagation
problem. Since we are only considering the linearized
response of the MOSFET-MTM, for notational simplic-
ity, we replace δE → E. The fields in the material can be
determined from the Maxwell equations, i.e.,

∇ × E = iωμ0H, (4a)

∇ × H = −iωε0ε̄ · E. (4b)

For propagation along the y-direction (∇ = ∂y ŷ), Eqs. (4a)
and (4b) may be rewritten in an expanded form as follows:

i∂yEx = ωμ0Hz, (5a)
i∂yEz = −ωμ0Hx ,

i∂yHx = −ωε0εzzEz, (5b)
i∂yHz = ωε0(εxxEx + εxzEz).

By defining a state vector f = (
Ex, Ez, −Hz, Hx

)T, the
Maxwell equations can be written in a compact matrix
form as i∂yf = M · f, with M equal to

M = −ω

⎛
⎜⎝

0 0 μ0 0
0 0 0 μ0

ε0εxx ε0εxz 0 0
0 ε0εzz 0 0

⎞
⎟⎠ . (6)

Assuming k = ky ŷ, so that ∂y = iky , the eigenmodes in
the bulk material can be determined from the nontrivial
solutions of the characteristic equation, i.e.,

det
(
M + ky14×4

)

=
(

k2
y −

(ω

c

)2
εxx

)(
k2

y −
(ω

c

)2
εzz

)
= 0.

There are two eigenmodes (two solutions for k2
y ) that can

be identified as ordinary and extraordinary waves [18].
Due to the non-Hermitian response, the corresponding
eigenvectors are not orthogonal. As described in Ref. [18],
such a property can give rise to unique wave phenomena,
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such as regimes with optical gain or dissipation that depend
on the relative phase of the (position-dependent) electric
field components in the material. In particular, the meta-
material can serve as a building block to realize optical
isolators and other nonreciprocal and active devices [18].

III. TRANSMISSION-LINE MODEL

In this section, we suggest a straightforward approach
for implementing MOSFET-MTM devices in the micro-
wave range based on transmission-line (1D) technology
and FETs. Furthermore, we study the unique wave phe-
nomena that arise from the MOSFET-MTM response.

The idea is to exploit a parallelism between Maxwell’s
equations in a MOSFET-MTM [Eqs. (5a) and (5b)]
and the transmission-line equations [53]. In a coupled
transmission-line configuration, such as the one shown in
Fig. 1(a), the wave equations for propagation along the
y-direction read as

∂yV1 = iωL11I1, (7a)

∂y I1 = iω(C11V1 + C12V2), (7b)

∂yV2 = iωL22I2, (7c)

∂y I2 = iω(C21V1 + C22V2). (7d)

Here, C21 and C12 represent the mutual capacitances per
unit of length, which describe the coupling between the
two lines, and C11 and C22 are the capacitances per unit
of length of each line alone. The inductances per unit of
length of each line are L11 and L22. We neglect the induc-
tive coupling between the lines, so that L12 = L21 = 0, as
well as the dissipation effects in the materials.

It is easy to check that the electromagnetic fields
and the material parameters can be mapped into
equivalent transmission-line voltages/currents and induc-
tances/capacitances, respectively, by using the following

transformation rules:

Ex → V1, Ez → V2 ,

−Hz → I1, Hx → I2,
(8a)

μ0 → L11, L22 ,

ε0εxx → C11, ε0εzz → C22, ε0εxz → C12,

ε0εzx → C21.

(8b)

Hence, in order to mimic the response of the MOSFET-
MTM, the coupled lines are required to have C12 �= 0
and C21 = 0. This type of asymmetric coupling causes the
response of line 1 to be influenced by the waves prop-
agating in line 2, whereas line 2 is completely isolated
from line 1. In practice, this arrangement can be real-
ized by employing two microstrip lines periodically loaded
with FET isolators, as illustrated in Fig. 1(b). The transis-
tors are three-port devices that consist of the drain, gate,
and source. We adopt a common-source configuration so
that the source is connected to the ground plane of the
microstrip lines. The gate is connected to line 2 (gate
line) and the drain is connected to line 1 (drain line). The
response of the FET is modeled through an admittance
matrix

YF =
(

YF ,11 YF ,12
YF ,21 YF ,22

)
,

which relates the currents and voltages at the two ports.
The admittance matrix is determined from the small signal
equivalent circuit of the FET, which results from a lin-
earization of the response around an operation point [53].
A similar linearization procedure is employed in the analy-
sis of the MOSFET-MTM [18]. Figure 2 depicts the small
signal equivalent circuit of the FETs under a common-
source configuration [53]. The elements of the admittance

y
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FIG. 1. (a) Two sets of transmission lines are capacitively coupled through mutual capacitances C12 and C21. (b) Transmission line
implementation of the MOSFET-MTM: two microstrip transmission lines oriented along the y-direction are periodically loaded with
FET isolators (with spatial period d). We use a common-source configuration wherein the source is connected to the ground plane, the
drain is connected to line 1, and the gate is connected to line 2.
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FIG. 2. Small signal equivalent circuit for a microwave FET in
the common-source configuration: Cgd is the gate-to-drain capac-
itance, Cgs is gate-to-source capacitance, Cds is drain-to-source
capacitance, gm is the transconductance of the FET, Ri is the
series gate resistance, and Rds is the drain-to-source resistance.
We take port 1 as the drain of the FET and port 2 as the gate.

matrix are defined as YF ,mn = Im

Vn

∣∣∣∣
Vk=0 for k �=n

, with m, n =
1, 2 identifying the ports 1 and 2 of the FET.

A straightforward analysis shows that the admittance
matrix of the FET equivalent circuit (Fig. 2) is given by
the following:

YF =

⎛
⎜⎜⎜⎝

1
Rds

− iω(Cds + Cgd)
gm

(−iωCgsRi + 1)
+ iωCgd

iωCgd

(
Ri − 1

iωCgs

)−1

− iωCgd

⎞
⎟⎟⎟⎠,

(9)

where Cgd, Cgs, and Cds are the gate-to-drain, gate-
to-source, and drain-to-source capacitances, respectively.
Moreover, gm is the transconductance of the FET, Ri is the
series gate resistance, and Rds is the drain-to-source resis-
tance. The gate-to-drain capacitance Cgd is usually small
and can often be ignored [53]. In the following, we neglect
Cgd except when explicitly stated otherwise. In this case,
YF ,21 ≈ 0, so that the gate becomes effectively isolated
from the drain but not the other way around.

Ideally, it is desired that (i) ωCgsRi � 1 and (ii)
ωCdsRds � 1 to avoid insertion losses. While the first con-
dition relates to the intrinsic loss of the FET (ideally, Ri
should be as small as possible), the second condition can
be met by setting the point of operation of the FET in
the saturation regime [53] so that the drain-source current
Ids = Vds/Rds is weakly sensitive to variations in the drain-
source voltage Vds = V1. This is equivalent to having a
very large Rds.

For sufficiently long wavelengths, so that λ � d, it is
possible to homogenize the periodic FET loading and
model the system of Fig. 1 as a uniform “medium.” The
FET loading contributes to the capacitance per unit of
length of the homogenized line. The additional capaci-
tance per unit of length is given by YF/(−iωd). Thus, the
transistor effect is spread uniformly along the line. Hence,

the effective capacitance matrix Cef of the homogenized
system may be written as

Cef =
(

C11 0
0 C22

)
+ YF

(−iωd)
, (10)

whereas the effective inductance matrix is given by

Lef =
(

L11 0
0 L22

)
. (11)

The continuous model is expected to be accurate pro-
vided that the distance between the transistors is much
smaller than the operation wavelength, the so-called meta-
material regime. Later, we shall confirm the validity of this
approach. In the ideal case of a nondissipative FET oper-
ated in the saturation regime (Ri ≈ 0 and Rds ≈ ∞), the
effective capacitance reduces to

Cef ≈

⎛
⎜⎝

C11 + Cds

d
gm

−iωd

0 C22 + Cgs

d

⎞
⎟⎠ . (12)

As seen, it has exactly the same structure as the per-
mittivity of the 3D metamaterial [compare with Eq. (3)].
There is, however, a key difference: here the capaci-
tance Cef ,12 is purely imaginary, whereas the correspond-
ing permittivity component εxz in the MOSFET-MTM
was assumed real-valued in Ref. [18]. In particular, dif-
ferent from Ref. [18], here, the system response, albeit
non-Hermitian, is characterized by a broken time-reversal
symmetry [Cef (ω) �= Cef (ω∗)∗]. Note that the response is
also nonreciprocal because Cef does not have transpose
symmetry.

A. Transmission-line modes

The wave propagation in the homogenized lines is
described by the linear system (7), with the effective
capacitive and inductive elements determined by Eqs. (10)
and (11), respectively. We can write Eqs. (7a)–(7d) in a
compact form as i∂yf = M · f, with the matrix M given by

M = −ω

⎛
⎜⎝

0 0 L11 0
0 0 0 L22

Cef ,11 Cef ,12 0 0
Cef ,21 Cef ,22 0 0

⎞
⎟⎠ . (13)

The 4-component state vector is defined by f = (V, I)T,
with V = (V1, V2)

T and I = (I1, I2)
T. Using these nota-

tions, we can obtain the traveling wave type solutions (bulk
eigenmodes with a spatial variation along y of the form
eiβy) from the eigenvalues and eigenvectors of matrix M,
similar to the MOSFET-MTM. The system supports two
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eigenwaves propagating along the +y-direction and two
eigenwaves propagating in the opposite direction.

For simplicity, in the following, we focus the analysis
on the particular case wherein the capacitance matrix is
given by Eq. (12), so that Cef ,21 = 0. In such a scenario,
line 2 is perfectly isolated from line 1. Consequently, the
system supports an “ordinary” wave characterized by a
propagation constant βo = ω

√
L11Cef ,11 and eigenvector

fo = (
Vo, Io

)T = Ao

(√
L11

Cef ,11
, 0, 1, 0

)T

eiβoy . (14)

Note that this wave is insensitive to cross-capacitive cou-
pling: the energy propagates exclusively in line 1 (drain
line). In addition, it also supports an extraordinary wave
with propagation constant βe = ω

√
L22Cef ,22 and eigen-

vector

fe = (
Ve, Ie

)T

= Ae

(√
L22

Cef ,22

Cef ,12L11

Cef ,22L22 − Cef ,11L11
,

√
L22

Cef ,22
,

Cef ,12L11

Cef ,22L22 − Cef ,11L11
, 1

)T

eiβey . (15)

This mode can be understood as a wave propagating in
line 2 (gate line), which is coupled to line 1 (drain line)
through the unidirectional FETs. The coupling factor Cef ,12
is determined by the transconductance of the FET isola-
tors. In the above, Ao and Ae are the complex amplitudes
of the ordinary and extraordinary waves, respectively. Note
that the modes described above propagate along the +y-
direction. The modes propagating in the opposite direction
are characterized by the same propagation constants βo
and βe.

A generic solution of the system i∂yf = M · f is a
superposition of ordinary and extraordinary waves prop-
agating in the coupled lines. In particular, a wave prop-
agating along the +y-direction is of the form f = fo +
fe = (Vo + Ve, Io + Ie)

T. Taking into account that the
total power flowing in the lines is given by P(y) =
(1/2)Re

{
V · I∗}, one readily finds that

P(y) = 1
2

Re
{
Vo · I∗

o

}+ 1
2

Re
{
Ve · I∗

e

}

+ 1
2

Re
{
Ve · I∗

o + Vo · I∗
e

}
. (16)

Evidently, we can identify Po = (1/2)Re
{
Vo · I∗

o

}
and

Pe = (1/2)Re
{
Ve · I∗

e

}
as the contributions of the ordinary

and extraordinary waves alone, while the remaining part
Pcr = (1/2)Re

{
Ve · I∗

o + Vo · I∗
e

}
is an interference term

resulting from the interaction between the two waves.
Since this interference term depends on the relative phase
between the propagation constants of the modes, it can
give rise to a power oscillation when the waves propa-
gate simultaneously along the line. To illustrate the “power
beating” characteristic, we assume that the structure repre-
sented in Fig. 1 is excited at the input (y = 0) of the gate
line (line 2) and that the drain line (line 1) is short-circuited
at the input. Both lines are terminated with matched loads
to avoid reflections. For a superposition of the ordinary
and extraordinary modes [Eqs. (14) and (15)], it is sim-
ple to show that V1(y = 0) = 0 requires that the complex
amplitudes of the waves satisfy

Ao = −Ae

√
Cef ,11

L11

√
L22

Cef ,22

Cef ,12L11

Cef ,22L22 − Cef ,11L11
. (17)

We consider that the unloaded lines are identical. More-
over, the lines have characteristic impedance Z01 = Z02 =
Z0 = 50 	 and effective permittivity εef ,2 = εef ,1 = εef =
1.7. The effective permittivity represents the permittivity of
an equivalent uniform medium that models the combined
effect of the air and dielectric regions in the microstrip line
[53]. Hence, the per unit of length capacitances and induc-
tances of the uncoupled lines are Cii = 1/(Z0vp) and Lii =
Z0/vp , respectively, with vp = c/√εef the phase velocity
in the lines. The lines are coupled through FET isola-
tors characterized by [53]: Cgs = 0.3 pF, Cds = 0.12 pF,
and gm = 40 mS. Moreover, we assume that the distance
between adjacent transistors (spatial period) is d = 5 mm.

Figure 3(a) shows the spatial distribution of the power
transported in the system at the fixed frequency of oper-
ation ω/(2π) = 5 GHz. As seen, the power oscillates
periodically with the propagation distance, similar to the
MOSFET-MTM [18]. In the sections where the power
increases [shaded brown regions in Fig. 3(a)], the transis-
tors inject energy into the system, yielding a substantial
rise in transported power that can surpass more than 180
times the input power. Conversely, within the dissipa-
tive regions [shaded green areas in Fig. 3(a)], the FET
isolators extract energy from the lines, resulting in a reduc-
tion of transported power. It is important to mention that
despite no dissipative elements being explicitly consid-
ered in this example, the response of the FET can lead
to absorption. Indeed, even in the ideal case, when Ri = 0
and Rds = ∞, the transistors can extract energy from the
ac signal through the current source associated with the
transconductance gain, resulting in a dissipative response.
Thus, different from more conventional gain systems, the
MOSFET-type response can either be active or dissipative,
depending on the relative phase between the voltages at the
gate and drain lines.

We have also calculated the power transported by the
two lines separately, given by Pi(y) = (1/2)Re

{
Vi · I∗

i

}
,
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FIG. 3. (a) Normalized power transported by the coupled lines as a function of the propagation distance normalized to the spacing
d = 5 mm between adjacent FETs for the frequency of operation ω/(2π) = 5 GHz. The microstrip lines have the same characteristic
impedance Z01 = Z02 = Z0 = 50 	 and effective permittivity εef ,2 = εef ,1 = εef = 1.7. The FET isolators have Ri = 0, Rds = ∞,
Cgs = 0.3 pF, Cds = 0.12 pF, gm = 40 mS, and Cgd = 0. The regions shaded in green correspond to dissipative regions, whereas the
light-brown shaded regions correspond to gain regions. (b) Similar to (a) but showing the normalized power transported by the (i)
drain line (blue curve) and (ii) gate line (green curve).

for i = 1, 2. The results are depicted in Fig. 3(b) and show
that while the power transported in the gate line remains
constant and equal to P2 = Pin (green curve), the power
transported in the drain line (blue curve) oscillates. This
feature stems from the unidirectional properties of the
transistors. The gate line is isolated from the drain line,
whereas the drain line is coupled to the gate line. Thus, the
power transported in the drain line results from the interfer-
ence of two waves, leading to power oscillations. Similar
to standard transistor-based devices, the physical origin
behind the power oscillations is the energy supplied by the
dc generator that biases the transistors, which can be posi-
tive or negative. The type of response, active or dissipative,
depends on the relative phase of the current and voltage
at the transconductance element. The latter describes how
the energy is transferred from the dc part of the circuit to
the ac part of the circuit, through the nonlinear response of
the transistor.

Up to this point, the wave propagation was described
using the continuum model. However, it is important to
consider the intrinsic granularity of the system by incor-
porating the periodic loading of transistors along the
lines. In this case, it is convenient to regard the struc-
ture as an arrangement of a finite number of unit cells.
We suppose that the transistor is placed in the mid-
dle of a unit cell comprising two microstrip line sec-
tions with length d/2. Then, the state vector at the out-
put of the unit cell is related to the state vector at the
input as f(y = d) = (

e−iM0(d/2) · T · e−iM0(d/2)
) · f(y = 0),

where M0 is the material matrix of the bare transmission
lines given by

M0 = −ω

⎛
⎜⎝

0 0 L11 0
0 0 0 L22

C11 0 0 0
0 C22 0 0

⎞
⎟⎠ , (18)

and T is the transfer matrix of the FET that is written as:

T =

⎛
⎜⎝

1 0 0 0
0 1 0 0

−Y11 −Y12 1 0
−Y21 −Y22 0 1

⎞
⎟⎠ , (19)

which depends on the admittance matrix given in Eq. (9).
For a finite structure with N cells, one can relate the
state vector at the input and the output of the system as
f(y = Nd) = (

e−iM0(d/2) · T · e−iM0(d/2)
)N · f(y = 0).

Next, we compare the continuum model results with the
exact solution that takes into account the discrete nature of
the structure. As before, it is supposed that V1(y = 0) = 0.
Figure 4(a) shows the power distribution in the lines for
the same configuration as in Fig. 3. In the discrete model,
we only show the normalized power calculated at the input
of each unit cell (consecutive discrete nodes are spaced by
a distance d). The results of Fig. 4(a) show a remarkable
agreement between the continuous and discrete models,
indicating that the continuous model describes the wave
propagation in the system very accurately, particularly for
short propagation distances (y/d < 50).

We also studied the response of the system when the
frequency of operation is increased. Figure 4(b) depicts
the results of the continuous and discrete models for a
frequency of operation ω/(2π) = 7.5 GHz. As seen, com-
pared with the configuration studied in Fig. 4(a), the peak
amplitude of the power transported in the lines decreases
to about half, and the spatial period of the oscillations also
decreases. The agreement between the two models is less
apparent in Fig. 4(b). The discrepancy between the results
of the continuous and the exact solution is an inherent limi-
tation of the continuous model, which is only applicable in
the long wavelength regime where ωd/c � 1. In Fig. 4(b),
the normalized frequency (ωd/c ≈ 0.79) is higher than in
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FIG. 4. (a) Normalized (total) power transported by the coupled lines as a function of the propagation distance for the same coupled
transmission-line configuration studied in Fig. 3. (b) Similar to (a) but for the operation frequency ω/(2π) = 7.5 GHz. (c) Similar to
(b) but considering the dissipative elements of the transistor model. In all the plots, the solid curves represent the continuous model
results and the symbols correspond to the discrete model results.

Fig. 4(a) (ωd/c ≈ 0.52), which contributes to the weaker
agreement between models.

Additionally, we investigated the impact of dissipation
in the FETs on the overall response of the coupled lines.
The dissipation in the FET isolators is considered by tak-
ing Ri = 7 	 and Rds = 400 	 [53]. The corresponding
power distribution in the lines calculated with the continu-
ous and discrete models is shown in Fig. 4(c). Interestingly,
it is observed that the power in the system can experience
oscillations even in the presence of the dissipative ele-
ments of the transistor model. However, the maximum gain
undergoes a significant reduction, approximately fourfold,
and the power beating is markedly dampened, becoming
indistinct for y/d > 80.

B. Exceptional points

As discussed in the previous section, the response of
the coupled lines is non-Hermitian and, thereby, the bulk
eigenstates are nonorthogonal. Importantly, the response of
a non-Hermitian system can become singular when two or
more eigenstates degenerate and coalesce. This is called
an exceptional point. It is easy to check in our system
that such a behavior (fe ∼ fo) emerges in the continuous
model when L22Cef ,22 = L11Cef ,11. In such a scenario, both
eigenmodes share an identical propagation constant, i.e.,
βo = βe, and the same field structure. At the exceptional
point, the general solution of i∂yf = M · f is not generated
by complex exponentials only but rather by a combination
of complex exponentials and polynomials of y, which is
written as

V1 = A+
1 eiβoy + A−

1 e−iβoy

+ C12,ef

2C11,ef
iβoy

[
B+

2 eiβoy − B−
2 e−iβoy](drain line),

(20a)

V2 = B+
2 eiβoy + B−

2 e−iβoy(gate line). (20b)

The currents can be found from the voltages using
Eqs. (7a) and (7c). As seen, due to the term proportional
to y, the voltage in the drain line can be arbitrarily large at
the exceptional point and, hence, the peak gain is not con-
strained by the power beating oscillation. At the singular
point, there is a resonant interaction between the ordi-
nary and extraordinary waves due to the phase-matching
condition βod = βed. Specifically, βo = βe guarantees that
the relative phase between the voltage and current at the
transconductance elements does not change as the wave
propagates. Thus, as the wave progresses along the line,
it can continuously draw power from the dc bias, differ-
ent from the situation where due to βo �= βe some of the
power already propagating in the line can be returned to
the dc bias.

In order to investigate the properties of the excep-
tional point in our system, we consider the same param-
eters and operation frequency (ω/(2π) = 5 GHz) as in
Fig. 3, except that now we suppose that the input line
(line 2) is characterized by an effective permittivity
εef ,2 = αεef ,1. As before, the line impedances are Z01 =
Z02 = Z0 = 50 	. In Fig. 5(a), we depict the propaga-
tion constants of the ordinary and extraordinary waves
as a function of α. As seen, an exceptional point
emerges for α = 0.699

(
εEP

ef ,2 = 1.1883
)
, which ensures

that both propagation constants and the two eigenmodes
coalesce.

At the exceptional point, the Bloch-wave type descrip-
tion breaks down as Eq. (15) becomes singular. The modes
at the exceptional point have a polynomial nature, as
shown in Eq. (20). Hence, by operating the system at an
exceptional point, the power drawn from the dc supply is
maximized. As the spacing between adjacent FETs is the
same on both lines, the exceptional point βo = βe occurs
when the phase delay in the lines is identical. This is often
referred to as the synchronization condition in the design
of microwave amplifiers, such as the distributed amplifier
[53]. From Eq. (20a), it is clear that when the lines are ter-
minated with matched loads and for sufficiently large y, we
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FIG. 5. (a) Normalized propagation constants of the ordinary (blue curve) and extraordinary (green curve) modes calculated as a
function of α = εef ,2/εef ,1 for the same structural parameters as in Fig. 3, except for the effective permittivity of line 2

(
εef ,2

)
. (b) Power

gain P/Pin, when the system is operated at the exceptional point
(
i.e., for εEP

ef ,2 = 0.699εef ,1
)
, for the structural parameters considered

in (a). The solid blue line represents our theoretical (continuous model) results and the dashed line corresponds to the results predicted
by Eq. (21). (c) Similar to (b) but calculated using εef ,2 = εEP

ef ,2 (black curve), εef ,2 = 1.05εEP
ef ,2 (blue curve), and εef ,2 = 0.95εEP

ef ,2 (green
curve). (d) Similar to (b) but calculated at different frequencies ω/(2π) = ω0/(2π) = 5 GHz (black solid curve), ω = 3ω0 (green
dashed curve), and ω = 6ω0 (blue solid curve) with Cgd = 0.01 pF.

can take

V1 ≈ C12,ef

2C11,ef
iβoyB+

2 eiβoy = C12,ef

2C11,ef
iβoyV2.

Thus, the output (line 1) and input (line 2) powers are
related as follows:

Pout/Pin ≈
∣∣∣∣

C12,ef

2C11,ef

∣∣∣∣
2

|βoy|2 Zg

Zd
= g2

m
ZgZd

4

(y
d

)2

with Zg = √
L22/Cef ,22 and Zd = √

L11/Cef ,11. The power
flowing in the line grows quadratically with the length of
the line. The derived result can also be written as

G = Pout

Pin
= g2

mZdZgN 2

4
, (21)

where N is the number of FETs in the structure. Curi-
ously, the above formula is well-known in the design of
distributed amplifiers [53], which thereby are operated at
an exceptional point. The power gain grows quadratically
with the number of FETs and also depends on the transcon-
ductance gain and the characteristic impedance of the
effective lines. It is relevant to mention that, in most practi-
cal scenarios, the synchronization condition is enforced by

varying the distance between successive FET through the
meandering of the transmission lines. Here, we consider
lines with different dielectric substrates merely to simplify
the analytical modeling.

In Fig. 5(b), we represent the power characteristic
of the system at the exceptional point calculated with
the continuous model. As seen, the results predicted by
Eq. (21) overlap precisely with the effective transmis-
sion line results. Importantly, even the slightest detuning
from the operation at the exceptional point will break
the phase synchronization condition and reveal a power
beating characteristic. This is shown in Fig. 5(c), where
we depict the power gain of the system as a function of
the number of transistors when the effective permittivity
of line 2 is changed from εef ,2 = εEP

ef ,2 (black curve) to
εef ,2 = 1.05εEP

ef ,2 (blue curve) and εef ,2 = 0.95εEP
ef ,2 (green

curve). As seen, when the system is not operated at the
exceptional point, the oscillations reappear since the inter-
action between the ordinary and extraordinary waves is
not strictly “constructive” for all points of the line. Nev-
ertheless, for all practical purposes, such an effect would
go unnoticed since typical distributed amplifiers do not
have more than a dozen transistors [54–59]. The robust-
ness of the power gain for small systems is precisely the
reason why such amplifiers are considered to be wideband
[50–59].
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In Fig. 5(d), we depict the calculated power gain when
the capacitance Cgd is not neglected (we use Cgd = 0.01 pF
[53]) and the frequency of operation is changed from
ω0/(2π) = 5 GHz (black solid curve) to ω = 3ω0 (green
dashed curve) and ω = 6ω0 (blue solid curve). As seen,
even when the FETs do not behave as ideal isolators and
the system is no longer operated at the exceptional point,
the system response remains nearly the same as in the ideal
scenario for structures with NFET = 100, despite the varia-
tions in the operation frequency. Indeed, in most practical
implementations, the power gain is only limited by dissipa-
tion [53] and by the frequency response of the transistors,
which for microwave FETs tends to break down around
20 GHz [60].

IV. CONCLUSIONS

We proposed a 1D implementation of the nonreciprocal
and non-Hermitian MOSFET-MTM based on transmis-
sion lines capacitively coupled through FET isolators.
We studied the wave propagation in the system using
an effective medium approach. The homogenized system
response is non-Hermitian and characterized by a broken
time-reversal symmetry. It was shown that the interaction
between the waves in the gate and drain lines can lead to
regimes wherein the FETs act as gain elements, as well
as regimes where they function as dissipative elements.
Interestingly, the system parameters can be adjusted so that
the structure operates at an exceptional point, where both
eigenstates coalesce and degenerate. At the exceptional
point, the wave propagation is not described by “Bloch
waves” but rather by polynomial-type Bloch waves. In
this regime, there are no power oscillations and the wave
can continuously draw power from the dc bias. The volt-
age and the current grow linearly with the propagation
distance while the power grows quadratically. Further-
more, we demonstrated that typical distributed amplifiers
are operated exactly at the exceptional point.
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