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We present a design and implementation of a frequency-tunable superconducting resonator. The reso-
nance frequency tunability is achieved by flux-coupling a superconducting LC loop to a current-biased
feedline; the resulting screening current leads to a change of the kinetic inductance and shift in the res-
onance frequency. The thin-film aluminum resonator consists of an interdigitated capacitor and thin line
inductors forming a closed superconducting loop. The magnetic flux from the nearby niobium current
feedline induces Meissner shielding currents in the resonator loop leading to a change in the kinetic part
of the total inductance of the resonator. We demonstrate continuous frequency tuning within 160 MHz
around the resonant frequency of 2.7 GHz. We show that: (1) frequency up-conversion is achieved when
a kilohertz ac modulation signal is superimposed onto the dc bias resulting in sidebands to the resonator
tone; (2) three-wave mixing is attained by parametrically pumping the nonlinear kinetic inductance using a
strong rf pump signal in the feedline. The simple architecture is amenable to large-array multiplexing and
on-chip integration with other circuit components. The concept could be applied in flux magnetometers,
up-converters, and parametric amplifiers operating above 4 K when alternative high-critical-temperature
material with high kinetic inductance is used.

DOI: 10.1103/PhysRevApplied.22.014080

I. INTRODUCTION

With their high quality factors and easy planar fabri-
cation, superconducting resonators have found wide use
in applications such as astronomical detectors [1–3], spin
resonance techniques [4,5], and superconducting quan-
tum computing [6,7]. Tunable superconducting resonators
are attractive as they provide an effective platform for
applications where fine frequency tuning is required to
achieve a desired coupling strength. Applications include
quantum memories [8] and interfaces with various forms
of excitation such as phonons [9,10], photons [11–14],
and electrical charges [15]. Tunable superconducting res-
onators are also applied in spin systems for addressing spin
transitions and conducting dynamical switching between
them: nitrogen-vacancy (N-V) centers in diamond [16,17],
molecular spins [18–20], yttrium iron garnet (YIG), and
magnon-based systems [21–24]. Furthermore, tunable res-
onators with three-wave mixing capability offer a platform
for designing new quantum sensing protocols [25–30].

*Contact author. juliang.li@anl.gov

Tunable resonators have also been developed for char-
acterizing high-kinetic-inductance superconducting thin
films [31].

Common approaches for realizing frequency-tunable
microwave resonators include the use of Josephson junc-
tions (JJs) [32–37], nanoconstriction superconducting
quantum interference device (SQUID) loop [38], magnetic
field reorientation [39], and high-kinetic-inductance super-
conducting wires [40–47]. The large nonlinear inductance
of JJs offers large frequency tuning range and tuning speed.
However, JJ devices require low magnetic fields and the
oxidation barrier in the junction degrades the resonator
quality factor. They also have relatively low saturation
power due to their limited critical current. On the other
hand, high-kinetic-inductance wires can be easily fabri-
cated because of their simple geometries and are suitable
for higher operating temperature and power arising from
their higher critical temperature (Tc) and critical current
(Io) compared with JJs. Tuning the kinetic inductance is
possible by changing the quasiparticle density in the super-
conductor, which can be realized by applying a current
through the material, applying an external magnetic field,
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or by varying the film temperature. Changing the current
density is a common approach and requires dc current
biasing of the inductor, which has typically been real-
ized through direct coupling of the bias current. Here,
we present an architecture using a superconducting res-
onator made from an aluminum thin film where this current
couples inductively to proximal a niobium feedline. Nio-
bium is being used for the feedline because of a larger
superconducting critical current than aluminum.

The paper is organized as follows. In Sec. II we dis-
cuss the operating principles and design of the resonator
along with its fabrication process. Section III demon-
strates flux coupling of both low-frequency (∼10 kHz)
and high-frequency (∼5 GHz) ac signals which can be
used for frequency up-conversion and three-wave mixing
processes. In Sec. IV we describe operating the resonator
as a parametric amplifier and demonstrate preliminary
results showing gain for both degenerate and nondegen-
erate three-wave pumping. We conclude in Sec. V and
discuss potential changes to the resonator to improve the
frequency tunability and flux coupling strength.

II. RESONATOR DESIGN

Our tunable resonator design is illustrated in Fig. 1.
Two inductors are placed in parallel with an interdigitated
capacitor in the middle. The inductors and the two straight
edges of the capacitor form a superconducting loop that
can carry a continuous circulating Meissner currents. The
applied current to the niobium readout line via dc “in”
and “out” ports generates a magnetic field and the corre-
sponding total magnetic flux imposed on the loop given
by

�dc = w
µ0Idc

2π
log

(
r2

r1

)
, (1)

where Idc is the dc current supplied through the readout line
and �dc is the resulting magnetic flux threading the super-
conducting loop. Here r1 and r2 (shown in Fig. 2) are the
distances from the readout line to the two opposite edges
of our square resonator loop that are parallel to the readout
line, and w is the width of the square loop parallel to the
readout line.

Flux quantization in the closed superconducting loop
necessitates a circulating or screening current (Isc) given
by

Lself × Isc + �dc = m�o, (2)

where Lself is the self-inductance of the superconducting
loop, �o is the magnetic flux quantum, and m is integer
of flux quanta present in the superconducting loop. This
screening current will modify the kinetic inductance with

rf rf

dc

rf+dc

dc

FIG. 1. Equivalent circuit of the flux biased tunable resonator.
In the center is the interdigitated capacitor and the inductor car-
ries both geometric (Lo) and kinetic (Lk) inductance. The rf and
dc currents are combined through bias tees and fed through the
readout line. By Eq. (2), magnetic flux generated from dc cur-
rent in the readout line (wide blue arrow bar) excites a screening
current Isc (red dashed line) in the superconducting loop.

relationship given by

Lk ≈ Lk0

[
1 +

(
Isc

I∗

)2
]

, (3)

where Lk0 is the intrinsic kinetic inductance at zero current,
and I∗ sets the characteristic scale of the nonlinearity and
has a value close to the superconducting critical current Ic
[48,49].

Starting from the design geometry of our resonator, we
derive the relative frequency shift as a function of dc bias
current Idc as

�f
fo

= α(−MIdc + m�0)
2

2L2
selfI∗2 , (4)

where α is kinetic inductance participation ratio and M
is the mutual inductance between the readout line and the
superconducting loop. Details of the calculation could be
found in Appendix A.

Figure 2 shows the physical layout of the frequency tun-
able microwave resonator. The resonator consists of a cen-
tral set of interdigitated fingers, which acts as the capacitor,
and with both ends connected by narrow lines which act
as inductors. The resonator is placed 2 µm away from a
Nb microstrip readout line. The gap provides rf coupling
to the feedline which is used for readout of the resonator
via a microwave probe tone. Detailed parameters of the
design can be found in Table I. Device fabrication is car-
ried out using e-beam lithography and single-layer resist
lift-off processes. The process begins with a low-resistivity
prime silicon wafer with native oxide. The wafer is coated
with a 200-nm-thick layer of PMMA 950 A4 resist. The
resist is exposed in a JEOL JBX-8100FS e-beam writer at
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(a)

(b) (c)

FIG. 2. (a) The tunable resonator. Lighter color marks the
lumped LC resonator and the readout line that carries both the
rf and dc signals. Darker color is the silicon substrate. In the cen-
ter is the interdigitated capacitor and the narrow lines on both
sides are the inductors. Here r2 is the distance from the furthest
end of the loop to the readout line that is used for flux calcula-
tion. (b) Enlarged view of the inductor with width of 400 nm and
interdigitated capacitor in the blue rectangle of (a). (c) Coupling
of the LC resonator to the readout line corresponding to the area
outlined by the red square of (a). Darker color is the Nb readout
line and the lighter color is part of the LC resonator. The cou-
pling quality factor Qc for the resonator is determined by the gap
between the resonator and the readout line, which we designed
to be 2 µm. Here r1 is the gap between the readout line and the
loop.

a dose of 720 mJ/cm2 and developed in an methyl isobutyl
ketone (MIBK) and isopropanol (IPA) mix (1:3). Next, a
30-nm-thick Al layer is deposited via sputtering at a base
pressure below 5 × 10−8 Torr. The wafer is then placed
in a Microposit 1165 remover to lift-off the residual Al
stack. The readout line is fabricated in a second step with
the same lift-off process used on 300 nm of Nb. Two res-
onators are patterned with inductor widths of 400 nm and
300 nm and the same capacitor dimensions.

The resonator chip is measured in a dilution refrigerator
with base temperature of 30 mK. The measured zero-bias
resonant frequency for the two resonators, with inductor
line width of 400 and 300 nm, are 3.148 and 2.705 GHz,
respectively. Figure 3 shows the relative resonance fre-
quency shift �f /fo = (f − fo)/fo for the two resonators
as a function of applied dc current bias. Over 160 MHz
frequency shift is observed for the 2.7 GHz resonator while

TABLE I. Parameters of the flux biased resonator.

Capacitor (aluminum):
Finger width (µm) 4
Finger length (µm) 480
Gap between fingers (µm) 4
Gap between finger and capacitor end (µm) 4
Number of finger pairs 28
Length of capacitor end (µm) 500
Width of capacitor end (µm) 6

Inductor (aluminum):
Width (nm) 300, 400
Length (µm) 700
fo (GHz) 2.705, 3.148
Qo (at df/dI = 0) 27 000, 90 000
Qc (at df/dI = 0) 20 000, 15 000

90 MHz is observed from the 3.148 GHz resonator. Beyond
the measured maximum frequency shift, both resonators
exhibit a discontinuity where they snap back to their orig-
inal (unbiased) resonant frequency and the frequency shift
versus dc bias pattern repeats. Dashed lines show a fit to
a polynomial relationship. Using Eq. (4) we calculate I∗
to be 0.6 and 0.4 mA for resonators with 400 and 300 nm
inductors, respectively. These values are larger than values
estimated through the measured critical current Ic (52 and
39 µA) and the assumption that I∗ ≈ Ic. The internal qual-
ity factor, Qo, of both resonators degrades with increasing
current bias. For the 3.148 GHz resonator, Qo changes from
90 000 to 20 000. For the 2.705 GHz resonator, Qo changes
from 27 000 to 15 000. Understanding this change in Qo
requires further study.

Fr
eq
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nc

y 
sh

ift

Bias current

FIG. 3. Relative resonance shift �f /fo as a function of dc bias
current for the two aluminum resonators. The resonant frequency
shifts to lower values with increasing biasing current following a
parabolic relationship as expected from Eq. (4). Dashed lines are
fits to a quadratic equation.
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III. MIXING THROUGH FLUX BIASING

Our flux bias design also presents a mechanism for
coupling ac signals. At lower frequencies, this attribute
can be used to up-convert the signal. We can consider
a low-frequency modulation at frequency ωm with small-
amplitude Im superimposed on top of a dc bias for a
total current on the readout line I ′

dc = Idc + Im sin(ωmt).
Using Eq. (A13) along with the first-order Taylor expan-
sion (Idc + Im sin(ωmt))2 ≈ I 2

dc + 2IdcIm sin(ωmt) for Im �
Idc, we can write the resonant frequency as

ω′
o = ωo + δdc + δm, (5)

where ω0 is the zero-bias resonant frequency, and

δdc = −3ωoαM 2I 2
dc

L2
selfI∗2 , (6)

δm = −6
dω

dIdc
Im sin(ωmt), (7)

correspond to the respective shifts in resonator frequency
due to the dc bias and the modulation at ωm. The response
to the low-frequency modulation, δm, is a modulation
which appears in frequency domain as sidebands at ±ωm
on both sides of the resonator tone ωo + δdc with ampli-
tude proportional to dω/dIdc. We can demonstrate this
up-conversion empirically by applying a 10-kHz modula-
tion on the bias line with and without a dc bias. We observe
a prominent appearance of ±10 kHz sidebands around the
resonator frequency with the application of a dc bias (see
Fig. 4) while keeping all other measurement parameters the
same.

Our flux coupling design can also be utilized for para-
metric pumping of signals near its resonant frequency
through three-wave mixing [50,51]. The system Hamilto-
nian under three-wave mixing is given by

H = �(ωo + δdc + δp + K − ωp

2
)a†a

+ �ξ

2
a†2 + �ξ ∗

2
a2 + �K

2
a†2a2, (8)

with

δp = −3ωoαM 2I 2
p

4L2
selfI∗2 , (9)

K = −3�ω2
oα

2LTI∗2 , (10)

ξ = −3ωoαM 2IdcIp

2L2
selfI∗2 e−iφp . (11)

where we have used Eq. (A9) to convert current in the loop
(I dc) to bias current in the readout line (Idc). Here ωo is the
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FIG. 4. Frequency up-conversion of a 10-kHz low-frequency
signal through a carrier tone at resonator frequency fo =
3.148 GHz. Without frequency detuning or current bias
df /dIdc = 0 minimum up-conversion is observed above the
noise floor of our measurement (blue curve). Applying a dc
bias that shifts the resonance by 10 MHz (corresponding to
df /dIdc �= 0) we observe clear frequency up-conversion as side-
bands around the center carrier peak (red curve).

zero-bias resonance frequency, LT is the total inductance
of the inductor which includes both geometric and kinetic
inductance, δdc is same as in Eq. (6), δp is the resonance fre-
quency shift from the pumping tone, K is the Kerr constant
corresponding to the nonlinearity of the system, ξ is the
mixing strength under three-wave mixing, and Ip is ampli-
tude of the three-wave mixing tone ωp (see Appendix C for
detailed Hamiltonian construction).

We demonstrate the mixing process as follows: we apply
a weak signal tone at frequency ωs = ωo + δdc and a strong
pump tone at frequency ωp = 2ωs + 8 kHz to the readout
line and measure the output signal with a spectrum ana-
lyzer. Three-wave mixing results in a signal at the idler
frequency ωi = ωs + 8 kHz, which appears as a sideband
at 8 kHz above the signal tone). Figure 5 shows the results
from our measurements with the curves, from bottom up,
corresponding to increasing pump power with all other
parameters kept constant. The curves have been shifted
vertically for clarity. The inset is an enlarged view at the
idler tone showing that the power at the idler tone increases
monotonically with the pump power, which is predicted
by the dependence of the three-wave mixing rate ξ on the
pump power Ip in Eq. (11).

We repeat this measurement by applying various dc
biases which would also change the coupling strength.
Results are shown in Fig. 6. From the system Hamiltonian,
the strength of the three-wave mixing ξ increases linearly
with dc current bias Idc [Eq. (11)]. With each applied dc
bias, we observe an expected shift in resonance frequency
given by Eq. (9). We measured the idler sideband power
for pump powers of −56, −51, and −46 dBm at three
dc biases corresponding to frequency detunings of (0, −5,
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FIG. 5. Measured three-wave mixing power spectrum for res-
onator with resonant frequency fo = 3.145 GHz. From bottom
to top, the curves correspond to monotonically increasing pump
power. The curves are shifted vertically for better idler tone vis-
ibility. Pump power is calculated by subtracting the total loss in
the input line from the output power of the signal generator. Both
pump and signal generators as well spectrum analyzer are fre-
quency locked through 10-MHz reference ports. The inset is an
enlarged view of the idler tone without vertical shift. The hori-
zontal axis is frequency and the vertical axis is power in dBm.
Legend is pump power in dBm. For pump power from −75 to
−55 dBm the idler power increases from close to zero to 10 dB
relative to the noise floor on the spectrum analyzer.

and −10 MHz). At each detuning we linearly fit the side-
band power to its pump power and observe that the slope
of the fitted lines increases monotonically with detuning
magnitude, which is consistent with the predicted increase
in coupling strength.
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FIG. 6. Sideband power as function of pump power for three
different frequency detuning or current bias points. In this power
measurement we have deducted the noise floor of the spectrum
analyzer from the peak power of the sidebands.
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FIG. 7. Measured signal peak power under nondegenerate
three-wave pumping as function of pump power at two frequency
detuning points.

IV. DISCUSSION

Motivated by the three-wave mixing result, we also
qualitatively investigated the potential of the flux bias res-
onator to be used as a parametric amplifier. First, we oper-
ated the amplifier with nondegenerate three-wave pumping
where the signal with power of −130 dBm is detuned
4 kHz above resonant frequency and the pump is set at
twice the resonant frequency. The signal peak power is
measured with a spectrum analyzer. Figure 7 shows the
measured signal power as a function of pump power at two
dc biases corresponding to two frequency detunings. The
increased dc flux bias results in both larger detuning and a
boost of the three-wave mixing strength ξ . Increasing the
pump power eventually results in 10 dB gain on the signal
for both detunings with the larger detuning showing ampli-
fication at lower pump amplitudes. This corresponds with
the theoretical prediction that ξ is linearly proportional to
both Idc in the resonator as well as the pumping current
amplitude Ip . At signal power about −100 dBm amplifi-
cation gain saturates and signal peak stops responding to
pump power change. If compared with JJ and high-kinetic-
inductance material-based parametric amplifiers with gain
ranging from 10 to 40 dB [35,51–53], the 10-dB gain from
our nonlinear resonator is limited by its lower kinetic
inductance of the aluminum film. Larger gain is expected
when using materials with a high kinetic inductance.

We also characterized the device gain under degenerate
three-wave mixing, when a signal tone at the resonator fre-
quency with power of −130 dBm and a pump tone at twice
the resonator frequency are applied. Under this condition
the pump signal splits into pairs of signal and idler pho-
tons that are of the same frequency and the system gain
varies with the phase difference between the pump and the
signal. Results of the measured signal peak as a function
of the pump tone phase are shown in Fig. 8. Since the
signal phase remains constant, changing the pump phase
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FIG. 8. Measured signal peak power under degenerate three-
wave pumping as a function of pump phase. Both signal power
and phase as well as pump output power from generator remain
constant during measurement while phase of the pump was
changed by adjusting the phase parameter on the generator. The
power of the pump was set at −51 dBm. An arbitrary phase offset
has been removed to set the phase maximum at zero.

changes the relative phase between the pump and the sig-
nal and the measurement clearly demonstrates dependence
of the amplification on the pump phase with a period of
2π . On the other hand, we varied the phase of the signal
while keeping the pump phase constant and observed the
expected change in amplification modulation period from
2π to π .

As with other resonance-based parametric amplifiers,
the gain bandwidth of our design (∼100 kHz) is deter-
mined by the resonance quality factor. Since the resonance
can be tuned over 100 MHz range by adjusting dc cur-
rent bias the amplification can cover an effective working
bandwidth of 100 MHz. This is similar to other tunable or
impedance-matched parametric amplifiers [35,54].

V. CONCLUSION

In conclusion, we have demonstrated the flux-bias tun-
ing of the resonant frequency of a superconducting res-
onator by using the screening current induced by magnetic
flux through a superconducting loop in combination with
the nonlinear inductance of a superconducting thin film.
Our devices exhibit the expected frequency detuning as
demonstrated by measurements of the frequency response
for varying dc flux bias, along with the mixing of low-
frequency (∼MHz) and high-frequency (∼GHz) signals.
Our measurements also provides an initial demonstration
of potential applications of this architecture including up-
converting megahertz signals and parametric amplification
through three-wave mixing. Larger frequency detuning
can potentially be achieved by fabricating devices with
narrower and thinner loop wires and using other super-
conducting films such as titanium nitride [55] or niobium

nitride [56], NbTi [57], YBCO [58,59], and granular alu-
minum [60,61], which have very high kinetic inductance
and, hence, larger ratio of kinetic to geometric induc-
tance. Consequently, the resonator size will be reduced
if the same resonant frequency is to be maintained. This
adjustment in resonator size has insignificant impact on
frequency tunability, because both the external flux thread-
ing the loop (�dc) and the self-inductance of the loop (Lself)
decrease. Furthermore, devices using alternative materials
with higher critical temperature may also enable operation
at temperatures above 4 K.

Data used in this work is available on reasonable
request.
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APPENDIX A: CALCULATION OF df/d�

Complete solution for self-inductance of a rectangular
loop is given as [62]

Lself = µoµr

π

[
−2(w + h) + 2

√
h2 + w2 + temp

]
, (A1)

with

temp = −h ln

(
h + √

h2 + w2

w
−
)

− w ln

(
w + √

h2 + w2

h

)

+ h ln
(

2h
d/2

)
+ w ln

(
2w
d/2

)
,

where w and h are the width and height of the inductor
square loop, and d is the diameter of the inductor wire. We
ignore the small correction to this expression due to the
presence of a ground plane [63].
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TABLE II. Mathematical symbols and corresponding
definition.

Symbol Definition

ωo Angular frequency of flux biased resonator
ωm Angular frequency of modulation tone
Lk Kinetic inductance of Al inductor
Lk,o Intrinsic kinetic inductance of Al inductor
Isc Screening current of superconducting loop
I∗ Characteristic current of Al inductor
Lself Self-inductance of superconducting loop
�dc External flux threading the superconducting loop
�o Flux quantum
Idc dc bias current in the readout line
I dc dc current in superconducting loop
I p Pump current in superconducting loop
Lo Geometric inductance of inductor
LT Total inductance of inductor
α Kinetic inductance participation ratio
M Mutual inductance between readout line and loop
K Kerr nonlinearity of the flux biased resonator
Qo Internal quality factor
Qc External of coupling quality factor

The resonant frequency of an LC resonator is given by

ft = 1
2π

√
LtCt

= 1
2π

√
(Lo + Lk,o + �Lk)Ct

(A2)

= 1
2π

√
(Lo + Lk,o)Ct

(
1 − �Lk

2(Lo + Lk,o)

)
(A3)

= fo

(
1 − �Lk

2(Lo + Lk,o)

)
, (A4)

with fo = 1/(2π
√

(Lo + Lk,o)Ct) and �Lk = Lk,o (Isc/I∗)2

The relative frequency shift due to change in kinetic
inductance is expressed as

�f
fo

= f − fo
fo

= −�Lk

2(L0 + Lk,0)
(A5)

= Lk,0

2(L0 + Lk,0)

(
Isc

I∗

)2

(A6)

= Lk,o

2(Lo + Lk,o)

(
Isc

I∗

)2

. (A7)

Expressing the screening current Isc from Eq. (2)

Isc = −�dc + m�o

Lself
(A8)

= −MIdc + m�o

Lself
, (A9)

where M is the mutual inductance between the readout
line and the superconducting loop. Substituting Isc into Eq.

(A9) we obtain

�f
fo

= Lk,o

2Lself

(
Isc

I∗

)2

(A10)

= Lk,o(−MIdc + m�o)
2

2(Lo + Lk,o)L2
selfI∗2 (A11)

= α(−MIdc + m�o)
2

2L2
selfI∗2 . (A12)

The derivative of frequency change versus current bias is

df
dIdc

= foαM 2

L2
selfI∗2 Idc, (A13)

where we have set the intrinsic loop flux m = 0.

APPENDIX B: OPTIMIZATION OF df/d�

Several geometrical factors play role in determining the
relative magnitude of resonance frequency shift induced by
the Idc: the resonator geometry such as the width and length
of the loop and the cross-section of the superconducting
microstrip, as well as the mutual inductance between the
resonator loop and the dc line. In our resonator design
Qc � Qo so the total quality factor Qr is dominated by Qc.
We choose the width of the loop to be 500 µm because it
gives us the high Qc based on our related resonator design.
It will be easier to achieve flux bias with a wider loop
but at the same time Qc will decrease. The gap between
the resonator and the readout line is 2 µm. A smaller gap
will have more flux bias but it would also bring challenges
related to lithographic patterning of the structure. At this
point we prefer to limit ourself with the best resolution of
our optical lithography. Thus, in our designs we fixed the
width to be 500 µm and gap to be 2 µm.

In Fig. 9 we plot the df /dIdc as function of the loop
height H from 0 to 10 000 µm for loop microstrip width
of 1 µm and the maximum frequency shift happens at
H ≈ 200 µm. This gives a guideline regarding the target
parameters of the resonator design.

APPENDIX C: NONLINEAR RESONATOR MODEL

For a kinetic-inductance-based nonlinear resonator

Lk(I) = Lk,o

(
1 + I 2

I∗2

)
, (C1)

014080-7
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FIG. 9. Plot of ∂f /∂Idc as a function of loop width W for loop
strip of 1 µm. Maximum happens at W ≈ 200 µm. The inset is
an enlarged view of the range of 1000 µm to show the maximum
point.

the calculated energy of the resonator is as follows:

UC = 1
2

C�̇2, (C2)

UL = 1
2

�2

Lk + Lo
(C3)

= 1
2

�2

Lo,k

(
1 + I2

I∗2

)
+ Lo

(C4)

= 1
2

�2

LT
− Lo,k

2L4
T

�4

I∗2 , (C5)

where LT = Lo + Lk,o. Here Lo and Lk,o are the geometric
and kinetic inductance without current bias, respectively.
The Lagrangian of the resonator is given as

L = UC − UL = 1
2

C�̇2 − 1
2

�2

LT
+ Lo,k

2L4
T

�4

I∗2 . (C6)

Using Legendre transformation H = �̇Q − L the Hamil-
tonian is written as follows:

H = Q2

2C
+ 1

2
�2

LT
− Lo,k

2L4
T

�4

I∗2 . (C7)

Replacing Q and � with their quantum operators Q̂ and �̂,
the Hamiltonian can now be written as

H̃ = Q̃2

2C
+ 1

2
�̃2

LT
− Lo,k

2L4
T

�̃4

I∗2 , (C8)

we can further separate the Hamiltonian into its linear H̃o

and interaction H̃I part

H̃o = Q̃2

2C
+ 1

2
�̃2

LT
, (C9)

H̃I = −Lo,k

2L4
T

�4

I∗2 . (C10)

Defining the following creation and annihilation operators
with ωo = 1/

√
LTC:

ã = 1√
�ωo

[
1√
2LT

�̃ + i
1√
2C

Q̃
]

, (C11)

ã† = 1√
�ωo

[
1√
2LT

�̃ − i
1√
2C

Q̃
]

, (C12)

the reduced flux operator in terms of ã and ã†

�̃ =
√

�ωoLT/2(ã† + ã), (C13)

and the interaction Hamiltonian is

HI = −Lo,k

2L4
T

1
I∗2 (�ωoLT/2)2(ã† + ã)4 (C14)

= −3Lo,k(�ωoLT)
2

4L4
TI∗2 (2ã†ã + ã†2ã2) (C15)

= �Kã†ã + 1
2
�Kã†2ã2, (C16)

and K = −3�ω2
oLo,k/2L2

TI∗2 = −3�ω2
oα/2LTI∗2. Here α

is the participation ratio of the kinetic inductance with dc
bias I dc and parametric pump mode I p in the resonator

HI = 1
2
�K

(
2a†a + a†2

a2
)

− Lo,k

2L4
T

1
I∗2 6(�ωoLT/2)L2

T

×
[
I

2
dc + 2I dcI p(t) + I

2
p(t)

] (
2a†a + a†2 + a2

)
(C17)

= 1
2
�K

(
2a†a + a†2

a2
)

− 3�ωoα

2I∗2

×
[
I

2
dc + 2I dcI p(t) + I

2
p(t)

] (
2a†a + a†2 + a2

)
,

(C18)

the time-dependent pump mode can be written as

I p(t) = I p

2
(
e−i(ωp t+φp ) + ei(ωp t+φp )

)
. (C19)

Next we apply rotating wave approximation (RWA)

H′
I = U†HI U − i�U† ∂

∂t
U (C20)
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and

U† = exp(iωp ta†a/2) (C21)

U = exp(−iωp ta†a/2). (C22)

We transfer the Hamiltonian into frame rotating at ωp/2

H = �(ωo + δdc + δp + K − ωp

2
)a†a (C23)

+ �ξ

2
a†2 + �ξ ∗

2
a2 + �K

2
a†2a2, (C24)

δdc = −3ωoαI
2
dc

I∗2 , (C25)

δp = −3ωoαI
2
p

4I∗2 , (C26)

K = −3�ω2
oα

2LTI∗2 , (C27)

ξ = −3ωoαI dcI p

2I∗2 e−iφp , (C28)

the system Hamiltonian can be calculated by setting the
pump amplitude to zero and

H = �(ωo + δdc + K)a†a + �K
2

a†2a2, (C29)

δdc = −3ωoαI
2
dc

I∗2 . (C30)
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