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Programming bistability in geometrically perturbed mechanical metamaterials
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Mechanical metamaterials capable of large deformations are an emerging platform for functional
devices and structures across scales. Bistable designs are particularly attractive since they endow a single
object with two configurations that display distinct shapes, properties, and functionalities. We propose
a strategy that takes a common (nonbistable) metamaterial design and transforms it into a bistable one;
specifically, by allowing for irregular patterns through geometric perturbations of the unit cell and by lever-
aging the intercell constraints inherent to the large-deformation response of metamaterials. We exemplify
this strategy by producing a design framework for bistable planar kirigami metamaterials, starting from
the canonical rotating-squares pattern. The framework comprises explicit design formulas for cell-based
kirigami with unprecedented control over the shape of the two stable states and an optimization method-
ology that allows for efficient tailoring of the geometric features of the designs to achieve target elastic
properties as well as shape change. The versatility of this framework is illustrated through a wide variety
of examples, including nonperiodic designs that achieve two arbitrarily shaped stable states. Quantitative
and qualitative experiments, featuring prototypes with distinct engineering design details, complement the
theory and shine light on the strengths and limitations of our design approach. These results show how to
design bistable metamaterials from nonbistable templates, paving the way for further discovery of bistable

systems and structures that are not simply arrangements of known bistable units.
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I. INTRODUCTION

The past few decades have ushered in a paradigm shift
in the way in which structural instabilities are perceived:
once something to avoid, researchers now design mechan-
ical systems and structures to reversibly buckle as part
of their functionality [1-3]. Bistable systems, possessing
two morphologically distinct stable states, are pervasive in
nature and attractive in engineering. They are key to how
a Venus flytrap collects its prey [4] and a beetle unfurls its
wings [5] and are leveraged in deployable space structures
[6], soft robots [7—9], MEMS devices [10,11], and the like.
They are even the cornerstone to popular everyday objects
such as PopSockets phone holders and toys such as Poplt
fidgets and jumping poppers [12,13].

Bistability comes in a variety of modalities. It is
achieved by purely geometric means through tailoring the
design of thin-wall structures, such as arches and shells
[14], or by designing clever ensembles of structural ele-
ments connected by pins or flexural joints [15]. It also
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emerges through a combination of geometry and material-
induced rigidity, as in the case of bistable shells made of
composite materials [16], or through prestress, as when
multistable shells are obtained from prestretched strips
[17]. Bistability can even be facilitated by nuanced features
in origami and kirigami, including hinges with limited
motion range [18,19] and creases with directional bias
[20,21].

Here, we focus on purely geometrical routes to bista-
bility, since design principles in this setting are broadly
applicable to a variety of scales, materials, and manufac-
turing methods. The archetype of a purely geometrical
bistable structure is the von Mises truss [22], featuring two
inclined elastic bars connected at a hinge and constrained
by pin supports. When this structure is loaded at its apex,
the bars compress and eventually snap into an inverted tent
shape, a second stable state by symmetry. This basic princi-
ple leads to a wealth of bistable systems. Cleverly arranged
von Mises trusses form the basis for bistable planar lattices
[23] and kirigami [15]. Other complex multistable systems
arise by exploiting snapping arches and domes [24-31], or
more sophisticated bistable units such as the square-twist
origami cell [32]. The underlying philosophy to all these
works is the same: the key designer input to a complex
bistable system is a bistable building block.
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Our work seeks to break away from this prevailing phi-
losophy. Toward this goal, it is notable that many motifs
found in origami are bistable even though their basic
building blocks are floppy. Examples include Kresling,
Waterbomb, and helical tubes [33—35], hypar [36], and the
typical origami flasher [37,38]. However, as is often the
case with origami, most of these examples have artistic
origins and their bistability is serendipitous. The question
of what makes them, or any “pattern,” bistable remains
largely unexplored.

Our objective is to highlight the role of geometric per-
turbations as a fundamental ingredient for bistability and
to show that such perturbations, when suitably applied
to fairly generic families of patterns, can be used as a
versatile platform to design bistable metamaterials with
a wide range of target properties. In Fig. 1, we illustrate
the key ideas applied to a prototypical two-dimensional
(2D) morphing metamaterial called the rotating-squares
pattern [39,40]. A single unit cell of this pattern [Fig. 1(a)]
is capable of changing its shape through a mechanism
[41] or floppy mode [42] given by counter-rotating its
panels about the central slit. Symmetry, in turn, makes
the intercell constraints redundant: periodic tiling of the
cell [Fig. 1(b)] yields a pattern that exhibits the same
such mechanism. Breaking the design symmetry, however,
reveals an interesting dichotomy: the cell continues to pos-
sess a floppy mode [Fig. 1(c)] but the overall pattern does
not [Fig. 1(d)]. The intercell constraints are generically no
longer redundant. Our main insight is that while generic
perturbations yield monostable patterns, careful geomet-
ric tuning of these perturbations can turn mechanism-based
designs into bistable ones [Fig. 1(d)].

There has been a thrust in recent years to go beyond
metamaterials made of canonical unit cells and provide
optimization tools to explore the geometry-property rela-
tionships in these systems. Singh and van Hecke [43]
and Deng et al. [44] show that optimizing the geomet-
ric features of perturbed rotating-squares designs can yield
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FIG. 1. A geometrical route to bistability. (a) A rotating-

squares unit cell, with its mechanism motion shaded in light
gray. (b) A periodic and overconstrained version of (a). (¢) A per-
turbed version of (a). (d) A bistable structure obtained by tiling
perturbed unit cells, in its first and second stable states.

a rich range of target elastic properties. Mahadevan and
colleagues [45,46] use global optimization frameworks
to produce nonperiodic generalizations of well-known
origami and kirigami metamaterials with target shapes.
Hard-encoding design rules in a metamaterial (e.g., for
the panels to rotate about flexible hinges or folds), as in
Refs. [47-51], yield marching algorithms that improve the
optimization schemes, enabling further demonstrations of
programmability.

Our work builds on these ideas under the lens of bista-
bility and with particular emphasis on practical (reduced-
order) design tools that can guide experiments at the
conceptual or prototyping phase of design. We start by
showing how to hard encode bistability in a large class
of 2D periodic metamaterials composed of repeating unit
cells of panels and slits, termed planar kirigami herein
and elsewhere [45,52,53], as opposed to kirigami that
relies on out-of-plane buckling [54,55]. We then introduce
an optimization framework for bistable planar kirigami
that incorporates a reduced-order model for the elastic
energy, allowing us to tune the designs to achieve target
morphing and elastic properties. A suite of representa-
tive examples and corresponding experiments follows. We
explore examples ranging from classical monolithic pla-
nar kirigami configurations to pin-jointed panel systems
and truss-based analogues to test the applicability of our
design and optimization strategies in a variety of settings.
In each case, the experiments validate the bistable behavior
of the patterns and certain qualitative features of their elas-
tic properties, but also highlight how our theory can guide
but not fully replace high-fidelity models and prototyping.
Finally, we showcase the versatility of our design approach
by extending it to nonperiodic systems with complex shape
change.

II. DESIGN FORMULAS FOR BISTABLE PLANAR
KIRIGAMI

We begin by developing a general recipe for bistable
planar kirigami comprised of a repeating unit cell of four
quad panels and four quad slits, obtained through geo-
metric perturbations of the rotating squares. The recipe
amounts to a compact design formula for bistability, which
we explain using Fig. 2 as a guide. In Fig. 2(a), we show
a generic unit cell representing the first stable state of a
quad kirigami design, with the panels and slits labeled by
2D vectors s;, t;, w;, and v;, i = 1,...,4. In Fig. 2(b), we
illustrate its periodicity using the 2D Bravais-lattice vec-
tors €5 and €5. In Fig. 2(c), we show the unit cell of the
second stable state. Each panel in the cell is rotated in the
plane by a right-hand rotation R(¢;) of angle ¢;, as shown,
taking the initial cell vectors to deformed ones by the trans-
formations s; — R(¢;)s;, t; — R(¢;)t;, u; — R(¢;)u;, and
vi > R(¢))v;, i =1,...,4. Finally, in Fig. 2(d), we show
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FIG. 2. Perturbed rotating-squares kirigami and the design
recipe. (a) The unit cell in its first stable state, indicating the
design vectors. (b) The periodicity constraint. (c),(d) The sec-
ond stable states of (a) and (b), respectively, obtained by rotating
each panel by an angle ¢,. (e) The elastic energy model. From
(b), each panel is rotated and translated periodically to produce a
homogeneous effective deformation with Bravais-lattice vectors
£, and £,. As illustrated, the stored energy is calculated assuming
linear springs between the separated panels. (f) Details of the two
bottom-left panels of (b) and (e), indicating a change in opening
angle.

2D Bravais-lattice vectors KID and Zg , quantifying the peri-
odicity in the second stable state. All of these vectors and
rotation angles are subject to a variety of constraints for
a compatible design, including equality constraints that
enforce periodicity and ensure the vectors form closed
loops about each panel and slit, as well as inequality con-
straints that ensure that the panels are convex quadrilaterals
that do not overlap. We enumerate all the compatibility
conditions in Sec. S1.A of the Supplemental Material [56]
and manipulate them into forms broadly useful for design
in Secs. S1.B and S1.C of the Supplemental Material [56].

The key result is a design formula that parametrizes all
the equality constraints. It takes the form

3

S4 S1

t|=D@)|s:], )
u L

\4

where t,u, and v stack the corresponding t;,u;, and v;
design vectors into eight component arrays and £ does like-
wise for the four Bravais-lattice vectors €%, ..., 2. The
28 x 12 matrix D(¢p), concretely linking these arrays, is
a lengthy nonlinear expression of the rotation angles ¢ =
(¢1, ..., ¢4). Its explicit formula is provided in Eq. (S21)
in Sec. S1.B of the Supplemental Material [56].

Equation (1) organizes a wealth of information for
designing and tuning bistable kirigami structures. The
right-hand side contains the designer inputs. It includes

the Bravais-lattice vectors, which are the natural descrip-
tors for the target maximum stretch, the Poisson ratio, and
the shearing between the two stable states. It also con-
tains eight additional degrees of freedom (DOFs) through
the four rotation angles ¢ and design vectors s; and s;.
Each can be tuned to achieve, for instance, a desirable
energy barrier between the two stable states. The remain-
ing parameters describing the designs in Fig. 2 are all
stacked on the left-hand side of Eq. (1) and thus are fully
determined from these designer inputs.

III. OPTIMIZATION FRAMEWORK FOR
ELASTIC TUNING

An appealing aspect to this characterization is that it
marries naturally with standard optimization tools to fur-
nish a versatile design framework for tuning bistability.
Assume that a designer has in mind two stable states,
obtained by prescribing the Bravais-lattice vectors in the

reference £f, €% and deformed €7, €2 configurations. Since
there are eight additional parameters on the right-hand side
of Eq. (1), the design can be optimized to achieve any
general objective that can be written as a minimization
problem:

min {fop; (1,52, @) | Bineq(1,52,¢) = 0}. )

In this formulation, gineq(s1,82,¢) lists all the inequal-
ity constraints that are necessary and sufficient for the
pattern to have convex panels and slits in its reference
and deformed stable states. These constraints, which are
written out explicitly in the “SI Appendix” in Sec. S1.C
of the Supplemental Material [56], are nonlinear in all
their arguments. Thus, Eq. (2) describes a constrained
nonlinear optimization for which the FMINCON toolbox
in MATLAB provides several well-developed and efficient
numerical tools to find local minimizers. In other words,
this optimization framework is “ready-made” for engineer-
ing design. For additional details on numerical aspects of
this framework, see the flowchart in Fig. S3 and Sec. S2.E
of the Supplemental Material [56].

All that remains now is to prescribe an objective func-
tion for the optimization. We are particularly interested in
objective functions that can assess and optimize a vari-
ety of features of the stored elastic energy of the kirigami
design. The challenge is that calculating an elastic energy
based on high-fidelity modeling, such as finite-element-
based or even bar-hinge-based modeling [57], is not effi-
cient and thus creates a bottleneck in the optimization
process. We instead develop an elastic model that can be
implemented directly into MATLAB and evaluated using its
fast solvers.

Our approach is formulated in detail in Sec. S2.A of
the Supplemental Material [56] and illustrated in Fig. 2(e).
We model the corner points of the kirigami pattern as
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linear springs of zero rest length and unit stiffness and
allow the panels to rotate and translate by a periodic
motion that matches a bulk deformation expressed by the
Bravais-lattice vectors £, £, in the figure. This deforma-
tion elongates the springs, generating an elastic energy
expressed in terms of the panel rotations and translations
and the Bravais-lattice vectors.

After minimizing out the translations and lattice vectors
in Sec. S2.B of the Supplemental Material [56], we obtain
the revealing form for the energy

ESpr(nla )729 )733 7’]4)

D im1...4 RS D oim1...4 RS
> oio1..4 RO > i1, 4 RO
= -G (3)
Y14 R > ict,.4 RODw;
> ict,...4 R)Vi > ict,...a R(M)Vi

for an 8 x 8 symmetric and positive definite matrix G and
the four panel rotations R(71),...,R(n4), as shown in the
figure. The heuristics behind this energy are as follows.
Prior to deformation, the four types of slits in the pat-
tern satisfy > ., ,8=0,...,) ., ,Vv;=0, because

,,,,,

slits form closed loops. However, the deformed loops
______ 4 R@)si, ...
(# 0) under the panel motions. Equation (3) employs these
broken loops as the fundamental measures of elastic strain
in the pattern. The matrix G in this formula quantifies how
the slits influence each other elastically. Its components
range between values 0 and 1 independent of the kirigami
design and are reported in Eq. (S36) in Sec. S2.B of the
Supplemental Material [56].
A final minimization allows us to quantify the elasticity
of a bistable kirigami design in terms of a single kinematic
variable:

,,,,,

Eact(%-’slas29 ¢)
= {]1;11’71: {Espr(O’S, 773’ 774) | s39 S47 t, ll,V SOlVe Eq (1)}
4

We call this energy the actuation energy. It depends kine-
matically only on the angle & shown in Fig. 2(f), describing
the relative rotation between the first and second panel
of each unit cell as the overall pattern is actuated. It is
non-negative and satisfies £,y = 0 when £ =0 and & =
¢» — ¢1, reflecting the bistability hard encoded by Eq. (1).

This actuation energy integrates seamlessly with the
optimization framework in Eq. (2), allowing us to effi-
ciently explore and tune elastic properties of the kirigami
design. In this work, we demonstrate this capability by
optimizing the designs based on two properties of FE,

through objective functions of the form

Jobi (81,82, @) = ch|Ep(s1,82, ) _Ezarglz

target energy barrier
targ,2
+C1|k1(51,52, ¢) - k]arg| . (5)

target stiffness

The first term tunes the designs so that the energy bar-
rier between the designed stable states, E,(si,s2,¢) =
MaXee(0,,—¢) Lact(§,81,82,9), is driven toward a spec-
ified target Egarg > 0, reflecting the amount of work
needed to actuate the pattern from one stable state
to the other. The second term optimizes for the stiff-
ness ki (s, 82, ¢) = 3¢ Eact (0,581,852, 8)/(1'(0))* of the
first stable state with respect to a characteristic stretch

w(E) = MnE O =)l that takes the value A(0) = 1

in the first stable state and A(¢py — ¢;) = |€113 |/ |£1f| in the
second one (for more details, see Sec. S2.D of the Supple-
mental Material [56]). The designs are tuned by driving
this stiffness toward a specified target ktlarg > 0, allow-
ing us to control whether we want this stable state to be
“locked-in” or have some give at its typical performance
loads. Design trade-offs are expected. For example, it is
not usually possible to achieve a design that has both a
high stiffness and a low overall energy barrier between
the states. The numerical parameters c;, c; > 0 express the
desired importance of each term during an optimization.
Though not done here, terms such as the maximum force
and/or the stiffness of the second stable state can also be
included in the objective function.

IV. REPRESENTATIVE EXAMPLE

We illustrate the optimization framework by tuning
kirigami designs to achieve a variety of energy barriers
under a prototypical square-to-rectangle transformation.
In the optimization, the Bravais-lattice vectors are set at
8 = e, €8 = e;and £P = 1.2¢;, £ = 0.8e, to encode the
effectively square and rectangular stable states and the
moduli in Eq. (5) are taken as ¢, = 1 and ¢; = 0 to focus
on optimizing for a target energy barrier. In Figs. 3(a)-3(c),
we show three optimized designs, obtained by prescrib-
ing the target energy barrier from left to right as E;arg =
0.001,0.0015,0.003 and performing the minimization in
Eq. (2) in each case. A plot of the actuation energy E,.(§)
versus the stretch A(&) in Fig. 3(e) shows that each design
achieves its target energy barrier. A randomly generated
monostable design in Fig. 3(d) is included in Fig. 3(e) as
another point of comparison.

To test the validity of the optimization framework, we
fabricate a series of prototypes for all the aforementioned
designs and examine their elastic energy and bistability
experimentally. In comparing the theory to experiments, it
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FIG. 3. A representative example and demonstration of bistability. (a)(c) First and second stable states of the optimized patterns
with energy barriers 0.001, 0.0015, and 0.003, respectively. Even though we represent them in 2 x 2 cell versions, these patterns
are periodic. (d) The monostable geometry obtained by randomly perturbing the rotating-squares pattern. (¢) The theoretical energy
landscape of the patterns in (a)~(d), with horizontal lines indicating the target energy barriers; the legend shown here is valid throughout
this figure. (f) Experimental results for a monolithic physical realization of the representative patterns, which involves compliant
hinges; the solid lines are averages of three tensile tests and the shaded areas represent the standard deviation; the energy curves
are obtained by numerically integrating the average force-displacement curves. (f-1, f-2, f-3) The first stable state, a snapshot of the
deformation, and the second stable state, respectively, for a monolithic specimen with a 0.003 barrier. (g) The same as (f) but for a
physical realization of the pattern involving skeletal bimaterial panels connected via perfect pins and capable of in-plane deformation
via buckling of the internal beams. (h) The same as (f) but for a physical realization involving thin pin-jointed monomaterial panels
that bend out of plane during deformation. Scale bar 5 cm.

is important to recognize that our mechanical model for the
actuation energy is based on simplifying assumptions that
enable us to efficiently optimize over the purely geomet-
ric parameters of the designs to achieve “some notion” of
the target elastic properties. The goal is to provide design
guidance in this large parameter space that gets trends
right. Specifically, for a specified fabrication strategy, we
expect that the energy barrier of the design in Fig. 3(a)
is smaller than that of Fig. 3(b), which in turn is smaller

than that of Fig. 3(c). We cannot, however, say much more
than that: localized buckling, hinge elasticity, friction, vis-
coelasticity, and out-of-plane deformation, none of which
are accounted for in our model, can influence the elastic
behavior of these systems.

We propose three different fabrication strategies that dif-
fer in the way in which the energy barriers manifest as
deformation, allowing us to explore the interplay between
the fine design details inherent to prototyping and the
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theoretical predictions of bistability. In all cases, the spec-
imens are made of 2 x 2 unit cells and are tested in ten-
sion via a universal testing system using custom fixtures.
In Figs. 3(fy-3(h), we show the raw force-displacement
curves for tension tests of the fabricated samples, as well
as their stored energy curves (obtained by integration of
the force curves). The color scheme for the curves distin-
guishes the different designs, just as in Fig. 3(e). Additional
details on the fabrication and experimental procedures, and
on the dimensions of specimens, are given in Sects. S4
and S5 of the Supplemental Material [56]. We only report
experimental results in the main text; Sec. S7 of the Sup-
plemental Material [56] reports finite-element results that
complement these findings.

In the first incarnation of our designs, we three-
dimensionally (3D) print thick monolithic specimens
made of “soft” thermoplastic polyurethane 95 (TPU 95),
which represents the most conventional way to fabricate
these metamaterials [15,40,45,58]. Notably, each sam-
ple exhibits negligible out-of-plane deformations due to
its large thickness but also has elastic hinges that offer
some resistance to the relative rotations between panels.
In Fig. 3(f-1), we show the specimen with the largest
(0.003) theoretical energy barrier in its first stable state; in
Fig. 3(f-2), we show a snapshot of its in-plane deformation
process during a tension test, with the distortions mostly
concentrated in the hinge regions; and in Fig. 3(f-3), we
show the second stable state, which is qualitatively simi-
lar to the theoretical one, while featuring some localized
bending near the hinges. This case is clearly bistable—the
force-displacement curve dips below zero, resulting in two
clear energy minima. However, bistability is far from guar-
anteed, because hinge elasticity counteracts the geometric
energy barriers that support a second stable state. In fact,
the other two cases with the smaller theoretical energy bar-
riers of 0.001 and 0.0015 are not bistable, as indicated by
their force and energy curves.

Our second fabrication strategy eliminates the hinge
elasticity that opposes bistability, while keeping the actu-
ation essentially planar. To do this, we 3D print “skeletal”
and bimaterial panels and assemble them via actual pin
joints. The printed panels are composed of soft TPU bars
and stiff nylon hinge regions to ensure that the defor-
mations concentrate in the bars rather than in the neigh-
borhood of the pin joints. We also place the specimens
between clear acrylic plates during testing to prevent out-
of-plane deformation. In Fig. 3(g-1), we show the 0.003
design fabricated in this fashion in its first stable state; in
Fig. 3(g-2), we show an intermediate state during testing,
illustrating how the deformation within the panels man-
ifests as in-plane bending and buckling of the bars; and
in Fig. 3(g-3), we show the second stable state, which
now matches the theoretical one. The experimental force-
displacement curves for this specimen clearly indicate
bistability. Note that the presence of pin joints allows the

specimen to be stress free in its second stable state even
though the curve shows that the energy is nonzero in this
state. We attribute the tilted energy curve to friction and
material viscoelasticity, which dissipate energy during the
tests. While this second incarnation is a better candidate to
demonstrate bistability for a broad range of designs, fab-
rication has proved challenging and time consuming; for
this reason, we only report results for the 0.003 specimen.

The final incarnation also features pin joints but the pan-
els are now much thinner and laser cut out of polyethylene
terephthalate glycol (PETG). As shown in Figs. 3(h-1)—
3(h-3) for the 0.003 sample, these specimens transition
between stable states via out-of-plane bending of the pan-
els. The force and energy curves show that the patterns
behave as expected—all the theoretically bistable designs
are indeed bistable and the magnitudes of their energy bar-
riers trend with that of the theory. In particular, the energy
barrier for the 0.003 specimen is larger than the 0.0015
one, which is in turn larger than the 0.001 case. Here, sig-
nificant frictional losses due to the panels pushing against
each other and the rivets during out-of-plane deformation
cause the energy curves to display nonzero values at the
second equilibrium, even though these states are stress
free.

Overall, these case studies validate our purely geometric
design and optimization tools, as they showcase a vari-
ety of bistable metamaterials the shape change of which
matches the theory and the energy barriers of which match
the trends of the theory. We envision that the synergy
between optimization and prototyping can be improved
by introducing “nonuniversal” features into the objective
function [Eq. (5)] that depend on the choice of fabrication
strategy, although we do not pursue this further.

V. EXPLORING THE DESIGN AND
OPTIMIZATION SPACE

We now highlight the richness of the design space by
producing bistable kirigami patterns that exhibit a variety
of axial and shearing shape changes. All examples cor-
respond to reference lattice vectors £X = e; and €5 = e,
and achieve a second stable state given by one of two
parametrizations of the deformed lattice vectors:

D .
4 = haey;

shear: €0 =e; +ye,, €5 =€+ ye.

axial: l? = A€y,

(6)

In Figs. 4(a)-4(e), we show designs obtained by optimiz-
. . . targ
ing the energy barrier using ¢, = 1,¢; =0, and E, ~ =
0.003 for a variety of A, and y.

In Fig, 4(a) in particular, we showcase a suite of designs
corresponding to axial shape morphing with A; and A, var-
ied uniformly from 0.8 (contraction) to 1.3 (expansion) in
a design matrix. The coloring scheme reflects whether the

optimized design achieves the target 0.003 energy barrier.
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FIG. 4. Design explorations. (a) A matrix of designs optimized to attain axial shape transformation (from a square to another square
or rectangle) of varying degree, with a target energy barrier of 0.003. The designs are color coded according to the actual value of the
barrier achieved during optimization, as indicated in the legend below (b). Shaded designs in the lower diagonal are simply rotations of
the corresponding designs in the upper diagonal. (b) The suite of designs that undergo a shear-type shape transformation. Ay, A,, and y,
which control the magnitude of the shape change, are defined in Eq. (6). (c)—e) The first and second stable states of various patterns,
with their monomaterial physical realizations: (c) the pattern designed to undergo extreme shear-type morphing, with y = 0.8; (d)
extreme nonauxetic morphing; (e) extreme auxetic morphing. In all of the experimental images, scale bar 5 cm.

As the coloring indicates, the richness of the design space
depends significantly on the shape morphing. Nonauxetic
designs where one side contracts and the other expands
appear to be much more amenable to the large energy bar-
riers than auxetic ones. In fact, the most extreme auxetic
design—the purely dilation one in the lower-right corner
of the figure—is only a slight modification of the purely
mechanistic rotating-squares pattern, even though we opti-
mize for a high energy barrier. This observation suggests
that the rotating-squares pattern is perhaps the singular
template for extreme dilation in quad kirigami. Another
interesting point concerns symmetry and nonuniqueness.
As illustrated in the design matrix, every optimized design
in the upper-right quadrant, (A1, X;) = (x,y), is related to
one in the lower left, (A1, 1) = (y,x), by a 90° rotation.
These rotated designs are shaded in Fig. 4(a). In some
of the less extreme cases, however, more than one design
achieves the target energy and shape change. We illustrate
this point by highlighting a (A1, A;) = (0.9, 1.2) optimized

design that is distinct from the (11, 1) = (1.2,0.9) case
shown.

In Fig. 4(b), we also showcase a suite of designs, this
time for the shear case in Eq. (6), with y evolving uni-
formly from 0.2 to 0.95. Again the design space shrinks
as the shear becomes more extreme, making it harder for
the optimized design to achieve the target energy bar-
rier E;arg = 0.003. Note that the maximum shear in this
setting is ymax = 1, since this shape change takes an effec-
tively square reference domain to a line. Evolving the
shear monotonically to this maximum leads to panels that
degenerate to lines and slits to parallelograms. A curi-
ous yet persistent observation in Figs. 4(a) and 4(b) (and
in Sec. S2.F of the Supplemental Material [56]) is that
extremal shape change seems always to correspond to
designs with parallelogram slits, i.e., designs known to
always possess a single-degree-of-freedom (DOF) mech-
anism [53]. Whether this observation suggests a univer-
sal relationship between mechanism-based designs and
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show the first stable states of all such patterns.

bistable ones remains to be seen but it is nonetheless
compelling evidence of some sort of connection.

Returning to prototyping, In Figs. 4(c)}4(e), we high-
light the design and fabrication of three examples of
extreme shape change: a shear case, a nonauxetic case, and
an auxetic purely dilational case. In all cases, we employ
the third fabrication strategy discussed above, with pin
joints and laser-cut PETG panels, since specimens made in
this way are easy to produce and exhibit a “clean” perfor-
mance. As shown in the figure, each sample is bistable and
displays the predicted shape change. The supplementary
videos listed and described in Sec. S6 of the Supplemental
Material [56] provide further illustrations of the bistability
of these samples.

We end this section by showcasing designs tuned to
achieve multiple objectives at the same time. Going back
to the prototypical square-to-rectangular transformation
studied previously, in Fig. 5 we show designs that have
been optimized for both a target energy barrier and a target
stiffness in its first stable state. Specifically, we fix ¢, = 1,
c; = 0.002 and Etarg = 0.001 and vary the target stiffness
uniformly from ktarg = 0.15 to 0.50 to produce eight opti-
mized designs. As the plot indicates, we have control of
both the stiffness and the energy barrier over a wide range
of the parameter space (from k;arg = 0.1 t0 0.45). However,
once ktlarg is sufficiently large, the energy barrier can no
longer be held fixed. Instead it tilts up, reflecting a trade-off
between high stiffness and low energy.

VI. HETEROGENEOUS SHAPE CHANGE

We now go beyond periodic structures and show how
our design and optimization methods can be integrated
into a simple recipe to program bistable kirigami meta-
materials with target heterogeneous shapes. We explain

the approach through the square-to-bowtie transformation
shown in Figs. 6(a)-6(c), before illustrating its versatility
through the complex examples in Figs. 6(d) and 6(e).

In the transformation in Fig. 6(a), the quad cells of the
square mesh are mapped one to one to the cells of the
bowtie mesh through the lattice transformations Zf i,j) —
211)(1',]) and lf(i,j) > l?(i,j), indexed by (7,7 ) as shown.
While the bowtie mesh is not homogeneous, its lattice vec-
tors vary slowly from cell to cell to produce the overall
shape. We exploit these slow variations, and the key fact
that the lattice vectors are designer inputs for bistability
in Eq. (1), to obtain a kirigami pattern capable of trans-
forming from the square to the bowtie shape at very little
stress.

The general idea is as follows (for more details, see
Sec. S3 of the Supplemental Material [56]). After an ini-
tialization step to seed the design of a single kirigami cell,
we produce a global kirigami pattern through a march-
ing procedure that is fundamentally local. At each (i,j),
indicating corresponding quads in the two meshes, we pre-
scribe the lattice vectors for a bistable design in Eq. (1)
as £ = £(i,j ). Next, we choose the remaining DOFs in
this equation as a set of minimizers s; = 8;(i,j), 8, =

Jobj (81,82, ) = |(Sl, $,0) — (5], prev,(bprev

(7)
where (s, 85", ¢P") is from a previously computed
neighboring cell Finally, we choose s3 = s3(i,j),...,v=
v(i,j) to solve Eq. (1) for the above (i,j ) design variables.
This recipe furnishes a bistable kirigami cell that takes the
shape of the two (7,7) quads as its stable states. Iterating
on it produces two global patterns, one with the desired
overall square shape and another with the desired bowtie.
However, each has small gaps between neighboring unit
cells due to the spatial variations of the lattice vectors (see
Fig. S5 in the Supplemental Material [56]). A final aver-
aging step glues each pattern together and furnishes the
kirigami designs for the two shapes shown in Fig. 6(b).
The averaging part of the design procedure yields panels
in the bowtie that are distorted slightly from their counter-
parts in the square pattern, meaning that the transformation
is not stress free. To verify bistability, we supplement the
procedure with a truss-based model of the pattern under
load in Fig. 6(c), based on the bar-hinge model of Ref. [57].
The model assumes that the square pattern is the stress-
free reference configuration, that bars deform only axially,
and that their material is linear elastic (see Sec. S7.D
of the Supplemental Material [56]). The pattern is then
supported by rollers on its left boundary and loaded by
a uniform set of horizontal nodal forces F on its right
[Fig. 6(c-1)]. The overall horizontal displacement, denoted
d, increases smoothly under force control until the con-
figuration in Fig. 6(c-2), where it jumps from d/|€X| ~ 1
to d/ |£1f| ~ 1.6 on a further increase of load. Unloading
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FIG. 6. Heterogeneous designs for complex shape change. (a){(c) An example of a pattern designed to morph from a square to a
bowtie shape: (a) the mesh grids of the two desired stable states, which give information on the lattice vectors to be prescribed to each
unit cell; (b) the optimized pattern in its first and second stable states; (c) the numerical validation of bistability via a geometrically
nonlinear truss model, showing a force-displacement curve, with arrows indicating the direction of loading or unloading and three
snapshots of the deformation. Inset (c-1) indicates the boundary conditions for the simulation. (d) The beating-heart pattern, in its first
and second stable states. (¢) A structure designed to morph from a square to a disk, in its first and second stable states.

after the jump, the curve crosses the zero-force axis away
from the origin, providing a demonstration of bistability.
The bowtie shape of Fig. 6(c-3), showing small residual
strains, is the second equilibrium configuration.

The key point is not that we have identified a square-to-
bowtie bistable design; it is that the procedure is exceed-
ingly simple and general. It only relies on the fact that
we have a one-to-one “regular” quad mesh of the two sta-
ble states with lattice vectors that vary slowly from quad
to quad (regular means that the meshes can be mapped
bijectively to a connected subset of the Z? lattice). Such
meshes are easy to obtain for a wide variety of shapes,
so our procedure can be employed for a myriad of target

bistable patterns. In Figs. 6(d) and 6(e), we illustrate two
such examples, a “beating-heart” and a square-to-disk
transformation.

For the heart, we mesh the compact state (see Fig.
S7A in the Supplemental Material [56]) using the “Quasi-
Structured Quad” setting from the freely available software
GMSH [59] and dilate this mesh to obtain the enlarged
meshed state. The design procedure iterates through the
cells in these meshes to produce the kirigami pattern. We
have studied a variety of dilation factors A > 1. Increasing
this factor monotonically leads to a compact state where
the slits degenerate to lines (closed slits) and a dilated state
where the slits tend toward being fully open. At sufficiently
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large values of A, the panels begin to overlap in the com-
pact state, violating the inequality constraints in Eq. (2).
In Fig. 6(d), we show a A = 1.25 design obtained by our
methods. This level of dilation is actually quite impressive
given the heterogeneity of the cells and certain basic limi-
tations of quad kirigami. The rotating-squares pattern, for
instance, transforms from its fully closed to fully open state
by a uniform dilation of A,; = V2~ 1.41, which likely
sets the theoretical upper bound on dilation for these types
of patterns.

Our last demonstration of heterogeneous morphing in
Fig. 6(e) showcases a square-to-disk kirigami pattern.
The quad-mesh precursors are obtained by discretizing
the square domain uniformly on (—1,1)? using a 40 x
40 set of square cells and then deforming this mesh
smoothly to the unit disk by the elliptical-grid map-
ping (x,y) — (xy/1 —y2/2,y/1 —x2/2). This mapping
spreads the mesh distortions smoothly from the interior
to four singular points, corresponding to the deformed
corners of the square (see Fig. S7B in the Supplemen-
tal Material [56]). The design procedure accounts for this
spreading by producing cells in the square the slit area
of which increases dramatically from its center to its cor-
ners; the dichotomy is reversed in the disk state. As shown
in Fig. 6(e), the corners of the square essentially collapse
inward, closing their slits, to achieve the disk as the sec-
ond stable state. A key ingredient to the impressive display
of shape change in this example is the scalability of our
methods. Since the design procedure is completely local,
we can produce kirigami designs with target shapes that
involve thousands of unit cells in a matter of minutes on a
standard laptop.

VII. CONCLUSIONS

In summary, we have introduced a set of principles to
rationally design and optimize bistable planar kirigami
metamaterials, starting from a well-known nonbistable
template. Importantly, the optmization tools incorporate a
reduced-order elastic model, enabling on-demand design
guidance for bistable kirigami with a rich variety of shape-
morphing capabilities and energy landscapes—it provides
experimentalists access to new designs in a matter of min-
utes. Optimized bistable designs are exemplified through a
variety of fabrication strategies, with experimental results
that largely match the shape change of the theory and
the trends in the target elastic properties. Open ques-
tions remain. The fine details of fabrication introduce
features not present in the current design framework,
e.g., hinge elasticity, beam buckling, and panel bending.
One challenge is to adapt the framework to account for
these details, while ensuring that it still remains an effi-
cient design tool. Another avenue concerns generality. The
basic ingredients of our framework are geometric perturba-
tions of a unit cell and intercell compatibility constraints.

As these ingredients are found across metamaterial tem-
plates, design formulas that hard encode bistability, such
as Eq. (1), are perhaps ripe for discovery in a wide range
of metamaterials.
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