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Phonon-mediated third-harmonic generation in diamond
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We observe strongly anisotropic third-harmonic generation mediated by resonant sum-frequency driv-
ing of Raman-active phonons with terahertz light, extending light-induced dual control of structural and
optical properties in solids. Either strong enhancement or strong suppression of the third harmonic can be
achieved, covering six orders of magnitude, a result of interference between purely electronic and phonon-
mediated contributions to the polarization field. These findings enrich capabilities for tailoring nonlinear
optics via phononics and for the spectroscopy of crystalline structural dynamics.
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I. INTRODUCTION

The close connection between structure, symmetry, and
function is a principal driver of the search for new quantum
materials. Leveraging this connection, prospects for ultra-
fast control of quantum materials have emerged employ-
ing the direct excitation of the crystalline lattice with
light. Already, striking changes to functional properties
such as superconductivity, magnetism, and ferroelectricity
have been achieved through the strong coupling between
Raman-active phonons and infrared (IR)-active phonons
driven by resonant terahertz laser pulses within the anhar-
monic regime [1]. Alongside the manipulation of crystal
structure, new research has focused on imparting giant
changes to the optical properties of crystals through res-
onant IR-phonon excitation, mediated by the anharmonic
lattice potential or nonlinear ionic displacement polariz-
ability [2–5]. The resulting strong optical nonlinearities
could have considerable significance for photonics appli-
cations involving terahertz light.

However, when IR-active phonons are absent or Raman-
IR coupling is weak, alternative strategies for coherent
structural and optical property control are imperative. A
Raman-active phonon coherence can be driven by two
light fields with either a sum-frequency or difference-
frequency beat note resonant with the Raman frequency
�R. As standard laser frequencies are far higher than
phonon frequencies (usually < 50 THz), the difference-
frequency pathway, driven by visible or near-IR light
fields, is by far the most familiar case in Raman scat-
tering processes. Nonetheless, as strong tabletop terahertz
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light sources have advanced, a recent development in crys-
talline solids is to establish Raman coherence via a sum-
frequency beat note of the applied terahertz fields E(ωi),
a frequency range that avoids electronic heating, where
2ωi = �R, as Fig. 1(a) shows [6–8]. Using a femtosec-
ond terahertz laser, Maehrlein et al. [6] first demonstrated
sum-frequency establishment (SFE) of Raman coherence
for ultrafast structural modification of diamond. This path-
way was corroborated by Johnson et al. [7] in cadmium
tungstate via two-dimensional terahertz spectroscopy, and
by Sato et al. [8] in diamond using a free-electron laser.

In addition, Refs. [6–8] discussed two-photon absorp-
tion (TPA) of incident terahertz light [Fig. 1(b)] as an
inelastic optical scattering effect accompanying SFE of
Raman coherence. This stems from a third-order polariz-
ability at the incident frequency, causing nonlinear absorp-
tion of terahertz pump at a rate proportional to its intensity
[Appendix A, Eq. (A7)]. TPA in this context is analogous
to stimulated Raman scattering (SRS), which is an inelastic
optical scattering effect that accompanies a difference-
frequency excitation of a Raman-active phonon. In the case
of SRS, optical scattering is incompletely inelastic, with
energy transferred from high-frequency to low-frequency
photons. In the case of TPA, it is completely inelastic.
In both cases, the absorbed optical energy promotes an
increase in phonon excited-state population.

In this article, we investigate another strong optical
effect associated with SFE of Raman coherence, which
was not previously observed in solids: a third-harmonic
generation (THG) process enhanced by the intermediate
Raman coherence, which we refer to as phonon-mediated
(PM) THG [Fig. 1(c)]. We emphasize that the identified
effect is present in all solids with Raman-active phonons.
Just as TPA relates to SRS, PM THG may be regarded
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FIG. 1. (a) Sum-frequency pathway for Raman coherence
establishment, as described in [6]; (b) its associated inelastic two-
photon scattering process, TPA, and (c) elastic four-wave mixing
process, PM THG. Here |v0〉 and |v1〉 are ground and excited
states of a Raman-active phonon, and |e〉 is a virtual electronic
state.

as a low-frequency analog of coherent anti-Stokes Raman
scattering (CARS), with Raman coherence established by
a sum-frequency pathway rather than the conventional
difference-frequency pathway. When the applied fields are
degenerate, the “anti-Stokes” frequency, ωa = ωi + �R, is
equivalent to the third harmonic of the incident laser fre-
quency, 3ωi. Like CARS, PM THG is an elastic four-wave
mixing process where the Raman coherence increases the
optical scattering cross-section but all incident energy is
returned to the optical fields. Note that TPA and PM
THG, as different manifestations of SFE of Raman coher-
ence, are parallel processes that occur simultaneously. (See
Appendix A for further comparison and analysis of the four
optical scattering effects discussed previously.)

Leveraging the sufficiently narrow bandwidth and high
peak intensity of a home-built picosecond terahertz source,
we present the first experimental demonstration and theo-
retical analysis of PM THG in solid-state systems, show-
casing attributes distinct from those observed previously in
molecular systems [9–13]. Following Refs. [6,8], we study
diamond, an important photonic material [14–17] without
IR-active phonons. As PM THG in diamond is highly sen-
sitive to field polarization, the contributions of the purely
electronic and phonon-mediated pathways to THG near
resonance can be disentangled. This allows detection of
a remarkable THG enhancement by over 100-fold at reso-
nance that can be further extended to 3000-fold. Moreover,
a study of frequency dependence uncovers a new phe-
nomenon, the suppression of THG above resonance due
to out-of-phase purely electronic and phonon-mediated
contributions to the polarization field, allowing a six-
order-of-magnitude tuning range of the THG efficiency.
These observations thus illuminate new opportunities for

strongly linked structural and optical property modification
of crystals with light at low (terahertz/mid-IR) frequen-
cies. This has relevance both to photonics applications as a
strongly enhanced or suppressed solid-state optical wave-
mixing nonlinearity, and to condensed-phase physics as
a new method for detecting structural dynamics during
light-driven material phase control and for spectroscopy in
the terahertz regime. We reiterate that in both cases, the
relevance is not only to diamond, but to all solids with
Raman-active phonons.

II. EXPERIMENTAL SETUP

Our experiment employed an 80-µm-thick type-IIa
high-purity diamond crystal plate (nitrogen content <

1 ppm) with [001] orientation grown by microwave plasma
chemical vapor deposition (Applied Diamond, Inc.). We
focus on the sole Raman-active optical phonon of dia-
mond with F2g symmetry, as investigated in [6,8,18].
We determined the phonon resonant frequency (fR =
�R/2π = 39.952 ± 0.002 THz) and linewidth (�/2π =
0.056 ± 0.003 THz) using a confocal Raman microscope,
and found them to be consistent with previous reports
[6,18–20] (see Appendix B). To maximize coherent growth
of the third-harmonic field, the 80-µm sample thickness
was chosen to match the THG coherence length, Lcoh =
|πc/ [3ωi(n(ωi) − n(3ωi))] |, where c is the speed of light
and n is the refractive index.

PM THG requires an applied laser frequency fi at half
the phonon frequency, ∼ 20 THz. We used a home-built
tabletop tunable terahertz source with < 0.5 THz full width
at half maximum (FWHM) bandwidth, which is narrower
than the pulses used in [6,8]. This bandwidth ensures
that a large fraction of the laser power is directed toward
Raman-active phonon excitation, which is essential for
observing strong PM THG. This terahertz source com-
bines adiabatic difference frequency generation [21,22]
with programmable pulse shaping to generate terahertz
pulses with customizable bandwidth and central frequency
continuously tunable from 14 to 37 THz [23].

A 15-mm focal length ZnSe lens focused the terahertz
pump onto the diamond sample, resulting in a maximum
fluence of 13 mJ/cm2 (∼ 1-ps pulse duration and up to
1.5-μJ pulse energy at a 10-kHz repetition rate). Rotation
of the diamond plate allowed the electric field of the lin-
early polarized pump to align parallel to any angle θ in
the [100]-[010] crystal plane [Fig. 2(a)]. Emitted light was
collimated by a ZnSe lens and passed through two CaF2
windows to block the terahertz pump before passing into a
HgCdTe spectrometer. The terahertz generation stage and
the path of the terahertz beam until reaching the diamond
plate were purged by N2 gas to reduce absorption from
CO2 in air.

014066-2



PHONON-MEDIATED THIRD-HARMONIC... PHYS. REV. APPLIED 22, 014066 (2024)

(a)

(b) (d)(c)

FIG. 2. (a) Orientations of field polarizations, diamond crys-
tal axes, and F2g phonon of diamond. Orange arrows depict the
motion of carbon atoms (blue circles) in a phonon oscillation.
Measured spectral intensities of (b) terahertz pump and (c),(d)
THG signals (blue), compared with theoretical predictions from
the PM THG model (green) and electronic THG model (yel-
low), uniformly normalized across rows such that theoretical and
experimental maxima match in the second row.

III. RESULTS

A. Frequency and polarization dependence; THG
enhancement factor

We observed a sharp increase in emitted light at the third
harmonic of the incident frequency, 3fi, and its strong sen-
sitivity to the pump frequency and polarization angle in the
vicinity of the resonant condition (fi = fR/2 = 19.98 THz).
Figures 2(b)–2(d) shows the incident pump and emitted
third-harmonic spectra, obtained with the crystal plate ori-
ented to maximize the observed THG power. The pump
central frequencies were adjusted within a range close to
resonance of 19.6–20.4 THz. To corroborate the phonon-
mediated origin of the observed THG spectra, we com-
pare them with models based on solely phonon-mediated
or purely electronic pathways. For low-frequency fields
in diamond, the third-order electric polarization has two
components at lowest order,

P(3)(t) = χ(3)
e E(t)E(t)E(t) + �QR(t)E(t)

≡ P(3)
e (t) + P(3)

R (t). (1)

The first term P(3)
e (t) is the origin of nonresonant electronic

THG, where χ(3)
e is the approximately instantaneous third-

order electronic susceptibility arising from the anharmonic
electronic potential. The second term, P(3)

R (t), is the prod-
uct of the incident electric field E(t) and the Raman-active

phonon displacement QR(t), describing the origin of PM
THG. The phonon dynamics can be modeled as a classical
Lorentzian oscillator with equation of motion

M
(
Q̈R + 2�Q̇R + �2

RQR
) = �αβEαEβ , (2)

where M is the phonon effective mass. The phonon-to-
electric-field coupling originates from the dependence of
the linear electronic susceptibility χ(1)

e on QR, given by the
Raman polarizability tensor �. For pump field propagating
along the diamond [001] axis and polarized at an angle θ ,
such that �E(t) = E(t) [ cos θ sin θ 0 ] with θ = 0◦ correspond-
ing to the [100] direction, this second-rank tensor takes the
form [19], � = ∂χ(1)

e /∂QR
∣∣
QR=0 = �0

(
0 1 0
1 0 0
0 0 0

)
.

We solve Eqs. (1) and (2) in the frequency domain and
derive the Fourier transforms of P(3)

e (t) and P(3)
R (t) when

E(t) is polarized along the [110] axis (see Appendices D
and E for full analysis):

P̃(3)
e (ω) = [

χ(3)
e

(
Ẽ(ω) ∗ Ẽ(ω)

)] ∗ Ẽ(ω), (3)

P̃(3)
R (ω) = �0Q̃R(ω) ∗ Ẽ(ω)

=
[
χ

(3)
R (ω)

(
Ẽ(ω) ∗ Ẽ(ω)

)] ∗ Ẽ(ω). (4)

Here Ẽ(ω) and Q̃R(ω) are the Fourier transforms of E(t)
and Q(t), and ∗ denotes linear convolution. We defined a
Raman susceptibility in Eq. (4),

χ
(3)
R (ω)

�2
0

M
(
�2

R − ω2 − 2i�ω
) . (5)

To compare the measurements against theory, we incor-
porated the pump spectra [Fig. 2(b)] into our theoretical
model, and calculated signal spectra corresponding to the
PM THG [Fig. 2(c), green] and electronic THG [Fig. 2(d),
yellow] mechanisms acting independently. (We note a con-
sistent dip at 20.1 THz in pump spectra resulted from CO2
absorption along the spectrometer measurement path that
was impractical to purge with N2. To remove this arte-
fact, a Lorentzian absorption model was used to estimate
the true pump spectrum at the diamond crystal [Fig. 2(b),
shaded region].) While the PM THG model reproduces
both the experimental trend in signal intensity and spectral
shape, the electronic THG model predicts a signal intensity
lacking sensitivity to pump frequency and a broader signal
spectrum centered further from resonance than the mea-
surement. The differences between the theoretical predic-
tions can be understood through the form of the nonlinear
polarization (Eq. (3) versus Eq. (4)), whereby PM THG
contains an implicit convolution between the frequency-
dependent Raman coherence Q̃R(ω) and Ẽ(ω), but purely
electronic THG involves only a double autoconvolution
of Ẽ(ω).
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FIG. 3. (a) Polar plot of the THG power enhancement factor
(blue circles) versus pump polarization angle θ with pump cen-
tered at resonance, with best fit to 113 sin2(2θ) (red curve). (b)
THG signal spectra observed at θ = 45◦ (red) and 0◦ (dark blue
for actual intensity, light blue for intensity magnified by 100). (c)
Signal intensity dependence on pump energy at θ = 45◦ (log–log
scale), with a black line of slope 3 for reference. (d) THG signal
spectra observed at θ = 45◦ and 0◦ for pump frequencies below
(dotted lines) and above (solid lines) resonance, with correspond-
ing pump spectra shown in Fig. 8. All the signal spectra in (b),(d)
are normalized to the maximum signal intensity at θ = 0◦ in (b).

Next, by investigating the dependence of the THG
power (integrated power spectrum) on pump polarization
angle θ , we can both distinguish the relative contribu-
tions of the purely electronic and phonon-mediated path-
ways and reveal interference effects in the total third-order
polarization. Figure 3(a) summarizes THG power depen-
dence on pump polarization with the pump frequency fi
centered at the fR/2 resonance. The radial coordinate rep-
resents the ratio of third-harmonic signal power to the
average of its minima found at θ = 0◦, 90◦, 180◦, and
270◦. Strong maxima, exceeding 100, are observed at
θ = 45◦, 135◦, 225◦, and 315◦. Figure 3(b) compares the
signal spectra at θ = 45◦ and 0◦. Following the theoreti-
cal discussion above, the amplitude of Raman oscillation
QR ∝ sin(2θ). As the experimental data in Fig. 3(a) is
observed to fit closely to a sin2(2θ) function (red curve),
we can thus infer that the signal intensity is dominated
by the phonon-mediated contribution to the third-order
polarizability, |P(3)|2 ∝ |QR|2. The nonresonant electronic
contribution, in contrast, exhibits near-θ -independence, as
determined by the χ(3)

e tensor of diamond crystal [24] (see
Appendix C). Thus, the minimal signal observed at θ = 0◦

and 90◦ originates only from the purely electronic path-
way, allowing interpretation of the data in Fig. 3(a) as
a THG “enhancement factor” relative to the purely elec-
tronic effect. A best fit of 113 sin2(2θ) to these data indi-
cates that the phonon-mediated pathway enhances THG
intensity by at least a factor of 113.

Figure 3(c) shows the dependence of the third-harmonic
signal intensity on incident pump energy at θ = 45◦. On
a log–log scale, the data fit well to a line of slope 3, con-
firming a THG process as the signal origin and indicating
a largely undiminished terahertz pump and unsaturated
phonon oscillation amplitude. This allows interpretation
of the measured THG enhancement factor as |(P(3)

R +
P(3)

e )/P(3)
e |2, from which we deduce a susceptibility ratio

at resonance |χ(3)
R (�R)/χ(3)

e | � 58 (see Appendix D).

B. Interplay between electronic and phonon-mediated
responses: observation of THG suppression and

conditions for maximum enhancement

Figures 3(a) and 3(b) demonstrate the dominance of the
PM THG pathway with a resonant pump. However, detun-
ing the pump frequency reveals a more complex THG
phenomenon. As Fig. 3(d) shows, for a pump with cen-
tral frequency fi < fR/2, the THG intensity observed at
θ = 45◦ exceeds that at θ = 0◦ by only a factor of 10, a
magnitude smaller than the enhancement observed at reso-
nance. Remarkably, for pump central frequency fi > fR/2,
the THG intensity at θ = 45◦ is suppressed below that
at θ = 0◦. This indicates destructive interference between
the phonon-mediated and electronic pathways, resulting
in a total THG intensity lower than that from the purely
electronic contribution alone.

To further explore the possibility of strongly enhanced
or suppressed THG, we calculate the THG enhancement
factor, |(P(3)

R + P(3)
e )/P(3)

e |2, for different pump central fre-
quencies and bandwidths (FWHM), using Eqs. (3), (4) and
the obtained susceptibility ratio

(
|χ(3)

R (�R)/χ(3)
e | = 58

)
.

From the results shown in Fig. 4(a), we observe several
notable features. First, on resonance (fi = fR/2), a much
larger enhancement is possible than in our experiment.
Our experimental pump bandwidth (marked by the vertical
dashed line) was ∼ 7–8 times wider than the Raman mode
linewidth �, resulting in an enhancement factor > 100 on
resonance. However, for pump bandwidths narrower than
2.5� (corresponding to FWHM pulse durations > 3.2 ps,
potentially achievable leveraging chirped-pulse difference-
frequency generation (DFG) [25] or DFG quantum cascade
lasers [26]), the enhancement factor can surpass 103. This
demonstrates the remarkable potential of lattice vibrations
to modify the optical properties of crystals. In contrast,
for a broader pump bandwidth of 60� (corresponding to
130-fs FWHM pulse duration, as used in [6]), the predicted
enhancement factor falls to ∼5.
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FIG. 4. (a) THG enhancement factor as a function of pump
central frequency and bandwidth, spanning from > 103 to <

10−3. The yellow dotted contour line (enhancement factor = 1)
divides the figure into two regions: THG enhancement (below)
and suppression (above). (b) THG enhancement factor versus
pump central frequency for a continuous-wave (CW) pump
(blue) and a Gaussian-shaped pump with a bandwidth of 7.5�

(red), simulating our experimental conditions. Red and blue
shading indicates THG enhancement and suppression regions,
respectively. Black dashed lines mark pump central frequencies
corresponding to the signal ① and ② in Fig. 3(d).

Second, while the THG enhancement factor drops
rapidly as the pump central frequency deviates from res-
onance (fR/2) as expected, this decline is faster with
frequency detuning above fR/2 than below it, eventually
reaching a region with enhancement factor < 1. A yellow
dotted contour line, denoting a factor of 1, thus divides
Fig. 4(a) into two regions: THG enhancement (below)
and suppression (above). This trend is further illustrated
by Fig. 4(b), showing the frequency-dependent enhance-
ment factor for a continuous-wave (CW) pump and a pump
with a bandwidth of 7.5�, which simulates our experimen-
tal conditions. Suppression occurs when the pump central
frequency is detuned beyond 20.8 THz. The pump frequen-
cies corresponding to the signal shown in Fig. 3(d), marked
by lines ① and ②, lie within the regions of enhancement
(red shading) and suppression (blue shading), respectively.
For a pump bandwidth significantly narrower than the
Raman linewidth, the total THG intensity can be sup-
pressed to below 10−3 times that of the purely electronic
pathway at a pump frequency of ∼21.5 THz. This nearly
full cancelation of the nonlinear polarization fields con-
tributed by the phonon-mediated and electronic pathways
is explained by the opposite signs of χ(3)

e and the real
part of χ

(3)
R (ω) above resonance (see Appendix E). Similar

interference behavior has been observed between purely
electronic and CARS pathways for four-wave mixing
between visible frequency waves in diamond [20]. Our first
demonstration of this phenomenon in THG thus illustrates
the correspondence between optical scattering physics in
the terahertz domain via SFE of Raman coherence and

those via traditional difference-frequency excitation with
high-frequency light.

IV. CONCLUSION AND OUTLOOK

In summary, we have demonstrated strong anisotropic
THG in diamond mediated by resonant sum-frequency
driving of Raman-active phonons with terahertz light. The
observed pump frequency and polarization dependence of
the signal confirm the dominant role of PM THG over
purely electronic THG at half the Raman resonance. This
polarization dependence, unique to condensed systems,
allows the phonon-mediated and purely electronic contri-
butions to be resolved. At resonance, we observed over
100-fold enhancement in THG efficiency, and predict over
3000-fold enhancement for narrower-bandwidth pumping.
This corresponds to a nonlinear susceptibility of PM THG
surpassing that of purely electronic THG by over 58 times
at resonance. Moreover, we have discovered THG suppres-
sion above resonance, a result of destructive interference
between phonon-mediated and purely electronic contribu-
tions to the polarization field. These findings highlight the
intimate tie between the nonlinear optical response and
the structural response in solids, with timely relevance to
several fields of research.

From a photonics perspective, PM THG adds new capa-
bilities to materials platforms through the large enhance-
ment and control of optical coefficients enabled by Raman-
active phonons. The strong dependence of the THG effi-
ciency on pump polarization direction and frequency
(> 6 orders of magnitude) suggests new applications in
areas such as IR nonlinear optical switching and orien-
tation diagnostics. The phonon-mediated pathway may
also allow higher-order (e.g., fifth, seventh, or ninth) har-
monic generation processes to become efficient, potentially
bridging the incident field near 20 THz to the telecommu-
nications range. Requiring only a Raman-active phonon,
PM THG is of potential use to any condensed-phase pho-
tonics platform. As a degenerate low-frequency analog
of CARS, PM THG can also be used for spectroscopic
applications amenable to terahertz and mid-IR light, with
the unprecedented simplicity of requiring only a single
incident frequency compared with stimulated Raman spec-
troscopies, while sharing CARS’ advantage of producing
a signal at a frequency distinct from the incident light,
thus easing detection. Beyond PM THG, nondegenerate
instances of phonon-mediated four-wave mixing could
be employed. For example, applying two terahertz fre-
quencies with a sum-frequency beat note slightly detuned
from �R might induce significant cross-phase modulation,
markedly affecting the refractive indices of the incident
fields.

Of significance to the light-driven structural control of
quantum materials, our report clarifies that PM THG and
TPA are parallel optical polarization effects, elastic and
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inelastic, respectively, that both accompany terahertz sum-
frequency driving of Raman-active phonons in crystals.
Our findings demonstrate the potential of Raman-active
phonons to induce marked changes in the optical prop-
erties of solids, complementing recent investigations on
the changes tied to IR-active phonon nonlinearities [2–5].
Moreover, the duality of structural and optical responses in
materials allows PM THG to serve as a convenient marker
of concurrent structural changes during light-driven phase
transitions. In future work, in analogy to time-domain anti-
Stokes Raman scattering [8], the temporal evolution of the
coherent phonon amplitude might be resolved by apply-
ing a pump and time-delayed probe at the same frequency
of fR/2 with a small angular separation, and detecting
the resulting noncollinear PM THG signal. This technique
eliminates the requirement for carrier-envelope-phase sta-
ble terahertz pump pulses. Thus, beyond its value as a
strong nonlinear optical response, PM THG offers a pow-
erful laser-lab-scale diagnostic for the growing field of
light-driven structural control in condensed matter physics.

The supporting data for this article are openly available
from Ref. [27].
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APPENDIX A: DERIVATION OF PM THG, TPA,
CARS, AND SRS

When the pump field �E is polarized along θ = 45◦ (the
[110] axis of crystal), the phonon-mediated third-order
polarization, �PR, as defined in Eq. (1) of the main text,
is parallel to �E (refer to Appendix C for detailed analy-
sis of polarization direction dependence). Therefore, in this
section, we write �E and �P(3)

R in scalar form to simplify the
analysis,

P(3)
R (t) = �0QR(t)E(t). (A1)

We assume that E(t) is monochromatic light in the
terahertz range with frequency ωi = �R/2, E(t) =
E(ωi)e−iωit + c.c. The Raman-active phonon QR is driven
by two force terms with the sum-beat and difference-beat
frequencies of the pump field, respectively:

M
(
Q̈R + 2�Q̇R + �2

RQR
) = �0E(t)E(t)

= �0
(
E2(ωi)e−i2ωit + |E(ωi)|2 + c.c.

)
. (A2)

The first term, with a frequency of 2ωi = �R, resonantly
drives the Raman-active phonons. The second term rep-
resents a unidirectional force driving at zero frequency,
which can be disregarded here due to its contribution being
overshadowed by the resonant term. Therefore, the steady-
state solution of Eq. (A2) is QR(t) = QR(2ωi)e−i2ωit + c.c.,
where

QR(2ωi) = �0

M
[
�2

R − (2ωi)2 − 2i�(2ωi)
]E2(ωi). (A3)

By substituting QR into Eq. (A1), we obtain two frequency
components of P(3)

R (t), one at 3ωi and the other at the pump
frequency, ωi:

P(3)
R (t) = P(3)

R (3ωi; ωi, ωi, ωi)e−i3ωit

+ P(3)
R (ωi; ωi, ωi, −ωi)e−iωit + c.c., (A4)

where

P(3)
R (3ωi; ωi, ωi, ωi) = �0QR(2ωi)E(ωi)

= χ
(3)
R (2ωi 	 �R)E(ωi)E(ωi)E(ωi)

(A5)

represents the origin of PM THG, with the Raman suscep-
tibility given by

χ
(3)
R (2ωi 	 �R) = �2

0

M
[
�2

R − (2ωi)2 − 2i�(2ωi)
] . (A6)

The other polarization term at the incident frequency is

P(3)
R (ωi; ωi, ωi, −ωi) = �0QR(2ωi)E∗(ωi)

= χ
(3)
R (2ωi 	 �R) |E(ωi)|2 E(ωi),

(A7)

which leads to a TPA process because χ
(3)
R (2ωi 	 �R) is

a pure positive imaginary at the Raman resonance (see
Fig. 9). Therefore, the pump field E(t) experiences a non-
linear absorption at a rate proportional to its intensity
|E(ωi)|2.

The above model can also be applied to analyze SRS
and CARS, both of which require two high-frequency laser
beams usually in the visible or near-IR range, a pump beam
E(ωp)e−iωit + c.c. and a Stokes beam E(ωs)e−iωst + c.c.
with ωs = ωp − �R. The Raman-active phonon is reso-
nantly driven by the difference-beat frequency, such that
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QR(t) = QR(ωp − ωs)e−i(ωp −ωs)t + c.c., where

QR(ωp − ωs)

= �0

M
[
�2

R − (ωp −ωs)2 − 2i�(ωp − ωs)
]E(ωp)E∗(ωs).

(A8)

Substituting QR(t) into Eq. (A1), we derive one third-order
polarization term at the anti-Stokes frequency ωa = ωp +
�R, and another at the Stokes frequency ωs:

P(3)
R (ωa; ωp , −ωs, ωp)

= �0QR(ωp − ωs)E(ωp)

= χ
(3)
R (ωp − ωs 	 �R)E2(ωp)E∗(ωs), (A9)

which describes the origin of CARS, with

χ
(3)
R (ωp − ωs) = �2

0

M
[
�2

R − (ωp − ωs)2 − 2i�(ωp − ωs)
] .

(A10)

Compared with Eq. (A5), both CARS and PM THG
involve driving Raman-active phonon coherence as an
intermediate step, albeit through different routes: the for-
mer via a difference-frequency pathway and the latter via
a sum-frequency pathway. As Fig. 5 shows, CARS and

PM THG are both elastic four-wave mixing (FWM) pro-
cesses, where the Raman coherence increases the optical
scattering cross-section but all incident energy is returned
to the optical fields. Therefore, we regard PM THG as a
low-frequency, single-laser-excitation variant of CARS.

The nonlinear polarization term at the Stokes
frequency is

P(3)
R (ωs; −ωp , ωs, ωp)

= �0QR(−ωp + ωs)E(ωp)

= χ
(3)
R (−ωp + ωs 	 −�R)

∣∣E(ωp)
∣∣2 E(ωs), (A11)

which represents the origin of SRS. The corresponding
Raman susceptibility, χ(3)

R (−ωp + ωs 	 −�R), is negative
imaginary, suggesting an exponential growth of the Stokes
field at a rate proportional to the pump intensity

∣∣E(ωp)
∣∣2

[28]. Similar to TPA [Eq. (A7)], optical field energy is
absorbed to drive lattice vibrations, and thus not conserved
in SRS. Therefore, as illustrated in Figs. 5(a) and 5(c), SRS
and TPA are inelastic optical processes that accompany
Raman coherence establishment via difference-frequency
and sum-frequency pathway, respectively. Phase matching
is automatically fulfilled in these two processes.

The relationships and features of the four processes (PM
THG, TPA, CARS, and SRS) are summarized in Fig. 5 and
Table I.
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E(���i) E(���s)
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FIG. 5. Comparison of Raman coherence establishment and associated optical effects via sum-frequency and difference-frequency
pathways. Top row: Sum-frequency driving of Raman coherence using a single terahertz incident field at ωi = �R/2, leading to (a)
an elastic optical scattering effect, PM THG, and (b) an inelastic optical scattering effect, TPA. Bottom row: Conventional difference-
frequency driving of Raman coherence using two high-frequency light fields at ω1 and ω2 = ω1 − �R, resulting in (c) an elastic
optical scattering effect, CARS, and (d) an inelastic optical scattering effect, SRS. Here |v0〉 and |v1〉 are ground and excited states of a
Raman-active phonon and |e〉 and |e′〉 are virtual electronic excited states.
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TABLE I. Summary of characteristics of PM THG, TPA, CARS, and SRS.

Effect Input beam Frequency range

Sum/Difference-
frequency
pathway

Elastic/
inelastic Third-order polarization term

PM THG ωi Terahertz (≈ �R/2) Sum Elastic P(3)
R (3ωi) = χ

(3)
R (2ωi 	 �R)E3(ωi)

TPA ωi Terahertz (≈ �R/2) Sum Inelastic P(3)
R (ωi) = χ

(3)
R (2ωi 	 �R) |E(ωi)|2 E(ωi)

CARS ωp , ωs Visible/near-IR (� �R) Difference Elastic P(3)
R (ωa) = χ

(3)
R (ωp − ωs 	 �R)E2(ωp)E∗(ωs)

SRS ωp , ωs Visible/near-IR (� �R) Difference Inelastic P(3)
R (ωs) = χ

(3)
R (−ωp + ωs 	 −�R)

∣∣E(ωp)
∣∣2 E(ωs)

APPENDIX B: RAMAN MICROSCOPY
MEASUREMENTS

Figure 6 shows the spectral intensity of the sponta-
neous Raman signal generated from the diamond sample.
This signal was acquired through transmission measure-
ments using a WITec Alpha300R confocal Raman micro-
scope equipped with a CW laser operating at a 532 nm
wavelength.

From Ref. [28], the evolution of the Raman signal
amplitude As(ωs, z) propagating along the z-axis (the [001]
axis of crystal) is

dAs (ωs, z)
dz

= −α (ωs) As (ωs, z) (B1)

within the slowly varying amplitude approximation. Here,
z is the propagation distance, and ωs represents the Raman
signal frequency. We define α (ωs) as an absorption coeffi-
cient [28],

α (ωs) = −i
ωs

2ε0n (ωs) c
χ

(3)
R

(−ωp + ωs
) |Ap |2, (B2)

where ε0 is the vacuum permittivity, n (ωs) is the lin-
ear refractive index, and c is the speed of light. Here Ap

FIG. 6. Measured intensity spectrum of the Raman signal after
a log transformation (black) and the fitted curve (orange).

represents the electric field amplitude of the pump at fre-
quency ωp , which is treated as a constant with no depletion
here due to the low efficiency of the spontaneous Raman
scattering, and χ

(3)
R is the Raman susceptibility given by

Eq. (A10).
The solution of Eq. (B1) is

As (ωs, z) = As (ωs, 0) e−α(ωs)z, (B3)

and, thus, the intensity of the Raman signal is

Is (ωs, z) = 2ε0n(ωs)c |As (ωs, z)|2 = Is0e−2 Re(α(ωs))z.
(B4)

Since there is only one incident beam at ωp , the input
Raman signal Is (ωs, z) at z = 0 arises solely from quan-
tum noise, and thus can be treated as a constant Is0 over
a narrow frequency band near the Stokes frequency, ωp −
�R.

After a log transformation, Eq. (B4) becomes

log
(

Is (ωs, z)
Is0

)
= −2 Re(α (ωs))z

= β Re

(
iωs

�2
R − (

ωp − ωs
)2 + 2i�

(
ωp − ωs

)

)

, (B5)

where �R represents the Raman resonant frequency, and
� is the phonon linewidth [half width at half maximum
(HWHM)].

We take the baseline of the measured spectral inten-
sities of the Raman signal (the intensity at frequencies
several � away from the Stokes frequency) as the value
of Is0. β

(≡ (�2
0z/ε0n(ωs)cM )|Ap |2

)
is a constant to be fit-

ted, where the dispersion of the refractive index n(ωs) is
neglected.

The black curve in Fig. 6 represents the measured
spectral intensities of the Raman signal, Is (ωs, z), after
applying the log transformation described previously, and
is plotted against the frequency shift (ωp − ωs). A least-
squares fitting of the parameters β, �R, and � in Eq. (B5)
yields the orange curve, which closely matches the experi-
mental data.

Table II compares our fitted values of fR(= �R/(2π))

and γ (= �/(2π)) with those reported in the literature for
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TABLE II. Resonant frequency (fR) and the HWHM linewidth (γ ) for the F2g phonon of diamond, as reported in prior literature and
as observed in our experiments. Here � represents the parameters obtained in the frequency domain and ◦ represents the parameters
obtained in the time domain, wherein γ is calculated as the phonon decay rate (in units of ps−1) from [6,18,29], divided by 2π .

Parameter [6]◦ [19]� [18]� [18]◦ [20]� [29]◦ Our results

Resonant frequency fR (THz) 39.95 ± 0.01 39.95 ± 0.015 39.91 39.84 ± 0.03 39.93 \ 39.952 ± 0.002
Linewidth γ (THz) 0.045 0.0495 ± 0.0006 0.023 0.023 ± 0.006 0.031 0.055 ± 0.006 0.056 ± 0.003

the F2g Raman-active phonon in diamond [6,18–20,29].
Our fR is consistent with previously reported values, while
our γ falls on the higher side of a range of reported
values that vary by a factor of ∼2.4. This variation is
expected as the linewidth depends on the crystal quality
and preparation.

APPENDIX C: THEORETICAL ANALYSIS OF
PUMP POLARIZATION DEPENDENCE OF THG

INTENSITY

This section analyzes the pump polarization dependence
of the PM THG signal and the pure electronic THG signal
by considering the vectorial nature of the pump field �E and
third-order polarization field �P(3).

Assuming the terahertz pump field, �E(t) =
�E(ω0)e−iω0t + c.c. with ω0 = �R/2, is polarized along the
θ direction within the x–y plane of the crystal, such that

�E(ω0) = E0
[
cos θ sin θ 0

]
, (C1)

where x, y, and z correspond to the [100], [010], and [001]
crystalline axes, respectively, and E0 represents the electric
field amplitude.

From Eq. (1) in the main text, the phonon-mediated con-
tribution to the third-order polarization �P(3) at frequency of
3ω0 is

P(3)
R,i (3ω0) =

∑

j

�ij QREj (ω0). (C2)

From Eq. (2) and the tensor form of Raman polarizabil-
ity � provided in the main text, the coherent phonon
amplitude is

QR = 1
M

[
�2

R − (2ω0)2 − 2i�(2ω0)
]
∑

ij

�ij Ei(ω0)Ej (ω0)

= �0

M
[
�2

R − (2ω0)2 − 2i�(2ω0)
]E2

0 sin (2θ) , (C3)

which has sin(2θ) dependence for the pump polarization
angle, consistent with the analysis in Ref. [18].

Inserting Eqs. (C1) and (C3) into Eq. (C2), we obtain

−→
P(3)

R (3ω0) = χ
(3)
R (2ω0)E3

0 sin (2θ)
[
sin θ cos θ 0

]
.

(C4)

Therefore, the intensity of PM THG

IR(3ω0) ∝
∣∣∣∣
−→
P(3)

R (3ω0)

∣∣∣∣

2

=
∣∣∣χ(3)

R (2ω0)

∣∣∣
2 |E0|6 sin2 (2θ) ,

(C5)

which manifests as a sin2(2θ) dependency on the pump
polarization angle, as the green curve in Fig. 7 shows.
Such angle dependence is consistent with the conventional
Raman signal generated from the same F2g phonon in a
diamond crystal using a visible pump [30], affirming the
link between optical scattering physics in the terahertz
domain through sum-frequency driving of Raman coher-
ence and those through traditional difference-frequency
coherence excitation with high-frequency light.

However, the pure electronic THG has a significantly
different θ dependence. From Eq. (1) in the main text,
the nonresonant electronic contribution to the third-order
polarization �P(3) at frequency of 3ω0 is

P(3)
e,i (3ω0) =

∑

jkl

χ
(3)

e,ijklEj (ω0)Ek(ω0)El(ω0). (C6)

y

x

FIG. 7. PM THG (green) and the nonresonant electronic THG
(blue) intensities as a function of the pump polarization angle θ ,
both normalized to their intensity at θ = 45◦.
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The diamond crystal, belonging to space group No. 227
(Fd3̄m), has two independent components of χ

(3)

e,ijkl dictated
by Kleinman’s symmetry relation [31]: χ

(3)

e,1111, and χ
(3)

e,1221

(= χ
(3)

e,1212 = χ
(3)

e,1122), where the indices 1 and 2 denote two
different Cartesian axes. For example, χ(3)

e,xxxx = χ(3)
e,yyyy =

χ
(3)

e,1111 and χ(3)
e,xxyy = χ(3)

e,xyxy = χ(3)
e,xyyx = χ

(3)

e,1221. Therefore,

P(3)
e,x (3ω0) = χ(3)

e,xxxxE3
x (ω0) +

(
χ(3)

e,xyyx + χ(3)
e,xyxy + χ(3)

e,xxyy

)
E2

y (ω0)Ex(ω0) =
[
χ

(3)

e,1111 cos3(θ) + 3χ
(3)

e,1221 sin2(θ) cos(θ)
]

E3
0 ,

(C7)

P(3)
e,y (3ω0) = χ(3)

e,yyyyE3
y (ω0) +

(
χ(3)

e,yxxy + χ(3)
e,yxyx + χ(3)

e,yyxx

)
E2

x (ω0)Ey(ω0) =
[
χ

(3)

e,1111 sin3(θ) + 3χ
(3)

e,1221 cos2(θ) sin(θ)
]

E3
0 .

(C8)

By substituting the susceptibility values from Ref. [24],
χ

(3)

e,1111 = 4.60 (10−14 esu) and χ
(3)

e,1221 = 1.72 (10−14 esu),
into Eqs. (C7) and (C8), we calculate the signal intensity of

the nonresonant electronic THG, Ie(3ω0) ∝
∣∣∣∣
−→
P(3)

e (3ω0)

∣∣∣∣

2

,

as a function of the polarization angle θ . As the blue curve
in Fig. 7 shows, the nonresonant electronic THG is notably
less sensitive to the pump polarization angle, with an only
1.12-fold difference between its maximum and minimum
intensity.

APPENDIX D: PM THG AND ELECTRONIC THG:
DERIVATION FOR PICOSECOND PULSE

EXCITATION AND SUSCEPTIBILITY RATIO
CALCULATION

To simplify the analysis, we assumed the terahertz pump
field E(t) to be monochromatic light in Appendices A
and C. While this approach sufficiently illustrates the reso-
nant behavior of PM THG and its dependency on pump
polarization angle, it cannot be applied to simulate the
THG spectral intensity under excitation of an picosecond
laser pump possessing a broad bandwidth. Furthermore,
the susceptibility ratio

∣∣
∣χ(3)

R (�R)/χ(3)
e

∣
∣∣ cannot be simply

determined by the ratio between the square root of the THG
signal intensity measured at θ = 45◦ and that at θ = 0◦.
Its calculation requires a more careful analysis involving
the autoconvolution of the Fourier transform of the pulsed
laser field E(t),

E(t) =
∫

Ẽ(ω) exp(−iωt) dω, (D1)

where Ẽ(ω) is the Fourier transform of E(t), and |Ẽ(ω)|2
represents the intensity spectrum of the pump pulse. Again,
we consider the pump field �E polarized along θ = 45◦ in
this section, and write �E and the third-order polarization
�P(3) in scalar form to simplify the analysis.

From Eq. (1), the Fourier transform of the pure elec-
tronic third-order polarization term P(3)

e (t) and the phonon-
mediated polarization term P(3)

R (t) is

P̃(3)
e (ω) = [

χ(3)
e

(
Ẽ(ω) ∗ Ẽ(ω)

)] ∗ Ẽ(ω), (D2)

P̃(3)
R (ω) = �0Q̃R(ω) ∗ Ẽ(ω). (D3)

In Eq. (D2), the nonresonant third-order electronic sus-
ceptibility χ(3)

e (ω) is regarded as a constant χ(3)
e with

no dispersion in the terahertz region, because the pho-
ton energy is far below the bandgap of diamond (5.5 eV)
[20,32].

From Eq. (2), the transform of QR(t) is

M
[
(−iω)2 Q̃R − 2i�ωQ̃R + �2

RQ̃R

]
= �0Ẽ ∗ Ẽ, (D4)

where ∗ represents linear convolution. The analytical solu-
tion of Eq. (D4) is

Q̃R(ω) = �0

M (�2
R − ω2 − 2i�ω)

(
Ẽ(ω) ∗ Ẽ(ω)

)
. (D5)

By substituting Q̃R(ω) into Eq. (D3), we obtain

P̃(3)
R (ω) =

[
�2

0

M
(
�2

R − ω2 − 2i�ω
)

(
Ẽ ∗ Ẽ

)
]

∗ Ẽ

≡
[
χ

(3)
R (ω)

(
Ẽ(ω) ∗ Ẽ(ω)

)] ∗ Ẽ(ω), (D6)

where the Raman susceptibility χ
(3)
R (ω) is given by

χ
(3)
R (ω) = �2

0

M
(
�2

R − ω2 − 2i�ω
)

= χ(3)
e η

(
2��R

�2
R − ω2 − 2i�ω

)
, (D7)
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with an introduced constant η, defined as

η = �2
0

M (2��R) χ
(3)
e

. (D8)

By integrating the measured pump spectra shown in
Fig. 2(b), alongside the phonon parameters determined
in Appendix B, into Eqs. (D2) and (D6), we derive the
respective signal spectra for each of the PM THG mecha-

nism (
∣∣∣P̃(3)

R (ω)

∣∣∣
2
) and the pure electronic-THG mechanism

(
∣∣P̃(3)

e (ω)
∣∣2

), as shown in Figs. 2(c) and 2(d), respectively.
The constant η is introduced in Eq. (D7) since it directly

defines the ratio between |χ(3)
R (ω)| at the phonon reso-

nance and |χ(3)
e |. By equating the THG enhancement factor

of 113 measured at resonance to |(P(3)
R + P(3)

e )/P(3)
e |2, we

can deduce the value of the constant η and thus the
susceptibility ratio:

η =
∣∣∣∣∣
χ

(3)
R (ω = �R)

χ
(3)
e

∣∣∣∣∣
≥ 58. (D9)

Due to experimental uncertainty in polarization purity,
there may be some phonon-mediated contribution to the
measured THG signal at θ = 0◦, potentially leading to an
underestimation of the actual enhancement factor. There-
fore, we incorporate this uncertainty by utilizing the
inequality notation in this expression.

The susceptibility ratio we obtained is approximately
three times the value of 21(±3) reported in Ref. [20]. This
discrepancy can be attributed to different definitions of
nonlinear susceptibility for different nonlinear optical pro-
cesses. Our study investigates a THG process with a purely
electronic susceptibility given by χ(3)

e (3ω0; ω0, ω0, ω0) =
χ

(3)

e,1111 + 3χ
(3)

e,1221 for a pump field along the [110] direc-
tion (see Appendix C). However, Ref. [20] examines
a FWM process with a purely electronic susceptibility
χ(3)

e (2ω1 + ω2; ω1, ω1, −ω2) = 3(χ
(3)

e,1111 + 3χ
(3)

e,1221) when
two incident light fields at ω1 and ω2 are both along the
[110] direction. The electronic susceptibility in the FWM
process is three times that of the THG process, resulting
in a lower susceptibility ratio between χ

(3)
R and χ(3)

e , as
reported in Ref. [20]. In addition, our experiment employs
a laser in the terahertz range, while the pump source
in Ref. [20] operates in the visible range with photon
energy closer to the bandgap. Variations in the third-order
electronic susceptibility across different frequency ranges
[33] may also contribute to the observed difference in
susceptibility ratios.

APPENDIX E: THG SUPPRESSION

Figure 8 presents the pump spectra corresponding to the
signal spectra shown in Fig. 3(d), ① below and ② above
resonance, respectively.

fR
2

FIG. 8. Pump spectra corresponding to the signal displayed in
Fig. 3(d), ① below and ② above half-phonon resonance (fR/2,
red dashed line), respectively.

Figure 9 shows the normalized real and imaginary parts
of the Raman susceptibility χ

(3)
R (ω/2π) [Eq. (D7)], where

ω/2π corresponds to twice the pump central frequency fi.
The normalization is relative to the frequency-independent
electronic susceptibility χ(3)

e . When the pump is at half
of the phonon resonance (fi = fR/2), the corresponding
Raman susceptibility χ

(3)
R (ω/2π = fR) is purely imagi-

nary. As fi deviates from fR/2, Im[χ(3)
R ] rapidly diminishes

to zero, while Re[χ(3)
R ] becomes dominant in the gener-

ation of the PM THG signal. For instance, the central
frequency of pump ① in Fig. 8 corresponds to a Raman
susceptibility χ

(3)
R (ω) whose real part is much higher

than its imaginary part, marked by a yellow dashed line
① in Fig. 9. As χ(3)

e is real and shares the same sign
as Re[χ(3)

R (ω)], the electronic and phonon-mediated con-
tributions to the third-order polarization field combine
constructively, leading to an enhancement of the total
THG efficiency, as observed in Fig. 3(d), albeit with a
significantly smaller enhancement factor than at resonance.

Conversely, when the pump frequency is tuned above
fR/2, Re[χ(3)

R (ω)] flips its sign, leading to destructive inter-
ference between the polarization fields of PM THG and
electronic THG. Therefore, for pump ② in Fig. 8, whose
doubled central frequency is indicated by yellow dashed
line ② in Fig. 9, the total THG efficiency is suppressed
below that of the purely electronic THG, as experimen-
tally demonstrated in Fig. 3(d). Notably, the THG signal
cannot be completely eliminated even with a perfect can-
celation between χ(3)

e and Re[χ(3)
R (ω)], as a result of the

minor contribution from Im[χ(3)
R ]. This explains why the

minimum enhancement factor, illustrated in Fig. 4(b), is
not strictly zero but rather on the order of 10−4.
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fR

FIG. 9. Third-order susceptibility as a function of frequency ω.
Blue curves show the real (solid) and imaginary (dotted) com-
ponents of the Raman susceptibility χ

(3)
R , both normalized to

the frequency-independent third-order electronic susceptibility
χ(3)

e (red line). Yellow dashed lines marked by ① and ② indi-
cate twice the central frequencies of pump ① and ② in Fig. 8
respectively.

We note that Ref. [13] detected an asymmetric THG
response in HCl vapor, attributed to interference between
THG from the sample and the background THG from
gas vessel windows. Our findings suggest this may
instead be due to the intrinsic interference effect we have
observed, which could not be disentangled by adjusting
the pump polarization direction in the randomly oriented
gas.
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