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Quantum gyroscopes based on double-mode surface-acoustic-wave cavities
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Recent progress shows that a surface-acoustic-wave (SAW) cavity can not only induce quantum acous-
tic dynamics, but can also form optomechanical-like systems. Its operating frequencies in the microwave
band make it resistant to the thermal noise of surrounding environments, while its radiation-pressure cou-
plings make it susceptible to weak forces. Based on these advantages, we propose a gyroscope comprising
coupled microwave-SAW cavities. In this paper we systematically consider the range, signal-to-noise
ratio, and sensitivity, which are the three most important indices to gyroscopes, but only partially consid-
ered in existing works. Additionally, we establish the fundamental limits of sensitivity when the quantum
input is in the vacuum state and the squeezed vacuum state. We find that squeezing improves sensitivity
and can surpass the standard quantum limit. However, this improvement can only reach up to

√
2/2 even

as the squeezed parameter approaches infinity, which is rarely noted in recent works. Finally, we also
offer analytical constraints for cooperativity and squeezed parameters. These constraints can be utilized to
design gyroscopes based on coupled cavities in experiments.
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I. INTRODUCTION

Gyroscopes have made significant contributions to
humankind as sensors for measuring angular velocity since
they were first proposed by Foucault in 1852. However,
measuring an extremely weak angular velocity, especially
one much smaller than the Earth’s rotation, poses great
challenges for classical gyroscopes such as rigid rotator
gyroscopes [1,2], mircoelectromagnetic gyroscopes [3,4],
and Sagnac laser gyroscopes [5]. These classical gyro-
scopes struggle to meet the sensitivity and scalability
requirements of modern gyroscopes. This directs scien-
tists’ attention to quantum gyroscopes, such as atom inter-
ferometer gyroscopes [6–19], nuclear magnetic resonance
gyroscopes [20–23], and optomechanical gyroscopes
[24–28], as quantum devices are more susceptible to inter-
acted perturbations [29–34].

Among the above quantum gyroscopes, the optome-
chanical gyroscope stands out for not requiring the con-
struction of magneto-optical trapping [7,9,11–16] or a
vapor chamber [20–23] to trap ions or atoms. This feature
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makes it highly suitable for on-chip integration compared
to the other types of gyroscopes. Furthermore, optome-
chanical systems benefit from their susceptibility to weak
forces because of their unique radiation-pressure coupling,
which enables them to be almost ideal devices for design-
ing quantum gyroscopes based on centrifugal forces [24]
or Coriolis forces [25,26,35]. However, the susceptibility
to weak forces and the low frequency of the mechanical
mode (typically in the kilohertz to megahertz range [36])
also make optomechanical systems susceptible to thermal
Langevin forces, which restrict further improvements in
sensitivity. For instance, a recent study shows that the sen-
sitivity decreases by approximately 6 orders of magnitude
when the temperature increases from 0 to 300 K [25].
Fortunately, emerging surface-acoustic-wave (SAW) cav-
ities offer a potential solution to overcome this problem.
The SAW cavity is a novel type of mechanical oscilla-
tor that operates in the microwave band and demonstrates
exceptional quantum coherence [37–51]. In addition, SAW
cavities can also be utilized for creating optomechani-
clike systems with radiation-pressure couplings [46,47].
These advantages make SAW cavities not only retain
the susceptibility to weak forces, but also immune to
thermal Langevin forces, unlike the mechanical mode of
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existing optomechanical systems. Therefore, they are
superior devices for designing gyroscopes.

In addition to the devices, three crucial indices need
to be taken into account when designing gyroscopes: (i)
the range, which determines the interval within which the
angular velocity can be detected; (ii) the signal-to-noise
ratio (SNR), which determines whether the output signal
can be readout; and (iii) the sensitivity, which determines
the minimum detectable change of the angular velocity.
These three indices are actually interrelated rather than
independent of each other because they are constrained by
the same parameters within a given system. Also, these
indices are related to the noise of the system and are limited
by the standard quantum limit [36,52], i.e., the minimum
quantum noise allowed by the Heisenberg uncertainty rela-
tion. However, in recent proposals [18,19,24,26–28], the
authors either only consider a portion of the above indices
or fail to take into account the limitation imposed by
the standard quantum limit. For instance, in recent atom
interferometer gyroscopes [18,19], the authors only con-
sider the influence of quantum input noise, but neglect
other coherent quantum noise sources such as thermal
Langevin noises. As a result, the best sensitivity obtained
only applies to ideal cases that are not constrained by
standard quantum limits. In recent optomechanical gyro-
scopes [24,27], the authors only consider the readable
condition SNR ≥ 1, but this condition actually determines
the range of the angular velocity rather than sensitivity.
In Ref. [28], the authors fail to consider the readable con-
dition SNR ≥ 1, although they skillfully employ coherent
quantum noise cancelation to break the limitation on out-
put noise imposed by the standard quantum limit. In Ref.
[26], the authors use normal-mode splitting to measure
angular velocity. However, this method only provides the
range of the angular velocity. Therefore, recent proposals
for quantum gyroscopes are incomplete.

To the above ends, we propose a quantum gyroscope
utilizing SAW cavities and systematically take all three
essential indices into account to overcome the problems
mentioned above. Also, we discuss the fundamental limits
of sensitivity in detail when the input is the vacuum state
and squeezed vacuum state. As a result, the sensitivity is
limited by the standard quantum limit when the input is
in the vacuum state, and this limit can be surpassed after
squeezing. More importantly, squeezing also has a limit
to the improvement in sensitivity, and this limit is

√
2/2.

However, this crucial result is rarely noted in recent works
[18,19,24–28]. Furthermore, we provide analytical con-
straints on the cooperativity and the squeezed parameter,
which would be beneficial for experiments.

The remainder of this paper is organized as follows. In
Sec. II, we provide the model of the gyroscope and the
equations of motion according to the quantum Langevin
equation. We then analyze its range, SNR, sensitivity, and
standard quantum limit under resonant driving in Sec. III.
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FIG. 1. Schematic of the quantum gyroscope. The system con-
sists of two coupled cavities, where the SAW cavity acts as a
mechanical oscillator having the x and y modes, as shown in the
red box. These two modes couple to each other via the rotation
of the platform with an unknown angular velocity �, forming
a basic gyroscope scheme in the x-y plane. In addition, the x
mode also couples to a readout cavity (microwave band) that
is connected to a waveguide. This allows the unknown angular
velocity � to be readout through the output αout using homodyne
detection.

In Sec. IV, we provide the corresponding numerical sim-
ulations. Also, we focus on two issues that may be of
concern in Sec. V: the calibration of the output signal and
the affects induced by nonresonant driving. Finally, we
conclude this work in Sec. VI.

II. QUANTUM GYROSCOPE AND ITS LANGEVIN
EQUATIONS

The quantum gyroscope being studied is based on previ-
ous optomechanical gyroscopes [24,25,27,28]. It consists
of two coupled cavities fixed on a platform that rotate with
an unknown angular velocity �, as shown in Fig. 1. The
SAW cavity acts as a double-mode mechanical oscillator
with an effective mass m and two operating frequencies ωx
and ωy , as depicted in the red box in Fig. 1. Hereafter, the
subscripts x and y are used to label corresponding quanti-
ties in the x and y directions, respectively. Also, a readout
cavity operating in the microwave band connected to a
waveguide is used for homodyne detection. Our aim is to
readout the angular velocity � of the platform through the
output αout in the waveguide.

The Hamiltonian of our system in terms of bosonic
creation and annihilation operators reads

H = Ha + Hm + HI (1)

with

Ha = �ωaa†a − i�
√

κ(a†αine−iωdt − H.c.), (2a)

Hm = �ωx
(
b†

xbx + 1
2

) + �ωy
(
b†

yby + 1
2

)

+ i��

2
[η1(b†

xby − bxb†
y) + η2(b†

xb†
y − bxby)] (2b)

HI = −i�g1(bxa† − b†
xa) + i�g2(bxa − b†

xa†). (2c)

014061-2



QUANTUM GYROSCOPES. . . PHYS. REV. APPLIED 22, 014061 (2024)

Here Ha represents the Hamiltonian of the readout cav-
ity driven by the input αin = α + ain, where Nin = |α|2
represents the input photon number and ain refers to the
corresponding quantum input [52]. If the quantum input
ain is in a vacuum state, the driving αin actually rep-
resents a coherent state input [53]. Operator Hm repre-
sents the Hamiltonian of the double-mode SAW cavity
with the coefficients η1 = √

ωx/ωy + √
ωy/ωx and η2 =√

ωx/ωy − √
ωy/ωx (see the Appendix for more details).

The two initially isolated modes become coupled to each
other when the platform is rotating, forming a basic gyro-
scope scheme in the x-y plane. Without loss of general-
ity, Hamiltonian Hm considered here is a complete form
including centrifugal forces that are neglected in previous
work [27] (see the Appendix for further details). Hamilto-
nian HI denotes the interaction between the readout cavity
and the x mode of the SAW cavity. The first term cor-
responds to a beam-splitter coupling, while the second
term represents a down-conversion coupling [54]. When
the coupling strength g1 = g2, the interaction Hamilto-
nian HI reduces to a linearized optomechanical coupling
i�g(a − a†)(bx + b†

x) [36,52]. For brevity, we consider
ωx = ωy = ωb and g1 = g2 = g in the following.

In a rotating frame with respect to the driving frequency
ωd, the quantum Langevin equations of the system read

ȧ =
(

i� − κ

2

)
a − g(bx + b†

x) − √
καin, (3a)

ḃx =
(

−iωb − γx

2

)
bx + g(a − a†) + �by − √

γxfx,

(3b)

ḃy =
(

−iωb − γy

2

)
by − �bx − √

γy fy , (3c)

where the detuning between the readout cavity and the
driving is � = ωd − ωa, and γx(y) is the decay rate of
the x(y) mode due to the thermal noise fx(y). The thermal
noises satisfy the correlations [47]

〈 fx(y)(t)〉 = 0,

〈 f †
x(y)(t)fx(y)(t′)〉 = nthδ(t − t′),

〈 fx(y)(t)f
†

x(y)(t
′)〉 = (nth + 1)δ(t − t′),

where nth = [exp(�ωb/kBT) − 1]−1 is the equilibrium
mean thermal phonon number of the SAW cavity. In the
state-of-the-art SAW-superconducting-circuit experiments
[46,47], the temperature of the surrounding environment
can reach the milikelvin regime inside a dilution refrig-
erator, and the frequency of the SAW cavity ωb can be
enhanced to gigahertz. Therefore, one can let nth = 0. Fur-
thermore, the corresponding input-output relation is given

by

αout(t) = αin(t) + √
κa(t). (4)

The equations of motion (3a)–(3c) can be easily solved
using Fourier transformations O(ω) = ∫

dt O(t)eiωt and
O†(ω) = ∫

dt O†(t)eiωt = [O(−ω)]†. With the dimension-
less position operator X = bx + b†

x , the solution of Eqs.
(3a)–(3c) reads

a(ω) = χa(ω)[
√

καin(ω) + gX (ω)], (5)

X (ω) = P1(ω)αin(ω) + P∗
1(−ω)α

†
in(ω)

+ P2(ω)fx(ω) + P∗
2(−ω)f †

x (ω)

+ P3(ω)fy(ω) + P∗
3(−ω)f †

y (ω) (6)

with

P1(ω) = −κ
√

γxCo

2
χa(ω)[χx(ω) − χ∗

x (−ω)]

1 + i�̃(ω)[χx(ω) − χ∗
x (−ω)]

,

P2(ω) =
√

γxχx(ω)

1 + i�̃(ω)[χx(ω) − χ∗
x (−ω)]

,

P3(ω) = −
√

γy�χx(ω)χy(ω)

1 + i�̃(ω)[χx(ω) − χ∗
x (−ω)]

,

where the susceptibility functions of cavities are given by

χa(ω) = 1
iω + i� − κ/2

,

χx(ω) = iω − iωb − γy/2
(iω − iωb − γx/2)(iω − iωb − γy/2) + �2 ,

χy(ω) = 1
iω − iωb − γy/2

,

the modified detuning induced by the nonresonant driving
is

�̃(ω) = 2g2�χa(ω)χ∗
a (−ω),

and the cooperativity [36,52] is defined as

Co = 4g2

κγx
.

From the above equations, one can see that the bx mode
couples to its conjugate mode b†

x with a strength �̃(ω)

when the detuning � is not zero. This would slightly
modify the result at � = 0, as discussed later.

III. HOMODYNE DETECTION AND
PERFORMANCE OF THE GYROSCOPE

As a quantum gyroscope, we aim to readout the
unknown angular velocity � and analyze the fundamen-
tal limits of performance indices permitted by quantum
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mechanics. However, the angular velocity � is directly
encompassed in the quadrature X , and it is then trans-
ferred to the output αout through coupling with the readout
cavity. Therefore, we measure quadrature X by observing
the photon current I = αout + α

†
out. Actually, the quantum

limit of the aforementioned homodyne detection occurs at
the zero-detuned driving [52]. Within the existing optome-
chanical experiments, the frequency of the SAW cavity
can be much lower than the damping of the readout cav-
ity. For instance, κ ∼ KHz–MHz, ωb ∼ 10−6Hz–KHz, and
γx,y ∼ 10−6 Hz–KHz in traditional optomechanics (see
Table 2 of Ref. [36]); κ ∼ 3.5 GHz, ωb ∼ 1.05 GHz, and
γx,y ∼ 10.5 KHz in SAW-based optomechanics [47]. This
allows the state of the readout cavity to adiabatically track
the motion of the x mode [52], and thus gives us a good
approximation for the susceptibility function

χa = χ∗
a ≡ −κ/2. (7)

In the following, this approximation runs until Sec. IV.
We also discuss nonzero detuned cases in Sec. V as a
comparison.

As we mentioned, there are three important indices
for a gyroscope: the range, which determines the range
within which the angular velocity � can be readout; the
SNR, which determines whether the output signal can be
read; and the sensitivity or accuracy, which determines
the minimum detectable change of the angular velocity
��, similar to the ticks of a ruler. Therefore, the gyro-
scope is more sensitive when �� is smaller. In this work,
we use ��2 as the sensitivity because the angular veloc-
ity always appears squared in all quantities. All of these
indices are closely related to the power spectral density
of the noise. Thereby, we first introduce the noise power
spectral density and then discuss these indices in detail.

A. Noise power spectral density and standard
quantum limit

We now provide a general form of the noise power
spectral density for an observable quantity O:

NO(ω) =
∫

dt eiωt[〈O(t)O(0)〉 − 〈O(t)〉〈O(0)〉]

= 1
2π

∫
dω′ [〈O(ω)O(ω′)〉 − 〈O(ω)〉〈O(ω′)〉].

(8)

The first term on the right-hand side represents the sum
of the quantum average and the statistical average, while
the second term represents the statistical average alone.
The physics behind Eq. (8) is explained by the Wiener-
Khinchin theorem: the autocorrelation function of an
observable quantity is connected to its power spectral den-
sity through a Fourier transformation [36]. The area under

the spectral density equals the fluctuation of the quantity:

1
2π

∫
dω NO(ω) = 〈O2(0)〉 − 〈O(0)〉2. (9)

Note that our definition (8) differs slightly from those
in Refs. [36,52], since our input αin contains a classical
amplitude α besides the quantum input ain. We refer the
reader to Refs. [36,52] for more detail about the noise
spectral density. In this work, we also consider the sym-
metric noise power spectral density N̄O(ω) = [NO(ω) +
NO(−ω)]/2.

1. Quantum input ain in the vacuum state

Before we proceed, we now introduce the correlations
of the quantum input ain(ω):

〈0|ain(ω)|0〉 = 〈0|a†
in(ω)|0〉 = 0, (10a)

〈0|a†
in(ω)ain(ω

′)|0〉 = 0, (10b)

〈0|ain(ω)a†
in(ω

′)|0〉 = 2πδ(ω + ω′). (10c)

According to definition (8), we can obtain the noise power
spectral density

NX (ω) = N zpf
X (ω) + N ba

X (ω) + N�
X (ω) (11)

of quadrature X using the above correlations, where the
first term N zpf

X (ω) = γx|χx(ω)|2 is the zero-point noise
caused by the thermal noise fx at zero kelvin, the second
term N ba

X (ω) = γxCo|χx(ω) − χ∗
x (−ω)|2 represents the

back-action noise caused by the quantum fluctuation input
ain, and the third term N�

X (ω) = �2γy |χx(ω)|2|χy(ω)|2
denotes the angular noise induced by the thermal noise
fy . Furthermore, the total noise power spectral density of
quadrature X also includes imprecision noise resulting
from the measurement [52], which is associated with the
photon current

I(ω) = αout(ω) + α
†
out(ω)

= −2
√

γxCoX (ω) − [αin(ω) + α
†
in(ω)]. (12)

We see that the photon current amplifies mode x with a
coefficient G = 2

√
γxCo. Therefore, the noise power spec-

tral density of the photon current should also include an
amplification for NX (ω), i.e.,

NI (ω) = 1 + 4γxCoNX (ω) + 2γxCo[χx(ω) + χ∗
x (ω)

− χx(−ω) − χ∗
x (−ω)], (13)

where the constant term is the shot noise resulting from the
autocorrelation of the quantum input ain in Eq. (12), the
second term represents the amplified NX (ω), and the third
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term denotes the noise resulting from the cross-correlation
between quadrature X and the quantum fluctuation input
ain. Note that the third term in Eq. (13) cancels out in the
symmetric form, i.e.,

N̄I (ω) = 1 + 4γxCoN̄X (ω). (14)

Therefore, the total noise power spectral density (symmet-
ric) referred back to quadrature X reads

N̄ tot
X (ω) = N̄ zpf

X (ω) + N̄ add
X (ω) + N̄�

X (ω) (15)

with the additional noise

N̄ add
X (ω) = N̄ ba

X (ω) + N̄ im
X , (16)

where N̄ im
X = 1/G2 is the imprecision noise mentioned

before.
What we emphasized in Eq. (15) is that the total noise

power spectral density is limited by the standard quantum
limit N̄ add

X (ω) ≥ N̄ zpf
X (ω). In short, the standard quantum

limit describes the minimum additional noise allowed by
the Heisenberg uncertainty relation [36,52]. In addition,
although both the angular noise N̄�

X (ω) and the back-action
noise N̄ ba

X (ω) result from the coupling between the x mode
and other modes, the back-action noise N̄ ba

X (ω) is absorbed
into the additional noise N̄ add

X (ω), but not the angular noise
N̄�

X (ω). The reason is that the angular noise N̄�
X (ω) is

zero when � = 0, but the back-action noise N̄ ba
X (ω) is not.

Therefore, the angular noise N̄�
X (ω) does not impose any

limitations on the minimum total noise N̄ tot
X (ω).

Since the minimum total noise spectral density N̄ tot
X (ω)

is obtained at ω = ωb, we focus on this frequency and
discuss the standard quantum limit in detail. Here, we con-
sider the thermal decay rate γx(y) to be much less than the
mechanical frequency ωb, i.e., a low-damped mechanical
oscillator, so that the noise power spectral densities can be
approximated as

N̄ zpf
X (ωb) ≈ γx

2

γ 2
y /4

(γxγy/4 + �2)2 , (17a)

N̄ add
X (ωb) ≈ γxCo

γ 2
y /4

(γxγy/4 + �2)2 + 1
G2 , (17b)

N̄�
X (ωb) ≈ 2�2

γy

γ 2
y /4

(γxγy/4 + �2)2 . (17c)

One can easily check that

N̄ add
X (ωb) ≥ γy/2

γxγy/4 + �2 ,

and the equality holds if and only if Co = (γxγy/4 +
�2)/(γxγy). In doing so, we have

N̄ add
X (ωb) − N̄ zpf

X (ωb) = 1
2

γy

γxγy/4 + �2

×
(

1 − 1
1 + 4�2/γxγy

)

≥ 1
4

γy

γxγy/4 + �2 , � �= 0,

and thus in this case we find that the system fails to reach
the standard quantum limit when the platform is rotating.

Also, one can see that N̄�
X (ωb) ≤ N̄ zpf

X (ωb) when �2 ≤
γxγy/4. This implies that the angular noise N̄�

X (ωb) can
be disregarded if the angular velocity � is sufficiently
small. In other words, the additional noise N̄ add

X (ωb) always
dominates the total noise N̄ tot

X (ωb). This corresponds to
a very practical scenario: if the rotation of the platform
is much less than that of the Earth (about 10−5 rad/s ≈
10−6 Hz), the total noise N̄ tot

X (ω) is almost independent
of the angular velocity � for mechanical oscillators with
quality factors Q ≈ 103–105 and operating frequencies in
the kilohertz to megahertz range [36]. Therefore, it would
be impossible to readout the angular velocity from the
noise spectral density, as was done in Ref. [27]. In addition,
in Ref. [27] the authors also ignore the constraints of the
standard quantum limit on the total noise power spectral
density N̄ tot

X (ω). Therefore, the assumption they consid-
ered, N̄ add

X (ωb)  N̄ zpf
X (ωb), would not hold in experiments

when the quantum input is in a vacuum state.

2. Quantum input ain in the squeezed vacuum state

In this case, we consider ain in a single-mode squeezed
vacuum state

|ξ〉 = S(ξ)|0〉 = e−[ξa†
in(ω)a†

in(ω)−ξ∗ain(ω)ain(ω)]/2|0〉 (18)

with an arbitrary complex number ξ = reiφ , r > 0. Corre-
spondingly, the correlations of the quantum input ain are
calculated as

〈ξ |ain(ω)|ξ〉 = 〈ξ |a†
in(ω)|ξ〉 = 0, (19a)

〈ξ |ain(ω)a†
in(ω

′)|ξ〉 = 2πδ(ω + ω′) cosh2 r, (19b)

〈ξ |a†
in(ω)ain(ω

′)|ξ〉 = 2πδ(ω + ω′) sinh2 r. (19c)

In doing so, the symmetric noise spectral density of the
photon current reads

N̄I (ω) = e−2r + 4γxCoN̄X (ω) (20)

with

N̄X (ω) = N̄ zpf
X (ω) + e−2rN̄ ba

X (ω) + N̄�
X (ω), (21)

014061-5



YUTING ZHU et al. PHYS. REV. APPLIED 22, 014061 (2024)

where we have assumed that φ = π in the derivation
to obtain an attenuated shot noise, i.e., the first term in
Eq. (20). Accordingly, the total noise spectral density for
the mechanical x mode becomes

N̄ tot
X (ω) = N̄ zpf

X (ω) + N̄ add,s
X (ω) + N̄�

X (ω) (22)

with the squeezed additional noise

N̄ add,s
X (ω) = e−2rN̄ ba

X (ω) + N̄ im
X . (23)

Compared to Eq. (16), we see that the squeezed vacuum
input causes the back-action noise N̄ ba

X (ω) to decrease
exponentially, but it does not affect the imprecision noise
N̄ im

X . This provides an opportunity to achieve or surpass the
standard quantum limit. For a clear comparison, we also
specialize to the frequency ω = ωb, as in Sec. III A 1, and
then we have

N̄ add,s
X (ωb) ≥ e−r γy/2

γxγy/4 + �2 ,

where the equality holds if and only if Co = er(γxγy/4 +
�2)/(γxγy). At this time, we further obtain

N̄ add,s
X (ωb) − N̄ zpf

X (ωb) ≥ 1
2

γy

γxγy/4 + �2

×
(

e−r − 1
2

)
, � �= 0,

so that the system can reach and even surpass the stan-
dard quantum limit [36,52] when the condition r ≥ ln 2 is
satisfied.

Re-examining the noise spectral density from the per-
spective of the output, i.e., the noise spectral density
N̄I (ωb), we can easily find that the zero-point noise
N̄ zpf

X (ωb) dominates the noise spectral density N̄I (ωb) when
the conditions r → ∞ and �2 ≤ γxγy/4 are satisfied. If
we consider the shot noise as the floor of the noise spec-
tral density of the photon current under the vacuum input
[cf. Eq. (14)], this floor approaches zero with squeezing.
As a result, the noise spectral density N̄I (ωb) depends only
on the zero-point noise N̄ zpf

X (ωb). In other words, the noise

resulting from the quantum input ain can be eliminated by
squeezing, so that the system is only influenced by the
zero-point noise N̄ zpf

X (ωb). However, the shot noise always
plays roles if the quantum input ain is not squeezed [cf.
Eq. (14)], which is the major difference of noise power
spectral densities between the two cases.

B. Signal-to-noise ratio, range, and sensitivity

After introducing the noise spectral density in the previ-
ous section, we now analyze the range, SNR, and sensitiv-
ity of the gyroscope. Using correlations (10) and (19), we
define the signal spectrum as

S(ω) = |〈I(ω)〉 − 〈I(−ω)〉|2
= |2γxCo[χx(ω) + χ∗

x (ω)

− χx(−ω) − χ∗
x (−ω)](α − α∗)|2

= 16Ninγ
2
x C2

o|χx(ω) + χ∗
x (ω)

− χx(−ω) − χ∗
x (−ω)|2, (24)

where we set ϕ = arg α = π/2 for brevity. As the sta-
tistical average of the photon current, the output signal
depends only on the susceptibility function of the system
and is proportional to the input photon number. At the
frequency ω = ωb, it can be approximated as

S(ωb) ≈ 16NinC2
o

γ 2
x γ 2

y

(γxγy/4 + �2)2 , (25)

where we also assume that (�, γx(y))  ωb, as we did
when deriving Eqs. (17a)–(17c). Once the gyroscope is
designed, one can use this equation to readout the angular
velocity � from the measured signal.

With the signal spectrum S(ω) and the noise spectral
density N̄I (ω), one can easily write the SNR as

SNR(ω) = S(ω)

N̄I (ω)
. (26)

When the quantum input ain is in the vacuum state or
the squeezed vacuum state, the SNR per photon can be
approximated as

SNRv(ωb)

Nin
≈ 16C2

oγ
2
x γ 2

y /(γxγy/4 + �2)2

1 + Co[Co + 2(γxγy/4 + �2)/γxγy] γ 2
x γ 2

y /(γxγy/4 + �2)2 (27)

or

SNRs(ωb)

Nin
≈ 16e2rC2

oγ
2
x γ 2

y /(γxγy/4 + �2)2

1 + Co[Co + 2(e2rγxγy/4 + �2)/γxγy] γ 2
x γ 2

y /(γxγy/4 + �2)2 , (28)
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where the subscripts v and s label the vacuum and the
squeezed vacuum, respectively. It should be pointed out
that the output signal can only be readout when the SNR
per photon is greater than 1. The advantage of this is that
the readability of the output signal does not depend on the
pump power of the input field, but only relates to the sys-
tem parameters. In doing so, it provides an upper bound
for the angular velocity and a lower bound for the cooper-
ativity. When the quantum input ain is in the vacuum state,
these bounds read

0 ≤ �2
v ≤

(
3Co − 1

4

)
γxγy (29)

and

Co ≥ 1
12 . (30)

When the quantum input ain is in the squeezed vacuum
state, they become

0 ≤ �2
s ≤ (√

e4r + 16e2r − 1Co − e2rCo − 1
4

)
γxγy (31)

and

Co ≥ 1
4

1√
e4r + 16e2r − 1 − e2r

. (32)

One can easily check that conditions (31) and (32) reduce
to conditions (29) and (30) when the squeezed parameter
r = 0.

Upon completing the discussions on the range and the
SNR, we now focus on the sensitivity [18,19,55], which is
given by

��2(ω) =
√

N̄I (ω)

|∂�2 [〈I(ω)〉 − 〈I(−ω)〉]|2 . (33)

Once again, we emphasize that sensitivity refers to the
minimum detectable variation of the angular velocity.
Therefore, the gyroscope is more sensitive when ��2

is smaller. Mathematically, this definition states that the
product (��2)2 × |∂�2 [〈I(ω)〉 − 〈I(−ω)〉]|2 is equal to
the noise of the photon current N̄I (ω). Note that the noise
also represents the fluctuation [cf. Eq. (9)], so that Eq. (33)
physically means that the fluctuation N̄I (ω) as the mini-
mum change of the output photon current functions as the
reference for observing variations of angular velocity.

When the quantum input ain is in the vacuum state,
Eq. (33) can be approximated as follows at the frequency
ω = ωb:

��2
v(ωb) ≈ γxγy/4 + �2

4
√

Nin

(
1 + γxγy/4 + �2

Coγxγy

)
. (34)

Note that the sensitivity is proportional to the thermal
decay rates, and thus it tends to zero as the thermal decay
rates tend to zero. In other words, the system can distin-
guish the infinitesimal changes of angular velocity in this
extreme case. Physically, this extreme case means that the
output photon current is extremely sensitive to the change
of the angular velocity when the system is only affected by
the shot noise.

It is not hard to show that the sensitivity has a funda-
mental limit

��2
v(ωb) ≥ γxγy/4 + �2

2
√

Nin
, (35)

where the equality holds if and only if Co = (γxγy/4 +
�2)/(γxγy). Notably, the condition Co → ∞ indicates that
the coupling coefficient g tends to infinity, which is impos-
sible in realistic scenarios. This limitation reduces to the
lowest bound of the sensitivity permitted by the standard
quantum limit when � = 0.

When the quantum input ain is in the squeezed vacuum state, we have

��2
s (ωb) ≈ e−r γxγy/4 + �2

4
√

NinCoγxγy

√(
γxγy

4
+ �2 + e2rCoγxγy

)2

+ (1 − e4r)C2
oγ

2
x γ 2

y . (36)

Also, it gives the limitation

��2
s (ωb) ≥

√
2(1 + e−2r)

(γxγy/4 + �2)3/2

4
√

NinCoγxγy
, (37)

where the equality holds if and only if Co = (γxγy/4 +
�2)/(γxγy). The most significant point is that the

sensitivity can be improved by squeezing, but the improve-
ment is limited:

��2
s (ωb)

��2
v(ωb)

=
√

e−2r + 2(1 − e−2r)Coγxγy(γxγy/4 + �2)

(γxγy/4 + �2 + Coγxγy)2

≤
√

2
2

√
1 + e−2r. (38)
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The inequality in the second line shows that squeezing is
not a very effective method for improving sensitivity, as
sensitivity can only be enhanced up to

√
2/2 even when

the squeezed parameter r approaches infinity.

IV. NUMERICAL RESULTS AND FURTHER
DISCUSSION

So far, we have obtained constraints of the cooperativity
and upper bounds of the angular velocity at the frequency
ω = ωb. Based on these constraints, we now simulate the
SNR and sensitivity for further discussion. To this end,
we first need to determine the range of the angular veloc-
ity according to Eqs. (29) and (31). However, the range
receives little attention as one of the most important param-
eters of gyroscopes in recent works [18,19,24–28,35].

Before discussing the range, we also need to limit the
squeezed parameter r. At present, the highest accessible
degree of squeezing is 15 dB (15 = 10 log10(e

2r), cor-
responds to r ≈ 1.73) in experiments [56], such that the
condition Co ≥ 1

12 is also valid for Eq. (32) when r ∈
[0, 1.73].

The numerical simulation of the upper bound of the
angular velocity �2 as a function of the squeezed param-
eter r is shown in Fig. 2. Here, the subscript ub is an
abbreviation for the upper bound of inequalities (29) and
(31). The solid and dashed lines represent the cases of
quantum fluctuation input ain in the squeezed vacuum state
and the vacuum state, respectively. Moreover, cooperativ-
ity Co is limited in the vicinity of the impedance matching
condition Co = 1, which is widely utilized in experiments
[55]. Also, we use the gridline with r = 1.73 to mark the
highest achievable squeezed degree in experiments. The
differences between the solid and dashed lines demonstrate
that squeezing can enhance the upper bound of the angular
velocity �2 by up to 2 times within the accessible range
of the squeezed parameter r. Moreover, the upper bound
of the angular velocity �2 increases monotonically with
increasing cooperativity Co, whether the quantum input
ain is in the vacuum state or the squeezed vacuum state.
Note that cooperativity Co represents the coupling strength
between the quantity to be measured and the readout cav-
ity, and thus maintaining a higher coupling strength in
experiments can result in a larger range for the gyroscope.

Based on the upper bounds of the angular velocity �2

mentioned above, we simulate the SNR under different
cooperativities Co, as depicted in Fig. 3. We plot the case
of the quantum fluctuation input ain in the vacuum state
in Fig. 3(a), and the case of ain in the squeezed vacuum
state in Figs. 3(b) and 3(c). Also, we use gridlines to
mark the upper bounds of the angular velocity, and we use
black dashed lines to label the critical readable condition
SNR(ωb) = 1. From Figs. 3(a) and 3(b), one can see that
the SNR per photon SNR(ωb)/Nin monotonously increases
with increasing cooperativity Co, where we fixed the

FIG. 2. Numerical simulations of the range �2 under different
cooperativities Co. The solid (dashed) lines represent the quan-
tum input ain in the squeezed vacuum (vacuum) state, and the
gridline is used to mark the accessible highest squeezed param-
eter r = 1.73 in experiments [56]. The differences between the
solid and dashed lines demonstrate that squeezing is an effective
way for expanding the upper bounds of the angular velocity �2.
Also, the degree of the extent of this expansion increases as the
squeezed parameter r increases.

squeezed parameter r = 1.73 in Fig. 3(b). Therefore, main-
taining a higher cooperativity Co can not only yield a wider
range, but also improve readability. This result extends the
findings presented in Fig. 2. One can also see that the SNR
per photon monotonically decreases as the angular veloc-
ity increases. This result shows that readability improves
when the angular velocity is reduced, especially when the
quantum fluctuation input ain is squeezed. In Fig. 3(c), we
replot the SNR per photon SNRs(ωb)/Nin as a function
of the squeezed parameter r under different cooperativi-
ties Co, where we fixed the angular velocity �2 = γxγy .
Under different cooperativities, all three curves of the SNR
per photon monotonically increase with increasing squeez-
ing parameter. Therefore, a higher degree of squeezing
is beneficial for further improving the readability of the
gyroscope.

Upon completing the discussions on the range and SNR
per photon, we now shift our focus to the sensitivity,
which is the most crucial index for gyroscopes. The cor-
responding numerical simulation is shown in Fig. 4. In
Fig. 4(a), we use solid (dashed) lines to represent the
case of the quantum fluctuation input ain in the squeezed
vacuum (vacuum) state. We also use gridlines to mark
the corresponding upper bounds of the angular velocity
�2

ub for a given cooperativity Co. One can observe that√
Nin��2(ωb) decreases as the cooperativity Co increases.

This implies that the system is capable of discerning
smaller changes in angular velocity �2 when the coop-
erativity Co is higher. Furthermore, one can also see that√

Nin��2(ωb) monotonously increases with increasing
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(a) (b) (c)

FIG. 3. Numerical simulations of the signal-to-noise ratio per photon SNR(ωb)/Nin at various cooperativities Co. The black dashed
line represents the critical condition for readability SNR(ωb) = 1. The gridlines are used to label the upper bounds of the angular
velocity �2

ub in (a) and (b), and to label the accessible highest squeezed parameter r in (c). (a) The quantum input ain is in the vacuum
state. (b) The quantum input ain is in the squeezed vacuum state, where we have fixed the squeezed parameter r = 1.73. Comparing (a)
with (b), one can see that the signal-to-noise ratio per photon is significantly improved under the same cooperativity Co after squeezing.
(c) The SNR per photon SNRs(ωb)/Nin as a function of the squeezed parameter r with a fixed �2 = γxγy . We observe that the blue
solid line is not consistently higher than the black dashed line. Therefore, the squeezed parameter r cannot be too small to ensure
readability when the cooperativity Co = 0.25.

angular velocity �2. This indicates that our gyroscope is
more sensitive to smaller angular velocities. In Fig. 4(b),
we replot the sensitivity

√
Nin��2

s (ωb) as a function of the
squeezed parameter r with fixed angular velocity �2 = 0.
Here, we also use gridlines to mark the highest accessible
squeezed parameter r = 1.73, and we use a black dashed
line to label the standard quantum limit obtained from
Eq. (35). In addition, we appropriately extend the squeezed
parameter r to observe limitation (37). We observe that
the sensitivity

√
Nin��2

s (ωb) is consistently lower than
the standard quantum limit when the quantum fluctuation
input ain is squeezed. Moreover,

√
Nin��2

s (ωb) decreases
monotonically with increasing squeezed parameter r and
eventually approaches its limit. Again, this result shows
that using a squeezed vacuum state reduces

√
Nin��2

s (ωb),
but it is not the most effective method. Also,

√
Nin��2

s (ωb)

decreases as the cooperativity Co increases. Therefore,
maintaining higher cooperativity Co in experiments is ben-
eficial for improving sensitivity. For the sake of clear
comparisons, we plot the ratio ��2

s (ωb)/��2
v(ωb) as a

function of the squeezed parameter r in Fig. 4(c). In this
plot, we set the angular velocity � = 0. Here, the solid
lines are plotted based on equality, while the black dashed
line is plotted based on the inequality in Eq. (38). Obvi-
ously, the ratio ��2

s (ωb)/��2
v(ωb) is always lower than√

2/2. Therefore,
√

Nin��2
s (ωb) can only be reduced by a

maximum of
√

2/2.
We end this section by providing a brief review of our

numerical simulations. Firstly, maintaining higher coop-
erativity Co in experiments is beneficial for obtaining
a wider range, a higher SNR per photon, and a higher
sensitivity. Secondly, using a squeezed vacuum state as
the input reduces the minimum detectable change of
the angular velocity, but it decreases by a maximum
of

√
2/2.

V. DISCUSSIONS ON EXPERIMENTS

As a theoretical proposal, our ultimate aim is to guide
experiments. In this section, we focus on the following
issues that may be of concern in experiments: the calibra-
tion of the output signal and the effects induced by nonzero
detuning.

A. Calibration of the output signal

In this work, the measurement depends on the spectral
height of the output signal. This requires us to calibrate
the spectral height before use, as actual measurements may
introduce unavoidable deviations that would render the
measured data inaccurate. Here, we briefly demonstrate
how to calibrate the signal utilizing Eqs. (25) and (29).
One can also use a similar approach to establish another
calibration based on Eqs. (25) and (31) when the input is
in the squeezed vacuum state.

According to Eqs. (25) and (29), an approximate spectral
height can be acquired at � = 0 and �2 = (3Co − 1

4 )γxγy
as

S(ωb) ≈
{

256NinC2
o, � = 0,

16
9 Nin, �2 = (3Co − 1

4 )γxγy ,
(39)

which is used in the following calibration. The angular
velocity �2 can be readout from the spectral height S(ωb)

using the inverse function of Eq. (25):

(
γxγy

4
+ �2

r

)2

= 16NinC2
oγ

2
x γ 2

y

Sr(ωb)
(40)

with subscript r labeling the real value. Using the above
equation and the spectral heights (39), one can plot
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(a) (b) (c)

FIG. 4. The numerical simulation of the sensitivity
√

Nin��2(ωb). In (a), the solid (dashed) lines represent the case of the quantum
fluctuation input ain in the squeezed vacuum (vacuum) state. Gridlines are used to label the corresponding upper bounds of the angular
velocity �2

ub. Also, we set the squeezed parameter r = 1.73 when plotting the solid lines. Under the same cooperativity Co, one can
observe that

√
Nin��2(ωb) decreases significantly after squeezing. In (b), we plot

√
Nin��2(ωb) as a function of the squeezed param-

eter r with fixed angular velocity � = 0 in solid lines. The black dashed line marks the standard quantum limit obtained from Eq. (35).
One can see that all three solid lines are lower than the black dashed line, indicating that squeezing is an effective method for surpassing
the standard quantum limit. In addition,

√
Nin��2

s (ωb) decreases as the squeezed parameter r increases and eventually approaches its
limitation (37). This indicates that squeezing is not an effective method for further improving the sensitivity. In (c), for the sake of
clear comparison with the case of the quantum fluctuation input ain in the vacuum state, we replot the ratio ��2

s (ωb)/��2
v(ωb) as a

function of the squeezed parameter r with fixed angular velocity � = 0. Here, the black dashed line is plotted based on the inequality
of Eq. (38). We can clearly see that the sensitivity can only be improved by up to

√
2/2 after squeezing.

(γxγy/4 + �2
r )

2 as a function of the spectral height Sr(ωb)

as the reference curve.
Although the angular velocity � can be theoretically

readout from the reference curve, there may be some devia-
tions caused by the measuring instruments or other factors.
Therefore, the sensor needs to be calibrated before use.
In experiments, It is common practice to use multiple key
points within the range to calibrate a sensor. For instance,
one can obtain a spectral height Sm,1(ωb) at a given mea-
sured angular velocity �m,1 and obtain another spectral
height Sm,2(ωb) at another measured angular velocity �m,2,
and so on. With these measurement values, one can con-
struct a measured curve that satisfies the equation

(
γxγy

4
+ �2

m

)2

= 16NinC2
oγ

2
x γ 2

y

Sm(ωb)
. (41)

However, as discussed, the measured spectral height
Sm(ωb) would deviate from the real ones, i.e., Sm(ωb) =
Sr(ωb) ± δS(ωb), where δS(ωb) > 0 is a slight shift caused
by the measuring. Based on the real curve plotted as
Eq. (40), we can choose �r = 0 and �2

r = (3Co − 1
4 )γxγy

to calibrate the measured curve (41). The detailed calibra-
tion should consider the following two situations encoun-
tered in experiments.

(i) The measurement only leads to a shift δS(ωb) in
the spectral height, but does not affect the angular veloc-
ity �. Therefore, the measured angular velocity �m equals
the real value �r in this case. Notably, both curves (40)
and (41) monotonically decrease as the spectral height
increases. Therefore, these two curves do not intersect in

this case. One can use the difference between the mea-
sured height Sm(ωb) and the theoretical real height Sr(ωb)

at � = 0 or �2 = (3Co − 1
4 )γxγy to calculate the shift

δS(ωb).
(ii) The shift in the spectral height δS(ωb) also results

in a modification of the angular velocity δ�2
r > 0, caus-

ing �2
m = �2

r ± δ�2
r , and δ�2

r is possibly not fixed. In this
case, Eq. (41) is rewritten as

(
γxγy

4
+ �2

r ∓ δ�2
r

)2

= 16NinC2
oγ

2
x γ 2

y

Sr(ωb) ± δS(ωb)
, (42)

when the measured signal Sm(ω) is less than the real signal
Sr(ω), i.e., δS(ω) takes the minus sign, the modification
δ�r takes the positive sign. In the versa case, δ�r takes
the minus sign and δS(ω) takes the positive sign. This
is because Sm(ωb) ∝ (1/�2

m) is a square inverse function,
see Eq. (41). We can then establish a relationship between
δS(ωb) and δ�2

r by dividing Eq. (42) by Eq. (40) on both
sides, i.e.,

(
1 ∓ δ�2

r

γxγy/4 + �2
r

)2

= Sr(ωb)

Sr(ωb) ± δS(ωb)
, (43)

and further obtain a correction relation

1
[1 ∓ δ�2

r/(γxγy/4 + �2
r )]2 − 1 = ±δS(ωb)

Sr(ωb)
. (44)

Notably, the real curve (40) and the measured curve (41)
would intersect in this case. Therefore, δ�2

r as a function
of δS(ωb) has two points that can be used as references.
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The first point occurs at �r = 0 with Sr(ωb) ≈ 256NinC2
o

and δS(ωb) is obtained from the data Sm(ωb), allowing
one to extract the modification δ�2

r |�r=0. The second point
occurs at the intersection. At this point, the shift δS(ωb) =
0 implies that δ�2

r |�2
r =intersection = 0, and the real angular

velocity �r can be directly extracted from the theoretical

real curve Sr(ωb). Based on these two points and Eq. (44),
one can plot a correction curve δ�2

r as a function of
δS(ωb) to calibrate the measured signal. If one wants
to calibrate the signal more accurately, one can expand
Eq. (44) as a Taylor series and keep it to the desired
order:

+δS(ωb)

Sr(ωb)
= 1

[1 − δ�2
r/(γxγy/4 + �2

r )]2 − 1 =
[ ∞∑

n=0

(
δ�2

r

γxγy/4 + �2
r

)n]2

− 1

=
(

1 + δ�2
r

γxγy/4 + �2
r

+ higher-order terms
)2

− 1,

−δS(ωb)

Sr(ωb)
= 1

[1 + δ�2
r/(γxγy/4 + �2

r )]2 − 1 =
[ ∞∑

n=0

(−1)n
(

δ�2
r

γxγy/4 + �2
r

)n]2

− 1

=
(

1 − δ�2
r

γxγy/4 + �2
r

+ higher-order terms
)2

− 1,

In the above derivation, for convenience, we have
exchanged both sides of the equal sign. If one does
not require very high accuracy in realistic calibrations,
one can keep the above equations to the first order
and derive a linear correction relation δS(ωb)/Sr(ωb) =
2δ�2

r/(γxγy/4 + �2
r ) for a given �2

r .

In summary, the calibration of our gyroscope is based
on the approximate expression (25), and our double-point
calibration is a common method in experiments. In the
specific calibration process, different calibration strategies
need to be selected based on whether there is an intersec-
tion between the measured curve and the theoretical real
curve.

B. The effects induced by a nonzero detuning

In Secs. II–IV we employed two important assump-
tions: (i) the system is resonantly driven, i.e., � = 0; (ii)
the state of the readout cavity adiabatically tracks the
motion of the bx mode. These assumptions simplify the
susceptibility function of the readout cavity, as shown
in Eq. (7). These two assumptions are too idealistic for
experiments. Therefore, we provide a detailed discussion
to demonstrate how a nonzero detuning � affects the
system.

Here, we also assume that the frequency of the SAW
cavity is much lower than the damping of the readout cav-
ity, i.e., ωb  κ . So, the readout cavity rapidly evolves to
its steady state compared to the SAW cavity, resulting in

the susceptibility function

χa = 1
i� − κ/2

, (45)

and the modified detuning

�̃ = γxCo

2
�κ

�2 + κ2/4
. (46)

With the above two equations, we further rewrite the
output noise (14) and the signal (24) as

N̄I (ω) = 1 + γxCo

4
κ4

(�2 + κ2/4)2

×
[

N̄X (ω) − i�
κ

[Q1(ω) − Q∗
1(ω)]

]
, (47)

S(ω) = Ninγ
2
x C2

o

16
κ6(κ sin ϕ − 2� cos ϕ)2

(�2 + κ2/4)4

× |Q1(ω) − Q1(−ω)|2 (48)

with

Q1(ω) = χx(ω) − χ∗
x (−ω)

1 + i�̃[χx(ω) − χ∗
x (−ω)]

, (49a)

N̄X (ω) =
3∑

i=1

1
2

[|Pi(ω)|2 + |Pi(−ω)|2]. (49b)

If we set ϕ = π/2 and let � = 0, Eqs. (48) and (47) then
reduce to Eqs. (24) and (14), respectively.
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(a) (b) (c)

FIG. 5. Numerical simulations of the susceptibility function Q1(ω) under different detunings �. Here, the parameters γx = γy =
1, ωb = 10γx, κ = 100γx, Co = 1, � = 0 are used in plotting. Gridlines are employed to mark the centers of the peaks at ω = ±ωb.
(a) The real parts of Q1(ω) (solid lines) and Q1(−ω) (dashed lines) represent the emission and absorption of the bx mode to the
inputs, respectively. The nonzero detuning � slightly shifts the original centers of the peaks from ω = ±ωb to ω = ±ωb ± 2Coγx�/κ .
Besides, the symmetry between Re Q1(ω) and Re Q1(−ω) indicates that the system is energy conserved. (b) The imaginary part of
Im Q1(ω) represents the dispersion relation of the intracavity field. The slow/fast-light dividing line Im Q1(ω) = 0 also changes as the
detuning � changes, similar to the peaks’ centers in (a). (c) Plot of |Q1(ω) − Q1(−ω)|2 under different detunings �. Notably, the peak
values of the red and green lines differ because the effective parts Im{[χx(ω) − χ∗

x (−ω)]−1} + �̃ are not the same when the detuning �

takes an opposite sign.

To fully discuss the influences induced by the nonzero
detuning, we first check the susceptibility function Q1(ω)

and its negative-frequency part Q1(−ω). Notably, Q1(ω)

[also Q1(−ω)] is a double-peak Lorentz lineshape with real
part Re{[χx(ω) − χ∗

x (−ω)]−1} and effective imaginary part
Im{[χx(ω) − χ∗

x (−ω)]−1} + �̃, and these double peaks
occur at ω = ±ωb when � = 0. Therefore, the nonzero
detuning induces a slight modification �̃ on the centers
of the peaks. Note that the modification �̃ is proportional
to a Lorentzian coefficient �κ/(�2 + κ2/4), such that it
reaches the maximum at � = ±κ/2, and the modification
direction depends on the sign of the detuning �. In our

proposal, we consider that the condition γx,y < ωb  κ

holds. If the detuning � is much smaller than the linewidth
of the readout cavity κ , the modification �̃ � 2Coγx�/κ

can be regarded as a second-order small quantity, playing
a negligible role.

In Fig. 5, we provide a numerical simulation of Q1(ω)

within the range of � = ±ωb. When the detuning �

is much smaller than the linewidth of the readout cav-
ity, it is evident that all three curves almost overlap in
each subfigure. Therefore, we use gridlines to label only
the original centers ω = ±ωb. In Fig. 5(a), we plot the
Re Q1(ω) [Re Q1(−ω)] with solid lines (dashed lines),

(a) (b)

–κ κ

FIG. 6. Numerical simulations of output signal S(ω) under different detunings �. Here, the parameters γx = γy = 1, ωb = 10γx, κ =
100γx, Co = 1, � = 0, ϕ = π/2 are used in plotting. (a) The output signal S(ω) is a function of ω. Gridlines are also used to mark the
centers of the peaks at ω = ±ωb. Because of the Lorentzian filtering effect of the readout cavity, the peak values decrease when the
detuning � shifts from the center. (b) The peak value S(ωb) as a function of the detuning �. We add another set of gridlines to mark the
linewidth of the readout cavity [−κ/2, κ/2]. The nonzero detuning causes the readout cavity to function as a filter, shaping the output
signal into a strict Lorentz lineshape across the detuning �. Also, we observe that S(ωb)|�=0 ≈ 0.67S(ωb)|�=ωb from the gridlines
on the y axis. This indicates that the filtering effect could visibly decrease the peak value of the output signal S(ωb), even when the
detuning � is significantly smaller than the linewidth of the readout cavity κ .
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FIG. 7. Numerical simulations of noises N̄x(ω) (solid lines)
and N̄ex(ω) (dashed lines) under different detunings �. Here, the
parameters γx = γy = 1, ωb = 10γx, κ = 100γx, Co = 1, � = 0
are used in plotting. Gridlines are used to label the centers of the
peaks: ωb − γx/2 − 2Coγx�/κ , ωb, and ωb + γx/2 − 2Coγx�/κ

(from left to right). In the regime ω ∈ [ωb − 2Coγx�/κ , ωb +
2Coγx�/κ], the extra noise takes a negative sign, such that a
nonzero detuning � results in an inhibitory effect on the total
noise N̄I (ω).

which represent the emission (absorption) of the bx mode
to the inputs. One can observe that the nonzero detuning
� slightly changes the original centers of the peaks from
ω = ±ωb to ω = ±ωb ± 2Coγx�/κ . Besides, Re Q1(ω)

and Re Q1(−ω) are symmetric over the y axis, indicating
that the system is energy conserved. In Fig. 5(b), we only
plot Im Q1(ω) representing the dispersion relation of the
intracavity field, as Im Q1(−ω) is completely overlapped
to Im Q1(ω). Analogous to the peaks’ centers in Fig. 5(a),
the dividing line of fast and slow lights Im Q1(ω) = 0 in
Fig. 5(b) also changes as the detuning � changes. Also, the
antisymmetric susceptibility function |Q1(ω) − Q1(−ω)|2
is plotted in Fig. 5(c). It should be noted that the peak
values of the red and green lines differ as the detun-
ing � changes sign since the effective imaginary parts
Im{[χx(ω) − χ∗

x (−ω)]−1} + �̃ �̃ are not the same when
the detuning � takes on an opposite sign.

After discussing the susceptibility function Q1(ω), we
now shift our focus to the output signal (48). The
nonzero detuning also introduces a Lorentzian coefficient
κ6(κ sin ϕ − 2� cos ϕ)2/(�2 + κ2/4)4, which implies that
the readout cavity acts as a filter and shapes the output
signal to a Lorentzian lineshape. Here, we provide the cor-
responding numerical simulation in Fig. 6 using the same
parameters and setting the phase ϕ = π/2. In Fig. 6(a),
the gridlines also label the original centers of the peaks
at ω = ±ωb. Analogous to the results in Fig. 5(c), the
nonzero detuning also shifts the centers of the peaks of the
output signal. Besides, the nonzero detuning � also causes
the readout cavity to function as a filter, shaping the spectra

into strict Lorentz lineshapes, but with varying peak val-
ues. To demonstrate the changes in the peak value S(ωb) as
a function of the detuning �, we plot it in Fig. 6(b), where
we include an additional set of gridlines to indicate the
linewidth of the readout cavity [−κ/2, κ/2]. Because of the
filtering effect caused by the readout cavity, the peak value
also exhibits a strict Lorentzian lineshape across the detun-
ing �. Besides, from the two gridlines on the y axis, we can
clearly see that S(ωb)|�=ωb ≈ 0.67S(ωb)|�=0. Therefore,
although the detuning � is much smaller than the linewidth
of the readout cavity, the resulting filtering effect induces
an apparent reduction in the peak value of the output signal
S(ω).

As for the noise (47), the nonzero detuning leads to an
extra noise N̄ex(ω) = −i�[Q1(ω) − Q∗

1(ω)]/κ . To demon-
strate the extent of this extra noise, we plot N̄x(ω) and
N̄ex(ω) as a function of ω in Fig. 7. Here, N̄x(ω) and
N̄ex(ω) are plotted with solid and dashed lines, respec-
tively. Notably, the nonzero noise N̄x(ω) only appears in
the vicinity of ωb, so we only plot N̄x(ωb). The regime
worth noting is ω ∈ [ωb − 2Coγx�/κ , ωb + 2Coγx�/κ],
which is marked by the gridlines from left to right. In this
regime, the extra noise N̄ex(ω) is negatively signed, indi-
cating that a nonzero detuning leads to a slightly inhibitory
impact on the total noise N̄I (ωb).

VI. CONCLUSION

In conclusion, we have proposed a quantum gyroscope
that utilizes a coupled cavity system. We start by dis-
cussing the noise power spectral density under resonant
driving and delve into the details of the standard quantum
limit. We systematically analyze all three crucial indices
for gyroscopes (range, signal-to-noise ratio, and sensitiv-
ity), instead of focusing on just one of them, as done in
recent proposals [18,19,24–28]. Based on this comprehen-
sive analysis, we provide fundamental sensitivity limits
for quantum inputs in the vacuum and squeezed vacuum
states, respectively. However, the two fundamental limits
of sensitivity are the most important index of gyroscopes,
yet they have received little attention in the aforemen-
tioned proposals, particularly when the quantum input
is squeezed. More importantly, we find that squeezing
can enhance sensitivity and surpass the standard quantum
limit. However, this enhancement can only reach up to√

2/2 even as the squeezing parameter approaches infin-
ity. This result provides a basis for guiding experiments,
indicating that squeezing is not a very effective method for
further improving sensitivity.

We have also provided a detailed discussion on the non-
resonant driving case. The nonzero detuning only induces
a slight modification �̃ on the imaginary part of the sus-
ceptibility function of the x mode, thus shifting the centers
of the Lorentzian peaks from ω = ±ωb to ω = ±ωb ± �̃.
Also, the nonzero detuning causes the readout cavity to
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function as a Lorentz filter, and thus it shapes the output
signal to a strict Lorentz lineshape across the detuning. In
addition, the nonzero detuning introduces an extra compo-
nent to the noise of the photon current. This extra noise
could exhibit a slightly inhibitory effect on the noise of the
photon current within the interval ωb ∈ [ωb − �̃, ωb + �̃].

As a theoretical proposal, we focus not only on design-
ing gyroscopes, but also on fully demonstrating the
calibration of the output signal through a double-point
calibration method. We further provide an analytical cor-
rection relation between the spectral shift induced by the
measurements δS(ωb) and the resulting modification of
the angular velocity δ�2

r . Therefore, our proposal provides
valuable guidance for experiments.
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APPENDIX: HAMILTONIAN OF THE
DOUBLE-MODE OSCILLATOR IN A ROTATING

PLATFORM

In this appendix we start by introducing the Lagrangian
and then proceed to derive the Hamiltonian of a double-
mode mechanical oscillator in a rotating coordinate sys-
tem. According to the model in Fig. 1, the coordinate
systems before and after rotation are shown in Fig. 8. The
xo-yo coordinate system (inertial system, plotted in black)
rotates counterclockwise with an angular velocity � and
then transforms into the x-y coordinate system (noninertial
system, plotted in red). After time t, the rotated angle is
θ = ∫ t

0 dτ �. In doing so, the positions of the mechanical
oscillator (shadow box) in the two systems are (xo, yo) and
(x, y), respectively. The transformation relation between

0 xo

x

yo

y
θ

Ω

FIG. 8. Schematic of coordinate systems before and after rota-
tion, where the shaded box represents the double-mode oscillator.
The xo-0-yo coordinate system (inertial system, plotted in black)
rotates counterclockwise with an angular velocity �. After time t,
it forms the x-0-y coordinate system (noninertial system, plotted
in red) such that the rotated angle is θ = ∫ t

0 dτ �.

coordinates in these two systems reads

(
x
y

)
=

(
cos θ(t) sin θ(t)
−sin θ(t) cos θ(t)

) (
xo
yo

)
. (A1)

Correspondingly, the Lagrangian of the oscillator in the
original system reads

Lo = To − Vo (A2)

with kinetic energy

To(ẋo, ẏo) = m
2

(ẋ2
o + ẏ2

o )

and potential energy

Vo(xo, yo) = 1
2 [kx(x − xe)

2 + ky(y − ye)
2]

= kx

2
[(xo − xoe) cos θ(t) + (yo − yoe) sin θ(t)]2

+ ky

2
[−(xo − xoe) sin θ(t) + (yo − yoe)

× cos θ(t)]2,

where kx(y) is the spring constant of the x(y) mode. Here,
xe, ye and xoe, yoe are the equilibrium positions in the rota-
tion system, while xoe and yoe represent the equilibrium
positions in the original system. Lagrangian (A2) further
gives the Hamiltonian

Ho(xo, yo, po,x, po,y) = 1
2m

(p2
o,x + p2

o,y)

+ kx

2
[(xo − xoe) cos θ(t)

+ (yo − yoe) sin θ(t)]2

+ ky

2
[−(xo − xoe) sin θ(t)

+ (yo − yoe) cos θ(t)]2, (A3)

where the momenta px,o, py,o conjugate to coordinates
xo, yo read

px,o = ∂Lo

∂ ẋo
= mẋo, (A4)

py,o = ∂L
∂ ẏo

= mẏo. (A5)

In addition, these two sets of conjugate operators satisfy
the basic commutation relation [xo, px,o] = [yo, py,o] = i�.
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In the rotating system, the Lagrangian of the mechanical
oscillator reads

L = T(ẋ, ẏ) − V(x, y)

= m
2

(ẋ2 + ẏ2) − 1
2 [kx(x − xo)

2 + ky(y − yo)
2]

+ m�(−ẋy + xẏ) + m�2

2
(x2 + y2), (A6)

where the first term on the right-hand side represents the
translational kinetic energy, the second term is the potential
energy, the third term denotes the energy induced by Cori-
olis forces, and the last term is the energy induced by the
centrifugal forces. The last two terms are fictitious energies
that arise from noninertial forces.

Similarly, Lagrangian (A6) gives the Hamiltonian

H(x, y, px, py) = 1
2m

[(px + m�y)2 + (py − m�x)2]

+ 1
2 [kx(x − xo)

2 + ky(y − yo)
2]

− m�2

2
(x2 + y2), (A7)

where the momenta px, py conjugate to the coordinates x, y
are given by

px = ∂L
∂ ẋ

= mẋ − m�y, (A8a)

py = ∂L
∂ ẏ

= mẏ + m�x. (A8b)

The first term on the right-hand side of Eq. (A7) is the
kinetic energy in the noninertial system, the second term
denotes the potential energy, and the third term repre-
sents the energy induced by centrifugal forces. In Ref.
[27], the authors do not take into account the influence of
centrifugal forces, although the magnitude of the centrifu-
gal forces can be much greater than that of the Coriolis
forces. This approximation is valid only when consider-
ing the frequency ω = ωb instead of ω = 0 in the power
spectral density since the centrifugal forces only affect the
zero-frequency component.

Furthermore, using Eqs. (A8a) and (A8b) and the rela-
tion

(
ẋ
ẏ

)
= �

(− sin θ(t) cos θ(t)
− cos θ(t) − sin θ(t)

) (
xo
yo

)

+
(

cos θ(t) sin θ(t)
− sin θ(t) cos θ(t)

) (
ẋo
ẏo

)
, (A9)

one can easily check that the conjugate operators x(y),
px(y) also satisfy the basic commutation relation

[x, px] = [y, py] = i�. In addition, Hamiltonian (A7) can
be examined by deriving its classical equations of motion
using the Hamilton canonical equation, which has the
same form as the equations of motion derived from the
Heisenberg equation.

Hamiltonian (A7) can be rewritten as Eq. (2a) in terms
of creation and annihilation operators with the transforma-
tions

x =
√

�

2mωx
(bx + b†

x), px = −i

√
m�ωx

2
(bx − b†

x),

y =
√

�

2mωy
(by + b†

y), py = −i

√
m�ωy

2
(by − b†

y),

where the mechanical frequency is ωx(y) = √
kx(y)/m, and

we set the equilibrium positions xo = yo = 0 for brevity in
deriving Eq. (2a).
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