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Error budget of a parametric resonance entangling gate with a tunable coupler
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We analyze the experimental error budget of parametric resonance gates in a tunable coupler architec-
ture. We identify and characterize various sources of errors, including incoherent, leakage, amplitude, and
phase errors. By varying the two-qubit gate time, we explore the dynamics of these errors and their impact
on the gate fidelity. To accurately capture the impact of incoherent errors on gate fidelity, we measure the
coherence times of qubits under gate operating conditions. Our findings reveal that the incoherent errors,
mainly arising from qubit relaxation and dephasing due to white noise, limit the fidelity of the two-qubit
gates. Moreover, we demonstrate that leakage to noncomputational states is the second largest contributor
to the two-qubit gates infidelity, as characterized using leakage-randomized benchmarking. The error bud-
geting methodology we develop here can be effectively applied to other types of gate implementations.
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I. INTRODUCTION

Superconducting qubits have a pivotal role in the
advancement of quantum computing, as evidenced by
recent developments in the field [1–9]. A fundamental
necessity for quantum computers is the implementation of
high-fidelity entangling gates. For superconducting qubits,
these typically entail a two-qubit gate reported in various
implementations of these gates [10–12], achieving fideli-
ties that approach the threshold needed for fault tolerance
[10,12–16]. These implementations utilize pairs of cou-
pled qubits, where the coupling between the two qubits can
be tuned by modifying either the qubits’ frequencies [17]
or coupling strength between elements [16,18]. In setups
where this coupling is fixed, microwave pulses can be used
to initiate entanglement [19–22].

Another approach to realizing entangling operations
involves parametric modulation [23,24], which relies on
the modulation of system parameters such as qubit fre-
quencies or coupling strengths to selectively control the
interaction between qubits. Typically parametric modu-
lation generates a sideband that can be used to con-
trol the interaction between two qubits [13,25–30]. A
recent advancement utilizes the central band of the mod-
ulated qubit to operate the two-qubit gates, known as the
parametric resonance gate [31]. This approach marks a
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significant improvement over conventional methods, as it
avoids the effective reduction in coupling rates caused by
renormalization in sideband interactions. Moreover, para-
metric resonance gates are insensitive to phase effects
during the rise and fall time of the flux pulse [28] because
the entangling phase is zeroed out for the central band.

Two-qubit gate implementations have increasingly
relied on tunable couplers [16,18,31–33] to enhance con-
trol over qubit interactions. This approach provides the
dual advantage of suppressing always-on coupling when
the gate is inactive and enabling faster gate operations. Ref.
[34] introduced floating tunable couplers, which support
not only the conventional configuration with the coupler’s
frequency higher than the qubits’ frequencies but also a
novel regime where the coupler’s frequency can be lower
than that of both qubits. These two operational modes cor-
respond to the asymmetric and symmetric configurations,
respectively. The symmetric coupler regime, in particu-
lar, holds substantial potential for scaling up quantum
computing systems, as it helps avoid frequency crowd-
ing, a common issue when both the coupler and readout
resonator frequencies are greater than those of the qubits.

In this work, we experimentally explore the error
dynamics of the parametric resonance interaction and
provide a complete error budget to assess the fidelity
and performance of two-qubit gates. We specifically
focus on controlled-Z (CZ) gates realized between flux-
tunable qubits coupled via a floating tunable coupler in
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a symmetric configuration, where the coupler frequency
is set below that of the qubits. Our study investigates
various error channels, dissecting both incoherent and
coherent sources. In the incoherent domain, we con-
sider factors including qubit relaxation, Markovian noise-
induced dephasing, and dephasing due to non-Markovian
1/f flux noise. On the coherent front, we characterize
amplitude errors, deviations in conditional phase rota-
tions (either over- or underrotation), and leakage errors.
This analysis enables a holistic understanding of the error
budget of the parametric resonance gate.

To analyze the experimental dependence on gate time,
we conducted a comprehensive analysis of the error bud-
get of the CZ gate, varying the gate duration to probe how
different errors manifest. Our analysis indicates that inco-
herent errors, notably Markovian noise-induced dephasing,
and qubit relaxation, are the primary error sources that
limit gate fidelities in our devices, accounting for approx-
imately 83% of the total error. Leakage to noncomputa-
tional states emerges as the second most significant fac-
tor. Other contributors, including 1/f flux noise-induced
dephasing, amplitude variations, and phase errors, col-
lectively constitute less than 2% of the total. The error
rates measured in our experiments align with the esti-
mated total errors from incoherent and coherent sources.
We derive practical analytical expressions for incoherent
errors to obtain these estimates, particularly useful in sce-
narios where the gate operation time is significantly shorter
than the qubits’ coherence times. Our formalism applies
to both parametric resonance gates and other entangling
gate implementations [35,36], including two-qubit gates
activated via fast dc pulses [4,37].

The paper is organized as follows. Section II describes
the system and the corresponding Hamiltonian terms and
introduces both the parametric resonance gate and the
floating symmetric coupler. Section III introduces vari-
ous types of error sources that affect the performance of
superconducting qubits and provides analytical expres-
sions needed to estimate their effect on the fidelities of two-
qubit gates. Section IV presents the experimental results
for the CZ gates and analyzes their error budget. Section V
concludes. The Appendix provides the derivations for the
analytical expressions quantifying different error channels.

II. DEVICE AND HAMILTONIAN

Our device comprises two tunable transmon qubits inter-
connected via a symmetric tunable coupler [Fig. 1(a)]. The
device consists of two separate chips. The qubits, the tun-
able coupler, and the readout resonators are fabricated on
a “transmon” chip, whereas the microwave control lines,
flux control lines, and readout feedlines are fabricated on
a “control” chip. These two chips are bonded via indium
bump bonds, and the signals to the transmon chip are deliv-
ered through signal vias connecting the two chips. Each

(a)

(b)

FIG. 1. (a) The design layout of two qubits (teal and red)
coupled via a floating tunable coupler (yellow) [34]. The gray
background is ground, and the teal, red, and yellow shaded
regions represent the electrodes of the qubits and the coupler.
(b) Simplified circuit representation of the qubit-coupler-qubit
system. The floating tunable coupler allows zero-coupling con-
ditions when the coupler frequency is set below that of the
qubits, even if the qubit-qubit pitch is approximately 2 mm.
This is because the zero-coupling condition for the floating tun-
able coupler does not depend on the direct qubit-qubit coupling
capacitance [34] as opposed to the grounded tunable coupler,
where direct qubit-qubit capacitance is required to achieve the
zero-coupling condition [18].

qubit is individually connected to a dedicated readout res-
onator, which, in turn, is coupled to a common feedline
on the control chip. The readout tone is delivered through
indium bumps connecting the two chips. Through silicon
vias are used to deliver signals from one side of the con-
trol chip to the other. The microwave and flux bias signals
are combined using cryogenic diplexers before reaching
the chip [38]. The device can be represented by a sim-
plified circuit, as depicted in Fig. 1(b). The corresponding
Hamiltonian is given by [31]

H =
∑

j =1,2,c

4ECj n̂2
j − EJj cos(φ̂j + φ0j )+ 4E1cn̂1n̂c

+ 4E2cn̂2n̂c + 4E12n̂1n̂2, (1)

where n̂j represents the number operator for the Cooper
pairs transferred between the superconducting islands of
the Josephson junction, and φ̂j represents the gauge-
invariant phase difference across the Josephson junction
for the j th element. Similarly, ECj and EJj are the charging
and the effective Josephson energies, respectively, which
are given by

EJj =
√

E2
JSj + E2

JLj + 2EJSj EJLj cos(φej ), (2a)

φ0j = tan−1
[

EJSj − EJLj

EJSj + EJLj
tan(φej /2)

]
, (2b)
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where j ∈ {1, 2, c} with EJLj and EJSj being the Josephson
energies for the large and small junctions of the supercon-
ducting quantum interference devices (SQUIDs). E1c, E2c
and E12 are coupling energies. We also introduce the exter-
nal phase φej , which is related to the external flux �ej
through the expression φej = 2π�ej /�0 for each qubit
and coupler.

Truncating the Hilbert space to three levels in each of
the qubits and the coupler, the Hamiltonian [Eq. (1)] of
the transmon-coupler-transmon system in the harmonic
oscillator basis can be reduced to

H/� =
∑

j =1,2,c

ωj |1〉j 〈1| + (2ωj + ηj )|2〉j 〈2| + g1cX1Xc

+ g2cX2Xc + g12X1X2, (3)

where the ωj are the qubit and coupler frequencies, ηj are
the anharmonicities, and Xj = aj + a†

j with aj = |0〉〈1| +√
2|1〉〈2|. g1c and g2c are qubit-coupler couplings, and g12

is a direct qubit-qubit coupling (see [31, App. A]).
The coupler pads are symmetrically connected to both

qubits in a floating tunable coupler architecture with a
symmetric configuration. The zero-coupling condition is
achieved by placing the coupler frequency below that of
the qubits [34]. A parametric resonance gate is activated by
applying a modulated flux pulse on one of the qubits and
bringing the target transitions into resonance during modu-
lation. For example, a CZ gate is implemented by bringing
|11〉 and |20〉 or |02〉 into resonance during modulation. In
this work, we focus on a parametric resonance CZ gate.

Before delving into characterizing a two-qubit gate, we
first measure the zero-coupling condition. To achieve this,
we begin by exciting one of the qubits, such that |ψ0〉 =
|10〉. A modulated flux pulse is applied on the higher
frequency qubit to bring it into resonance with the unmod-
ulated qubit, while a fast dc pulse is applied to the tunable
coupler to turn on the qubit-qubit coupling. This leads to a
population exchange between the initial state |10〉 and the
state |01〉 as illustrated in Figs. 2(a) and 2(b). The rate of
oscillations at the center of the chevron yields the net cou-
pling between the qubits. By repeating this measurement
for a varying amplitude of the coupler flux pulse, we con-
struct a profile of the qubit-qubit coupling as a function
of the coupler flux pulse amplitude. The coupler is then
parked at a dc flux bias (which is the same as the flux pulse
amplitude that gives zero coupling) where the coupling is
zero or minimal. This is possible because both the slow and
fast flux pulses are generated by the same source.

The coupling parameters and tunable coupler frequency
can be extracted by fitting the qubit-qubit coupling data
versus coupler bias to the expression [31,34]

g(φec) = g12 − 1
2

g1c(φec)g2c(φec)

2∑

k=1

(
1
�k

+ 1
	k

)
, (4)

(a)

(b)

(c)

(d)

F
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FIG. 2. Measured populations of (a) |10〉 (|q1q2〉) and (b) |01〉
with initial state |ψ0〉 = |10〉 as a function of flux pulse dura-
tion and flux pulse amplitude of qubit 1 for a fixed coupler
flux amplitude. By fitting the oscillations, we extract the cou-
pling strength between the qubits. (c) Net qubit-qubit coupling
g versus tunable coupler flux amplitude. The solid teal line is
fitted to Eq. (4), and the black dots represent the experimental
data. (d) Tunable coupler frequency versus fast flux amplitude
through SQUID loop. The orange dots show the coupler bias
at which zero coupling occurs (�ec = 0.212 �0) and the cor-
responding coupler frequency ωc/2π = 3.18 GHz. The chevron
shown in (a) is measured at the coupler’s maximum frequency.
The parameters extracted from the fits are shown in Table I.

where �k = ωc(φec)− ωk and 	k = ωc(φec)+ ωk, and
the coupler frequency is �ωc(φec) = √

8EJc(φec)ECc −
ECc(1 + ξ/4), where EJc = [E2

JSc + E2
JLc + 2EJScEJLc

cos(φec)]1/2 and ξ = √
2ECc/EJc (see [31, Eq. (B8)] with

n = 0, the condition for a parametric resonance gate).
Figure 2(c) shows the experimental data of net qubit-

qubit coupling as a function of the amplitude of the
coupler flux pulse, clearly identifying the zero-coupling
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TABLE I. Hamiltonian parameters of the device. The qubit and resonator frequencies are measured using spectroscopy, while the
coupler frequencies are extracted using the qubit-qubit coupling versus flux bias fits in Fig. 2. The coherence times are measured at the
maximum frequencies of the transmon qubits (flux sweet spots). Here T2R and T2E are the decoherence times from Ramsey and Hahn
echo experiments, respectively. The coupling rates are also extracted from the coupling versus coupler flux bias fit, with the error bars
being 1σ standard deviations.

ωmax
01 /2π ωmin

01 /2π η/2π ωr/2π T1(µs) T2R(µs) T2E(µs)
(MHz) (MHz) (MHz) (MHz)

Qubit 1 4576 3989 −203 7408 22 ± 1.9 13 ± 1.1 22 ± 1.8
Qubit 2 4415 3773 −203 7359 25 ± 1.2 22 ± 1.3 32 ± 1.5
Coupler 3597 1044 −130 – – – –

g12/2π (MHz)
√|g1cg2c|/2π (MHz)

Coupling strengths −7.45 ± 0.13 104.55 ± 0.36

condition between the qubits at �ec = 0.212 �0 corre-
sponding to ωc/2π = 3.18 GHz obtained from the fit
shown in Fig. 2(d). It should also be noted that the max-
imum coupling occurs when the coupler is at its minimum
frequency, with the coupling governed primarily by g12,
which follows from Eq. (4). We maintain the coupler at
zero-coupling bias during idling, where no two-qubit gate
operation occurs.

The qubit and coupler parameters and qubit coherence
times are summarized in Table I. Note that the polarities
of the couplings are assigned based on knowledge of the
design [34] (in a symmetric coupler design, all couplings
have a negative sign).

III. SOURCES OF ERROR IN PARAMETRIC
RESONANCE GATES

In this section, we discuss various sources of error that
impact the fidelity of the parametric resonance gate, cate-
gorizing them broadly into coherent and incoherent errors.
It is important to note that the qubits exhibit differing
coherence times during idling and gate operation. There-
fore, to estimate the magnitude of the incoherent errors,
we divide the total gate time, denoted by τ = tw + tg , into
idling and active phases, as shown in Fig. 3. The idle
period (tw = twl + twr) represents the wait time before and
after the pulse application, whereas the active phase (tg)
comprises the rise, fall, and flat part of the pulse. During
the gate, the qubit is tuned away from the flux sweet spot to
a frequency range more susceptible to flux noise, reducing
dephasing times. Here we assume that the qubit coherence
is the same during the rise and fall times as well as during
the flat part of the flux pulse.

A. Incoherent errors

1. Error due to qubit relaxation: T1

Qubit relaxation is a primary error source in supercon-
ducting qubits. It can arise from the qubits’ coupling to
the control lines or from intrinsic material losses. In our
device, both the microwave and flux signals are transmit-
ted via a single line on the control chip [40]. Although this

line is primarily designed for inductive coupling with the
qubit, the presence of a small yet finite capacitive coupling
introduces a potential loss channel, affecting the qubit’s
relaxation time T1. In addition, the coupler has a dedicated
flux line on the control chip, potentially creating an unin-
tended coupling to the qubit and introducing an extra qubit
decay channel. Other contributing factors include the Pur-
cell effect through the readout line. For a CZ gate enacted
between states |11〉 and |20〉 and for the two-qubit gate
time much shorter than the relaxation time (τ/T1 � 1), the
error due to qubit relaxation is given by [see Appendix B]

rT1
CZ = 2

5

(
1

T1,1
+ 1

T1,2

)
tw +

(
1

2T̃1,1
+ 3

10T̃1,2

)
tg , (5)

where T1,j and T̃1,j are the relaxation times of the j th qubit
during the idling and active parts of the gate, respectively.
The relaxation time of the modulated qubit is measured
by applying gate flux pulses on the qubit and the coupler
during the delay of the standard T1 measurement protocol,
thus simulating the operational conditions of the gate. For
a CZ gate activated between states |11〉 and |02〉, the corre-
sponding error can be obtained by interchanging the qubit
indices in Eq. (5).

FIG. 3. The error function flux pulse envelope [Eq. (17)]
applied to the coupler and the qubit showing different parts of the
pulse. Wait times before (twl) and after (twr) the pulse are added to
avoid rf and flux pulse overlap. The dephasing time of the modu-
lated qubit is different during the wait (idling) and activate parts
(tg) of the pulse. The total length of the two-qubit gate is defined
as τ = tg + twl + twr.
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Similarly, for an iSWAP gate, the error due to the
relaxation of the qubits reads (see Appendix A)

rT1
iSWAP = 2

5

(
tw

T1,1
+ tw

T1,2

)
+ 2

5

(
1

T̃1,1
+ 1

T̃1,2

)
tg . (6)

We note that when two-qubit gate activation involves non-
computational states, such as in the case of the CZ gate,
it is important to model transmons as a three-level system
when estimating the incoherent error. This is because the
excitation might be transferred during the gate to the non-
computational states, which decay or dephase faster. Not
including higher transmon states underestimates incoher-
ent errors [16,39].

2. Error due to qubit dephasing: Twh
φ

In our setup, both the qubits and the coupler are flux-
tunable transmon qubits. Flux-tunable qubits are known to
be susceptible to broadband (white) flux noise, for exam-
ple, noise originating from the control electronics. Beyond
white flux noise, photon number fluctuations within the
resonator, known as shot noise, also contribute to qubit
dephasing. Here, our focus is specifically on Markovian
noise, which manifests itself as an exponential decay of
the qubit’s superposition state, represented by ρ01 ∼ e−�2t.
Here, �2 is defined as �2 = �wh

φ + �1/2, where �1 = 1/T1

and �wh
φ = 1/Twh

φ . This model provides a framework for
understanding and quantifying the impact of environmen-
tal noise on the stability of qubit states.

When the qubits are parked at their respective flux sweet
spots during idling, they exhibit first-order insensitivity to
flux noise. Consequently, during idling periods the shot
noise or other flux-independent white noise dictates the
dephasing time Tφ,w. During the gate operation, one of the
qubits’ frequencies is tuned from its parking frequency to
bring the qubit energy levels into resonance. As a result,
the qubit becomes sensitive to flux noise. The degree of
this susceptibility is contingent on both the strength of the
noise’s spectral density and the sensitivity of the qubit’s
frequency to flux variations (∂ω01/∂�). In scenarios where
this sensitivity is pronounced, flux noise can become a
critical limiting factor for Twh

φ .
The error in a CZ gate (activated between states |11〉 and

|20〉) attributable to such dephasing mechanisms, particu-
larly when the gate duration τ is significantly shorter than
Twh
φ (τ/Twh

φ � 1) is quantified as (see Appendix B)

r
Twh
φ

CZ = 2
5

(
1

Twh
φ,1

+ 1
Twh
φ,2

)
tw +

(
61

80T̃wh
φ,1

+ 29

80T̃wh
φ,2

)
tg ,

(7)

where Tφ,j and T̃φ,j are white-noise-induced dephasing
time during idle and active parts of the qubit flux pulse,

respectively. For a CZ gate operating between states |11〉
and |02〉, the error during the gate is obtained by inter-
changing the indices in Eq. (7). Similarly, for an iSWAP
gate, the error due to white-noise-induced dephasing is
given by

r
Twh
φ

iSWAP = 2
5

(
tw

Twh
φ,1

+ tw
Twh
φ,2

)
+ 2

5

(
tg

T̃wh
φ,1

+ tg
T̃wh
φ,2

)
. (8)

3. Error due to 1/f noise dephasing: T1/f
φ

In this section, we consider the error contribution from
low-frequency 1/f non-Markovian noise. Historical mea-
surements on SQUIDs [40] have revealed the presence of
flux noise with a 1/f -like noise power spectrum that has
been extensively studied since then [41–50]. The noise,
characterized by a magnitude of a few μ�0/

√
Hz at 1 Hz,

appears to be a universal phenomenon, observed across
varied device designs, materials, and sample dimensions
[41]. Although the microscopic origin of 1/f flux noise
remains elusive, recent theoretical and experimental stud-
ies suggest that molecular oxygen on the SQUID surface,
acting as free magnetic fluctuators, could be a signifi-
cant contributor [51,52]. Apart from these intrinsic noise
sources, low-frequency noise may also originate from con-
trol electronics. Due to the dependence of the qubit’s
dephasing rate on its sensitivity to flux noise, a strategy
to mitigate this involves designing a tunable transmon
with asymmetric SQUID junction energies, as proposed in
Ref. [53].

In the limit τ/T1/f
φ � 1, the error attributable to 1/f

flux noise dephasing for a CZ gate activated between |11〉
and |20〉 has the form (see Appendix C)

r
T1/f
φ

CZ = 61
80

(
tg

T̃1/f
φ,1

)2

+ 29
80

(
tg

T̃1/f
φ,2

)2

, (9)

where T̃1/f
φ,j is the dephasing time due to 1/f flux noise

under modulation. Note that the first term in Eq. (9) is the
error due to 1/f flux noise for qubit 1, assuming that the
qubit is initially parked away from the flux sweet spots.
However, if the qubit starts at the sweet spot and does not
undergo a qubit frequency shift due to hybridization with
the coupler, it remains largely insensitive to flux noise. For
the gate actuated between |11〉 and |02〉, the error rate due
to 1/f can be obtained by exchanging the qubit indices in
Eq. (9).

Similarly, for an iSWAP gate, the error due to 1/f noise
dephasing is expressed as

r
T1/f
φ

iSWAP = 2
5

⎡

⎣
(

tg
T̃1/f
φ,1

)2

+
(

tg
T̃1/f
φ,2

)2
⎤

⎦ . (10)
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rf

dc

FIG. 4. Pulse sequence diagram employed to measure qubit
dephasing under flux modulation. The sequence is initiated with
an X90 pulse, followed by a modulated flux pulse applied to the
qubit and a dc flux pulse applied on the coupler with amplitude
matching that during gate operation. Subsequently, a virtual Z
rotation is introduced before the second X90 pulse to facilitate
the observation of Ramsey oscillations. The resulting measured
data are fitted to ∝ exp[−�2t − (�φ,1/f t)2] cos(δt), allowing us
to quantify the dephasing rates.

To quantify the dephasing of the qubit during gate oper-
ation, we applied a modulated flux pulse to one of the
qubits within the delay period between the two X90 pulses
in a Ramsey experiment as depicted in Fig. 4. To accu-
rately capture the gate conditions, we also apply a flux
pulse on the coupler, matching the amplitude used for gate
activation (see Fig. 4). The Ramsey data are then fitted
to the model ρ01 = A exp[−�2t − (�φ,1/f t)2] cos(δt). This
approach isolates the dephasing contribution exclusively
attributable to 1/f flux noise and white noise.

B. Coherent errors

1. Amplitude and phase errors

Amplitude and conditional phase errors represent two
prevalent sources of coherent errors for parametric res-
onance gates. The amplitude errors typically arise from
incomplete population transfer between the intended
energy levels. In contrast, conditional phase errors often
result from residual ZZ interactions, which may lead to
either under- or overrotation for a CZ gate and a nonzero
conditional phase for an iSWAP gate. To quantify the
amplitude and phase errors, one can compare the target
unitary operation with the realized fSim (fermionic simula-
tion unitary). The amplitude error, attributed to deviations
in the rotation angle, is calculated as

rδθ = 2
5

[3 + cos(δθ)] sin2(δθ/2), (11)

where δθ represents the difference between the intended
and the actual rotation angles. Similarly, the phase error,
which accounts for the discrepancies in the conditional
phase shift, is given by [31]

rδφ = 3
10

[1 − cos(δφ)]. (12)

where δφ denotes the variance between the target and the
actual conditional phases.

2. Leakage error

We investigate the effects of population leakage
beyond the computational states of qubits, namely
|00〉, |01〉, |10〉, |11〉. In a parametric resonance gate,
leakage can occur through two primary mechanisms. The
first involves unintended resonance crossing during the
rise and fall times of the qubit’s flux pulse. For example,
when a qubit is initially prepared in an excited state and a
flux pulse is applied to bring its frequency into resonance
with the other qubit, it may traverse undesired resonances
during the pulse’s rise time, resulting in leakage into
nontargeted states.

The second mechanism that causes potential leakage
involves interaction between the |11〉 state and higher
energy levels of the qubits and states involving the qubit-
coupler system. Our setup lacks a dedicated readout res-
onator for the coupler, precluding precise quantification
of leakage into coupler states through straightforward
approaches. However, since the coupler typically remains
in its ground state and is detuned by more than 1 GHz
below the qubit frequencies, leakage to the coupler is
expected to be minimal. Our device simulations, based
on measured parameters, indicate that the most substantial
leakage occurs into the |02〉 state, closely followed by the
next nearest (in terms of energy) state |20〉 as illustrated in
Fig. 5.

FIG. 5. Energy-level diagram illustrating the states of the
qubits and coupler (|nlm〉 = |q1qcq2〉). CZ gates can be activated
by bringing either |101〉 and |200〉 or |101〉 and |002〉 into res-
onance for a full swapping period under flux modulation. Note
that a CZ gate between |101〉 and |200〉 is preferable because of
the smaller detuning, which means less deviation of the modu-
lated qubit 2 from the flux sweet spot, and hence less sensitivity
to flux noise. An iSWAP gate can be activated by bringing |100〉
and |001〉 in resonance for half a swapping period.
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FIG. 6. Three-state readout response data for (a) qubit 1 and (b) qubit 2. The three-state classification of the IQ data is used for
leakage error characterization. Qubit 1 (2) three-state classification has a fidelity of 92.2% (87.5%) with a measurement time of 2.7 µs
(3.5 µs). (c) Estimated quantum process tomography for CZ gate (gate time τ = 64 ns) with a measured conditional phase φ = 3.086
radians and average quantum process fidelity of 90.73%. (d) Reference randomized benchmarking (RB) and interleaved randomized
benchmarking (iRB) with fidelities Fref = 98.00 ± 0.03% and FCZ = 99.34 ± 0.08%, respectively. (e) Leakage randomized bench-
marking for the same CZ gate, highlighting the leakage error in both leakage RB and leakage iRB experiments, with the net leakage
error for the CZ gate being LCZ

1 = 0.15 ± 0.05%.

To quantify leakage beyond the computational sub-
space, we employ the leakage randomized benchmarking
(RB) protocol [54]. Unlike the standard RB measurement
[55] that focuses on the survival probability of the ground
states at the end of the RB sequence, the leakage RB mea-
sures the probability that the qubits stay within the compu-
tation subspace, that is, Pcs = P|00〉 + P|01〉 + P|10〉 + P|11〉.
Without leakage, this probability should be close to 1,
with deviations primarily due to incoherent errors and
readout fidelity. The gate error is deduced from the leak-
age error rates obtained through RB and interleaved RB
(iRB) experiments. By fitting the subspace probability Pcs
for the RB and iRB experiments to Pref = bref + aref pNc

ref
and Pint = bint + aint pNc

int , respectively, the corresponding
leakage errors are computed as [16]

Lref
1 = (1 − bref)(1 − pref), (13)

Lint
1 = (1 − bint)(1 − pint). (14)

The target two-qubit gate error due to leakage can then be
calculated using

Lgate
1 = 1 − 1 − Lint

1

1 − Lref
1

. (15)

To estimate the leakage error from the RB leakage proto-
col, one needs to use a three-state classification for each
qubit. Figure 6 shows an example of three-state readout
response data for each qubit on which we run a three-way
linear classification for leakage error analysis.

IV. ERROR BUDGET: EXPERIMENT

To demonstrate the error analysis of a parametric reso-
nance gate within a tunable coupler architecture, we specif-
ically focus on studying a CZ gate experimentally. The
energy-level diagram of the qubit-coupler-qubit system
(see Fig. 5) indicates two possible activation mechanisms
for a CZ gate: using either |101〉 ↔ |200〉 or |101〉 ↔
|002〉 transitions, corresponding to detunings of 42 MHz
and 364 MHz, respectively. The preferred option is the CZ
gate enacted between the levels with the smaller 42 MHz
detuning. It is preferred because the modulated qubit fre-
quency excursion to achieve the CZ resonance condition is
lower than the other CZ gate, thereby exhibiting reduced
sensitivity to flux noise. Moreover, the 364-MHz detun-
ing pathway risks encountering the iSWAP resonance,
potentially leading to unwanted leakage transitions. Conse-
quently, our experimental investigations will focus on the
CZ gate activated between |101〉 and |200〉 states.

We activate the parametric resonance CZ gate by send-
ing a modulated flux pulse on qubit 2, described as follows:

�2(t) =

⎧
⎪⎨

⎪⎩

0, t < twl

�mf (t) cos(ωmt), twl ≤ t ≤ τ + twr,
0, t > τ + twr,

(16)

where �m and ωm are the flux modulation amplitude
and frequency of the flux pulse, respectively. The pulse
envelope f (t) is an error function (erf) pulse given by

f (t) = 1
2

[
erf
(

t − t1 − twl

σ

)
− erf

(
t − t2 − twr

σ

)]
,

(17)

where t1 = tr/2, t2 = tf − t1, and σ = t1/[2
√

2 ln(2)].
Here, tr = 4 ns is the rise time of the pulse. A fast dc flux
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pulse is also applied to the coupler �c(t) = �cf (t) with
�c being its amplitude, as needed to turn on the qubit-qubit
coupling to achieve the desired gate time. Since the para-
metric resonance gate does not depend on the flux pulse
modulation frequency [31], we chooseωm/2π = 250 MHz
to avoid sideband transitions. The modulation frequency
will be fixed for all gates characterized in this work.

Let us consider a specific example of a CZ gate with gate
time τ = 64 ns, which includes a total of 16 ns of wait-
ing, or padding before and after the flux pulse. To achieve
this gate duration, a coupler flux pulse with amplitude
�c = −0.212 �0 and envelope f (t) is applied to tune the
coupler frequency to ωc/2π = 3.597 GHz from its parking
frequency of 3.18 GHz (see Fig. 2). The local phases are
measured using quantum process tomography [Fig. 6(c)]
and the rf pulses of the qubits are updated with virtual Z
rotation to undo these phase accumulations. The measured
conditional phase and swap angle from quantum process
tomography are φ = 3.086 rad and θ = −0.015 rad with
an average process fidelity of 90.73%. The phase error
due to underrotation δφ = π − 3.086 = 0.056 rad results
in rδφ = 0.05% and due to swap angle error rδθ = 0.01%,
indicating that the gate is well calibrated and has low
residual ZZ crosstalk interactions.

The leakage RB measurements, as shown in Fig. 6(e),
yield a leakage error rate of LCZ

1 = 0.15 ± 0.05%. Con-
sequently, the total coherent error is primarily due to the
leakage, given by

rcoh = rδθ + rδφ + LCZ
1 = 0.21 ± 0.05%. (18)

The CZ gate, benchmarked via interleaved randomized
benchmarking [Fig. 6(d)], has a maximum RB fidelity of
FiRB = 99.34 ± 0.08%. To capture the run-to-run varia-
tions, we repeated the iRB measurements that yielded an
average CZ error of riRB = 0.71 ± 0.08% over four dif-
ferent measurements. The relaxation times of the qubits
during idle and gate operation are provided in Table II.
Using these values with Eq. (5), given tg = 48 ns and
tw = 16 ns, CZ error due to qubit relaxation is calculated
to be rT1

CZ = 0.19 ± 0.06%.
The contribution of the dephasing processes is cal-

culated using the measured dephasing times reported in

Table II and Eq. (7) and is r
Twh
φ

CZ = 0.29 ± 0.07%. Finally,

since only the second qubit is modulated and sensitive
to 1/f noise, the dephasing error due to 1/f flux noise
is r

Tφ,1/f
CZ = 0.002 ± 0.0001%. Thus, the total incoherent

error of the CZ gate is

rincoh = rT1
CZ + r

Twh
φ

CZ + r
Tφ,1/f
CZ = 0.48 ± 0.08%. (19)

As a result, the total estimated error for the gate is rcoh +
rincoh = 0.69 ± 0.09%, aligning closely with the measured
error of riRB = 0.71 ± 0.08%.

To thoroughly understand the dynamics of various error
sources affecting our CZ gate, we conducted a benchmark-
ing study by varying the gate times and performing a
detailed error analysis for each duration. This is achieved
by progressively tuning the coupler frequency towards its
values corresponding to the zero-coupling condition. As
depicted in Fig. 2(c), the qubit-qubit coupling becomes
weaker as the coupler frequency approaches the zero-
coupling condition, thus allowing for longer gate times. In
addition, we measured the coherence times of the modu-
lated qubit (qubit 2) under operating conditions for differ-
ent gate times, as shown in Fig. 7. Although the T̃1s do not
have a strong dependence on the gate time (or coupler flux
amplitude), for gate times up to 100 ns T̃1 is slightly shorter
than for the longer gates. This may be due to the cou-
pler loss impacting the qubit coherence as a Purcell-like
effect as the coupler is pulsed towards its maximum fre-
quency which is closer to the qubits. For a few data points
(τ = 92 and 100 ns), we measured consistently lower T̃1,
which could be due to a two-level system interacting with
the coupler. Note that when parametric gates [31] (acti-
vated with modulated flux pulse) and gates activated by
base-band bipolar flux pulses [37] are operated on qubits
parked at the sweet spot, the flux pulse has a refocusing
effect, filtering low-frequency dc 1/f flux noise [37,56].
Our dephasing under modulation measurement captures
this echo effect. There could still be low-frequency ampli-
tude noise from the flux pulse itself. We also note that
randomized benchmarking itself has a refocusing effect
on low-frequency noise and suppresses non-Markovian
1/f noise, whose contribution to the overall infidelity is
negligible and hence does not affect our results.

Applying the methodology described earlier for the gate
time of τ = 64 ns and using the measured coherence times

TABLE II. Summary of the coherence times of qubits 1 and 2 during both idling and active gate operation periods. For qubit 1, the
coherence times are consistent across both idling and during gate, while for qubit 2, they vary depending on whether it is the idling
period or gate period. The 1σ error bars represent the standard deviation of repeated qubit coherence measurements. Note that qubit 1
is parked at the flux sweet spot and thus is first-order insensitive to 1/f flux noise.

During idling (tw) During gate (tg)

T1(µs) T2R(µs) T̃1(µs) T̃2R(µs) T̃φ,1/f (µs)

Qubit 1 23.9 ± 5.3 13.1 ± 2.8 23.9 ± 5.3 13.1 ± 2.8 –
Qubit 2 23.0 ± 1.5 20.0 ± 0.6 23.4 ± 2.9 18.8 ± 2.3 28 ± 4.8
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FIG. 7. Qubit 2 decoherence times under flux modulation as
a function of the two-qubit gate time. The plot highlights how
different decoherence times are affected by the length of the
gate operation, providing insights into the interplay between gate
duration and qubit stability under flux modulation. Note that each
gate time corresponds to a different flux pulse amplitude applied
to the tunable coupler and thus different coupler frequencies.
Because of the coupler-qubit hybridization, the qubit frequency
shifts by a few megahertz depending on the coupler frequency,
leading to qubit coherence variations.

(Table II and Fig. 7), we meticulously characterize the
error budget for each CZ gate (see Fig. 8). As illustrated in
Fig. 8(a), the experimentally measured average CZ errors
(teal dots) align closely with our estimated total error (the
sum of coherent and incoherent errors, rcoh + rincoh). The
relative error between the mean of the measured error
rate riRB by RB and the mean of the total estimated
error rcoh + rincoh defined by |mean(riRB)− mean(rcoh +
rincoh)|/mean(riRB) yields 10%. The incoherent errors (red
dots) constitute approximately 83% of the total CZ error
on average, and coherent errors account for the remain-
ing 17%. In Fig. 8(b), we present a detailed breakdown of
each error source that contributes to the CZ gate errors.
The major contributions come from qubit relaxation T1,
dephasing Twh

φ due to Markovian noise, and leakage errors.
The impact of amplitude, phase, and dephasing due to 1/f
flux noise remains below 2% of the total error.

This comprehensive analysis provides valuable insights
into the error dynamics of the CZ gates based on para-
metric resonance interaction, highlighting the significant
role of incoherent errors and leakage, and underscoring
the need for optimized control strategies to mitigate these
errors.

V. CONCLUSION

In this work, we have conducted an in-depth experimen-
tal analysis of the error budget associated with paramet-
ric resonance gates, specifically focusing on flux-tunable

(a)

(b)

FIG. 8. (a) Measured average error rates for CZ gates from
interleaved RB (riRB, teal dots) for various two-qubit gate dura-
tions. The plot clearly shows that incoherent errors (red) con-
stitute the majority of the gate error, approximately 83%, while
coherent errors (yellow) account for the remainder 17%. The
black dots represent the total estimated error (rcoh + rincoh),
which aligns with the experimentally measured CZ error (teal).
(b) Detailed breakdown of the estimated incoherent and coherent
error contributions for each gate time. In particular, T1 (relax-
ation) and Twh

φ (dephasing due to white noise) are the dominant
error sources.

qubits in a tunable coupler architecture. We developed
a systematic methodology to meticulously quantify var-
ious error sources, thereby providing a holistic view of
the factors influencing the fidelity of the two-qubit gate.
Our investigation is particularly focused on the CZ gate,
examining how its performance varies with gate duration.

The findings of our study indicate that incoherent
errors, mainly arising from qubit relaxation and dephasing
induced by white noise, are predominant factors affect-
ing the fidelity of the CZ gate, accounting for 83% of the
gate error. Coherent errors, especially those arising from
leakage to noncomputational energy states of the qubits,
contribute to the total error rate, accounting for about 17%.
The experimentally measured average error rates align
closely with the total estimated error obtained by analyzing
both incoherent and coherent error channels.

Furthermore, we present practical analytical expressions
to estimate both incoherent and coherent errors. These
expressions can be readily applied using easily acces-
sible experimental data such as coherence times, swap
angles, and conditional phases. This enables a straightfor-
ward estimation of two-qubit gate errors using standard

014059-9



EYOB A. SETE et al. PHYS. REV. APPLIED 22, 014059 (2024)

measurement protocols, enhancing our ability to predict
and mitigate errors in quantum gate operations.

Overall, our work contributes to a better understanding
of the error mechanisms in two-qubit gates and provides
valuable insights for the optimization and enhancement of
quantum gate fidelity.
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APPENDIX A: INCOHERENT ERROR FOR AN
ISWAP GATE

First, we summarize a few pertinent facts about vector-
ization and the process fidelity. All relevant background
can be found, for example, in [57].

Consider the Lindblad master equation written as

ρ̇(t) = −i[H , ρ(t)] + 1
2

∑

k

γkD[Lk]ρ(t)

+
∑

k

γφ,kD[Lk]ρ(t), (A1)

where the terms in the Lindblad dissipator are

D[L] · =2L · L − {L†L, ·}. (A2)

Recall Roth’s lemma [58], which is used to column-
vectorize a matrix product of matrices A, B, and C of
compatible dimensions k × l, l × m, and m × n written in
an orthonormal basis:

−−→
ABC = (CT ⊗ A)B. (A3)

Replacing B by ρ, the master equation can then be written
in column vector form as

̇ρ = L ρ, (A4)

where the matrix L is given by

L = −i1 ⊗ H + iH T ⊗ 1

+ 1
2

∑

k

γk(2(L
†
k)

T ⊗ Lk − 1 ⊗ L†
kLk − L†

kLk ⊗ 1)

+
∑

k

γφ,k(2(L
†
k)

T ⊗ Lk − 1 ⊗ L†
kLk − L†

kLk ⊗ 1).

(A5)

To see this, note that using Eq. (A3), for example, ρH =
IρH �→ (H T ⊗ 1) ρ under vectorization. The other terms
in Eq. (A5) follow similarly.

Since the Lindblad equation generates a completely
positive trace-preserving (CPTP) map E , the solution of
Eq. (A1) can be written in the Kraus operator sum repre-
sentation form as

ρ(t) = E[ρ(0)] =
∑

i

Kiρ(0)K
†
i , (A6)

where the Kraus operators {Ki} satisfy
∑

i K†
i Ki = 1. Vec-

torizing using Eq. (A3), this yields

−→
ρ(t) = −−−−→E[ρ(0)] =

∑

i

K∗
i ⊗ Ki

−−→
ρ(0), (A7)

while the solution of Eq. (A4) has the form

−→
ρ(t) = eLt−−→ρ(0) = S−−→

ρ(0), (A8)

where S ≡ eLt is the Liouville superoperator matrix. Com-
paring, we obtain S = ∑

i K∗
i ⊗ Ki.

The average gate fidelity of a gate U relative to a CPTP
map (or quantum channel) E is defined as [59]

F̄E ,U =
∫

dψ 〈ψ | U†E(|ψ〉〈ψ |)U |ψ〉

=
∫

dψ 〈ψ |U†E(|ψ〉〈ψ |) |ψ〉 = F̄E ′,I ≡ F̄E ′ ,

(A9)

where U(ρ) = UρU†, E ′ ≡ U†E , I(·) = 1 · 1 is the iden-
tity channel, and the integral is over the uniform (Haar)
measure dψ , normalized so that

∫
dψ = 1. Thus, F̄E ′ com-

pares U†E with the identity channel. Note that σ = U†ρU
becomes σ = (UT ⊗ U∗) ρ after vectorization. Therefore,

−−−−−→E ′[ρ(0)] =
−−−−−−−−→
U†E[ρ(0)]U = (UT ⊗ U∗)

−−−−→E[ρ(0)]

= u∗S−−→
ρ(0) = S ′−−→ρ(0),

(A10)

where S ′ ≡ u∗S and u ≡ U† ⊗ U is the Liouville superop-
erator matrix of the ideal gate U.
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F̄E ′ can be expressed in terms of S ′ as [60] (see also [57,
Eq. (5.57)])

F̄S′ = Tr(S ′)+ d
d(d + 1)

, (A11)

where d is the system’s Hilbert space dimension.
Assuming that there are no coherent errors due to the

XY interaction, we can estimate the iSWAP fidelity limited
by the qubits’ relaxation and dephasing rates. We assume
that all the relaxation and dephasing rate values are at
gate operating conditions. With relaxation and dephasing
(Markovian noise), the time evolution of the system is
described by the master equation

ρ̇(t) = −i[HiSWAP, ρ(t)] + 1
2

2∑

k=1

�1,kD[ak]ρ(t)

+
2∑

k=1

�φ,kD[nk]ρ(t), (A12)

where HiSWAP = g(|10〉〈01| + |01〉〈10|), nk = a†
kak (ak =

(|0〉〈1|)k, and nk = (|1〉〈1|)k), and �1,k and �φ,k are relax-
ation and dephasing rates of the kth qubit, respectively.

We are interested in both the coherent and incoherent
contributions to F̄E ,UiSWAP , the average gate fidelity of the
iSWAP gate, hence now set u = U†

iSWAP ⊗ UiSWAP.
Since the two-qubit gate times are shorter than

the coherence times of the qubits, tg = π/(2g) �
1/�1, 1/�wh

φ , we can expand the fidelity in small parame-
ters, �1,ktg and �wh

φ,ktg . In this limit, the loss and dephasing
processes are independent of each other in the leading
order. Thus, the total superoperator matrix can be written
as the sum of the individual contributions:

SiSWAP ≈
∑

k

(SL[σk] + SL[nk]
)

. (A13)

We first find the superoperator matrix S by exponentiating
the superoperator L given by Eq. (A5):

L = −i1 ⊗ HiSWAP + iH T
iSWAP ⊗ 1

+ 1
2

2∑

k=1

�1,k(2ak ⊗ ak − 1 ⊗ nk − nk ⊗ 1)

+
2∑

k=1

�φ,k(2nk ⊗ nk − 1 ⊗ n2
k − n2

k ⊗ 1), (A14)

and

SiSWAP = eLtg . (A15)

In the limit where the relaxation and dephasing times are
much longer than the gate time tg = π/2g, each dephasing

or relaxation process contributes independently to the gate
infidelity, that is, riSWAP

incoh = r1 + r2 + r3 + r4, where r1 (r2)
is the error due to �1,1 (�1,2), and r3 (r4) is the error due
to �φ,1 (�φ,2). Let us first consider the coherent evolution
plus the first qubit relaxation terms. The infidelity of the
iSWAP gate due to the relaxation process is obtained by
comparing the superoperator matrix SiSWAP with the ideal
iSWAP superoperator matrix uiSWAP = U†

iSWAP ⊗ UiSWAP.
Substituting Eq. (A15) and uiSWAP into Eq. (A11), and
expanding the resulting equation to leading order in �1,1
using Mathematica, we obtain

r1 = 1
20

[10 + 3�1,1tg + (2 − �1,1tg) cos(2gtg)

+ 4(�1,1tg − 2) sin(gtg)]. (A16)

Evaluating the unitary evolution (the oscillatory terms) at
tg = π/2g, we find

r1 = 2
5
�1,1tg . (A17)

We intentionally remove the coherent error by evaluating
the oscillatory terms at τ = π/2g. Repeating the above
steps for the remaining relaxation and dephasing processes,
we find the incoherent error (rincoh = 1 − F̄E ,UiSWAP) for
iSWAP to be

rincoh ≈ 2
5

2∑

k=1

(�1,k + �wh
φ,k)tg . (A18)

Introducing �wh
φ,k = �2,k − 1

2�1,k, the incoherent error can
be rewritten in terms of the relaxation rate �1,k and the total
dephasing rate �2,k as

rincoh ≈ 2
5

2∑

k=1

(
1
2
�1,k + �2,k

)
tg . (A19)

Note that this error is only for the active part of the gate.
If there is a waiting or padding time before and after the
gate pulse, the error incurred due to the relaxation and
dephasing processes will be the same except for replacing
tg with tw. In general, Eq. (A18) is valid for any gate that
is implemented within the computational subspace.

APPENDIX B: INCOHERENT ERROR FOR A CZ
GATE

Here we present the derivation of the approximate inco-
herent error for the CZ gate in the limits �1tg � 1 and
�φ,wtg � 1. A CZ gate between the two qubits is acti-
vated by coupling, for example, |11〉 with |20〉 with the
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Hamiltonian

HCZ20 = g(|11〉〈20| + |20〉〈11|). (B1)

A full period evolution from |11〉 to |20〉 and back yields
the conditional phase e−iπ to |11〉 needed to define CZ. The
dynamics of the system in the presence of relaxation and
dephasing can be described by

ρ̇(t) = −i[HCZ20, ρ(t)] + 1
2

2∑

k=1

�1,kD[σk]ρ(t)

+
2∑

k=1

�wh
φ,kD[nk]ρ(t) (B2)

where ak = (|0〉〈1| + √
2|1〉〈2|)k and nk = (|1〉〈1| + 2|2〉

〈2|)k. We again first find the superoperator matrix by
exponentiation of L given by Eq. (A5),

L = −i1 ⊗ HCZ20 + iH T
CZ20 ⊗ 1

+ 1
2

2∑

k=1

�1,k(2ak ⊗ ak − 1 ⊗ nk − nk ⊗ 1)

+
2∑

k=1

�wh
φ,k(2nk ⊗ nk − 1 ⊗ n2

k − n2
k ⊗ 1), (B3)

and projecting into the qubit subspace,

SCZ = PeLtg P†, (B4)

where P = p ⊗ p with p = pproj ⊗ pproj and

pproj = (1, 0)T(1, 0, 0)+ (0, 1)T(0, 1, 0). (B5)

In the limit where the relaxation and dephasing times are
much longer than the gate time tg = π/g, each dephas-
ing or relaxation process contributes independently to the
gate infidelity, that is, rCZ20

incoh = r1 + r2 + r3 + r4. Let us
first consider the coherent evolution plus the second qubit
relaxation terms. The infidelity of the CZ gate due to the
relaxation process is obtained by comparing the superop-
erator matrix SCZ with the ideal CZ superoperator matrix
uCZ = U†

CZ ⊗ UCZ:

r2 = 1 − F̄2 ≈ 1
10

cos2(gtg/2)[7 − cos(gtg)]

+ �1,2

40g
{
[3 − cos(gtg)]

× [2gtg − gtg cos(gtg)− sin(gtg)]
}
. (B6)

Evaluating the oscillatory terms in Eq. (B6) at tg = π/g,
we get the error due to the second qubit relaxation

r2 = 3
10
�1,2tg . (B7)

Following the same reasoning, the contribution of relax-
ation of the first qubit is r1 = �1,1tg/2. Note that since
the first qubit oscillates between |1〉 and |2〉, the relax-
ation processes of the first qubit contribute more to the
gate error than the second qubit that oscillates between |0〉
and |1〉 during the gate (assuming the same relaxation rate
for the qubits). Computing the contribution of the dephas-
ing processes, the total error of CZ due to relaxation and
dephasing processes reads

rCZ20
incoh ≈ 1

2
�1,1tg + 3

10
�1,2tg + 61

80
�wh
φ,1tg + 29

80
�wh
φ,2tg .

(B8)

It is worth noting that the contribution of the first qubit
dephasing to the total error is stronger than that of the sec-
ond qubit because the coherent oscillations for the first
qubit occur between |1〉 and |2〉 and hence more dephas-
ing comes from the state |2〉. The error rate Eq. (B8) only
accounts for the flat part of the pulse. If there is padding
before and after the pulse, the error is given by

rCZ20
incoh ≈ 1

2
�1,1tg + 3

10
�1,2tg + 61

80
�wh
φ,1tg + 29

80
�wh
φ,2tg

+ 2
5

2∑

l=1

(
�1,k + �wh

φ,k

)
tw. (B9)

The incoherent error can be expressed in terms of the total
dephasing rates �2,k and relaxation rates �1,k as

rCZ20
incoh ≈ 19

160
(�1,1 + �1,2)tg + 61

80
�2,1tg + 29

80
�2,2tg

+ 2
5

2∑

l=1

(
1
2
�1,k + �wh

φ,k

)
tw. (B10)

A CZ gate can also be activated by the interaction Hamil-
tonian

HCZ02 = g(|11〉〈02| + |02〉〈11|). (B11)

The corresponding incoherent error can be obtained by
replacing 1 ↔ 2 in Eq. (B10):

rCZ02
incoh ≈ 19

160
(�1,2 + �1,1)tg + 29

80
�2,1tg + 61

80
�2,2tg

+ 2
5

2∑

l=1

(
1
2
�1,k + �wh

φ,k

)
tw. (B12)
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APPENDIX C: ERROR DUE TO 1/f FLUX NOISE

Let us consider dephasing due to 1/f flux noise only,
assuming both qubits are sensitive to flux noise. Assum-
ing the qubit is susceptible to 1/f flux noise only, the
off-diagonal element of the qubit density matrix decays
approximately as exp[−(�1/f

φ t)2], which can be modeled
using the master equation

ρ̇(t) = −i[H , ρ(t)] +
2∑

k=1

2t
(
�

1/f
φ,k

)2 D[nk]ρ(t), (C1)

where the �1/f
φ,k are the dephasing rates of the qubits due

to 1/f flux noise. The vectorized master equation for
the CZ gate activated with a coupling Hamiltonian H =
g(|11〉〈20| + |20〉〈11|) has the form

̇ρ(t) = e
∫ τ

0 dt′L(t′)−−→ρ(0), (C2)

where the time-dependent superoperator is given by

L(t) = −i1 ⊗ H + iH T ⊗ 1

+
2∑

k=1

2t(�1/f
φ,k )

2(t)(2nk ⊗ nk − 1 ⊗ n2
k − n2

k ⊗ 1).

(C3)

In the limit �1/f
φ,k τ � 1, and following the same procedure

as in Appendix B, the error rate due to 1/f flux noise reads
[56]

rCZ20
Tφ,1/f

= 61
80

(
�

1/f
φ,1 tg

)2
+ 29

80

(
�

1/f
φ,2 tg

)2
. (C4)

The error rate for the CZ02 gate due to 1/f flux noise can
be obtained by interchanging the indices of the qubits in
Eq. (C4). Similarly, for the iSWAP gate, the error due to
1/f flux noise (assuming no coherent error) has the form

riSWAP
Tφ,1/f

= 13
20

− 1
2

e−�2t2g/2 − 3
20

e−�2t2g (C5)

where �2 =
(
�

1/f
φ,1

)2
+
(
�

1/f
φ,2

)2
. In the limit �1/f

φ,k tg � 1,
we have

riSWAP
Tφ,1/f

= 2
5

[(
�

1/f
φ,1

)2
+
(
�

1/f
φ,2

)2
]

t2g . (C6)
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