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A wavy dielectric grating hosts bound states in the continuum (BICs) at nonzero Bloch wave number.
For an oblique incident optical field with parameters near to the BICs, the reflectance spectrum exhibits
an ultrasharp Fano line shape, and the reflected beam has a large negative Goos-Hänchen shift, due to
excitation of the corresponding quasi-BIC with negative group velocity. Under incidence of a Gaussian
beam with a sizable beam width, the excited quasi-BIC could travel a long distance along the direction of
the Goos-Hänchen shift, designated as LGH, before the energy is completely radiated. If the length between
the termination of the wavy shape and the focus of the incident Gaussian beam is smaller than LGH, sizable
energy flux can be coupled into the waveguide mode of the flat dielectric slab that is connected to the
wavy dielectric grating. Measurement of the energy flux of the waveguide mode can sense the variation
of the refractive index of the background medium. The proposed sensing scheme can be integrated with a
waveguide in an optical circuit.
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I. INTRODUCTION

Refractive index sensing based on optical response is the
most-efficient means of detecting environmental changes,
such as a change of humidity [1] or gas concentration [2].
The critical factors for an efficient sensor are the sensi-
tivity, the figure of merit (FOM), and the ability to be
integrated with a photonic circuit. The sensitivity can be
increased by various types of optical resonances, such
as surface plasmon polaritons (SPPs) and localized sur-
face plasmon resonances (LSPRs) [3–13]. Although SPPs
and LSPRs in metallic nanostructures can highly local-
ize the optical field, and then increase the sensitivity, the
absorption losses at visible and near-infrared wavelengths
reduce the Q factor of the resonant mode [14]. Thus, the
figures of merit of sensors based on SPPs and LSPRs
are not very high. Sensors based on fully dielectric struc-
tures, such as resonant nanocavities in 2D photonic crystals
[2] or dielectric gratings [15], have ultralow absorption
losses, so the Q factor can be high, and then the FOM can
be increased.

A bound state in the continuum (BIC) is a type
of localized eigenmode whose resonant frequency lies
in the continuous spectrum of radiative optical modes
[16–25]. Because the BIC does not couple with the radia-
tive mode, an incident optical field cannot excite the BIC.
By one tuning the structural parameter, the BIC can be
transformed into a quasi-BIC with an ultrahigh but finite
Q factor, which couples with the radiative mode. Under
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incidence of a plane wave with fixed wavelength, the
angular reflectance spectrum (i.e., reflectance versus inci-
dent angle) of the dielectric structure with a quasi-BIC
exhibits a ultranarrow Fano line shape, so a refractive
index sensor based on a quasi-BIC could have a large FOM
[15]. For a realistic sensor, the incident optical field is a
Gaussian beam instead of a plane wave, so the measured
angular reflectance spectrum is the convolution between
the Fano line shape and the angular spectrum of the inci-
dent Gaussian beam. If the beam width of the Gaussian
beam is small, the width of the incident angular spectrum
is larger than the width of the Fano line shape, so the width
of the measured angular reflectance spectrum is larger than
that of the Fano line shape. Thus, the FOM is decreased.
On the other hand, if the beam width of the incident Gaus-
sian beam is very large, the FOM is preserved, but the
measurement of the reflected or transmitted power requires
a detector with a large cross section, which increases
the difficulty of integrating the sensor with a photonic
circuit.

Another feature of a quasi-BIC is the enhancement of
the Goos-Hänchen shifts [26,27], which are lateral shifts
of the reflected and transmitted beams from the incident
beam. The Goos-Hänchen shifts can also be enhanced by
the presence of other types of resonant microstructure [28],
such as surface plasmon resonators [29], metal-cladding
waveguides [30], ε-near-zero metamaterial slabs [31,32],
and photonic crystal surface structures [33–36].

In this paper, we propose a refractive index sensor based
on large negative Goos-Hänchen shifts of quasi-bound-
states-in-the-continuum (quasi-BICs). The sensing signal
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is the energy flux of the waveguide mode, so the sensor
can be integrated with a photonic circuit. The structure
consists of a dielectric slab in the x-y plane, as shown
in Fig. 1(a). Within a finite region x ∈ [−Nta, Nta], the
dielectric slab has a wavy structure along the x direc-
tion, with a being the period of the wavy structure and
Nt characterizing the size of the grating. In the region
with |x| > Nta, the dielectric slab is flat. In the region
with (Nt − 3)a < |x| < Nta, the magnitude of the wavy
shape smoothly decreases to zero. The wavy dielectric
grating within the region with |x| < (Nt − 3)a hosts BICs
at nonzero Bloch wave number, so in-plane oblique inci-
dence of an optical field could excite the corresponding
quasi-BICs [37]. According to the stationary-phase method
[27], the Goos-Hänchen shifts assisted by the quasi-BICs
are large [38,39]. The quasi-BICs of a wavy dielectric grat-
ing have negative group velocity, so the Goos-Hänchen
shifts are negative. Assuming that the focus of the inci-
dent Gaussian beam is at x = 0, the incident field excites
a wave packet consisting of quasi-BICs with energy flux
along the −x̂ direction. As the excited wave packet trav-
els to the region with x < 0, the optical field couples into
the radiative modes, which form reflected and transmitted
beams with negative Goos-Hänchen shifts, as designated
by the red arrow Pr,− in Fig. 1(a). If Nta is smaller than sum
of the Goos-Hänchen shift and the reflected beam width,
the energy of the wave packet is not completely radiated
before it reaches x = −Nta, but is partially coupled into

the waveguide mode of the flat dielectric slab in the region
with x < −Nta, as designated by the red arrow PWG in
Fig. 1(a). In our proposed systems, the magnitude of the
negative Goos-Hänchen shift is larger than the beam width
of the incident Gaussian beam, so the termination of the
wavy shape at x = −Nta does not influence the interac-
tion between the incident Gaussian beam and the wavy
dielectric grating. Thus, the large negative Goos-Hänchen
shift is preserved, and then PWG is sizable. Measurement
of PWG by an integrated photonic detector can be applied
as a sensing signal of the refractive index in the back-
ground medium. In contrast to previous work reported in
Refs. [38,39], we applied a Gaussian beam in real space to
excite the quasi-BIC with a large negative Goos-Hänchen
shift, so that the sensing signal is the energy flux in the
integrated waveguide, instead of the reflected (transmitted)
plane wave or Gaussian beam.

The remainder of this paper is organized as follows.
In Sec. II, the reflectance spectrum, sensitivity, and FOM
under plane-wave incidence for the structure with Nt = ∞
are investigated. In Sec. III, the Goos-Hänchen shifts of
two selected quasi-BICs are calculated by the stationary-
phase method; the Goos-Hänchen shifts in real space for
the structure with finite Nt under incidence of a Gaussian
beam with a finite beam width are calculated; the sensing
scheme based on measurement of the tunneling energy into
the flat waveguide is discussed. In Sec. IV, conclusions are
presented.

(a) (b) (c)

PWG

FIG. 1. (a) Structure of the wavy dielectric grating, and scheme of sensing based on an in-plane oblique incident Gaussian beam.
The red arrows indicate the main path of the incident optical beam. The power flux of the incident beam is designated as Pi. The
power flux of the reflected beams with positive and negative Goos-Hänchen shifts are designated as Pr,+ and Pr,−, respectively. The
power flux that couples into the flat waveguide adjacent to the left termination of the wavy shape is designated as PWG. The green and
blue arrows indicate the linearly polarized directions of the s-polarized and p-polarized incident wave, respectively. (b),(c) Reflectance
spectrum of an in-plane oblique incident plane wave with respect to wavelength and incident angle. The blue line marks the relation
(2π/a) − kx = k0, which separates the regimes that can and cannot have second-order reflection at angle − sin−1(λ/a − sin θin). The
spectra in (b),(c) are for the incidence of an s-polarized and a p-polarized plane wave, respectively. The BICs in (b),(c) are marked by
the white rectangles.
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II. OPTICAL RESPONSE UNDER PLANE-WAVE
INCIDENCE

The structure of the wavy dielectric grating con-
sists of a periodically corrugated dielectric slab with
thickness h, as shown in Fig. 1(a). Assuming that
the slab lies in the x-y plane, the shapes of the
top and bottom surfaces of the dielectric slab within
the region |x| < Nta are given by the function z =
w sin(2πx/a)f (x) ± h/2, where w is the magnitude
of the corrugation and f (x) = (1 + tanh[2(x/a − 1.5 +
Nt)])(1 − tanh[2(x/a + 1.5 − Nt)])/4 is a smooth ladder
function at the two terminations of the wavy shapes.
The wavy shapes can be fabricated by application of the
femtosecond-laser direct-writing technique [40]. In this
section, the scattering of an oblique incident plane wave,
whose plane of incidence is the x-z plane, is studied. The
wave equations for the electric field (Ey) and the mag-
netic field (Hy) for the s-polarized and p-polarized inci-
dent wave are numerically solved by the spectral-element
method [41–46], respectively. In the numerical simula-
tion, the structural parameters are a = 333 nm, h = 134
nm, and w = 30 nm. Nt is infinitely large, so a periodic
boundary condition of one period can be applied to sim-
ulate the plane-wave scattering. The refractive index n of
the dielectric slab is 2. The refractive index of the back-
ground medium above the wavy dielectric grating is 1, and
that below the wavy dielectric grating denoted nsen. We
firstly discuss the case with nsen = 1, and then we study
the sensitivity of the optical response to the changing of
nsen.

A. Reflectance spectrum

The numerical results for the reflectance spectra for
s-polarized and p-polarized incident plane waves in the
parameter space of the wavelength (λ) and the incident
angle (θin) are plotted in Figs. 1(b) and 1(c), respectively.
Within the white rectangle in Figs. 1(b) and 1(c), the
linewidth of the reflectance spectra approaches zero, which
implies the existence of a BIC. The thin blue line corre-
sponds to the folded light cone given by (2π/a) − kx = k0,
with k0 = 2π/λ and kx = sin θink0.

For the s-polarized wave, four bands of leaky resonant
modes are identified in Fig. 1(b), which correspond to the
band structure above the light cone. In the absence of the
wavy shape (i.e., w = 0), the flat dielectric slab possesses
waveguide modes whose dispersion relations are plotted
as dotted lines in Fig. 2(a). The dotted green and black
lines are for the first and second waveguide modes, respec-
tively. By our imposing the discrete periodical boundary
condition, the dispersion relation of the waveguide modes
is folded into the first Brillioun zone, which forms a band
structure of the waveguide modes. Specifically, the cut-
off mode of the second waveguide band is folded into
the first Brillioun zone, so the mode is at the folded light
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FIG. 2. Band structure of the s-polarized leaky resonant modes
with (a),(b) nsen = 1 and (c),(d) nsen = 1.07. (b),(d) Enlarge-
ments of (a),(b), respectively, within the rectangular area. The
thin dashed black line is the light cone of the lower half space
given by kx = 2π fnsen/c. The thin solid blue line is the folded
light cone within the first Brillouin zone. The thick dotted green
(black) lines below the light cone are the first (second) waveg-
uide dispersion of a flat dielectric slab with w = 0 nm. The cutoff
mode of the second waveguide mode is marked by the black
circle. The second waveguide mode and its cutoff mode are for-
mally folded into the first Brillouin zone. The thick green line
and the thick blue-red line are the band structure of the first
and second leaky resonant modes of the wavy dielectric grating,
which originates from the first and second waveguide dispersion,
respectively. The band structure of the second leaky resonant
mode crosses the folded light cone at the diamond, and termi-
nates at the hexagram. The thin solid magenta line is the light
line given by kx = (2π f /c) sin θin.

cone given by (2π/a) − kx = k0, as shown by the black
circle in Figs. 2(a) and 2(b). As w becomes nonzero, the
perturbation modifies the band structure of the waveguide
modes, and transfers the modes above the light cone into
leaky resonant modes. The band structures of the leaky
resonant modes, which are plotted as thick solid lines in
Figs. 2(a) and 2(b), can be obtained by one solving the
eigenvalue problem of the unit cell with radiative bound-
ary conditions at the top and bottom surfaces. The band
crossings of the waveguide modes at kx = 0 are trans-
ferred into avoid crossings. In each avoid crossing, one of
the two modes is a symmetry-protected BIC with a real
eigenvalue. The perturbation induces coupling between the
waveguide mode near the cutoff frequency of the second
waveguide band and the propagating mode at the light
cone, which modifies the band structure near the cutoff fre-
quency of the second waveguide mode. The band structure
becomes lower than the dispersion of the waveguide mode,
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(a) (b) (c) (d)

FIG. 3. Q factor versus kx of the quasi-BIC for (a) s polariza-
tion and (c) p polarization. The field patterns of |Ey | and |Hy |
of the s-polarized and p-polarized BICs are plotted in (b),(d),
respectively.

as shown by the thick blue line in Figs. 2(a) and 2(b). At the
diamond with akx/2π = 0.316, the band structure crosses
the folded light cone. As kx further increases, the band
structure further extends with frequency slightly above the
folded light cone, as shown by the thick red line in Figs.
2(a) and 2(b). The band structure terminates at the hexa-
gram, with the wave number being akx,cBIC/2π = 0.3681,
with cBIC standing for the cutoff-BIC to be defined. The Q
factors of the leaky resonant modes along the band struc-
ture (from the thick blue line to the thick red line) are
plotted in Fig. 3(a). As kx approaches kx,cBIC, the Q fac-
tor increases and approaches infinity, which implies that
the resonant mode at kx,cBIC is a BIC. We designated the
BIC as the cutoff BIC, because the BIC originates from
the cutoff waveguide mode. The field pattern of a quasi-
BIC at akx/2π = 0.36 is plotted in Fig. 3(b), and is highly
nonlocalized. Because the field pattern of the BIC and the
corresponding quasi-BICs is highly nonlocalized, a unit
cell with large size along the z direction is required in the
numerical calculation to obtain an accurate result. For a
quasi-BIC at kx, the field pattern can be decomposed into
the superposition of a series of Fourier modes with Bloch
wave number kx − Nw2π/a (with Nw being an integer).
The Fourier mode with kx − 2π/a is near the light cone,
whose evanescent field is nearly nonlocalized. Because the
quasi-BIC originates from the coupling between the propa-
gating mode at the light cone and the waveguide mode, the
superposition coefficient of the Fourier mode with wave
number kx − 2π/a is sizable. Thus, the field pattern is
highly nonlocalized. As kx approaches kx,cBIC, the Q factor
of the quasi-BIC approaches infinity with a varying rate,
i.e., Q ∝ 1/|kx − kx,cBIC|p with a varying index p . This
phenomenon might be due to the high delocalization of the
field pattern.

Under plane-wave incidence, the reflectance spectrum
has a resonant peak near the crossing point between the
band structure and the light line given by kx = k0 sin θin.
As θin,BIC > 28◦, the resonant peak becomes ultrasharp,
because the Q factor of the leaky resonant mode at the
crossing point is larger than 106. The group velocity
of the quasi-BICs is negative, because the slope of the
corresponding band structure is negative.

For the p-polarized wave, three bands of leaky resonant
modes are identified in Fig. 1(c). The band structure near
the blue line consists of the quasi-BICs corresponding to
the cutoff BIC, which has a feature similar to that of the
s-polarized wave. Another BIC is identified with wave-
length λBIC = 506 nm and incident angle θin,BIC = 9◦,
which is marked by the white rectangle. The Q factors of
the corresponding quasi-BICs are plotted versus the wave
number in Fig. 3(c), and satisfy the condition Q ∝ 1/|kx −
kx,BIC|2. Thus, the BIC is a typical accidental BIC. The field
pattern of the accidental BIC is plotted in Fig. 3(d), and is
highly localized within the wavy dielectric slab. The group
velocity of the corresponding quasi-BICs is also negative.

B. Sensitivity and FOM under plane-wave incidence

Changing nsen changes the resonant frequency of the
BICs, which in turn changes the reflectance spectra of
the corresponding quasi-BICs. In other words, the wave-
length of the reflectance peak of the quasi-BIC is sensitive
to the change of refractive index. The sensitivity of the
reflectance peak to nsen is defined as [47,48]

S = dλpeak

dnsen
, (1)

and the FOM is defined as

F = S
�λpeak

, (2)

where λpeak is the wavelength at the peak of the reflectance
and �λpeak is the full width at half maximum (FWHM) of
the peak.

For the s-polarized wave, as nsen increases, the slope
of the light cone of the lower half space decreases, and
the frequency of the cutoff BIC increases, as shown in
Figs. 2(c) and 2(d). The band structure of the quasi-BIC
corresponding to the cutoff BIC shifts to the regime with
larger frequency and smaller kx. Consequently, the fre-
quency of the crossing point between the light line with
a fixed incident angle θin and the band structure decreases.
When nsen is slightly larger than 1, the crossing point is at
the blue section of the band structure, which corresponds
to the quasi-BIC with a moderate Q factor. In this case,
the resonant peak of the reflectance spectrum has a sizable
FWHM, so the FOM is small. When the increase of nsen
is large enough, the crossing point is at the red section of
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FIG. 4. (a),(c) Numerical results for reflectance spectra of the incident plane wave. In each figure, the dashed black curve is for the
case with nsen = 1, and the solid blue curves with increasing peak wavelength are for the cases with increasing nsen, with incremental
step of 0.05. (b),(d) Sensitivity and FOM versus nsen, which are plotted as black and blue lines, corresponding to the left and right y
axes, respectively. (a),(b) Numerical results for s polarization and (c),(d) numerical results for p polarization, with θin being 21◦ and
5◦, respectively.

the band structure, which is very near the folded light cone.
Thus, the wavelength at the resonant peak can be approxi-
mately given by the crossing between the light line and the
folded light cone, i.e., λpeak = a(nsen + sin θin). The sensi-
tivity S = a r.i.u.−1 = 333 nm/r.i.u. (where “r.i.u.” means
“refractive index unit”). The quasi-BIC at the red section
of the band structure has a large Q factor, so the FWHM
of the resonant peak is small, which results in a large
FOM. The numerical result for the reflectance spectrum
with varied nsen is plotted in Fig. 4(a). As nsen increases
from 1 to 1.06, the sensitivity sharply increases from 115
to 333 nm/r.i.u.; as nsen further increases to 1.4, the sensi-
tivity remains at 333 nm/r.i.u., as shown by the black line
in Fig. 4(b). As nsen increases from 1 to 1.13, the FOM
sharply increases from 2.3 × 102 to 3.7 × 108 r.i.u.−1; as
nsen further increases to 1.4, the FOM slowly decreases to
6 × 107 r.i.u.−1, as shown by the blue line in Fig. 4(b). As
a result, the sensing range within nsen ∈ [1, 1.4] has a large
FOM, which can be applied for sensing of the refractive
index of a gas, liquid, or biosolution.

For the p-polarized wave with nsen = 1, the acciden-
tal BIC appears at θin = 9◦ and λ = 506 nm. If θin is
fixed at 5◦, which is near 9◦, the quasi-BIC with a mod-
erate Q factor is excited, as shown by the dashed black
line in Fig. 4(c). As nsen increases, the peak shifts to

longer wavelength with a linear incremental shift, so the
sensitivity is linearly dependent on nsen, as shown by the
black line in Fig. 4(d). As nsen increases, the FWHM
slowly increases, so the FOM slowly decreases from 1.6 ×
103 to 1.4 × 102 r.i.u.−1, as shown by the blue line in
Fig. 4(d). Because the field pattern of the p-polarized
quasi-BICs is localized within the dielectric slab, the sen-
sitivity is smaller than that of the s-polarized quasi-BICs.

III. OPTICAL RESPONSE UNDER
GAUSSIAN-BEAM INCIDENCE

In this section, we consider an incident Gaussian beam
with finite beam width in the x-z plane but infinite beam
width along the y axis (i.e., the field is uniform along the
y direction). For a Gaussian beam with fixed wavelength
and beam width, the field profile in the x-z plane is given
as

E0(ρ, η) = Eg0

√
w0

w(ξ)
e
− ρ2

w2(ξ)
+ik0ξ+ik0

ρ2
2R(ξ)

− i
2 η(ξ)

, (3)

where ξ = (r − rp0) · kinc, ρ = |r − rp0 − ξkinc|, w(ξ) =
w0

√
1 + (ξ/z0)2, R(ξ) = ξ [1 + (z0/ξ)2], η(ξ) = tan−1

(ξ/z0), and z0 = k0w2
0/2, with w0 being the beam width
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at the beam waist, rp0 being the location of the focus
point, kinc = − cos θincẑ + sin θincx̂ being the unit vector
along the incident direction θinc, and Eg0 = Ey0ŷ, with Ey0
being the amplitude of the Gaussian beam. The focus of
the beam is at the top surface of the wavy dielectric slab,
given as rp0 = x̂(30a − h/2) tan θinc + ẑh/2. Performing
Fourier transformation of the field profile near to rp0, we
can expand the Gaussian beam into a superposition of a
series of plane waves with the same wavelength and differ-
ing incident angle. The incident angular spectrum is given
by the Gaussian function 
(θ) = e−[(θ−θinc)/�θin]2/2, with
�θin = sin−1[λ/(

√
2πw0)] being the divergence angle.

Thus, the scattering of the Gaussian beam can be decom-
posed into scattering of a series of plane waves with the
same wavelength, differing incident angle and differing
amplitude. According to the stationary-phase method, the
Goos-Hänchen shifts for the Gaussian beam with �θin
being infinitely small are given as [27]

SGH = − λ

2π

∂ϕr(ϕt)

∂θin
, (4)

where ϕr(ϕt) is the phase of the reflected (transmitted)
wave. ϕr(ϕt) can be extracted from the field pattern at

the top (bottom) boundary of the computational domain
in the simulation of plane-wave incidence by applica-
tion of the spectral-element method. On the other hand,
ϕr(ϕt) can also be calculated by application of the multiple-
layer rigorous-coupled-wave-analysis method [49]. We
have confirmed that the numerical results for ϕr(ϕt) given
by the two methods are identical.

For a realistic structure, Nt is finite. In the numerical
simulation, the flat dielectric slab in the region |x| > Nta
extends into the perfectly-matched-layer region. Thus, the
calculated model simulated the structure of a wavy dielec-
tric grating with a finite number of periods, whose left and
right terminations are connected to an infinitely long flat
dielectric slab in the background.

A. s polarization

For s polarization, the quasi-BIC at λ = 465 nm is sim-
ulated. The reflectance (transmittance) angular spectra is
plotted in Fig. 5(a), which exhibits a Fano line shape.
The linewidth of the reflectance peak is defined in two
ways. The Fano linewidth is defined as the difference
between θin with reflectance being zero and 1, which
is 0.08373◦. The FWHM is defined as the difference
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FIG. 5. (a) For s polarization, reflectance (transmittance) angular spectra for a quasi-BIC with λ = 465 nm plotted as a solid black
line (dashed blue line). (b) Corresponding reflection-phase (transmission phase) angular spectra. (c) Corresponding Goos-Hänchen-
shift angular spectra. The incident angles with maximum Goos-Hänchen shift are marked by a vertical thin solid line in (a)–(c). The
incident angles with reflectance of zero and 1 are marked by vertical thin dashed lines in (a). The FWHM and Fano linewidth are
marked by horizontal solid and dashed double arrows, respectively. (d) For a Gaussian beam with λ = 465 nm, θinc = 22.8735◦,
and w0 = 100λ, spatial distribution of the time-averaged Poynting vector of the incident and the reflected fields along the horizontal
observation plane that is 30a above the wavy top surface plotted as green and red arrows, and spatial distribution of the transmitted
field along the horizontal observation plane that is 30a below the wavy top surface plotted as blue arrows. The axis of the incident and
normal reflected beams is plotted as a thick dashed line. The horizontal cyan wavy curve indicate the location of the wavy dielectric
grating.
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FIG. 6. Same as Fig. 5, except that the incident field is p polarized with λ = 525 nm. In (d), θinc = 14.4285◦.

between θin with reflectance being 0.5, which is 0.1625◦.
The FWHM is larger than the Fano linewidth, so the
line shape is highly asymmetric. The reflection-phase
(transmission-phase) angular spectra and the correspond-
ing Goos-Hänchen-shift angular spectra are plotted in
Figs. 5(b) and 5(c), respectively. At θin with reflectance
(transmittance) being zero, the reflection (transmission)
phase has a jump of π , so the derivatives of the phase
against θin, and then the corresponding Goos-Hänchen shift
at the corresponding θin, are not well defined. As θin ∈
[22.73◦, 23.01◦], the Goos-Hänchen shift is negative. The
maximum magnitude of the negative Goos-Hänchen shift
is 229λ at θin = 22.8735◦. The corresponding θin is marked
by a vertical thin solid line in Figs. 5(a)–5(c), which shows
that the corresponding reflectance is 0.732.

In the simulation of a Gaussian beam incident with finite
beam width, θinc equates to θin with maximum magni-
tude of the negative Goos-Hänchen shift. For a Gaussian
beam with w0 = 100λ, the divergence angle, i.e., 2�θin =
0.2579◦, is larger than the Fano linewidth and the FWHM.
The angular spectra of the reflected and transmitted beams
equate to multiplication between the incident angular spec-
trum and the reflected and transmitted angular spectra,
respectively. Within the angular spectra of the reflected
and transmitted beams, the amplitude in a large range of
θin with SGH > 0 is sizable. As a result, the reflected beam
consists of two parallel beams, one of which has a small
positive Goos-Hänchen shift, and the other has a large
negative Goos-Hänchen shift, as schematically indicated
by the beams with power flux Pr,+ and Pr,−, respectively,
in Fig. 1(a). Similarly, the transmitted beam also consists
of two parallel beams. Because Nt is finite, before being

radiated to the reflected (transmitted) beam, part of the
energy of the quasi-BIC is coupled into the left flat dielec-
tric slab with energy flux PWG, as schematically indicated
in Fig. 1(a). The calculated result for a system with Nt =
900 is plotted in Fig. 5(d), which shows that the reflected
(transmitted) beam consists of two overlapping parallel
beams with opposite Goos-Hänchen shifts. Because θinc is
at the highly asymmetric part of the Fano line shape, the
reflected beam with a large negative Goos-Hänchen shift
has a large beam width and large overlap with the another
reflected beam with a small positive Goos-Hänchen shift.
Because Nt is large enough, PWG is negligible.

The numerical Goos-Hänchen shifts of the reflected and
transmitted beams can be approximated as the distance
between the coordinate of the regular beam center and the
coordinate with local maximum energy flux at an observa-
tion plane outside the wavy dielectric slab. By extraction of
the numerical result in Fig. 5(d), for the reflected beam, the
Goos-Hänchen shift of the beam with the smaller energy
flux is −131λ, and that of the beam with the larger energy
flux is nearly zero. For the transmitted beam, the Goos-
Hänchen shift of the beam with the smaller energy flux is
−182λ, and that of the beam with the larger energy flux is
17λ. The numerical results are close to the values of SGH
given by the stationary-phase method in Fig. 5(c).

B. p polarization

For p polarization, we simulate the quasi-BIC at λ =
525 nm. The same set of numerical results as for s polar-
ization are plotted for p polarization in Fig. 6. The Fano
line shape of the p-polarized quasi-BIC is very different
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from that of the s-polarized quasi-BIC. The Fano linewidth
(0.5410◦) is much larger than the FWHM (0.06000◦).
Thus, the Fano line shape is nearly symmetric about θin
with reflectance of 1. θin with maximum magnitude of the
negative Goos-Hänchen shift is nearly the same as θin with
reflectance of 1. As a result, the reflected beam consists
mainly of a beam with a negative Goos-Hänchen shift. For
the transmitted beam, the two parallel beams with positive
and negative Goos-Hänchen shifts are well separated, as
shown in Fig. 6(d).

By extraction of the numerical result in Fig. 6(d), the
Goos-Hänchen shift of the reflected beam is −108λ. For
the transmitted beam, the Goos-Hänchen shift of the beam
with the smaller energy flux is −195λ, and that of the
beam with the larger energy flux is 10λ. Because the
FWHM is much smaller than the divergence angle of
the incident Gaussian beam, i.e., �θin, only a small por-
tion of the incident angular spectrum has a large negative
Goos-Hänchen shift. By averaging the Goos-Hänchen shift
of the whole incident angular spectrum, we find that the
negative Goos-Hänchen shift of the Gaussian beam is only
two thirds of the theoretical value of SGH at the resonant
peak in Fig. 6(c). If the beam width of the Gaussian beam is
further increased, which in turn decreases �θin, the numer-
ical negative Goos-Hänchen shift further approaches the
theoretical value in Fig. 6(c).

C. Sensing of a device with small Nt

According to the numerical results in Figs. 5 and 6, the
magnitude of the negative Goos-Hänchen shift is larger
than the beam width of the Gaussian beam, i.e., w0. Specifi-
cally, the magnitude of the negative Goos-Hänchen shift of
the transmitted beam, designated as St

GH, is nearly double
w0. Thus, at x = −|St

GH|, the energy flux along the −x̂
direction within the wavy dielectric grating is sizable, and
the magnitude of the incident Gaussian beam is small. If
the wavy shape terminates at x = −|St

GH|, the termination
of the wavy shape has a negligible impact on the overlap
between the wavy dielectric grating and the incident Gaus-
sian beam. Thus, the energy flux at x = −|St

GH | remains
sizable, so a sizable energy flux could be coupled into the
flat dielectric slab, i.e., PWG is sizable. As a result, PWG can
be applied as a signal for sensing of nsen. For the systems
in Figs. 5(d) and 6(d), with Nt decreased to be 254 and
307, the wavy shape terminates at x = −Nta = −|St

GH|,
with St

GH being the corresponding negative Goos-Hänchen
shift of the transmitted beam. For the s-polarized and
p-polarized cases, PWG/Pi is 0.276 and 0.244, respec-
tively, with Pi being the power of the incident Gaus-
sian beam. As nsen increases, the parameters of the BIC
(i.e., kx and frequency) change, so the angular spectrum
of reflectance and transmittance with a fixed incident
wavelength changes. The angular Fano line shape of the
quasi-BIC at the incident wavelength shifts away from

1 1.005 1.010 1.015 1.020

n
sen

0.00

0.05

0.10

0.15

0.20

0.25

0.30

W
G

FIG. 7. For a wavy dielectric grating with Nt = 254 and Nt =
307, PWG/Pi under incidence of an s-polarized and a p-polarized
Gaussian beam versus nsen plotted as solid blue and empty
red circles, respectively. The parameters of the s-polarized and
p-polarized Gaussian beams are the same as those in Figs. 5(d)
and 6(d), respectively.

the incident angle of the Gaussian beam, i.e., θinc. In
other words, within the range of the angular spectrum of
the incident Gaussian beam [θinc − �θin, θinc + �θin], the
magnitude of the negative Goos-Hänchen shift given by
the stationary-phase method becomes smaller. Thus, the
energy tunneling into the left flat dielectric slab becomes
smaller, i.e., PWG becomes smaller. PWG/Pi versus nsen is
plotted in Fig. 7.

For s polarization, PWG/Pi monotonically decreases
within the range of nsen ∈ [1, 1.007], but increases as
nsen further increases. The oscillating behavior of PWG/Pi
is due to the interference between the reflected (trans-
mitted) beams with positive and negative Goos-Hänchen
shifts. The sensitivity of the sensor can be defined as
the magnitude of the slope of the function PWG/Pi ver-
sus nsen. The sensitivity of PWG/Pi versus nsen can be
defined as (1/Pi)(dPWG/dnair). Within the range of nsen ∈
[1.002, 1.005], PWG/Pi is nearly a linear function of nsen,
with sensitivity being 53.83 r.i.u.−1.

For p polarization, PWG/Pi is a monotonically decreas-
ing function of nsen within the whole range of nsen ∈
[1, 1.02]. In this case, the reflected (transmitted) beams
with positive and negative Goos-Hänchen shifts are well
separated, so the interference effect is absent. Thus,
PWG/Pi does not have oscillating behavior. Within the
range of nsen ∈ [1.003, 1.007], PWG/Pi is nearly a linear
function of nsen, with sensitivity being 38.20 RIU−1.

To extend the sensing range of nsen, the parameters of the
incident Gaussian beam, i.e., λ and θinc, can be engineered
so that the quasi-BIC of the systems with differing values
of nsen can be excited. For example, if the refractive index
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nsen is within the range [1.33, 1.331], one can firstly calcu-
late the wavelength and kx of the cutoff BIC and accidental
BIC for the system with nsen = 1.33; secondly, one can find
the parameters λ and θin of the corresponding quasi-BIC
with large negative Goos-Hänchen shifts. For the incident
Gaussian beam, the incident angle θinc is equal to θin with
maximum magnitude of the negative Goos-Hänchen shift,
so PWG/Pi is sizable. As nsen increases from 1.33 to 1.331,
PWG/Pi decreases to zero due to the change of the magni-
tude of the Goos-Hänchen shift. Thus, the sensing range is
extended to be [1.33, 1.331]. In practice, for systems with
differing values of nsen, a database of quasi-BICs with neg-
ative Goos-Hänchen shift of −Nta can be built. The sensor
can combine the parameters (λ and θinc) of the incident
Gaussian beam and the measured signal (PWG/Pi) to infer
the value of nsen.

IV. CONCLUSION

In conclusion, the s-polarized and p-polarized
reflectance spectra of a wavy dielectric grating are investi-
gated. The cutoff BIC, which originates from the coupling
between the cutoff waveguide modes and the propagating
mode at the light cone, is identified. Under plane-wave
incidence with wavelength below 500 nm, the sensitiv-
ity and FOM of the reflectance spectra to the refractive
index of the background medium reach up to 330 nm/r.i.u.
and 3.7 × 108 r.i.u.−1, respectively. The Goos-Hänchen
shifts of the corresponding quasi-BICs are calculated by
our applying the stationary-phase method to the incident-
plane-wave simulation, and by numerical extraction from
the incident-Gaussian-beam simulation. The magnitude of
the negative Goos-Hänchen shifts is around 200λ for the
selected quasi-BICs. In the systems with Nta being equal
to the magnitude of the numerical negative Goos-Hänchen
shift, the tunneling energy flux to the flat dielectric slab is
highly sensitive to the refractive index of the background
medium. As a result, the system can be applied to build
a refractive index sensor, which can be integrated with a
dielectric waveguide in a photonic circuit.
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