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Hyperbolic-space spectral characteristics for a network of mechanical linkages
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We investigate the dynamic properties of elastic lattices defined by tessellations of a curved hyperbolic
space. The lattices are obtained by our projecting nodes of a regular hyperbolic tessellation onto a flat disk
and then connecting those sites with simple linkages. Numerical and experimental investigations illustrate
how their vibrational spectral properties are characterized by a high density of modes that are localized
at the domain boundaries. Such properties govern the propagation of waves induced by broadband inputs.
This suggests the potential for applications seeking the protection of bulk media from boundary-incident
perturbations. We uncover the boundary-dominated nature of an exemplary hyperbolic lattice through
the evaluation and analysis of its integrated density of states and vibrational spectrum. The dynamics of
the lattice are also contextualized by our comparing them with those of continuous disks characterized
by Euclidean and hyperbolic property distributions, which confirms that the lattice retains the boundary-
dominated spectrum observed in the hyperbolic plane. We then numerically investigate the response of the
lattice to transient pulses incident on the boundary and find that edge-confined wave propagation occurs.
The modal and transient pulse-propagation behavior of the lattice is experimentally validated in a milled
aluminum sample. By leveraging hyperbolic geometry, our mechanical lattice ushers in a novel class
of mechanical metamaterials with boundary-dominated wave phenomena reminiscent of topologically
protected systems suitable for applications in advanced wave control.

DOI: 10.1103/PhysRevApplied.22.014048

I. INTRODUCTION

Waves can be controlled and steered by modulation of
the material properties of a wave-bearing medium in space
or time. However, it is often difficult in practice to exert
the amount of control necessary on the material prop-
erties to achieve the desired wave properties. A passive
approach to wave control is to curve the underlying geo-
metric space hosting the waves [1–7]. In this case, the
material can remain a simple homogeneous material, while
the wave propagation is controlled by the curvature of the
medium. Curved materials are ubiquitous in the natural
world, where they are known to induce collective cellu-
lar wave phenomena in biological tissues [8,9], scatter or
focus waves on surfaces [10–12], and allow topologically
protected waves in acoustic systems as well as Earth’s
atmosphere and oceans [13,14].

A curved space of note is the hyperbolic plane, which
is characterized by a constant negative curvature over its
entire domain. This curious space challenges our geo-
metric intuition by rejecting Euclid’s parallel postulate,
resulting in peculiar mathematical implications reported as
early as the 18th century [15]. Studies in the 19th century
developed the canonical differential geometry of hyper-
bolic space [16–19], while more-recent investigations have
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developed its geometric group theory [20–26] and classical
lattice dynamics [27–35]. In the last few years, hyper-
bolic lattices have been studied as platforms for informing
the connection between quantum mechanics and general
relativity through simulations of quantum lattices embed-
ded in hyperbolic space [36–39]. In another vein of recent
research, the theory of topological insulators, previously
considered only in flat, Euclidean space, has been inves-
tigated in hyperbolic space, introducing new platforms
for topologically protected systems [40–48]. These active
areas of research have been supported by advances in the
mathematical descriptions of waves in hyperbolic space,
including hyperbolic crystallography and band structure
[44,49–53]. Because of the inherent difficulties in creat-
ing practical structures with constant negative curvature,
work has been done to mimic hyperbolic space in flat
domains. Of note is recent work with circuit networks
that has shown how dynamics in a hyperbolic space can
be realized in tabletop experiments [37,38]. For electri-
cal circuits, where the lengths of coupling wires are orders
smaller than a wavelength, the resonators, placed at lattice
sites, are effectively connected with equivalent couplings
regardless of individual-wire lengths. Circuit networks
have since been leveraged to experimentally explore topo-
logical phases in hyperbolic space [46,47]. Recently, the
exploration of topological wave phenomena in hyperbolic
systems has been extended to electromagnetic waves, with
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a notable study in a nonreciprocal scattering network host-
ing microwave frequencies [48] reporting robust chiral
topological edge modes of Chern and anomalous types.

Previous work in mechanics includes the theoretical
study conducted in Ref. [54], which highlights properties
of hyperbolic tessellations with length-dependent interac-
tions. In the present work, we expand these investigations
to specifically focus on the analysis of spectral prop-
erties and the existence of high densities of states that
are confined to the boundaries. This is a property that
appears tightly connected to the generation of the tessella-
tion, which produces approximants of hyperbolic distribu-
tions of material properties. Our experimentally validated
numerical simulations confirm the existence of a high den-
sity of boundary-dominated modes, and suggest that the
lattice considered is an illustration of hyperbolic-space
dynamics in a mechanical system.

Following this introduction, we begin by reviewing
hyperbolic geometry and the Poincaré disk model of
hyperbolic space used to design the proposed mechani-
cal lattice. To illustrate our lattice’s ability to simulate
hyperbolic space, we also review the dynamics governing
harmonic vibrations in continuous Euclidean and hyper-
bolic spaces. With these models established, we show,
by examining the integrated density of states (IDS) of
all three systems, that the lattice exhibits a boundary-
dominated spectrum similar to that of the hyperbolic
plane. Next, the time-dependent response to boundary-
incident pulses is numerically explored in connection with
the previously investigated spectral properties. We find
that edge-confined wave propagation occurs in the lat-
tice, which we experimentally corroborate through laser-
Doppler-vibrometry measurements of a milled aluminum
sample. Although these boundary states are reminiscent of
topological edge modes, we do not attempt to explore the
potential connection with their associated reciprocal-space
topology, which we reserve for future studies. The findings
presented demonstrate the promise of elastic hyperbolic
lattices as a feasible class of metamaterials for advanced
wave control with applications including vibration mit-
igation, vibration-based sensing, and waveguiding. The
proposed design presents a simple platform with potential
for advanced studies in hyperbolic wave phenomena, such
as novel topological states and the realization of curved
spaces with novel physical properties and waveguiding
capabilities.

II. HYPERBOLIC GEOMETRY ON A FLAT
SURFACE

The hyperbolic plane is a two-dimensional surface char-
acterized by constant negative Gaussian curvature, in con-
trast to the surface of a sphere, which has everywhere a
constant positive Gaussian curvature. Hilbert’s theorem
states that the hyperbolic plane cannot be isometrically

mapped to the three-dimensional Euclidean space [55,56],
meaning that there are no complete surfaces with constant
negative curvature in Euclidean space that faithfully rep-
resent hyperbolic space. Thus, all models of hyperbolic
space in subspaces of R

3 necessarily distort lengths. One
common representation of the hyperbolic plane is the posi-
tive sheet of a two-sheet hyperboloid that extends infinitely
in a three-dimensional Euclidean space. This is the hyper-
boloid model of the hyperbolic plane, a portion of which is
shown in orange in Fig. 1. This three-dimensional model
provides a visually intuitive curvature but is an unrealistic
specimen for tabletop experiments since it requires sig-
nificantly more surface area than other models describing
equal regions of interest in hyperbolic space. A more-
practical alternative is to project the hyperboloid to a
compact, lower-dimensional domain, where it is easier
to manufacture and study. Much like how cartographers
project Earth’s positively curved surface to a flat map, the
curved surface of the hyperboloid can be projected onto
a flat unit disk with all projection lines meeting at the
point (0, 0, −1) as shown in Fig. 1(a). This flat model of

(a)

(b)

FIG. 1. The Poincaré disk model of hyperbolic space as a pro-
jection of the hyperboloid model of hyperbolic space. (a) The
Poincaré disk is obtained by one projecting the hyperboloid (in
orange) onto a disk of radius 1 through the point (0, 0, −1). Cyan
and red line segments show two geodesics in both models, which
are of equal length ρ in hyperbolic space. (b) Cross section of the
diagram in (a) illustrating the projection of hyperbolic geodesics
from the hyperboloid to the disk, where compression of distances
along the radius is seen.
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the hyperbolic plane, known as the Poincaré disk model
[57], is a conformal mapping that locally preserves hyper-
bolic angles and thus the shape of hyperbolic polygons in
a tessellation.

Each model of the hyperbolic plane is paired with a
metric that defines distances in the hyperbolic plane as a
function of distances in the model. We illustrate these met-
rics by drawing two arcs, in cyan and red, in Fig. 1. These
arcs, which are of equal length ρ in hyperbolic space, are
seen as arcs of unequal length on the hyperboloid and on
the disk. In the former they appear to stretch away from
the origin, whereas in the latter they appear to compress
away from the origin. For the Poincaré disk, this compres-
sive effect is mathematically reconciled by one equipping
the disk with the non-Euclidean Poincaré metric [16,58]

dρ2 = − 4
K

dx2 + dy2

(1 − r2)2 , (1)

where the hyperbolic line element dρ is related to
Euclidean distances through the Gaussian curvature K and
the radial coordinate r =

√
x2 + y2. K quantifies the cur-

vature of the hyperbolic space and is commonly assigned
the value −4 or −1 [38,52].

III. WAVE DYNAMICS ON THE POINCARÉ DISK

A direct result of the Poincaré metric in Eq. (1) is not
only the distortion of distances on the disk but also the dis-
tortion of wave speeds. In this section, we illustrate how
wave dynamics are distorted in the Poincaré disk by first
considering the classical wave equation for an isotropic
Euclidean space, given by

�Eu = 1
c2

0

∂2u
∂t2

, (2)

where �E denotes the Laplacian in Euclidean space, u is
the field variable, and c0 is the characteristic wave speed.

In the Poincaré disk, we see that the spatial derivatives
of the wave equation must be modified to account for
Eq. (1). The Laplacian generalizes to the Laplace-Beltrami
operator [28,59,60]. Acting on a smooth function φ, this
operator is given by

�φ = 1√|g|
∑

i, j

∂

∂xi

(√
|g|gij ∂φ

∂xj

)
, (3)

where |g| is the determinant of the metric tensor gij rel-
ative to coordinates x1 and x2 of a two-dimensional space
and gij is the inverse of gij , following Ricci-calculus tensor
notation. In Euclidean space, the metric tensor is given by
the identity matrix, gij = δij , and Eq. (3) gives the Lapla-
cian �E = (∂2/∂x2) + (∂2/∂y2), where (x, y) defines an
ordered pair of Cartesian coordinates on the reference

plane. The metric tensor for the Poincaré disk with cur-
vature K = −1 is gij = [4/(1 − x2 − y2)2]δij , leading to
a Laplace-Beltrami operator, which on comparison with
Eq. (2), can be expressed as

�H = (1 − x2 − y2)2

4

(
∂2

∂x2 + ∂2

∂y2

)
= (1 − r2)2

4
�E ,

(4)

where the subscript H signifies action on functions defined
on the hyperbolic plane. At the origin of the Poincaré
disk, r = 0, �H reduces to 1

4�E , which suggests that near
this point the dynamics of waves on the Poincaré disk
are governed by the expression 1

4�Eu ≈ (1/c2
0)(∂

2u/∂t2).
This corresponds to a Euclidean surface whose wave speed
is reduced by a factor of 2. As we move away from the
origin in a straight path, and with reference to Fig. 1(b),
equidistant steps in the hyperbolic plane are increasingly
compressed on the Poincaré disk, due to its radially depen-
dent metric. As we approach the outer rim at r = 1, we
approach an infinite compression of hyperbolic space and
the step size becomes vanishingly small. This geometric
feature appears in the wave equation through the radi-
ally dependent spatial operator, which becomes the zero
operator in the limit r → 1. Equation (4) suggests that
Poincaré-disk wave dynamics could be achieved in a flat
circular system where the wave speed is a function of r.
This can be seen by one considering the wave equation on
the Poincaré disk,

�H u = 1
c2

0

∂2u
∂t2

, (5)

which on substitution of Eq. (4) gives

(1 − r2)2

4
�Eu = 1

c2
0

∂2u
∂t2

. (6)

This is formally equivalent to

�Eu = 1
c(r)2

∂2u
∂t2

, (7)

and corresponds to a system whose wave speed is quadratic
in r, i.e., c(r) = [(1 − r2)/2]c0.

IV. POINCARÉ-DISK LATTICES

The properties of a system governed by an equation sim-
ilar to Eq. (5) may be investigated by one considering a
hyperbolic tessellation in the Poincaré disk as illustrated
in Fig. 2(a), which shows a regular triangular tessellation
on the hyperboloid and its resulting projection on the disk.
The connectivity pattern for an elastic hyperbolic lattice

014048-3



PATINO, RASMUSSEN, and RUZZENE PHYS. REV. APPLIED 22, 014048 (2024)

(a)

(b)

FIG. 2. Tessellations of the Poincaré disk model of hyperbolic
space. (a) A hyperboloid sheet (orange) tessellated by regular tri-
angles with vertex coordination number 7 projected onto the flat
unit disk (blue), illustrating a {3, 7} tessellation of the Poincaré
disk model of hyperbolic space. (b) Example hyperbolic lattices
with sites defined by vertices of tessellations of the Poincaré disk
connected by straight Euclidean line segments. The tessellations
are denoted by their Schläfli symbols, where the first number
defines the number of sides of each regular polygon and the
second number defines the number of polygons shared by each
vertex. The {3,7} lattice of (a) is shown in (b) in a top-down view.

can be created by one connecting the vertices of a regu-
lar hyperbolic tessellation via straight Euclidean ligaments,
as shown in Fig. 2(b), which provides three example lat-
tices. Each lattice is distinguished by its Schläfli symbols
{p , q}, where p is the number of sides of the tessellat-
ing polygon and q is the vertex coordination number. A
hyperbolic polygon, or tile, hosts an interior-angle sum less
than (p − 2)π due to its distortion in curved space, giv-
ing the governing constraint (p − 2)(q − 2) > 4 [61,62].
This rule is satisfied by an infinite ensemble of {p , q} sets,
granting a limitless number of possible tessellations. In
contrast, the Euclidean plane requires that tessellations sat-
isfy the equality (p − 2)(q − 2) = 4, a constraint met by
only three possibilities: {3, 6}, {4, 4}, and {6, 3}. We form
the hyperbolic tessellations by first nucleating a seed tile
at the origin and then repeatedly reflecting that tile about
its sides until the desired tile count is reached. Each group
of tile reflections surrounding the previous group marks a
new generation (sometimes called an “epoch”), where an
infinite number of generations is required to tile the full
Poincaré disk [54]. The vertex count of hyperbolic tessel-
lations grows exponentially as a function of the generation

[34,40,46,49,53,63]. As a result, all hyperbolic tessella-
tions produce highly connected boundaries independent of
p and q, and we find that different tilings produce simi-
lar spectral properties. The following investigations focus
on the {3, 7} tessellation, which is selected, without loss
of generality, as a representative of properties also found
in other tessellations (see note I in Supplemental Material
[64]).

Figure 2 illustrates how even though the edges of regular
triangles in hyperbolic space are all equal, in the hyper-
boloid and disk they are distorted. The challenge, then,
is how to account for these distortions so that tessella-
tions built in Euclidean space can still exhibit hyperbolic
characteristics. One approach is to build a system where
these lengths are unimportant. In this scenario, continuous
dynamics are recovered because the graph Laplacian of
the system (which depends only on the lattice connectiv-
ity pattern, described as a graph) reduces to the continuous
Laplace-Beltrami operator in the long-wavelength limit
[37,38]. An alternative approach is to increase the effec-
tive distances between lattice vertices by one stretching
the paths connecting these sites. For example, when these
paths are made to no longer follow the system’s geodesics,
they can be carefully arranged so that they are of equal
lengths while maintaining the same vertex connectivity
pattern [39]. This observation is particularly relevant for
this study, which considers the mechanical implementation
of these lattices, wherein interactions are dependent on the
Euclidean distance between connected sites. This distances
the tessellations from the continuous-hyperbolic-medium
description of Eq. (5). However, the results presented
below show how some interesting properties of the sys-
tem, and specifically the existence of boundary-dominated
frequency ranges, are preserved.

V. NUMERICAL INVESTIGATION OF SPECTRAL
PROPERTIES

We investigate the ability of the {3, 7} lattice to local-
ize vibrations near its boundary by evaluating its spectral
properties and comparing them with those of continu-
ous hyperbolic and Euclidean disks. The hyperbolic and
Euclidean disks are both modeled via finite-element dis-
cretizations of the variational formulations of Eqs. (2) and
(5). With use of the weak-form module in the COMSOL
MULTIPHYSICS environment, these statements are approx-
imated by Galerkin forms whereby the problem is defined
over a discrete space of admissible trail and weighting
functions. This allows us to assemble a finite-element
matrix formulation over a discrete mesh to approximate
the eigenvalue problem. To ensure proper convergence,
we partition each disk into 2880 quadrilateral elements
via an unstructured mesh with a maximum element size of
1/25 the disk radius, which is at r = 0.918 in the Poincaré
and Euclidean disks in order to match the maximal radial
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coordinate of the hyperbolic lattice studied. We use Her-
mite cubic shape functions for the element-displacement
interpolation. The eigenvalue problem is solved for the first
600 modes.

The {3, 7} lattice is modeled as a network of one-
dimensional Timoshenko beams undergoing strictly-out-
of-plane vibrations. We discretize each beam into a finite
element mesh with a maximum element length of 1/10 the
shortest lattice beam length, which is expected to ensure
the accurate capture of the first 600 modes. The resulting
mesh comprises 3024 one-dimensional elements, which
again use Hermite cubic shape functions for the element-
displacement interpolation. The beams are made of 6061
aluminum (Young’s modulus 70 GPa, density 2700 kg/m3,
Poisson’s ratio 0.33) with cross-section width 3.81 mm
(0.15 in.) and height 4.83 mm (0.19 in.). Constrained by
the small features that arise near the rim of Poincaré-disk
tessellations, we study a three-generation version of the lat-
tice, holding 85 lattice vertices that fill the disk to radial
coordinate r ≤ 0.918. This is scaled to a physical radius
R = 150 mm. These dimensions reflect the experimental
geometry described in later sections [see Figs. 4(a), 4(b)
and 5]. The summarized design provides a proper balance
between the computational cost required for analysis and
the ability to retain the key properties under investigation.
All considered systems have free boundary conditions.

In our analyzing the spectral properties, the eigenval-
ues are characterized in terms of an integrated density of
states, while the eigenstates are classified on the basis of
a localization index that quantifies the degree of spatial
localization near the disk boundaries. We express this IDS
[65–68] as a function of modal index, i, by

IDS(i) = #{n | fn ≤ fi}
N

, (8)

where # is a counting operator returning the cardinality
n of the set of eigenfrequencies available below the ith
eigenfrequency fi, while N denotes the total number of
eigenfrequencies considered. Degenerate eigenfrequencies
are repeated according to their multiplicity. The IDS nat-
urally lies in the range [0, 1] as it is normalized by N .
We here consider the first N = 600 states of each sys-
tem, which captures the IDS within a frequency range
corresponding to wavelengths of dynamic deformation on
the order of the smallest lattice beam length. Our choice
of truncating the lattice to the third generation implicitly
limits the occurrence of such wavelengths and therefore
informs a suitable upper bound to N .

We classify each state by estimating the extent to which
it is localized toward the domain center or outer bound-
ary. This classification is based on the computation of a
localization index, adapted from the index first applied to

discrete hyperbolic lattices [54] and defined as

Li =
∫∫ ( r

R

)2 u2
i (r) dA

∫∫
u2

i (r) dA
, (9)

where r is the magnitude of the position vector r =
r(cos θ î + sin θ ĵ ) = rr̂ with origin at the center of the
domain, ui(r) is the scalar displacement field of the ith
eigenstate being classified, and R is the radius of either
the disk or the lattice. The localization index is the mean
squared (normalized) radial position of the squared dis-
placement field. Simply put, it is a weighted average of
the squared radial position

( r
R

)2, where the weight ui(r)2

emphasizes locations along the radius with significant dis-
placements. The square root of Li provides an effective
nondimensional radius between 0 and 1, representative of
the radial position where displacement values converge in
an average sense. A value close to 1 indicates the state is
predominantly localized near the boundary (i.e., r → R),
while a value near 0 indicates localization near the origin
(r → 0).

Equation (9) is a high-level description of Li acting
on continuous domains. As we discretize our domains
into finite elements, we compute the localization index
numerically as

Li =
∑nel

e=1

∫
	e

( r
R

)2 〈N e(r)| |de〉2 d	
∑nel

e=1

∫
	e 〈N e(r)| |de〉2 d	

, (10)

where our displacement field is now expressed as
the inner product ui(r) = 〈N e(r)| |de〉 = ∑nen

a=1 N e
a (r)de

a,
where 〈N e(r)| is the vector of Hermite cubic shape func-
tions and |de〉 is the vector of nodal displacements, each of
length nen, the number of element nodes. This is the ele-
ment interpolation of the displacement at position vector
r within the element domain 	e based on the computed
nodal displacements. The integration is done numerically
in the material (Lagrangian) frame via seven-point Gaus-
sian quadrature, giving exact solutions for our polynomial
integrands, which are at most of order 12. We integrate
over each individual element domain 	e so as to integrate
over the entire discretized domain, given by 	h = Anel

e=1	
e,

with assembly operator A [69] acting over the number
of elements nel. We then sum these integrals in both the
numerator and the denominator over nel (2880 for the disks
and 3024 for the lattice), taking the ratio as the localization
index.

Through Li, we classify each mode as either interior
dominated or boundary dominated by setting a decision
boundary, or threshold, Lt = 0.5. This value is chosen
because it corresponds to a displacement field averaged
to a normalized radial position of (r/R)t = √

0.5 ≈ 0.707,
which is the radius that exactly separates equal areas
between the interior and boundary regions of the disks
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or lattice. Thus, Li > Lt indicates high modal activity in
the boundary region, while Li < Lt indicates high modal
activity in the interior region. Values near Lt describe
states with global behavior, which are ultimately classified
relative to Lt for simplicity.

After applying Lt to separate the spectra into subsets
of boundary and interior states, we evaluate their respec-
tive, separate integrated densities of states. In Fig. 3, we
plot the boundary and interior IDS of each system, col-
oring the curves corresponding to boundary states red
and those corresponding to interior states blue. The hor-
izontal axis marks the total states plotted among both
red and blue curves up to a modal index such that the
sum of both corresponding IDS values gives the pro-
portion of the 600 modes considered. Evidently, by the
600th mode, the sum of the bulk IDS and the boundary
IDS is 1. The curves for the Euclidean and hyperbolic
continuous disks governed by Eqs. (2) and (5), respec-
tively, are shown in Figs. 3(a) and 3(b). The Euclidean
disk [Fig. 3(a)] shows an overall higher number of inte-
rior modes than boundary modes, as indicated by the blue
curve ultimately exceeding the red curve, a trend retained
in Euclidean lattices (see note II in Supplemental Mate-
rial [64]). The opposite happens for the hyperbolic disk,
which has a consistently and significantly higher boundary
IDS than interior IDS [Fig. 3(b)]. This is due to two fea-
tures, highlighted in other studies of Poincaré-disk wave
dynamics [38,54]. The first is that the mode shapes on
the Poincaré disk are similar to those of the Euclidean
disk, but with more-prominent localization toward the
outer rim. The second is that more boundary modes pop-
ulate lower frequencies in the hyperbolic Poincaré disk
than in the Euclidean disk. This can be understood by
one considering that hyperbolic distances are most dis-
torted near the disk’s boundary, where they are longer than
their Euclidean counterparts. Therefore, the wavelengths
of angular, boundary-localized waves in the Poincaré disk
are longer than those more centrally located. This is
directly deduced from Eq. (1) in geodesic polar coordi-
nates with curvature K = −1: dρ2 = dr2 + sinh2 (r)dθ2

(see page 133 in Ref. [70]). We consider the path of a
boundary-localized wave along an origin-centered circle
parametrically described by r(t) = R and θ(t) = t. The
hyperbolic circumference CH of this circle is given by
the arc length in one revolution, computed from the met-
ric by CH = ∫ 2π

0

√
(dr(t)/dt)2 + sinh2 (r(t))(dθ(t)/dt)2dt.

We directly find that the hyperbolic circumference is
given by CH = 2π sinh (R), which grows superlinearly
in radius by dCH/dR = 2π cosh (R). On the other hand,
the circumference of a Euclidean circle grows constantly
by (d/dR)2πR = 2π . Therefore, boundary modes in the
Poincaré disk with angular oscillations at radial point R >

0 have longer circumferential wavelengths than Euclidean
boundary modes at the same R with the same number of
angular zeros. Thus, boundary modes in the Poincaré disk

(a)

(b)

(c)

Euclidean disk

Hyperbolic disk

lattice

FIG. 3. IDS versus modal index for (a) a Euclidean disk,
(b) a hyperbolic disk, and (c) the {3, 7} lattice. The blue IDS
curves correspond to interior-dominated states, while the red
curves correspond to boundary-dominated states. The Euclidean
spectrum begins with a similar number of interior (blue) and
boundary (red) states and becomes dominated by interior modes
for increasing mode index, while the hyperbolic disk shows
a dominance of boundary modes. The {3, 7} lattice holds an
approximately equal proportion of interior and boundary modes
until around the 80th mode, when the boundary-mode count
begins to dominate and ultimately gives a proportion similar to
that for the hyperbolic disk.

have lower frequencies and hence lower modal indices
than similar ones in the Euclidean disk.

By conducting a similar analysis on the {3, 7} lattice,
we can ascertain to what extent such a lattice captures
the spectral signature of the hyperbolic plane. The lat-
tice’s IDS shown in Fig. 3(c) reveals a spectral dominance
of boundary states in the {3, 7} lattice similar to that of
the hyperbolic disk. While the IDS of interior and bound-
ary modes is approximately balanced at the lower modal
indices, a tendency for modes to localize along the bound-
ary is observed to begin around the 80th mode. Below this
region, at the start of the spectrum where wavelengths are
long relative to lattice beam lengths, the lattice behaves
more like the Euclidean domain, with a similar propor-
tion of interior and boundary modes. In contrast, as the
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characteristic wavelengths decrease, we observe the
surfacing of features similar to those of the hyperbolic
disk, whereby a larger proportion of boundary modes in
the lattice exists. This demonstrates the ability of the lattice
considered to mimic the boundary-dominated signature of
the hyperbolic disk above a certain threshold frequency.
At the highest mode considered, the lattice’s spectrum
is populated by 78% boundary modes, which is close to
the hyperbolic disk’s 76% boundary modes, while the
Euclidean disk has only about 42% boundary modes.

VI. NUMERICAL DEMONSTRATION OF
EDGE-CONFINED WAVE PROPAGATION

Next we investigate the lattice response to tran-
sient vibratory inputs to understand how it is influ-
enced by its boundary-dominated spectrum. We do so

via time-domain simulations of the lattice response
when it is subjected to broadband pulse excitations
applied to its boundary. These simulations are done
with the COMSOL MUULTIPHYSICS finite-element solver
with the same geometry, parameters, boundary con-
ditions, and mesh previously used for the eigenfre-
quency study. The excitation is a Hanning window–
modulated sine wave including six cycles of the signal’s
center frequency. The duration of each simulation is 12
times the duration of the excitation, which is equal to the
number of cycles times the period of the excitation cen-
ter frequency. Figures 4(a) and 4(b) show the location of
the input excitation and the color plots of the root-mean-
square (rms) lattice displacement field averaged over the
simulation time for broadband inputs centered at 2.2 kHz
[Fig. 4(a)] and 23.6 kHz [Fig. 4(b)]. The rms displacement
fields are normalized by the maximum rms value

(a)

(c)

(d)

(e) (f)

(b)

urms

FIG. 4. (a),(b) Time-averaged squared displacement (rms) fields of a {3, 7} lattice excited at its boundary (transparent purple dot) by
transient inputs centered at (a) 2.2 kHz and (b) 23.6 kHz. (c) Frequency content of the 2.2- and 23.6-kHz pulses, each with equivalent
fractional bandwidths. (d) Spectrum of the {3, 7} lattice in the 0–40-kHz range: eigenvalues are plotted with red and blue dots on
the basis of the associated localization index, which also determines the size of the dot. (e) Enlarged portion of the spectrum in the
frequency range of the 2.2-kHz pulse highlighting two interior-dominated modes. (f) Enlarged portion of the spectrum in the frequency
range of the 23.6-kHz pulse highlighting two boundary-dominated modes.
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according to the reported color bar, which shows a vari-
ation in intensity from black (0) to yellow (1). In Fig. 4(a),
the response amplitude is globally distributed, with the
highest displacements near the excitation point and in the
center. In Fig. 4(b), the response amplitude is significantly
larger at the boundary, with virtually no motion in the bulk,
confirming the boundary-governed spectral properties of
the lattice at high frequencies.

This observation is supported by the spectral content
of the inputs, plotted in Fig. 4(c) as normalized power
spectral densities. The bandwidths of the two frequency
inputs considered are highlighted by shaded blue and gold
areas that are projected onto Fig. 4(d), the lattice’s spec-
trum in the 0–40-kHz range. Each mode in the spectrum
is represented as a dot, color coded again in red (bound-
ary mode) and blue (interior mode). The size of the dot
is also scaled by the localization index Li, with very large
and very small dots indicating high degrees of localization.
The highlighted bands aid in visualizing which modes are
excited by the applied input and therefore contribute to the
lattice’s transient response. Figures 4(e) and 4(f) provide
magnified portions of the spectrum within the frequency
contents of each pulse. We see that for the 2.2-kHz pulse,
there are roughly equal numbers of boundary and interior
modes, whereas the 23.6-kHz pulse excites significantly
more boundary modes. The boundary-mode:interior-mode
ratio in Fig. 4(e) is 10:9, compared with 56:7 in Fig. 4(f).
Example mode shapes are inset in Figs. 4(e) and 4(f),
which show two interior modes and two boundary modes,
respectively.

VII. EXPERIMENTAL CORROBORATION OF
SPECTRUM AND EDGE-CONFINED WAVES

Transient-vibration measurements are conducted on a
{3, 7} elastic lattice to corroborate the spectral properties
predicted by the theoretical investigation presented above.
The experimental specimen is machined from a single
6061 aluminum plate by our milling away triangles. The
resulting lattice, pictured in Fig. 5, comprises beams of
width 3.81 mm and thickness 4.83 mm, as in the numer-
ical model. The overall lattice radius R is 150 mm. In
these tests, the lattice is suspended vertically by thin nylon
threads bound to optical posts mounted on an optical table.
The lattice faces a laser Doppler vibrometer that takes the
vibration measurements, and it is excited by a piezoelec-
tric disc bonded at the boundary site corresponding to the
excitation point numerically considered and depicted in
Fig. 4(a).

First, the modal content of the lattice is evaluated via
a frequency-domain experiment. Here, the affixed piezo-
electric transducer excites the lattice with pseudorandom
noise containing frequencies from 0 to 40 kHz, which
is the range numerically studied in the previous section.
These measurements highlight the resonance frequencies

FIG. 5. Measurement setup for the experimental {3, 7} lattice.
The lattice, machined out of an aluminum plate, is suspended via
nylon strings bound to damped optical posts affixed to an optical
table in order to achieve free boundary conditions. A function
generator is used to excite the lattice via a piezoelectric trans-
ducer at its bottom-most point, where there are red and black
alligator clips attached to the leads of this transducer. A scanning
laser Doppler vibrometer measures the response of the lattice,
and it is connected to a data-acquisition unit, which processes
and stores the results.

of the lattice and allow the estimation of dynamic deflec-
tion shapes related to the eigenstates of the system. They
are used to compute correlation with numerical mode
shapes and to corroborate the corresponding localization
indices. Second, transient-vibration measurements are con-
ducted to verify the edge-dominated transient response
of the lattice when it is excited by broadband signals in
the boundary-dominated high-frequency regime compared
with the bulk, interior-dominated low frequencies.

In the frequency-domain study, the lattice’s response
is obtained by our averaging the responses at each scan
point, producing the averaged frequency response shown
in Fig. 6(b). The plot is limited to the 7–13-kHz range,
which contains the portion of the spectrum where the IDS
begins to become boundary dominated; thus, it contains
the lower-frequency boundary modes that can be captured
in experiments with less noise. Figure 6(a) maps the mea-
sured resonant peaks to those measured experimentally,
providing a visual comparison with the numerically cal-
culated spectrum. Each of these numerical-experimental
mode pairs is labeled with the letters A–F for tracking pur-
poses. Table I compares the numerical eigenfrequencies
and localization indices with the experimental resonance
peak frequencies and localization indices for pairs A–F,
showing an overall good agreement. Some of the discrep-
ancies can be attributed to the fact that the finite size of
the computer numerical control router bit produces some
rounding of the triangle vertices in the milled sample,
which are not included in the numerical description of
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(a)

(b)

m
m

V
 s

FIG. 6. (a) Numerical spectrum of the {3, 7} lattice in the
7–13-kHz range. Modes are ordered by frequency and sized
according to their localization index. Solid red dots indicate
boundary modes, while solid blue dots indicate interior modes.
Selected experimental boundary modes are plotted in hollow
red circles. Labels A–F indicate the six pairs of modes being
compared. (b) Experimental frequency-response function in the
7–13-kHz range.

the lattice. This is expected to lead to local stiffening
effects at the vertices relative to the idealized numerical
model, which may systematically augment experimental
frequencies compared with numerical ones.

The experimental response provides the necessary infor-
mation to construct the operational deflection shapes of
the lattice based on measured velocities at scanned points
for a given frequency peak. These operational deflection
shapes are plotted along with numerically obtained mode
shapes in Fig. 7. By organizing individual experimental
and numerical shapes as vector entries in matrices, {φe}

TABLE I. Natural frequencies and localization indices of six
modes (A–F) in numerical simulations and experimental mea-
surements.

Frequency (kHz) Localization index

Mode Simulation Expt. Simulation Expt.

A 7.73 8.47 0.87 0.83
B 7.96 8.66 0.85 0.87
C 9.68 10.92 0.75 0.81
D 9.68 10.94 0.75 0.81
E 10.75 12.24 0.82 0.80
F 10.75 12.29 0.82 0.79
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FIG. 7. Modal-assurance-criterion matrix comparing mea-
sured deflection shapes with numerically calculated mode
shapes. Six experimentally obtained operational deflection
shapes of the manufactured 6061-aluminum {3, 7} elastic hyper-
bolic lattice are shown on the left. Six numerical mode shapes
of the modeled {3, 7} elastic hyperbolic lattice are shown at the
bottom.

and {φn}, respectively, we can further quantify their con-
sistency via the modal assurance criterion (MAC), which
provides a matrix with entries (r, q) given by [71]

MAC(r, q) = |{φe}r{φn}q|2
({φe}T

r {φe}r)({φn}T
q{φn}q)

, (11)

where {φe}r and {φn}q are the individual experimental and
numerical mode shapes being compared for the given (r, q)

entry. The MAC is effectively a normalized inner prod-
uct that is evaluated to 1 if the measured deflection shape
is fully consistent with the numerically calculated mode
shape and to 0 if they are linearly independent, although a
true orthogonality check warrants the inclusion of the mass
or stiffness matrix. This evaluation is particularly useful in
comparing intricate mode shapes that are challenging to
examine with the naked eye, while at the same time pro-
viding quantifiable validation of the numerical model. To
compute the MAC, the numerical and experimental shapes
must lie in the same vector space. Therefore, the numeri-
cal mesh is interpolated linearly at the experimental scan
points, giving {φe} and {φn} equal ranks.

To confirm the time-dependent simulations, we suspend
and excite the lattice by the same nylon threads and piezo-
electric transducer as before. The transducer, affixed at the
marked purple dot in Fig. 8(a), excites the lattice with
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FIG. 8. Experimental rms time-averaged displacement field of the {3, 7} lattice in response to (b) a 2.2-kHz pulse in the low-
frequency regime and (d) a 23.6-kHz pulse in the high-frequency regime, both excited through a piezoelectric transducer affixed to
a boundary vertex (marked with purple dots). Averages are taken over the course of 12 times the duration of each excitation. Corre-
sponding experimental frequency responses within the frequency content of each pulse are shown in (a),(c). The four experimental
deflection shapes with the highest response peak are inset in each response spectrum.

the 2.2- and 23.6-kHz pulses from the numerical simula-
tions. A scanning laser Doppler vibrometer measures out-
of-plane displacements across the entire lattice. The rms
displacement fields averaged over the course of 12 times
the duration of each excitation are plotted in Figs. 8(b)
and 8(d), where they are normalized to a maximum of 1.
Accompanying these averages in Figs. 8(a) and 8(c) are
the experimental frequency responses in the neighborhood
of each pulse’s center frequency. Inset in each figure are
the four experimental deflection shapes with the highest
response amplitude. We see that for the 2.2-kHz pulse, the
four-highest peaks correspond to one boundary-dominated
mode and three global modes. For the 23.6-kHz pulse, we
see that the four-highest peaks correspond to four bound-
ary modes. Therefore, the anticipated global rms from
Fig. 8(b) and the boundary-dominated rms in Fig. 8(d)
are observed. Compared with the numerical study, we see
more boundary activity in experiments overall for both the
low-frequency and the high-frequency rms displacements.
We anticipate this is due to the systematic upward shift of
experimental frequencies, and thus the inclusion of addi-
tional higher-frequency modes in the excitation-frequency
contents. Nonetheless, the high-frequency pulse excites
virtually zero activity in the lattice center, which encapsu-
lates the entire first generation of beams. This feature could
find application in protecting bulk media from vibrations
incident on the boundary. Such edge states are reminiscent
of those in topologically protected systems.

VIII. CONCLUSIONS

In this paper we report numerical and experimental
observations of the boundary-dominated nature of vibra-
tions in a two-dimensional elastic hyperbolic lattice. We
first numerically compute the spectrum of the hyper-
bolic lattice compared with that of Euclidean and hyper-
bolic continuous disks, and we show that the straight-
edged hyperbolic lattice retains some of the boundary-
dominated features of hyperbolic media, in particular at
high mode numbers. This spectrum is experimentally con-
firmed via frequency-domain experiments using a laser
Doppler vibrometer. We then numerically investigate the
response of the lattice to boundary-incident pulses, which
reveals its capability to confine incident vibrations to
its edge for excitations with high-enough-frequency con-
tent. Examples are provided for pulses centered at 2.2
and 23.6 kHz, which highlight the boundary-dominated
behavior at high frequency, where vibrations tend to
excite the smaller intricacies of the lattice located at the
boundary. Experimental measurements are then conducted
to confirm the numerical observations and specifically
to verify the boundary-dominated nature of the vibra-
tory response at high frequency. By our leveraging the
boundary-dominated spectrum of the hyperbolic plane,
the hyperbolic lattice considered acts as a host for edge-
confined states reminiscent of topologically protected sys-
tems, some of which have recently been uncovered in
hyperbolic space. This work presents a feasible way to
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study hyperbolic lattices where couplings between sites
are not all equal, allowing for a natural and simple exper-
imental platform to study elastic waves in hyperbolic
lattices. Therefore, it may allow the realization of as-
yet largely unexplored hyperbolic metastructures that are
deployed in various geometrical domains as well as appli-
cations in architected materials with broadband vibration-
confinement capabilities.
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