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Acoustic Landau levels in a synthetic magnetic field with a symmetric gauge
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Pseudomagnetic fields are promising for manipulating classical waves, including optic, acoustic, and
elastic waves. One fascinating phenomenon is the presence of Landau energy levels and the involved
quantum Hall effect, which are usually considered to exist only in quantum systems. Unlike using synthetic
Landau gauge fields, as in existing works, here we successfully create a symmetric gauge field to achieve
a large-area uniform pseudomagnetic field in a two-dimensional phononic crystal by introducing linear
variations in the single-cell parameters of the scatterer along both the x and y directions. Discrete Landau
levels are generated near the Dirac cone region, and the unidirectional propagation of acoustic waves
along the domain wall, i.e., quantum Hall transport, is observed in experiment. The proposed structure
offers greater flexibility by allowing free choice of the effective vector potential. Our study expands the
application perspective of artificial acoustic devices that rely on a pseudomagnetic field.
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I. INTRODUCTION

Landau quantization, named after physicist Lev Lan-
dau, elucidates the quantization of the cyclotron orbits
of charged particles in a uniform magnetic field, yield-
ing discrete energy levels known as Landau levels [1].
These levels influence electronic susceptibility in met-
als, seen as Landau diamagnetism. They are pivotal in
understanding phenomena like the de Haas—van Alphen
and Shubnikov—de Haas effects, essential for the integer
quantum Hall effect in strong magnetic fields. However,
observing analogous phenomena in magnetic fields with
neutral particles is elusive due to their inability to couple
with electromagnetic gauge potentials directly. Nonethe-
less, inventive designs of acoustic artificial structures have
facilitated the creation of pseudomagnetic fields (PMFs),
leading to distinct magnetic effects in classic acoustic
waves. In the 1990s, a vorticity filament mimicked a mag-
netic field in a solenoid, inducing the Aharonov-Bohm
effect in an acoustic wave [2—4]. Then, the acoustic Zee-
man effect and nonreciprocal propagation were realized by
introducing circulating airflow as static bias in a three-port
circulator structure [5]. Following this, effective magnetic
fields induced by circulating flows were integrated into
periodic phononic crystals (PCs), resulting in the obser-
vation of the acoustic quantum Hall effect and topological
edge states [6—11].
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Recently, it was demonstrated that a giant PMF can
be produced in strained graphene flakes. The dynamical
behavior of electrons in the strained graphene is identi-
cal to that of those in a realistic magnetic field [12—20].
More recently, this ingenious design was transplanted
into artificial optical and acoustic structures. Intriguingly,
neutral photons and phonons can also exhibit magnetic
effects, such as quantized Landau levels induced by syn-
thetic uniform PMFs [21-29]. However, the imposed
well-designed strain on the structure is not easy to imple-
ment and control over a large area in experiments. To
overcome this, another easier scheme has been proposed
[30-34]. Researchers first constructed a two-dimensional
(2D) acoustic graphenelike honeycomb lattice to pro-
duce Dirac points at the Brillouin zone corners, which
mimic the spin-1/2 massless Dirac fermions. After that,
they introduced a deformation on the scatterers, and the
Dirac points were found to shift along the I'— K direc-
tion in momentum space. The momentum variation §k
is proportional to a vector potential with Landau gauge
A = (—By,0,0) and then a perpendicular uniform PMF
B=V xA=1(0,0,B) is produced. In this gauge field,
the flat Landau levels emerge in the energy spectrum and
the corresponding acoustic quantum Hall effect is demon-
strated. For a given magnetic field, the vector potential is
not unique, because curl-free components can be added
without changing the observed magnetic field, i.e., A —
A + V¢. This is well known as gauge invariance and it
offers a degree of freedom in choosing A. For a uniform
and constant magnetic field, two commonly used gauges
are the Landau gauge and the symmetric gauge [35,36].
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These have identical energy spectra but distinct eigen-
functions. The Landau gauge naturally leads to Hermite-
type eigenfunctions, which respect translational symmetry
along the x or y direction, while the symmetric gauge leads
to Laguerre-type eigenfunctions, which respect rotational
symmetry around the coordinate origin [37,38]. In this
work, we create a synthetic large-area symmetric gauge
A = (—By/2,Bx/2,0) ina PC. The acoustic Landau levels
and the relevant quantum Hall-like edge states are demon-
strated by both theory and experiment. We also reveal the
different field distributions and propagation characteristics
in the symmetric gauge.

II. RESULTS

A. Theory and Landau levels

We begin by considering a 2D PC that is composed of a
triangular array of solid elliptical cylinders in an air back-
ground. The semimajor and semiminor axes of the elliptic
cross section of the cylinder are »; and r,, respectively.
The lattice constant @ = 25 mm. 6 is the intersection angle
between r; and the x axis, denoting the orientation degree
of freedom of the scatterers. The unit cell is schemati-
cally sketched in Fig. 1(a). Here we define the flattening
of the ellipse as & = (r; — rp)/r;, and the filling ratio
271y /+/3a* is kept at 0.37 for simplicity. Firstly when
& = 0, the scatterers are circular columns and the lattice

(a)

hosts Dirac cones at the Brillouin zone corners K and K'.
As & becomes nonzero, i.e., the scatterer becomes an ellip-
tical cylinder but 6 remains zero, the Dirac cones shift
along the x direction in momentum space and the mag-
nitude of the & shift is proportional to &. Accordingly, a
synthetic Landau gauge is produced [30]. On this basis,
we rotate the elliptical cylinder around its center, i.e.,
6 # 0°. Fortunately, the Dirac cone still survives and
rotates around the K point in the 2D momentum space.
The deformation and rotation of scatterers, as well as the
induced PMF, do not break time-reversal symmetry. Then
the Dirac cone near the K’ point shifts along the opposite
direction to that near the K point. For brevity, hereafter
we focus only on the physics near the K point, and that of
the K’ point can be obtained by applying a time-reversal
operation. The evolution of the Dirac cone can be found
in Sec. A of the Supplemental Material [39]. The survival
of the Dirac cone is guaranteed by the symmetric proper-
ties of the lattice [40—43]. When the rotation angle 9 of the
elliptical scatterer changes from 0° to 180°, the Dirac cone
also completes a revolution and the trajectory of the Dirac
point forms an enclosed curve, as is shown in Fig. 1(b).
With the Dirac point shifting to §k = (§k,, 8k, ), the effec-
tive Dirac Hamiltonian can be written as follows [31-33]:

A

Heir = vp[(ky — 8ky)oy + (ky - Sky)ay]- (1
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The movement of Dirac points in the Brillouin zone. (a) The unit cell of a triangular lattice phononic crystal with an

elliptical scatterer (left) and the shift of the Dirac points in the Brillouin zone (right). (b) Contours of the position of Dirac points in
the momentum space around the K point with different deformation degrees £ as the rotation angle 6 of the elliptical scatterer changes
from 0° to 180°. (c) The magnitude of the spatial shift of Dirac point versus the deformation degree & as the elliptical scatterer rotates

by 60 = 22.5°; (d) the trajectory of Dirac point for the case in (c).
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Here vp is the Dirac velocity, and oy, 0, are Pauli matri-
ces. The spatial shift of the Dirac point implies a vector
potential A = Jk enters the Hamiltonian. Our proposed
structure renders a free choice of the vector potential,
not just the Landau gauge as in previous works [31-33].
Without losing generality, we set 6 = 22.5°. As is shown
in Fig. 1(c), the momentum shifts in the x and y direc-
tions have the same magnitude but different signs. Both
exhibit linear dependence on &, and the numerical fitting
linear relations are 8k, = —c&, 8k, = c&, where the slope
¢ = 0.3 /a depends on the filling ratio. More details can
be seen in Sec. A of the Supplemental Material [39]. Thus,
the Dirac point shifts along the line &, + k, = 0, as shown
in Fig. 1(d). On these grounds, with the linear variation of
& along both x and y directions such that &(x) = Bx/2c,
£(y) = By/2c, a typical symmetric gauge field 4,(y) =
—c&(y) = —By/2, A,(x) = c&(x) = Bx/2 can be easily
constructed. Consequently, a uniform constant PMF V x
A = BZ perpendicular to the x-y plane can be obtained.
This constant PMF causes the linear Dirac cone to split into
a sequence of discrete quantized Landau levels [44—54].

B. Simulation of the acoustic quantum Hall effect

To verify theoretical prediction, we construct a
150 x 173-layer PC with linearly decreasing & along both
x and y directions with 6 = 22.5°, as shown in Fig. 2(a).
The variation interval of & is [—0.5,0.5] and the corre-
sponding PMF is B = —0.0063a> (more details about
structural design can be found in Sec. B of the Supplemen-
tal Material [39]). We present 300 calculated eigenvalues
near the Dirac region for the PC in ascending order of the
number of states in Fig. 2(b). This clearly shows discrete
plateaus in the energy spectrum, which is the hallmark
of the emergence of Landau levels. The centered plateau
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with the Dirac frequency fp = 7225 Hz is the zeroth-order
Landau level. The energy gaps between the Landau levels
satisfy Af, = sign(n)/|n|w./2m measured with respect to
fp, where the integer n is the order of the Landau level
and w. = vp~/2|B] is known as the acoustic analogue of
the cyclotron frequency [31,32]. The numerical w, calcu-
lated by the dispersion relation is 902 Hz, which agrees
well with the numerical result of 910 Hz obtained through
the data in Fig. 2(b). The energy gaps between the Landau
levels increase proportionally with +/|Bn], which is consis-
tent with the behavior of Dirac fermions in a high-intensity
magnetic field [29].

The most fascinating property of the PMF system is
the propagation of quantum Hall edge states in the gaps
between two neighboring Landau levels. To demonstrate
this, we design a 150 x 173-layer PC (all the structural
parameters are identical to those in Fig. 2) to investigate
the propagation patterns of acoustic waves. In Fig. 3(a),
a point source is placed at the bottom-left corner of the
PC. For the state S| at frequency 7150 Hz between the
zeroth and —1st Landau levels, the acoustic wave prop-
agates along the left and top boundaries in sequence and
finally reaches the upper-right corner. For the state S; at
frequency 7300 Hz between the zeroth and +1st Landau
levels, the acoustic wave chooses the bottom and right
boundaries as the propagating path, which can be regarded
as a time-reversal operation to state S;. By contrast, for
the extended state S, at the zeroth Landau level (frequency
7225 Hz), the sound energy spreads into the bulk. Owing to
the preservation of time-reversal symmetry, when a point
source is located at the top-left or top-right corner, the
edge state S| invariably propagates along the left and top
boundaries. Similarly, when the point source is positioned
at the bottom-right or top-right corner, the edge state S;
always propagates along the bottom and right boundaries.
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Symmetric gauge field model. (a) Supercell model with & decreasing in both x and y directions as the elliptical scatterers

rotate by 6 = 22.5°; (b) Landau levels near the Dirac point in a 150 x 173-layer supercell model, where n represents the order of the
Landau level and w, is the acoustic analogue of the cyclotron frequency.
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Simulation of acoustic quantum Hall effect induced by the pseudomagnetic field (PMF). (a) The sound field distributions

at three different frequencies, corresponding to the states marked as Sj, S, and S3 in Fig. 2(b). (b) The robustness of the propagation
of an acoustic quantum Hall edge state against the defect in the propagation path. (c) The propagation of an acoustic quantum Hall
edge state in two corner-connected PMF domains. The point sources, represented by the light blue stars, are located at the bottom-left

corner in all parts.

See Fig. S3 in Sec. C of the Supplemental Material [39]
for more details. This asymmetrical edge response stems
from the differing structural details of the top-left and
bottom-right edges of the sample [31].

One outstanding property of the quantum Hall edge
states in the PMF system is the robustness against defects.
To illustrate this, we introduce a rectangular defect on the
left side. As shown in Fig. 3(b), the acoustic wave for state
Sy still propagates along the left and top boundaries in
sequence and finally reaches the upper-right corner. Fur-
ther, we introduce square and trapezoidal defects in the
top-left corner and on the upper side (see Fig. S4 in Sec. D
of the Supplemental Material [39]), respectively, and the
propagation of the edge states keeps the original path. This
intuitively reveals the immunity of acoustic quantum Hall
edge states to defects, regardless of the shape and location
of the defect.

In our design, the direction of PMF can be effortlessly
obtained by rotating the supercell by 180° without any
change of energy spectrum. By diagonally combining any
two supercells with identical PMF or opposing PMF, it
is possible to selectively control the propagation direc-
tion of sound quantum Hall edge states. As an example,
we consider two corner-connected identical 80 x 92-layer
supercells, with the deformation of elliptical scatterers
gradually decreasing along both the x and y axes, resulting
in a PMF of magnitude B = —0.0048a~? oriented along
the positive z axis. Firstly, a point source with a frequency

of 7150 Hz (state S)) is positioned at the bottom-left cor-
ner of the merged supercells, as shown in the left panel
of Fig. 3(c). Thus, the sound wave propagates along the
left boundary and upper boundary of the first supercell,
couples to the second supercell at the upper right cor-
ner, and continues propagating along the left boundary
and upper boundary of the second supercell. Conversely,
we rotate the second supercell to form a (4+B, —B) PMF
distribution. Consequently, the propagation route in the
first supercell remains unchanged, while the acoustic wave
propagates along the bottom boundary and right boundary
in the second supercell. Through this approach, we achieve
precise control over the direction of sound wave propaga-
tion by intentionally designing the supercell structure and
source frequencies, providing a novel way to modulate the
propagation of quantum Hall edge states.

C. Experimental measurement of acoustic quantum
Hall edge states

Theoretically, as the number of cells or the PMF strength
B increases, the number of degenerate states increases, and
the state of the Landau level becomes flatter, thus higher
degeneracy is achieved [29], resulting in better localization
of edge states (see Figs. S5 and S6 in Sec. E of the Supple-
mental Material [39]). However, the inevitable enormous
dissipation in large-size structures should be considered
in the experiment. Hence, we experimentally design a
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40 x 40-layer supercell to replicate PMF-induced acoustic
quantum Hall edge states. Utilizing 3D printing technol-
ogy associated with a nominal fabrication error of about
0.02 cm, we craft a sample (of size 1000 x 866 mm?)
containing 1600 photosensitive elliptical resin scatterers
fixed on a substrate, as depicted in Fig. 4(a). Here, the
filling ratio of the lattice remains 0.37, and the oriented
angle of all elliptical scatterers is 22.5°. Linear deforma-
tions are introduced along both the x and y directions to
produce a constant PMF B = —0.0041a~2. For accurate
sound field distribution detection, while minimizing sound
wave dispersion, a transparent plastic cover is placed atop
the model. Solid steel plates are stuck around the sam-
ple to play the role of rigid boundaries. In experiments,

one loudspeaker is placed in a selected hole at the bottom-
left corner of the sample and driven by the multifunctional
signal generator (Tektronix AFG3022C). Sound intensities
are measured by inserting a microphone (1/8-in. Briiel &
Kjer 4138-A-015) into the perforated holes. All the data
are recorded by a Briiel & Kjer 3160-A-042 four-channel
analyzer. The sampling time of data is set to 3 s in the
measurement. The frequency response is obtained with the
fast Fourier transform analysis of Briiel & Kjer PULSE
software LABSHOP.

To demonstrate the propagation of the acoustic quan-
tum Hall edge states, two detectors are placed at
the upper-left corner (detector 1) and bottom-right
corner (detector 2), respectively, to perform comparative
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FIG. 4. Experimental measurement of acoustic quantum Hall edge states. (a) Experimental setup of a 40 x 40-layer supercell sample,
with a pseudomagnetic field (PMF) of B = —0.0041a~2. The insets are magnified images of the setup of the sound source and the
detector. (b) Experimental measurement of acoustic field intensity with the sound source located at the bottom-left corner, with detector
1 located near the upper-left corner and detector 2 located near the bottom-right corner. Full space experimental measurement of
acoustic field distributions for three cases: (c) propagation of three states Sj, S, and S3 marked in Fig. 2(b) in one single supercell; (d)
robustness of the acoustic quantum Hall edge state against the defect for the state S; (e) propagation of acoustic quantum Hall edge
state in two corner-connected PMF domains for the state S;. The frequencies corresponding to states Sj, S,, and S3 are 7150, 7225,

and 7300 Hz, respectively.
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measurements. Figure 4(b) presents the measured fre-
quency spectra of sound wave intensity. Around the fre-
quency 7225 Hz, both detectors exhibit nearly equivalent
sound field strength, which demonstrates the bulk states
associated with the zeroth Landau level. As the source fre-
quency decreases to the gap between the —1st and zeroth
Landau levels, the sound field strength at detector 1 expe-
riences a notable increase, while that at detector 2 under-
goes a significant decrease. This implies the sound waves
choose to propagate along the upper-left route. In contrast,
as the wave frequency increases to the gap between +1st
and zeroth Landau levels, the detected intensity at detector
2 increases while that at detector 1 decreases, which indi-
cates the sound waves change the propagating route to the
bottom-right.

To further validate the existence of PMF-induced acous-
tic quantum Hall topological edge states, we conduct full
space measurements of the acoustic field distribution for
three states marked in Fig. 4(b), as shown in Fig. 4(c). For
the state S| between the zeroth and —1st Landau levels,
the sound wave initially propagates along the left bound-
ary until it reaches the upper-left corner, and sequentially
turns to the upper boundary to eventually arrive at the
upper-right corner. For the bulk state S, at the zeroth Lan-
dau level, the sound wave spreads into the whole sample.
Meanwhile, for the state S3 between the zeroth and +1st
Landau levels, the sound wave flips to another propagation
route: bottom boundary, bottom-right corner, right bound-
ary, upper-right corner. The experimental results closely
align with the simulation results presented in Fig. 3(a).

Furthermore, we validate the robustness of the PMF-
induced acoustic quantum Hall edge states against defects.
To illustrate this, we introduce a rectangular defect
(100 x 69 mm?) on the left side, as shown in Fig. 4(d).
The one-way propagation of sound waves for the state S
is not affected by the scattering of the defect, which agrees
well with the simulation result Fig. 3(b).

Additionally, we conduct further experiments to verify
the selective propagation route of acoustic quantum Hall
edge states in two corner-connected supercells. The left
panel of Fig. 4(e) illustrates that when two supercells with
the same PMF (4B, +B) are combined, the sound wave
for state S| propagates along the left-to-upper route in both
two supercells. However, when the second supercell is
rotated by 180° to obtain a PMF of —B, the sound wave in
the first supercell maintains the original propagation route,
while when coupled into the second supercell, the propa-
gation route flips to the bottom-to-right route, due to the
flipping of the PMF direction. The experimental results
also agree quite well with the simulation result shown in
Fig. 3(c). In summary, our experimental findings unequiv-
ocally demonstrate that in the gap between two neighbor-
ing Landau levels, sound waves exhibit robust propagation
along boundaries with distinct routes, which can be conve-
niently tuned by the flipping of the direction of the PMF.

This provides direct evidence for PMF-induced acoustic
quantum Hall topological edge states and holds significant
importance for comprehending and harnessing topological
phenomena in sound waves.

III. CONCLUSION

In conclusion, we have achieved the generation of Lan-
dau levels in a 2D phononic crystal by introducing sym-
metric gauge fields through linear variations in single-cell
parameters along both the x and y directions, represent-
ing a significant advancement in the field of acoustic wave
manipulation. The unidirectional propagation of acoustic
waves along domain walls, akin to quantum Hall transport,
further verifies the effectiveness of our proposed approach.
The experimental observation reinforces the potential prac-
tical applications of our findings in the development of
novel acoustic devices and technologies. Since the trajec-
tory of the Dirac point in our lattice forms a closed curve
in momentum space, the effective vector potential can have
any orientation. Thus, our design provides great flexibil-
ity for choosing the effective vector potential and PMF.
For example, apart from the most frequently used Landau
gauge and symmetric gauge, we can also construct an atyp-
ical gauge field to generate a constant perpendicular PMF
(see Sec. F of the Supplemental Material [39]), and even
an inhomogeneous PMF [55,56]. The extreme degrees of
freedom to construct synthetic PMFs will greatly expand
the versatility and adaptability of wave manipulation in
PCs. The success of our work not only opens alternative
doors for controlling classical waves such as acoustic and
elastic waves, but also bridges the gap between classical
and quantum phenomena in wave systems. The excitation
of acoustic quantum Hall edge states and the free control
of the propagation route have potential application value in
designing acoustic wave modulation devices.
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