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Exceptional points of acoustic topological boundary states
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Spectral and band topologies have different degrees of freedom, usually treated separately. Recent
studies have shown that spectral topology is not only related to the topological phase transition of bulk
bands but can also influence the original boundary states. However, the interplay of these two topologies
remains elusive, and the rich phase transitions resulting from their combination have yet to be explored.
Here, we construct a two-dimensional non-Hermitian topological acoustic model using honeycomb-lattice
cavity-tube configurations with controllable in-plane hopping and out-of-plane radiation losses. The phase
diagram obtained is based on the interaction between trivial and nontrivial topological bands and unbro-
ken and broken parity-time symmetry, depending on the hopping difference and loss strength trade-off.
We experimentally observe novel exceptional points of topological boundary states, indicating that the
energy band attraction effect is more substantial for the boundary than for the bulk. These results enrich
non-Hermitian topological physics and may lead to robust yet ultrasensitive sensing applications by taking
advantage of both topological and parity-time systems.
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I. INTRODUCTION

The topology of many physical systems directly matches
their general behaviors and can be characterized using
eigenvalues or eigenvectors, two fundamental aspects of
the system’s Hamiltonian [1–3]. Among them, studying
the topological properties through eigenvectors is spec-
ified as band topology, whose hallmark is the presence
of robust boundary states [4–6]. As a Hermitian system,
since the pure real eigenvalues contain no extra topologi-
cal information, band topology based on eigenvectors can
fully characterize the system [3]. However, recent progress
has revealed that eigenvalues may not be always real under
non-Hermiticity [7,8]. Taking a parity-time (PT) symmet-
ric system, for example, when gain and loss increase to
a certain extent, the original real eigenvalues turn complex
[9,10]. This change is the so-called PT-phase transition and
is marked by exceptional degeneracies, which can be uti-
lized to characterize the topology of complex eigenvalues,
deemed as a kind of spectral topology [11–23].

Consequently, spectral topology could possess some
unique effects that surpass the Hermitian limit such as
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energy band attraction (EBA) effects [24], eigenvector coa-
lescence [25], and the non-Hermitian skin effect [17–20].
These properties have attracted much attention and have a
high potential for ultrasensitive sensing applications [11,
12], light topological funneling [19], and non-Hermitian
morphing [21,26]. Thus, generalized topological classi-
fications [27–29], manipulation of topological boundary
states (TBSs) [30–33], and non-Hermiticity-induced topo-
logical phase transitions [34–37] are gradually coming to
the fore. However, band topology and spectral topology
are usually treated separately. Since they are defined using
eigenvectors and eigenvalues, respectively, they are conve-
niently considered as different layers that do not interfere
with each other in some scenarios. Nevertheless, recent
theoretical studies have suggested that EBA effects and the
following exceptional points (EPs) in the TBSs [38–40]
imply the interplay of two topologies; yet, currently, there
is a lack of experimental verification of this.

In this work, we manipulate a two-dimensional (2D)
honeycomb lattice [38–43] associated with its band topol-
ogy by adjusting the intracellular and intercellular cou-
pling. The spectral topology is further introduced by
adding imaginary mass on the onsite potential. The cou-
pling difference and imaginary masses on two distinct
sublattices span a 3D phase diagram with five different
phases. Among them, the presence of EPs in the TBSs
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demonstrates the correlation between band topology and
spectral topology. To achieve a high degree of equivalence
of the tight-binding model, as well as an easy introduction
and manipulation of losses, we use an acoustic cavity-tube
configuration for the actual construction of the theoreti-
cal model. The length of the coupling tube corresponds to
the coupling strength and holes are opened in the cavity
to introduce radiation loss. Measured dispersion confirms
the EBA effect and the existence of EPs in the TBSs. The
above results indicate that there is an inherent connection

between the two topologies, while combining them will
bring additional topological phases. Such EPs in the TBSs
promise to explore topologically protected ultrasensitive
sensing and topological slow waves.

II. MODEL AND THEORY

As shown in Fig. 1(a), we start with a tight-binding
method (TBM) of the non-Hermitian Hamiltonian of the
honeycomb lattice, i.e.,

H(k) =

⎛
⎜⎜⎜⎜⎜⎜⎝

ima −t0 0 −t1eik·a1 0 −t0
−t0 imb −t0 0 −t1eik·(a1+a2) 0
0 −t0 ima −t0 0 −t1eik·a2

−t1e−ik·a1 0 −t0 imb −t0 0
0 −t1e−ik·(a1+a2) 0 −t0 ima −t0

−t0 0 −t1e−ik·a2 0 −t0 imb

⎞
⎟⎟⎟⎟⎟⎟⎠

, (1)

where a1 and a2 are the lattice vectors, explicitly a1 =
a(0, 1) and a2 = a

(√
3/2, −1/2

)
with a as the lat-

tice constant; moreover, t0 and t1 denote the intra-
cellular hopping and intercellular hopping, respectively.
The non-Hermitian is introduced by setting imaginary
masses (i.e., ima and imb) on different sublattices, the
sign on ma and mb determines whether there is gain or
loss.

Under the Hermitian limit (ma = mb = 0), the topolog-
ical properties of the system are entirely determined by the
band topology. As shown in Fig. 1(b), with the increase
of hopping difference � = t1 − t0, the bandgap closes and
reopens, indicating an inversion of the bulk band. The
quantum spin Hall (QSH) topological phase transition thus
occurs, and the system turns from a trivial into a nontrivial
topological phase.

For non-Hermitian systems, the closure of the bandgap
can also be caused by adjusting the gain and loss. Unlike
the Hermitian situation, further increasing the gain and
loss fails to open the bandgap and unfolds the degeneracy
points into degeneracy lines and surfaces. The appearance
of the exceptional degeneracies implies a PT-phase transi-
tion. This PT-phase transition of the bulk band is shown
in Fig. 1(c) with fixed intracellular (t0 = 0.5) and inter-
cellular (t1 = 1) hopping parameters. Due to the complex
eigenvalues, different phases need to be characterized by
both real and imaginary parts of the energy bands. The
PT-unbroken phase indicates that the real parts maintain
a bandgap and the imaginary parts degenerate to a con-
stant value. In contrast, the PT-broken phase indicates
the degeneration of real parts while the separation of
imaginary ones.

Here, in order to investigate the interplay of the PT
and the transition of the topological phases, we focus on
the armchair-terminated lattice with an edge bandgap in
its TBS, which is caused by mirror symmetry breaking
[44]. The 3D phase diagram spanned by �, ma, and mb is
shown in Fig. 1(e) with TBS, EP, exceptional ring (ER),
trivial, and EP&ER as five different topological phases.
As demonstrated in Fig. 1(d), we start from two phases
caused by a topological phase transition, i.e., trivial and
TBS. When the trivial phase travels through a PT-phase
transition, the bulk band degenerates and exceptional rings
occur, corresponding to the ER phase. For the TBS phase,
after the PT-symmetry is broken, exceptional points first
appear in the topological boundary states, and the system
turns into the EP phase. By further increasing the broken
degree of symmetry, the bulk band would also show ERs.
This time, the EPs in the boundary states still exist, and the
system belongs to the EP&ER phase. If the band topology
and spectral topology were independent, the phases caused
by a pairwise combination may only be expected to result
in four cases. However, since the EBA effect is more sub-
stantial for the boundary than for the bulk, the additional
phase appears, indicating the potential interplay between
two topologies. The details for different phases can be seen
in Table I.

III. RESULTS

A. Realization of the interplay in the passive system

Setting � = 0.5, we can obtain a 2D slice of the phase
diagram, as shown in Fig. 2(a). Here, ma and mb mean
adding an imaginary mass on different sublattices. This
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(a) (b) (c)

(d) (e)

FIG. 1. (a) Phase diagrams and phase transitions for the ball-stick schematic of the non-Hermitian honeycomb lattice. (b) Phase
diagrams of QSH-like topological phase transition in the Hermitian limit. (c) Phase diagrams of PT-phase transition in the bulk band.
(d) Five topological phases characterized by energy band inversion and the EBA effect in the bulk and edge bands. Here, E1 and
E2 denote two different degenerate modes, and EP and ER signify the EPs in the TBSs and the exceptional rings in the bulk band,
respectively; (e) phase diagrams of the non-Hermitian topological multiple phase transitions, which are spanned by �, ma, and mb.

phase diagram divided by the spectral topology, con-
tains the TBS, EP, and EP&ER phases, which covers the
additional EP phase we are interested in.

We select the parameters on the line mb = 0 and calcu-
late the projected band of the armchair boundary, shown
in Figs. 2(b)–2(d). In a Hermitian case with ma = 0
[Fig. 2(b)], there is an obvious edge bandgap in the TBSs.
Moreover, the imaginary part of the projected band is
zero, meaning that the PT-symmetry is not spontaneously

TABLE I. Parameters of the different phases.

Hopping difference Non-Hermitian parameters Phases

� > 0 |ma − mb| < We TBS
2� > |ma − mb| > We EP
|ma − mb| > 2� EP&ER

� < 0 |ma − mb| < 2� Trivial
|ma − mb| > 2� ER

Note, |ma − mb| = We and |ma − mb| = 2� are the degeneracy
conditions of the edge band and bulk band, respectively, which
indicate the phase transitions.

broken and the system corresponds to the TBS phase.
When ma = 0.7 [Fig. 2(c)], the band gap of the topological
boundary states closes due to the EBA effect. The degen-
erate lines in the central real part match with two arcs in
the imaginary part, verifying the appearance of exceptional
points. The system is, thus, turned into the EP phase. How-
ever, for ma = 1.5 [Fig. 2(d)], the bulk band closes because
of the EBA effect and exceptional rings occur. With the
coexistence of the EPs in the TBSs, the system is now in
the EP&ER phase.

Usually, the spectral topology is considered under PT-
symmetric conditions, corresponding to the red line ma +
mb = 0 in Fig. 2(a). However, the difference is due to a
constant imaginary value of the energy shift, visualized
as the translation of the PT-symmetric lines. The neces-
sity to take such parameters (ma > 0, mb = 0) mainly
originates from experimental considerations. First, mb = 0
means we only need to add gain or loss on one set of sub-
lattices. Second, ma > 0 indicates we can omit adding any
gain. Since loss in acoustic systems is more convenient to
realize than gain, this further reduces the difficulty in
sample preparation and experiments.
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(a) (b)

(c) (d)

FIG. 2. Realization of the different topological phases: (a) 2D phase diagram, which is spanned by ma and mb. (b)–(d) Projected
energy band structures for the TBS, EP, and EP&ER phases.

B. Realization of different phases in the acoustic
system

Based on the non-Hermitian honeycomb lattice, our
experiments utilize uniform triangular prism cavities to
represent acoustic atoms; each unit cell contains six atoms,
as shown in Fig. 3(a). This structure can fulfill the require-
ment of QSH-like topological phase transition [45]. The
lattice constant a is set at 3 cm, and the height of struc-
ture h, the width of coupling tubes w, and the side length
of the cavity S are 1/

√
3, 0.13, and 0.6a/

√
3 cm, respec-

tively. In general, both the length and the cross-section of
the coupling tube can determine the coupling strength [46].
In this work, we choose the length to control the cou-
pling strength. The QSH-like topological phase transition
is regulated by modulating lo and li, corresponding to
the length of intracellular and intercellular coupling tubes,
respectively. Accordingly, our experiments only need to
introduce loss by setting up air radiation in one set of sub-
lattices. As shown in Fig. 3(a), purple triangular holes are
opened in the triangular prism cavities to set up the air radi-
ation. The triangular holes are scaling of the upper surface
of the cavity, whose side length is ll = gS. The introduced
loss can be controlled by adjusting the ratio factor g, thus
inducing different topological phases.

As shown in Fig. 3(b), we choose six positions in
the 2D-phase diagram to demonstrate multiple topological
phases. The simulations are conducted by a commercial
software COMSOL based on the finite element method.

First, similar to QSH-like cases [38–43], when we set
lo = A − 0.2a and li = 0.8a − 2A, bulk band inversion can
be realized by modulating A. The left panels of Figs. 3(c)
and 3(d) denote the band structures of trivial and non-
trivial structures in the Hermitian limit with A = a/3.25
and A = a/2.8, respectively. The model becomes non-
Hermitian when air radiation is introduced. Similarly, the
band inversion remains unchanged and the QSH-like topo-
logical phase transition is maintained; the bulk bandgap
decreases, which shows that the introduction of air radia-
tion realizes the EBA effect in the bulk band. With the air
radiation area enlarging, following the gradually increas-
ing loss, the bulk bandgap closes and exceptional rings
appear in the bulk band, as shown in the right panels of
Fig. 3(c). For the trivial phase, the right panels of Fig. 3(d)
show that a loss can still lead to exceptional rings. Inter-
estingly, the closure of the bulk band usually implies the
failure of the band inversion. However, this failure does not
destroy the QSH-like topological phase transition, which
leads to the EP and ER coexistence phenomenon.

The experimental setup is shown in Fig. 4(a). Our acous-
tic sample has 21 × 10 periods in the xy-plane with full
dimensions of 63.0 × 30 × 1.5 cm3. It should be noted
that, due to the mirror symmetry breaking, the obtained
TBS will merge in the bulk band when there is only the
nontrivial acoustic structure. This situation would result in
our inability to observe the EPs in the TBSs, which can be
avoided by using trivial cladding layers. Therefore, the ten
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(a) (c)

(d)(b)

FIG. 3. Band inversion and the EBA effect of bulk band for the non-Hermitian acoustic model: (a) non-Hermitian acoustic structure
of the hexagonal unit cell; (b) phase diagrams of non-Hermitian topological multiple phase transitions, which is spanned by � and
(ma − mb). Numerical bulk band structures for nontrivial structures in (c) and trivial structure in (d).

periods in the x-direction consist of five nontrivial struc-
tures (A = a/2.8) and five trivial structures (A = a/3.25).
The armchair-terminated edge is used in the acoustic struc-
ture, which is limited in the x-direction and is periodic in
the y-direction. In our experiments, we excite the sound
propagation along the interface of trivial and nontrivial
structures and measure the amplitudes and phases at each
site for 21 periods in the y-direction. After a Fourier trans-
formation, we obtain the edge dispersion with a resolution
of 0.1 (π /a). The measured projected bands of TBS and EP
phases are shown in Figs. 4(b)–4(d).

First, we verify the existence of the topological edge
states in the acoustic structure. As shown in Fig. 4(b), in
the Hermitian limit (g = 0), due to the QSH-like topolog-
ical phase transition, TBS appears in the bulk bandgap,
which agrees with the theoretical prediction. There is still
a mini edge bandgap between the TBSs, even in the pres-
ence of trivial cladding layers. Next, the non-Hermiticity is
introduced by setting air radiation to one set of sublattices
(g = 0.2). In the measured dispersion shown in Fig. 4(c),
a flat plateau is developed near ky = 0. This result cor-
responds to the EP phase, at which the real parts of the
eigenfrequencies are degenerate and the endpoints of the
plateau are EPs of the TBSs.

The acoustic energy density of the experimentally
observed TBS in Fig. 4(c) is concentrated in the plateau.

The reason for this is that the introduction of loss results
in the eigenvalues becoming complex and their imaginary
part corresponds to the loss. In the plateau, the imagi-
nary part of eigenfrequencies forms upper and lower edge
arcs, which correspond to the largest loss and smallest loss
arcs, respectively. Therefore, the acoustic energy density
is concentrated on this degenerate plateau because of the
smallest loss arcs [47]. We further increase the area of
air radiation (g = 0.3), and the broadening of the plateau
can be clearly seen [Fig. 4(d)], the boundary states do not
reopen. These results provide an experimental validation
of the interplay of a QSH-like topological phase transition
and a PT-phase transition.

To further investigate the evolution of the TBSs in differ-
ent topological phases, the field distributions of the TBSs
with different phases at ky = 0.062 π /a were numerically
calculated, as shown in Fig. 5. The simulated field distribu-
tions on the left- and right-hand side of Fig. 5 belong to the
pseudospin-down and pseudospin-up TBS at ky = 0.062
π /a, respectively. Here, g = 0, 0.2, 0.3, and 0.5 corre-
spond to the TBS phase, the two EP phases, and the
EP&ER phase, respectively. Starting from the TBS phase,
the field distributions of both boundary states decrease
with increasing loss. Although g = 0.2 and 0.3 both
belong to the EP phase, the PT-phase transition occurs
at ky = 0.062 π /a when g = 0.3. At this point, the
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(a)

(c)

(b)

(d)

FIG. 4. Experimental observation of the TBS and EP phases: (a) experimental setup to measure the dispersion. The orange arrow
marks the acoustic propagation. (b) Experimentally measured band structures for the Hermitian limit, which correspond to the TBS
phase. The color bar represents the strength of the acoustic energy density with arbitrary units. The gray circles denote the calculated
bulk bands. The orange circles denote the calculated topological edge band. Non-Hermitian case (c) when g = 0.2, which corresponds
to the EP phase, and (d) when g = 0.3.

pseudospin-down TBS corresponds to lossy arcs with the
largest loss, while the pseudospin-up TBS corresponds to
gain arcs with the smallest loss. As a result, for g = 0.3 and
0.5, the field distribution of the pseudospin-up TBS is sig-
nificantly increased, even higher than that of the Hermitian
situation (g = 0). The above results illustrate that, while
pure lossy systems inevitably exhibit energy reduction
properties, the energy enhancement effect belonging to the
gain system can be realized in the gain arc by constructing
the passive system satisfying the PT-symmetry.

C. Topological characterizations

Our system starts from the Hermitian limit, which
belongs to the realm of band topology. One commonly
used approach to characterize band topology is the Wilson
loop method. Choosing valence bands and a closed path
L in momentum space, the corresponding Wilson loop can

be expressed as

ŴL = P̂(k1)P̂(kN ) · · · P̂(k2)P̂(k1), (2)

where P̂(ki) = ∑
n∈val |un(ki)〉 〈un(ki)| are valence band

projectors, and ki divide L into small segments. When
choosing an infinite small path enclosing k, the eigen-
values of the corresponding Wilson loop matrix can be
regarded as the Berry curvatures over k. The separation of
the Berry curvatures can be utilized to decompose valence
band space into pseudospin and pseudospinless parts [48].
The band topology can then be connected to the winding
in the spectrum of separately calculated Wilson loops made
on a series of paths that sweep the whole Brillouin zone. As
shown in Figs. 6(a) and 6(c), the winding of pseudospin-up
and pseudospin-down are −1 and +1 for the TBS phase,
respectively, while both are 0 for the trivial phase, con-
firming their distinction. Compared with Figs. 6(b) and
6(d), it can be seen that introducing loss that does not
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FIG. 5. Simulated evolution of the
field distributions of the TBSs in
different topological phases when
ky = 0.062 π /a, the edge is marked by
the green line. The trivial and nontriv-
ial structures are marked at the top,
and the color bar represents the acous-
tic intensity.

close the band gap will not affect the band topology. How-
ever, the appearance of EPs in TBSs cannot be inferred
from the Wilson spectrum, which yields spectral topology
characterizations.

The characteristic polynomial of the Hamiltonian
f (E, k) = det[E − H(k)] determines all the eigenval-
ues and, therefore, can be used for spectral topology

characterizations [15,16]. The exceptional degeneracies
in the Brillouin zone can be identified by solving the
discriminant of f (E, k), which is defined as

�(k) =
∏
i<j

[Ei(k) − Ej (k)]2, (3)

(c)

(a)

(d)

(b)

FIG. 6. Wilson spectrum of different topological phases: (a) trivial phase with ma = 0, (b) trivial phase with ma = 0.7, (c) TBS phase
with ma = 0, and (d) EP phase with ma = 0.7. The valence band space can be decomposed into a pseudospin-up, pseudospin-down,
and pseudospinless (i.e., three parts). Their separate windings are marked by red, blue, and black, respectively. The inset in (a) shows
the series of loops used in the calculation.
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where Ei(k) and Ej(k) represent the eigenenergy of the ith
and jth band at k point, respectively.

For a non-Hermitian system, the discriminant is often a
complex function of k, which can be written in the form
of �(k) = �R + i�l. Based on this property, a vector field
can be defined as

D(k) = (�R, �l). (4)

As shown in Figs. 7(a) and 7(c), the vorticity of this vector
field suggests the existence of EPs. The exact mathematical
form is given as

vkEP = i
2π

∮
C(kEP)

dk · ∇kIn�(k), (5)

where the integration path C(kEP) denotes a loop encircling
the point kEP. For the 1D situation, the calculations can
be simplified. Namely, the integration path can be reduced
to two positions on each side of the point. The vector
field remains in terms of two directions only, as shown in
Fig. 7(b). The 1D equation is

v1DkEP = sgn(sgn(�kEP−C) − sgn(�kEP+C)), (6)

where C is a small constant, that is, �kEP−C and �kEP+C
represent the discriminant of the left- and right-hand side
of this point.

According to this definition, if the signs of the discrim-
inant on both sides of the EP are opposite or the same,
the topological charge of the EP is v1D =±1 or v1D = 0,
corresponding to a nontrivial or trivial EP, respectively.
The topological properties of different EPs in the TBSs can
then be determined using Eq. (6), and the result is shown
in Fig. 7(d).

IV. DISCUSSION AND CONCLUSION

In general, drilling holes in the acoustic cavity-tube
configuration not only introduces losses but also leads to
a frequency shift, which can be suppressed by introduc-
ing additional sponge or putty in the holes [25,49]. Such
a frequency shift can also be seen in our results when
comparing Fig. 4(b) with Figs. 4(c) and 4(d). In addi-
tion, there is another frequency shift in our results, as the
drilling of holes in the simulation is equated to the radia-
tion boundaries. This is not exactly the same as those in the
experiment, so the experimental measurements are slightly
shifted compared with the simulation results, as shown in
Figs. 4(c) and 4(d). Here, we did not introduce sponge or
putty to suppress the frequency shift for the following rea-
sons. First, due to the robustness of the topology, the EPs in
the TBSs can still be realized. Second, this frequency shift
is applied equally to the boundary and bulk states and, thus,
a significant plateau can still be observed in experiments.

(a) (b)

(c) (d)

FIG. 7. Definition of the topological charge of EPs in k-spaces
of different dimensions: (a) 2D and (b) 1D. Here, the black
arrows represent the vector field distribution, and the red and blue
dots represent EPs with different topologies whose topological
charges are v = 1 and 0, respectively. (c) Distribution of the dis-
criminant vector field of the bulk band of the TBM in 2D k-space,
the EP is characterized by the location where the direction of the
arrow changes, which is marked by the green circle. (b) Distribu-
tion of the discriminant vector field of the projected band of the
TBM in 1D k-space. The data for the bulk band and projected
band are sourced from Figs. 2(d) and 2(c), respectively.

To maintain the simplicity of our model, we do not add
extra sponge or putty.

In summary, we investigate 3D phase diagrams by intro-
ducing a loss in the 2D honeycomb lattice, in which mul-
tiple phases are obtained through the interplay of PT and
QSH-like phase transitions. Among them, the unique EP
phase marked by the exceptional points in the TBSs is ver-
ified by acoustic experiments. Due to the EBA effect, the
flat band in this EP phase can be conveniently controlled
by the air radiation area, showing potential for the applica-
tion of topological slow waves. Moreover, the adjustable
EPs in the TBSs provide a new dimension for topologi-
cal ultrasensitive sensing. The square-root dispersion near
the EP causes the eigenfrequency to be extremely sensi-
tive to changes in gas density or sound velocity [11,12]
and the drilling of holes facilitates the entering of gas.
As a result, the acoustic cavity-tube configuration with
drilled holes provides a convenient platform for ultra-
sensitive gas sensing and detection. Moreover, for flat
bands with gain arcs, they can be used for highly effi-
cient slow-wave transmission in macrosonic applications
[50]. These results are not limited to acoustic systems
but are also suitable for other classical wave systems. In
addition, our results demonstrate that the acoustic cavity-
tube configuration with a drilled hole has a high poten-
tial in the field of non-Hermitian topology, which may
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provide a convenient platform for more abundant non-
Hermitian topological effects such as geometrically depen-
dent non-Hermitian skin effects [51–55] and topological
complex-energy braiding [56,57].
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