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Van der Pol–Duffing oscillator and its application to gain-driven
light-matter interaction
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We report the observation of frequency nonlinearity within a gain-embedded resonator. A coupling
model, integrating the van der Pol–Duffing oscillator, is theoretically proposed. The proposed model is
substantiated through experimental verification in coupled LRC circuits, demonstrating bistable behavior.
Furthermore, by application of the van der Pol–Duffing oscillator to a gain-embedded microwave cav-
ity, our model is demonstrated as an alternative theoretical perspective for understanding the gain-driven
polariton.
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I. INTRODUCTION

In systems with inherent frequencies, self-oscillation
manifests itself as an amplification of magnitude culmi-
nating in a stable state, without reliance on external forces.
The phenomenon can be effectively modeled by one intro-
ducing a negative resistance into an LRC circuit, a concept
originally formulated by van der Pol [1]. Recognized as
a classical model—van der Pol (vdP) oscillator in the
academic literature—it forms a foundational element in
the study of chaotic systems [2,3]. Beyond its engineer-
ing roots, the model exhibits profound versatility across
various fields. The model offers insightful perspectives
on phenomena such as the output of semiconductor laser
diodes [4]. It is also extended to explore synchronization
phenomena in the quantum field [5,6]. In the realm of biol-
ogy, the vdP oscillator provides insights into the rhythmic
dynamics of various biological processes, including car-
diac cycles [7], neuronal activities [8], circadian rhythms
[9], and human thermoregulatory mechanisms [10].

Besides the vdP oscillator, the Duffing oscillator is also
a canonical nonlinear model. The latter characterizes the
frequency as a variable dependent on amplitude [2,11],
recognized as the Kerr nonlinearity [12,13]. Experimen-
tally, the Kerr nonlinearity can be observed in nonlinear
systems, such as cavity-magnonic systems [14,15], with
the high-power external driving force, and it is commonly
manifested as a frequency shift depending on the driving
power.

The vdP oscillator and the Duffing oscillator are tradi-
tionally viewed as distinct physical models. Nonetheless,
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Shinriki et al. [16] first introduced the van der Pol–Duffing
(vdP-D) oscillator, a model accounting for oscillations
with both nonlinear damping and frequency. The vdP-
D oscillator has been predominantly analyzed within the
context of strong nonlinearity, particularly in chaos the-
ory [17–21]. Our investigation extends the application of
the vdP-D oscillator to coupled systems. Since the relative
phase and the amplitude ratio between coupled oscillators
are hard to measure in the light-matter system, the coupled
dynamics, characterized by the bistability, is first theoreti-
cally studied and then experimentally manifested within a
coupled-LRC-circuit model.

We apply this model to a cavity-magnonic system [22–
26], where microwave cavity photons couple with spin
excitations of a yttrium iron garnet (YIG) sphere. By our
incorporating a microwave gain block into this system, it
facilitates a steady state of the polariton, achieved while
the supplied gain surpasses the polaritons’ effective lin-
ear loss [27]. The bistable phenomenon is observed in this
gain-loss system. In contrast to previous studies where
the bistability of gain-driven polaritons was attributed to
the dissipative coupling [27], our experimental exploration
introduces an alternative pathway to bistability via a Kerr
nonlinearity of the vdP-D oscillator.

II. THEORY

In Fig. 1(a), a gain-embedded LC circuit ω1 = 1/
√

LC
and its voltage oscillation are shown. Traditionally, the
gain block’s nonlinearity is assumed to manifest itself
solely as a nonlinear resistance. If we define this oscilla-
tion as V(t) = 1

2 [a(t)eiω1t + c.c.], under weak nonlinearity,
the amplitude of a vdP oscillator can be written in the
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FIG. 1. (a) Gain-embedded LC resonator ω1/2π =
159.40 kHz, along with a schematic of its voltage dynam-
ics. Given an initial voltage of 1 pV, the linear state is defined
as the voltage oscillation below 1.1 V, while the stable state
is defined as oscillations between 4 and 6 ms. (b),(c) vdP and
vdP-D oscillators, featuring the frequency discrepancy between
two states, where G/2π = 7.74 kHz, γ /2π = 0.78 kHz/V2, and
K/2π = 1.59 kHz/V2. The spectra were obtained by Fourier
transform.

form [2]

da
dt

= (G − γ |a|2)a, (1)

where G is the effective gain factor and γ is the nonlinear-
damping factor. Using amplitude as the distinguishing
criterion, we can categorize the circuit’s behavior into two
states: “linear” and “stable.” According to Eq. (1), in the
small-amplitude regime, the nonlinear-damping term is
negligible, rendering the system akin to a linear oscilla-
tor as shown in the inset in the voltage oscillation. As the
amplitude increases to a constant |a0| = √

G/γ , where the
gain is counteracted by the nonlinear damping, the system
enters the stable state.

Our study starts from the frequencies of “linear” and
“stable” states, where the stable state corresponds to the
limit cycle of the oscillator. As shown in Fig. 1(b), the
gain-embedded oscillator, schematized as a vdP oscillator
with gain and nonlinear damping, always operates at a con-
stant frequency for both the linear state and the stable state,
denoted as ω1 = ωs. However, such a model primarily
holds true for passive systems under small-signal condi-
tions [28]. In the active system, characterized by large-
amplitude oscillations, the system’s reactance will become
amplitude dependent [28], leading to a dependency of the
frequency on the amplitude. So, Kerr nonlinearity is nec-
essary to account for the frequency shift between the stable
state and the linear state. Then, the modified model, termed

the “vdP-D oscillator,” is formulated as follows:

da
dt

= −iK |a|2a + (G − γ |a|2)a, (2)

where K represents the Kerr nonlinearity. Substituting the
general solution a = A(t)eiδf t into Eq. (2), one obtains the
frequency shift and amplitude:

dA
dt

= (G − γ |A|2)A, δf = −KA2, (3)

where A is the amplitude and δf denotes the resulting
frequency shift. Hence, the vdP-D oscillator will reach sta-
bility at the same condition as the vdP oscillator |A| =
|a0| = √

G/γ , while its frequency of the stable state is
shifted to ωs = ω1 − K |a0|2, as shown in Fig. 1(c). Since
the amplitude of the linear state is transient and small,
this state is often overlooked. When researchers focus on
the final amplitude, the modification given by the vdP-D
oscillator can be considered negligible.

This idea is challenged in the coupled system. The inter-
play of gain and loss modes is highly discussed in acoustics
[29,30], optomechanics [31], optics [32–35], spintronics
[36,37], cavity magnonics [27,31,38,39], and microwave-
power-transfer networks [40–42]. Here, we theoretically
analyze a coherently coupled circuit as in the middle
panel in Fig. 2(a). The damped oscillator ω2 features an
adjustable frequency and a constant loss factor κ . The cou-
pling strength, caused by the inductor, is approximately set
as a real-value constant J . If we assume that two oscilla-
tors share the same reference frequency ωr = 1

2 [ω1 + ω2],
V1(t) = 1

2 [a(t)eiωrt + c.c.], and V2(t) = 1
2 [m(t)eiωrt + c.c.],

the dynamics of this coupled system can be written in the
following form [43]:

(
ȧ
ṁ

)
= i

⎛
⎜⎝−

�21

2
+ F (|a|) + J −J

−J
�21

2
+ iκ + J

⎞
⎟⎠

(
a
m

)
.

(4)

Here we define the theoretical notation �21 = ω2 − ω1,
which can be transformed to the effective detuning,
ω2 − ωs = �21 + K |a0|2. The function F is written as

F = −K |a|2 − i(G − γ |a|2). (5)

For K = 0, Eq. (4) refers to the coupling of the vdP oscilla-
tor and a damped oscillator as in the top panel in Fig. 2(a).
In the case of K �= 0, the equation describes the coupling
of the vdP-D oscillator and a damped oscillator as in the
bottom panel in Fig. 2(a).

The stable amplitude of the coupled system, |a| = |ac|,
is determined when the eigenvalues are purely real, indi-
cating a balanced state of gain and loss. Given this stable-
state condition, the eigenfrequency can be derived from the
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FIG. 2. (a) Two coupling diagrams for coherently coupled
LRC circuits. (b),(c) Calculated coupled frequency for the two
diagrams, where κ/2π = 0.87 kHz and J/2π = 1.29 kHz.

following equations:

ω(|ac|)± = C ±
√

(�21 + iκ − F )2/4 + J 2,

Im[ω(|ac|)±] = 0,
(6)

where C = (F + iκ)/2 + J . The corresponding stable
eigenvectors are also obtained:

|ω±〉 =
⎛
⎝ 1

m
a

∣∣∣∣
±

⎞
⎠ =

⎛
⎝ 1

−�21
2 + F + J − ω±

J

⎞
⎠ . (7)

The solved eigenfrequencies are depicted in Figs. 2(b) and
2(c), where the solid black lines represent the calculated
stable eigenfrequencies and the dashed blue lines denote
the transition between two eigenfrequency branches. The
unstable solution, allowing ω− > ωs + J or ω+ < ω1 + J ,
is denoted by dashed black lines.

Two distinctions arise between the system with the vdP
oscillator and the system with the vdP-D oscillator. The
first feature is that both singularities of the vdP-D oscilla-
tor shift away from zero detuning, while the vdP oscillator
allows a transition around zero detuning. The other fea-
ture is strong bistability. Theoretical analysis suggests the
coupling of a vdP oscillator might result in a narrow
region exhibiting more than one eigenfrequency around
zero detuning. However, the coupling of a vdP-D oscil-
lator predicts that two distinct eigenfrequencies coexist
across a broad range between the two dashed blue lines.
This suggests that for the coupled system with the vdP-D
oscillator, slow variation of the detuning (ω2 − ωs) in two
directions, as indicated by light-blue and dark-blue arrows,
leads to distinct frequency dispersions and singularities.
This behavior, where the system’s state relies on the initial
conditions, is referred to as “bistability.”

III. CIRCUIT EXPERIMENT

On the basis of our theoretical model, we established
an experimental setup as in Fig. 3(a) [43]. Oscillator 1
is an LC circuit integrated with a gain block consist-
ing of an operational amplifier and a series of resistors.
This module is powered by a voltage source VCC [43].
We can control the gain as being ON or OFF by the volt-
age source. Oscillator 2 is a damped LRC circuit with
adjustable frequency, achieved through a variable capac-
itor. The two oscillators are interconnected via an inductor
and a large parallel resistance. This interconnection leads
to a coupling factor, approximated as the complex con-
stant J/2π = (1.29 + i0.06) kHz. An oscilloscope is used
to record the voltages at the nodes V1 and V2 of both LRC
circuits.

With the switch turned off and the voltage source VCC
activated, we used the oscilloscope to capture the com-
plete envelope of oscillator 1, ranging from minimal to
stable amplitude. As depicted in Fig. 3(b), the voltage
trigger of the oscilloscope was set at 1.1 V, enabling
the oscilloscope to document voltages around this trigger.
We divided the oscillation into three distinct time periods
and performed a Fourier transform on each segment. The
resulting spectra are shown in Fig. 3(c). A noticeable fre-
quency shift is observed between the low-amplitude peak

(a)

(b) (c)

(d) (e)

FIG. 3. (a) Experimental setup. (b) Complete voltage oscilla-
tion profile of an uncoupled gain-embedded circuit. (c) Spectral
analysis over three distinct time intervals. (d) Spectrum of a
damped LRC circuit, where the inset depicts the raw time-domain
data. (e) By closure of the switch S to measure the stable coupled
state, the spectrum is obtained from the time-domain oscillation
in the inset.
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at ω1/2π = 159.40 kHz, indicating the linear state, and
the high-amplitude peak at ωs/2π = 143.48 kHz, indicat-
ing the stable state. The transition process is characterized
by a broadened spectrum bridging these two states. From
the time-domain oscillation, we determined the amplitude
as |a0| = 3.16 V, leading to a Kerr nonlinearity K/2π =
1.59 kHz/V2. The spectra demonstrate this gain-embedded
oscillator has the feature of a vdP-D oscillator.

We used the oscilloscope to record the relaxation pro-
cess of oscillator 2 and coupled stable states. The spectra
of a single oscillator 2, transformed from its time-domain
voltage oscillation, are presented in Fig. 3(d). This damped
mode has a constant loss factor κ/2π = 0.87 kHz. On
coupling of oscillator 2 with oscillator 1, shown in Fig.
3(e), despite the oscillation amplitudes differing within the
two circuits, their spectra converge to the same peak. This
indicates that the system manifests a degenerate eigenfre-
quency. By toggling the switch on and off, we can strictly
calibrate uncoupled oscillations, and analyze the coupled
oscillations.

Adjusting the variable capacitor, we systematically
investigated the coupled properties dependent on detuning.
For each detuning, the gain was activated and the system
was measured for a stable amplitude; subsequently, the
gain was turned off before we proceeded to the next detun-
ing. Our measurement incorporated two distinct settings,
determined by the sequence of powering the voltage source
VCC and engaging the coupling switch S, labeled as “S-V”
and “V-S.” In the “S-V” setting, where the voltage source
VCC is activated after closure of the switch S, the system
begins its evolution from the coupling of linear state ω1 and
damped state ω2. So the system is expected to start from a
coupled state characterized by a small amplitude and nega-
tive detuning ω2 − ω1 < 0. In the “V-S” setting, where the
voltage source VCC is powered on before the switch S is
closed, the system begins its evolution from the coupling
of stable state ωs and damped state ω2. In this situation, the
system is expected to start from |a0| of oscillator 1.

We measured amplitude, frequency, amplitude ratio, and
relative phase of stable coupled states, under both the “S-
V” setting and the “V-S” setting. Theoretical calculations
were performed with fitted gain factor G/2π = 7.74 kHz,
based on Eqs. (6) and (7). As shown in Fig. 4(a), in the
“S-V” setting, the amplitude tends to select a small ampli-
tude, while in the “V-S” setting, the amplitude tends to
select the solutions close to |a0| of oscillator 1. The cou-
pled state strongly depends on the initial conditions, show-
casing the shifted singularities. Because of the strong bista-
bility of the amplitude, we can also observe the bistable
behavior of the frequency, amplitude ratio, and relative
phase in Figs. 4(b)–4(d). The experimental results align
well with the theoretical predictions.

This circuit experiment revealed unexpected results
regarding the amplitude ratio. The coupled circuit, which
is a standard model for innovative wireless-power-transfer

(a) (b)

(c) (d)

FIG. 4. Measurement of the gain-driven coupled system in
“S-V” and “V-S” settings. (a) Relationship between detuning and
the measured amplitude of V1. (b) Dependence of the frequency
on detuning. (c) Correlation between detuning and the amplitude
ratio, denoted as |m/a|. (d) Dependence of the signals’ relative
phase �ϕ on detuning.

(WPT) technology, facilitates energy transmission from
a gain-embedded oscillator to a damped oscillator, func-
tioning, respectively, as the power source and receiver.
Notably, our coupled circuit, based on the vdP-D oscillator,
shows an amplitude ratio, as depicted in Fig. 4(c), that sur-
passes the unity value reported for the usual WPT model
based on the vdP oscillator [40].

IV. CAVITY-MAGNONIC EXPERIMENT

The cavity-magnonic system comprises a gain-embedded
open cavity and a YIG sphere, allowing the interaction
between the cavity mode and the magnon mode. It is
observed that the polariton’s frequency dispersion depends
on the initial conditions. In previous work, this system
was phenomenologically understood as the coupling of a
vdP oscillator and a damped oscillator, while the reliance
on the initial conditions was attributed to dissipative cou-
pling [27].

Our experiment demonstrated that the cavity mode is a
vdP-D oscillator. As illustrated in Fig. 5(a), we engineered
a gain-embedded half-wavelength transmission-line res-
onator, following the design specifications of Yao et al.
[27]. The gain was implemented with use of a bipolar
junction transistor, powered by voltage sources indicated
as VBJT [43]. Using a high-performance oscilloscope to
capture the microwave signal, we observed the complete
signal envelope as shown in Fig. 5(b). The complete
signal is presented in segment form to better show the
signal-amplitude growth for t1.

Applying the Fourier transform to the data collected
during four time periods t1–t4, we acquired the cor-
responding spectral evolution as shown in Fig. 5(c).
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|V1(t = 0)| = 0.48 V

(a)

(c)

(b)
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FIG. 5. (a) Experimental setup of a gain-embedded cavity,
comprising an embedded gain element and a transmission-line
resonator. (b) Complete voltage oscillation profile of the cav-
ity measured by the oscilloscope, where the voltage trigger is
set as 0.48 V. (c) Spectrum over four intervals of the segmented
time-domain dynamics. (d) By coupling of the YIG sphere with
the gain-embedded cavity, bistability is observed by different
sweeping settings.

Echoing Fig. 3(c), the spectrum progressively transitions
from a low-amplitude profile at ω1/2π = 3.801 GHz
to a sharp, high-amplitude frequency peak at ωs/2π =
3.772 GHz. Given the time-domain oscillation for t4,
the amplitude is obtained as |a0| = 0.55 V, leading to
K/2π = 95.936 MHz/V2. Notably, the t1 spectrum indi-
cates that the initial small-amplitude oscillation in the
gain-embedded cavity, unlike that in the circuit, does not
align with a simple linear mode. However, the spectra for
t2, t3, and t4 confirm the occurrence of frequency shifting
within this cavity mode.

Figure 5(d) shows the observed frequency dispersion.
The inset shows a schematic of the experimental setup.
A YIG sphere is positioned within the gap of the trans-
mission lines, above the cavity plane. The frequency of
the magnon mode is linearly dependent on the magnetic
field, denoted as ω2 ∝ B, allowing an adjustable frequency
range between 3.720 and 3.840 GHz. The loss factor of
the magnon mode is calibrated as a constant κ/2π =
2.477 MHz.

By our continuously changing the magnetic field, the
frequency dispersion is measured. The degenerate fre-
quency for each detuning is obtained from the Fourier
transform, where the frequency of the largest detuning is
set as a reference ω0

s /2π . The coupling factor is defined
as a purely real value as detailed in Supplemental Mate-
rial [43] (where Refs. [27,28,44–46] are cited), J/2π =
3.890 MHz. Given a fitting gain factor G/2π = 6.397
MHz, the coupling theory based on the vdP-D oscillator
aligns with the experimental results. As we anticipated
in the theory, by our slowly sweeping the detuning, the

two settings, up-sweeping and down-sweeping, result in
two frequency-dispersion traces. The up-sweeping set-
ting yields a singularity appearing further away from the
zero-detuning point than for the down-sweeping setting.

V. CONCLUSION

Our study elucidates the coupling physics of the
vdP-D oscillator under conditions of weak nonlinearity.
By incorporation of the Duffing term, the vdP-D oscilla-
tor can operate across a broader frequency dynamic range,
enabling a more-extensive dispersive coupling in the cou-
pled system. This coupling theory was validated through
circuit experiments. It was found that oscillations gen-
erated by the vdP-D circuit can induce a more-intense
amplitude response in the damped circuit than tradition-
ally expected from the standard vdP circuit used in WPT
technology.

We demonstrated that a gain-embedded microwave cav-
ity can be effectively modeled as a vdP-D oscillator.
The wide frequency dynamic range of the vdP-D cav-
ity provides an alternative perspective on the behavior
of gain-driven polaritons and their bistability. Unlike the
traveling-wave model, which depends on an open sys-
tem to influence oscillator interactions, our model uses
the inherent Kerr nonlinearity of the cavity itself. This
approach simplifies the realization of gain-driven polari-
tons, emphasizing the vdP-D oscillator’s importance in
coupled systems. Given the prevalence of Duffing and Kerr
nonlinearity in various systems, including microwave sys-
tems, optical fibers, and magnetic materials, our findings
might attract broad interest in the field of non-Hermitian
coupling physics.
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