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1/f noise of a nanopillar tunnel-magnetoresistance sensor originating from a wide
distribution of bath correlation times
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The tunnel magnetoresistance (TMR) sensor is a highly sensitive magnetic field sensor that is expected
to be applied in various fields, such as magnetic recording, industrial sensing, and biomedical sensing. To
improve the detection capability of TMR sensors in the low-frequency regime, it is necessary to suppress
the 1/f noise. We theoretically study the 1/f noise of a tiny TMR sensor using the macrospin model.
Starting from the generalized Langevin equation, the 1/f noise power spectrum and the Hooge parameter
are derived. The calculated Hooge parameter of a tiny TMR sensor is much smaller than that of a conven-
tional TMR sensor with large junction area. The results provide a new perspective on magnetic 1/f noise
and will be useful for improving TMR sensors.
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I. INTRODUCTION

The tunnel-magnetoresistance (TMR) sensor [1–7] is a
highly sensitive magnetic field sensor where the magnetic
field signal is converted to a change in resistance of a
magnetic tunnel junction (MTJ) [8–12]. The most popular
application of the TMR sensor is the reading head of hard-
disk drives. Because of their high sensitivity, small size,
and low power consumption, TMR sensors are expand-
ing their applications into a variety of fields, such as
industrial sensing and biomedical sensing. In biomedical
applications such as magnetocardiography and magnetoen-
cephalography, TMR sensors detect the weak magnetic
fields generated in the human heart and brain by electro-
physiological activity of cardiac muscle and nerve cells
[4–6]. The frequency range of the biomagnetic signal is
less than a few hundred hertz, where the 1/f noise is the
dominant noise. Reduction of 1/f noise is a key issue for
biomedical applications [3,13].

1/f noise is a ubiquitous low-frequency noise, the noise
power of which is inversely proportional to the frequency,
f [14–17]. A large number of theories have been devel-
oped to explain the mechanism of 1/f noise, as reviewed
in Ref. [17]. An obvious way to obtain a 1/f power
spectrum is to superimpose a large number of Lorentzian
power spectra produced by exponential relaxation pro-
cesses [14,17–20]. The magnitude of the 1/f noise in
different devices and materials is characterized by the
Hooge parameter [15].
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The magnetic 1/f noise derived from the thermal fluc-
tuation of magnetization in a TMR sensor has been studied
by several groups [2,7,21–28]. In most previous studies,
the TMR sensors exhibit clear hysteresis in the mag-
netic field dependence of resistance, and the 1/f noise
is observed within the hysteresis loop. The observed 1/f
noise has been attributed to thermally excited hopping of
magnetic domain walls between pinning sites. It is natural
to ask the question whether magnetic 1/f noise appears
in a tiny TMR sensor, where domain walls cannot be cre-
ated. If 1/f noise appears in tiny TMR sensors, what is its
power? To answer this question, it is necessary to develop
a theoretical model of magnetic 1/f noise based on the
macrospin model.

In this paper, we propose a theoretical model for the
magnetic 1/f noise of a tiny TMR sensor based on the
macrospin model. Starting from the generalized Langevin
equation, we derive an analytical expression for the voltage
power spectrum in the low-frequency regime. Assuming
a wide distribution of bath correlation times, the derived
voltage power spectrum is inversely proportional to the
frequency, i.e., 1/f noise. We also show that the Hooge
parameter of a tiny TMR sensor is much smaller than that
of a conventional TMR sensor with large junction area.

II. THEORETICAL MODEL

The system we consider is the MTJ nanopillar shown in
Fig. 1(a), which is the core element of a tiny TMR sensor.
The nonmagnetic insulating layer is sandwiched between
ferromagnetic layers. The top ferromagnetic layer is the
free layer (FL), the magnetization of which is softly pinned
by the orange-peel coupling field, H p , directed in the z
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FIG. 1. (a) Schematic illustration of a magnetic tunnel junc-
tion. The insulating layer is sandwiched by the free layer (FL)
and the reference layer (RL). The direction of the magnetization
in the FL is denoted by the magnetization unit vector, m. The
direction of the magnetization in the RL is denoted by the mag-
netization unit vector, p , and is fixed in the negative z direction.
The magnetization in the FL is pinned by the orange-peel cou-
pling field, H p , directed in the z direction, and by the uniaxial
anisotropy field along the z axis. The bias field, H b, is applied in
the y direction. (b) Definition of the rotated coordinate system.
The z′ axis is aligned to the equilibrium direction of the magne-
tization in the FL, meq, by rotating around the x axis by angle
θeq.

direction, and by the uniaxial anisotropy field, Hk, along
the z axis. The direction of the magnetization in the FL is
denoted by m. To tune the sensitivity, the bias field, H b, is
applied in the y direction. The bottom ferromagnetic layer
is the reference layer (RL), the magnetization unit vector,
p, of which is fixed in the negative z direction [7]. The size
of the TMR sensor is assumed to be so small that a domain
wall cannot be created in the FL, i.e., about or less than
10 nm.

Assuming that the FL is a thin circular disk, the mag-
netic free-energy density of the FL is given by

E = −μ0Msm · (H p + H b) + 1
2
μ0M 2

s m2
x

− 1
2
μ0MsHkm2

z , (1)

where μ0 is the permeability of vacuum, and Ms is the sat-
uration magnetization. The equilibrium direction, meq =
(0, sin θeq, cos θeq), is obtained by minimizing E.

The voltage noise of the TMR sensor is induced by
the resistance variation due to fluctuation of m around the
equilibrium direction. To calculate the fluctuation of m, we
introduce the rotated coordinate system shown in Fig. 1(b),
where the y ′ and z′ axes are generated by rotating the y and
z axes around the x axis by the angle θeq. The basis vectors
of the x–y ′–z′ coordinate system are defined as

⎛
⎝

ex
ey ′
ez′

⎞
⎠ =

⎛
⎝

1 0 0
0 cos θeq −sin θeq
0 sin θeq cos θeq

⎞
⎠

⎛
⎝

ex
ey
ez

⎞
⎠ . (2)

In the rotated coordinate system, the magnetization unit
vector in the FL is represented as

m = mxex + my ′ey ′ + mz′ez′ . (3)

Since we are interested in the small fluctuation of m around
meq, we assume |mx| � 1, |my ′ | � 1, and |mz′ | � 1.

The resistance of the TMR sensor is given by [8,9,29]

R = R0 + R̄
1 + P2m · p

, (4)

where R0 is the resistance not caused by tunneling, R̄ is
the resistance due to tunneling at m · p = 0, and P is the
spin polarization of tunneling electrons. Substituting Eq.
(3) into Eq. (4), the resistance is obtained as

R = R0 + R̄
1 − P2(cos θeq mz′ − sin θeq my ′)

. (5)

Up to the first order of my ′ , the resistance can be approxi-
mated as

R = R0 + R̄
1 − P2 cos θeq

− R̄P2 sin θeq

(1 − P2 cos θeq)2 my ′ . (6)

III. RESULTS

In this section, we show the results of our theoretical
analysis of the magnetic 1/f noise of a tiny TMR sen-
sor. We first show the relation between the voltage power
spectrum and the power spectrum of my ′ in Sec. III A. To
calculate the power spectrum of my ′ , we solve the lin-
earized equations of motion of m by using the Fourier
transformation in Sec. III B. Then we derive the Lorentzian
power spectrum of my ′ in Sec. III C. Assuming that the
bath correlation time, τc, has a wide distribution, we derive
the 1/f power spectrum of voltage by superimposing the
Lorentzian power spectra with different τc in Sec. III D.
In Sec. III E, we show that the Hooge parameter of a tiny
TMR sensor is much smaller than that of a conventional
TMR sensor with the same sensitivity by comparison with
the experimental results of Ref. [7].

A. Power spectrum of voltage

In most experiments, the voltage noise of a TMR sensor
is measured under a constant direct current, I . Assum-
ing that the measured voltage, V, is proportional to the
resistance, R, the power spectrum of voltage, SVV(f ), is
proportional to the power spectrum of resistance, SRR(f ),
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as

SVV(f ) = I 2SRR(f ). (7)

Introducing the angular frequency, ω = 2π f , the power
spectrum of resistance is defined as

SRR(ω) = 4
∫ ∞

0
〈R(t)R(0)〉 cos(ωt) dt, (8)

where 〈·〉 represents the statistical average. Substituting
Eq. (6) into Eq. (8), SRR(ω) is expressed as

SRR(ω) =
[

R̄P2 sin θeq

(1 − P2 cos θeq)2

]2

Smy′ my′ (ω), (9)

where Smy′ my′ (ω) is the power spectrum of my ′ defined as

Smy′ my′ (ω) = 4
∫ ∞

0
〈my ′(t)my ′(0)〉 cos(ωt) dt. (10)

We define the Fourier transform of a function f (t)
as f (ω) = ∫ ∞

−∞ f (t) exp(−iωt) dt. Substituting the inverse
Fourier transform of my ′ into Eq. (10) and performing
some algebra, we obtain

Smy′ my′ (ω) = 1
2π

∫ ∞

−∞
〈my ′(ω)my ′(ω′)〉 dω′

+ 1
2π

∫ ∞

−∞
〈my ′(−ω)my ′(ω′)〉 dω′. (11)

The Fourier transform of my ′ can be obtained by solving
the equations of motion in Fourier space.

B. Equations of motion and the Fourier transforms of
mx and my ′

The equations of motion of m are given by the general-
ized Langevin equation [30–32],

ṁ(t) = −γ m(t) × (H eff + r)

+ αm ×
∫ t

−∞
ν(t − t′)ṁ(t′) dt′, (12)

where ṁ(t) is the time derivative of m(t), γ is the gyro-
magnetic ratio, and α is the Gilbert damping constant. The

effective magnetic field acting on m is given by

H eff = −Msmxex + Hbey + (Hp + Hkmz)ez. (13)

The memory function is defined as

ν(t − t′) = 1
τc

exp
(

−|t − t′|
τc

)
, (14)

where τc is the bath correlation time. The thermal agitation
field, r, is a random field satisfying 〈rj 〉 = 0 and

〈rj rk〉 = μ

2
δj ,kν(t − t′), (15)

where subscripts j and k denotes x, y, z, y ′, or z′. The
constant μ is defined as

μ = 2αkBT
γμ0Ms


, (16)

where kB is the Boltzmann constant, T is temperature, and

 is the volume of the FL.

From Eqs. (15) and (16) we see that the magnitude of the
thermal agitation field is on the order of

√
α because μ is

on the order of α. The stochastic Landau-Lifshitz-Gilbert
(LLG) equation with the Markovian damping derived by
Brown [33] is reproduced in the limit of τc → 0 because
limτc→0 ν(t − t′) = 2δ(t − t′), where δ(t − t′) is the Dirac
delta function. It should be noted that 1/f noise cannot be
derived from the LLG equation with Markovian damping
because many physical processes with different time scales
are required to generate 1/f noise.

Since the FL of a typical TMR sensor is made of a ferro-
magnetic material with α � 1, we focus on terms up to the
first order of α in the equations of motion. We also assume
that mx, my ′ , rx, ry ′ , and rz′ are small enough to linearize
the equations of motion in terms of these small variables.
Equation (12) can thus be approximated as

ṁx(t) = −ω0my ′(t) + γ ry ′(t)

− α

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′, (17)

ṁy ′(t) = ω1mx(t) − γ rx(t)

+ α

∫ t

−∞
ν(t − t′)ṁx(t′) dt′, (18)

ṁz′(t) = 0, (19)

where

ω0 = γ (Hb sin θeq + Hp cos θeq + Hk cos 2θeq), (20)

ω1 = γ (Ms + Hb sin θeq + Hp cos θeq + Hk cos2 θeq).
(21)
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Following Ref. [32], we approximate the non-Markovian
damping term in Eqs. (17) and (18) up to the first order of
α. Successive application of integration by parts gives the
following linearized equations of motion up to the order of
α:

ṁx(t) = −γ̂1ω0my ′(t) + γ ry ′(t) − α̃ω1mx(t), (22)

ṁy ′(t) = γ̂0ω1mx(t) − γ rx(t) − α̃ω0my ′(t), (23)

where

γ̂0 =
(

1 + αξ0

1 + ξ0ξ1

)
, (24)

γ̂1 =
(

1 + αξ1

1 + ξ0ξ1

)
, (25)

α̃ = α

1 + ξ0ξ1
, (26)

ξ0 = τcω0, ξ1 = τcω1. (27)

Details of the derivation of the above equations will be
provided in the Appendix.

In Fourier space, the equations of motion are expressed
as

iωmx(ω) = −γ̂1ω0my ′(ω) + γ ry ′(ω) − α̃ω1mx(ω), (28)

iωmy ′(ω) = γ̂0ω1mx(ω) − γ rx(ω) − α̃ω0my ′(ω). (29)

The solutions are obtained as

mx(ω) = γ̂1ω0γ rx(ω) + (α̃ω0 + iω)γ ry ′(ω)

A(ω)
, (30)

my ′(ω) = γ̂0ω1γ ry ′(ω) − (α̃ω1 + iω)γ rx(ω)

A(ω)
, (31)

where

A(ω) = (γ̂0γ̂1 + α̃2)ω0ω1 − ω2 + iα̃(ω0 + ω1)ω. (32)

C. Power spectrum of my ′

From Eq. (31), the correlation of my ′(ω) and my ′(ω′) is
expressed as

〈my ′(ω)my ′(ω′)〉 = (γ̂0ω1)
2

A(ω)A(ω′)
γ 2〈ry ′(ω)ry ′(ω′)〉

+ (α̃ω1 + iω)(α̃ω1 + iω′)
A(ω)A(ω′)

γ 2〈rx(ω)rx(ω
′)〉, (33)

where we use the fact that rx and ry ′ do not correlate with
each other. The correlation 〈my ′(−ω)my ′(ω′)〉 is obtained
by replacing ω with −ω in Eq. (33)

Following Ref. [34], the correlation of thermal agitation
fields in Fourier space is obtained as

〈rj (ω)rk(ω
′)〉 = 2πμδj ,k

1
1 + iτcω

δ(ω + ω′). (34)

The correlation 〈rj (−ω)rk(ω
′)〉 is obtained by replacing ω

with −ω in Eq. (34).
Substituting Eqs. (33) and (34) into Eq. (11), the power

spectrum of my ′ is expressed as

Smy′ my′ (ω) = (γ̂ 2
0 + α̃2)ω2

1 + ω2

B(ω)

2γ 2μ

1 + (τcω)2 , (35)

where

B(ω) = [(γ̂0γ̂1 + α̃2)ω0ω1 − ω2]2

+ [α̃(ω0 + ω1)ω]2. (36)

In the low-frequency regime satisfying ω � ω0 and ω �
ω1, Eq. (35) can be approximated by the Lorentzian func-
tion as

Smy′ my′ (ω) = 2γ 2μ

(γ̂1ω0)2

1
1 + (τcω)2 . (37)

Since ω0 and ω1 are on the order of 0.1–10 GHz for con-
ventional TMR sensors [7], the low-frequency condition is
clearly satisfied for the frequency range of the biomagnetic
signal, i.e., less than a few hundred hertz.

D. Superimposition of Lorentzian power spectra

The bath correlation time, τc, is the decay time of
the correlation of the thermal agitation field as shown in
Eq. (15). The thermal agitation field may be produced by
many kinds of sources or baths, such as dipolar coupling
with magnons in the reference layer and spin-orbit cou-
pling with phonons. Since τc depends on the relaxation
mechanism of the bath, different relaxation modes in dif-
ferent baths have their own τc. Instead of discussing τc for
some specific types of baths, we just assume a distribu-
tion of τc and analyze the effect of the distribution of τc on
the low-frequency power spectrum of voltage. Assuming a
wide distribution of τc, we derive an analytical expression
of the power spectrum of the magnetic 1/f noise.

We assume that τc is uniformly distributed in the range
of τc,min ≤ τc ≤ τc,max and has a probability distribution
defined as ρ(τc) = 1/(τc,max − τc,min). The superimposi-
tion of Smy′ my′ (ω) for all τc is given by

Smy′ my′ (ω) = 2γ 2μ

ω2
0

∫ ∞

0

1
γ̂ 2

1

ρ(τc)

1 + (τcω)2 dτc. (38)

As a function of τc, γ̂1 is almost unity except around
the peak at τc = 1/

√
ω0ω1, which is on the order of
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FIG. 2. Power spectrum of my ′ , Smy′ my′ (ω), given by Eq.
(40), normalized by 2γ 2μ/ω2

0. The black solid, red dotted, and
blue dashed curves represent the results for τc,max = 10, 1, and
0.1 s, respectively. The green circles indicate the values at ω =
1/τc,max.

nanoseconds. Since the peak value of γ̂1 is as small as
1 + (α/2)

√
ω1/ω0, and ω is assumed to be much smaller

than ω0 and ω1, Eq. (38) can be approximated as

Smy′ my′ (ω) = 2γ 2μ

ω2
0

1
τc,diff

∫ τc,max

τc,min

1
1 + (τcω)2 dτc

= 2γ 2μ

ω2
0

1
τc,diff

[
arctan(ωτc,max)

ω

− arctan(ωτc,min)

ω

]
, (39)

where τc,diff = τc,max − τc,min. Since arctan(x)/x is a
monotonically decreasing function of x for x > 0 and
limx→0 arctan(x)/x = 1, Smy′ my′ (ω) is a monotonically
decreasing function of ω and takes a maximum value of
2γ 2μ/ω2

0 in the limit of ω → 0.
When ωτc,min � 1, the second term in the square bracket

of Eq. (39) can be neglected and Smy′ my′ (ω) is approxi-
mated as

Smy′ my′ (ω) = 2γ 2μ

ω2
0

arctan(ωτc,max)

ωτc,max
. (40)

Figure 2 shows Smy′ my′ (ω) given by Eq. (40) normalized
by 2γ 2μ/ω2

0 for τc,max = 10 s (black solid), 1 s (red dot-
ted), and 0.1 s (blue dashed). The values at ω = 1/τc,max
are indicated by the green circles. All curves are almost
flat for ω � 1/τc,max and inversely proportional to ω for
ω � 1/τc,max.

Assuming a wide distribution of τc satisfying ωτc,min �
1 and ωτc,max � 1, we have arctan(ωτc,min) = 0 and
arctan(ωτc,max) = π/2. Then the power spectrum can be

approximated as

Smy′ my′ (ω) = 2γ 2μ

ω2
0

1
τc,max

π

2ω
, (41)

which is inversely proportional to the angular frequency,
ω (= 2π f ). From Eqs. (7), (9), and (41), the voltage power
spectrum is given by

SVV(f ) =
[

I R̄P2 sin θeq

(1 − P2 cos θeq)2

]2
γ 2μ

2ω2
0

1
τc,max

1
f

. (42)

This is the main result of this paper. The obvious differ-
ence from other models of low-frequency magnetic noise
[21,23,35–38] is that Eq. (42) has the term 1/τc,max as
information about the distribution of the bath correlation
time. It should be noted that the 1/f noise of a tiny TMR
sensor that we have derived is the response to thermal
agitation fields that exhibit a 1/f power spectrum as the
superimposition of Lorentzian power spectra.

E. Comparison with a conventional TMR sensor with
large junction area

We compare the derived 1/f noise of the macrospin
model with the experimental results for a conventional
TMR sensor with large junction area reported in Ref. [7].
The Hooge parameter, αH , is a convenient measure to
compare the 1/f noise between different MTJs, which is
defined as

SVV(f ) = Swh
VV + αH V2

bA−1f −1, (43)

where Swh
VV is the power spectral density of the white noise,

Vb is the bias voltage, and A is the area of the MTJ. The
typical value of the Hooge parameter of conventional TMR
sensors is about 10−6–10−11 µm2 [7,26–28]. From Eq. (6),
the bias voltage is given by

Vb = I
(

R0 + R̄
1 − P2 cos θeq

)
. (44)

From Eqs. (16), (42), (43), and (44), the Hooge parameter
of a tiny TMR sensor is obtained as

αH =
{

R̄P2 sin θeq

(1 − P2 cos θeq)[R̄ + R0(1 − P2 cos θeq)]

}2

× αγ kBT
μ0Msd

1
ω2

0

1
τc,max

, (45)

where d is the thickness of the FL.
To compare Eq. (45) with the experimental results of

a conventional TMR sensor, we determine the junction
parameters by fitting the bias field dependence of the
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FIG. 3. (a) Sensitivity as a function of the bias field, μ0Hb.
The upper panel shows the results for the signal field along
the magnetization hard axis, i.e., the y axis. The lower panel
shows the results for the signal field along the magnetization easy
axis, i.e., the z axis. In both panels, the yellow and the black
curves represent the experimental and theoretical results, respec-
tively. (b) The Hooge parameter, αH , as a function of the bias
field, μ0Hb. The yellow circles and the black curve represent the
experimental and theoretical results, respectively. Note that the
theoretical results are multiplied by 106. In all panels, the exper-
imental results are the same as those shown in Fig. 3(b) in Ref.
[7].

resistance shown in Fig. 2(a) of Ref. [7]. The parame-
ters are determined as Ms = 0.93 MA/m, μ0Hk = 1.0 mT,
μ0Hp = 2.15 mT, R0 = 10.7 
, R̄ = 10.3 
, and P2 =
0.74. Figure 3(a) shows the bias field, μ0Hb, dependence
of the sensitivity defined as

sensitivity = 1
Rmax

dR
d(μ0Hb)

, (46)

where Rmax is the maximum value of the resistance. The
experimental results indicated by the yellow curves are
well reproduced by the theoretical results represented by
the black curves.

Figure 3(b) shows the bias field dependence of the
Hooge parameter, αH . The experimental results are indi-
cated by the yellow circles. The black solid curve
represents the theoretical results multiplied by 106. For
calculation of the Hooge parameter, the following param-
eters are assumed: α = 0.05, d = 2 nm, τc,max = 1 s, and
T = 300 K. The field dependences of the Hooge parame-
ter and the sensitivity look very similar because the Hooge
parameter is proportional to the square of the sensitivity
along the y ′ axis, as indicated by Eqs. (6), (42), and (46).

The results show that the Hooge parameter of a tiny
TMR sensor is much smaller than that of the conventional
TMR sensor with the same sensitivity by a factor of 10−6.
If a number of tiny MTJs are connected in parallel to repro-
duce the same resistance as a conventional TMR sensor,
the power spectrum of the magnetic 1/f noise can be
reduced by a factor of 10−6 without reducing sensitivity.

IV. SUMMARY

In summary, we propose a theoretical model for mag-
netic 1/f noise of a tiny TMR sensor originating from
a distribution of bath correlation times. Starting from the
generalized Langevin equation, we derive an analytical
expression for the low-frequency power spectrum of volt-
age. Assuming a wide distribution of the bath correlation
times, the derived voltage power spectrum is inversely pro-
portional to the frequency. We also show that the Hooge
parameter of a tiny TMR sensor is much smaller than that
of a conventional TMR sensor with large junction area.
The power spectrum of the 1/f noise can be reduced sub-
stantially without reducing sensitivity by connecting tiny
TMR sensors in parallel. The result provides a new per-
spective on magnetic 1/f noise and will be useful for
reduction of 1/f noise of TMR sensors. The presented the-
oretical framework is applicable not only to the magnetic
1/f noise of a tiny TMR sensor, but also to the low-
frequency fluctuation of any tiny magnetic devices where
the macrospin model is appropriate.
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Appendix: Derivation of Eqs. (22) and (23)

In this section, we provide the details of the deriva-
tion of Eqs. (22) and (23). Following Ref. [32], different
approaches are used depending on the value of τc: in the
short-τc regime and in the long-τc regime. Introducing
ξ0 = τcω0 and ξ1 = τcω1, the short-τc regime is defined as
ξ0ξ1 < 1, and the long-τc regime is defined as ξ0ξ1 > 1.
For both τc regimes, we can derive the same equations of
motion as Eqs. (22) and (23).

1. Short-τc regime: ξ0ξ1 < 1

We approximate the non-Markovian damping term in
Eq. (17) up to the first order of α. On successive appli-
cation of integration by parts using ν(t − t′) = τc[dν(t −
t′)/dt′], the integral part of the non-Markovian damping
term in Eq. (17) is expressed as

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′ =

∞∑
n=1

(−τc)
n−1 dn

dtn
my ′(t). (A1)

Since the integral part of the non-Markovian damping is
multiplied by α, we approximate the time derivative of
my ′(t) in the zeroth order of α as

d2n

dt2n my ′(t) = (−1)nωn
0ω

n
1my ′(t) (A2)
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and

d2n+1

dt2n+1 my ′(t) = (−1)nωn
0ω

n+1
1 mx(t). (A3)

Substituting Eqs. (A2) and (A3) into Eq. (A1), the inte-
gral part of the non-Markovian damping term in Eq. (17)
is expressed as

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′

= [ξ1ω0my ′(t) + ω1mx(t)]
∞∑

n=1

(−ξ0ξ1)
n−1. (A4)

The summation in Eq. (A4) converges under the condition
ξ0ξ1 < 1 as

∞∑
n=1

(−ξ0ξ1)
n−1 = 1

1 + ξ0ξ1
. (A5)

Then Eq. (A4) becomes

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′ = ξ1ω0my ′(t) + ω1mx(t)

1 + ξ0ξ1
. (A6)

Substituting Eq. (A6) into Eq. (17) and performing some
algebra, we obtain the following linearized equation of
motion for mx(t) up to the first order of α:

ṁx(t) = −
(

1 + αξ1

1 + ξ0ξ1

)
ω0my ′(t)

+ γ ry ′(t) − α

1 + ξ0ξ1
ω1mx(t). (A7)

Similarly, the following linearized equation of motion for
my ′(t) up to the first order of α is obtained as

ṁy ′(t) =
(

1 + αξ0

1 + ξ0ξ1

)
ω1mx(t)

− γ rx(t) − α

1 + ξ0ξ1
ω0my ′(t). (A8)

Using the symbols defined by Eqs. (24), (25), and (26), one
can easily confirm that Eqs. (A7) and (A8) are the same as
Eqs. (22) and (23), respectively.

2. Long-τc regime: ξ0ξ1 > 1

In the long-bath-τc regime satisfying ξ0ξ1 > 1, we
expand Eq. (17) in power series of 1/(ξ0ξ1). Using integra-
tion by parts with dν(t − t′)/dt′ = ν(t − t′)/τc, the integral

part of the non-Markovian damping in Eq. (17) can be
written as

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′

= 1
τc

∫ t

−∞
ṁy ′(t′) dt′

− 1
τc

∫ t

−∞
ν(t − t′)

[∫ t′

−∞
ṁy ′(t′′) dt′′

]
dt′. (A9)

Successive application of integration by parts gives

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′ = −

∞∑
n=1

(
− 1

τc

)n

Jn, (A10)

where Jn is the nth-order multiple integral defined as

Jn =
∫ t

−∞

∫ t1

−∞
· · ·

∫ tn−1

−∞
ṁy ′(tn) dtn · · · dt2 dt1. (A11)

From Eq. (A2), on the other hand, ṁy ′(t) is expressed as

ṁy ′(t) = 1
(−1)nωn

0ω
n
1

(
d2n+1

dt2n+1 my ′(t)
)

. (A12)

Substituting Eq. (A12) into Eq. (A11), the multiple inte-
grals are calculated as

J2n = 1
(−1)nωn

0ω
n
1

ṁy ′(t) (A13)

and

J2n−1 = 1
(−1)nωn

0ω
n
1

m̈y ′(t). (A14)

Substituting the time derivative of my ′(t) in the zeroth
order of α into Eqs. (A13) and (A14), we obtain

J2n = ω1mx(t)
(−1)nωn

0ω
n
1

(A15)

and

J2n−1 = my ′(t)

(−1)n−1ωn−1
0 ωn−1

1

. (A16)
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Substituting Eqs. (A15) and (A16) into Eq. (A10) and
performing some algebra, the integral part of the non-
Markovian damping in Eq. (17) can be expressed as

∫ t

−∞
ν(t − t′)ṁy ′(t′) dt′

= −
∞∑

n=1

[(
− 1

τc

)2n−1

J2n−1 +
(

− 1
τc

)2n

J2n

]

= −
[ ∞∑

n=1

(
− 1

ξ0ξ1

)n
]

[ξ1ω0my ′(t) + ω1mx(t)]

= 1
1 + ξ0ξ1

[ξ1ω0my ′(t) + ω1mx(t)]. (A17)

In the last equality, we use the following relation:

∞∑
n=1

(
− 1

ξ0ξ1

)n

= − 1
1 + ξ0ξ1

, (A18)

which holds under the condition that ξ0ξ1 > 1. Equation
(A17) is the same as Eq. (A6). Substituting Eq. (A17)
into Eq. (17) and performing some algebra, we obtain the
same linearized equation of motion of mx(t) as Eq. (22).
Equation (23) can also be obtained by similar calculations.
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