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In topological crystalline insulators, the presence of crystalline symmetries can lead to a filling
anomaly—a mismatch in electron counts that causes quantized fractional charges at boundaries. These
charges act as a critical probe of crystalline topology and are notably present even in electrically neu-
tral systems, including artificial photonic and phononic systems. In these contexts, the boundary-localized
fractional charges are represented by the local density of states, which is integrated over a specific fre-
quency range (and is referred to as the integrated mode density). Here we report our measurement of
the local density of states in an elastic wave lattice system. We propose an accurate approach to the
measurement of the system’s Green’s function, achieved through piezoelectric transducer excitation and
noncontact laser vibrometry detection. The experimental design includes both one-dimensional elastic
plates and two-dimensional lattices with disclination defects. The experimental results conclusively show
quantitative differentiation of these phases as well as the fractional charge, i.e., the fractional integrated
mode density trapped in disclinations. Our approach provides valuable insights into the measurement of
the local density of states in elastic systems, with implications for vibration enhancement and structural
vibration control.

DOI: 10.1103/PhysRevApplied.22.014025

I. INTRODUCTION

Topological insulators (TIs) are materials that, despite
having a band gap like ordinary insulators, exhibit con-
ducting states at their edges or surfaces [1,2]. These edge
states are protected by the topological characteristics of
the material, and they give rise to behaviors not accounted
for by conventional band theory. Topological crystalline
insulators (TCIs), on the other hand, extend this con-
cept by incorporating the symmetry of the crystal lattice
into the topological framework [3]. While TIs rely on
time-reversal symmetry for the protection of their sur-
face states, TCIs derive their exotic surface properties
from the crystal symmetry itself [3–6]. In contrast to the
bulk-edge-correspondence-induced gapless edge states in
the gap of TIs, such spectral features are often absent
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in TCIs. The protected observables in TCIs are quan-
tized multipole moments (instead of common topological
invariants in TIs) that manifest as lower-order moments
bounded at boundaries [4,7]. When crystalline symme-
tries are present, some TCIs exhibit a filling anomaly,
characterized by a discrepancy between the electron count
in an energy band and the electron number needed to
maintain charge neutrality [8,9]. This mismatch gives rise
to quantized fractional charges at edges and even lower
dimensional boundaries [10]. For instance, the presence of
corner-localized charges, quantized in fractions of the elec-
tronic charge e, can occur as a result of a filling anomaly in
Cn-symmetric crystalline insulators with zero polarization,
specifically when corners are introduced. Such fractional
corner charges, not directly related to corner-localized
states, are powerful indices to distinguish different phases
in certain symmetric TCIs. Furthermore, disclinations,
defined as defects of rotation symmetry, are also expected
to trap fractional charges [11,12]. Thus, the measurement
of these charges serves as an efficient probe of the bulk
topology [9,13–15].

2331-7019/24/22(1)/014025(10) 014025-1 © 2024 American Physical Society

https://orcid.org/0009-0005-3407-5718
https://orcid.org/0000-0002-2910-8264
https://orcid.org/0000-0003-0401-9844
https://ror.org/01rxvg760
https://ror.org/01rxvg760
https://ror.org/01rxvg760
https://ror.org/036trcv74
https://ror.org/01rxvg760
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.22.014025&domain=pdf&date_stamp=2024-07-11
http://dx.doi.org/10.1103/PhysRevApplied.22.014025


MENG YANG LIU et al. PHYS. REV. APPLIED 22, 014025 (2024)

An equivalent quantity of boundary-localized fractional
charge is the integrated local density of states (LDOS),
where the integrations are conducted over a given fre-
quency range. The focus has shifted towards developing
methods for the experimental measurement of the LDOS.
In electronic systems, the LDOS at the Fermi level can
be probed by scanning tunneling microscopy using tunnel-
ing current [16]. In microwave metamaterials, probing the
radiation resistance of an inserted subwavelength antenna
through a microwave network analyzer gives the LDOS
[14,15,17]. Similar approaches are conducted in acous-
tics by measuring the emission rate of subwavelength
monopole sources [18]. Accurately measuring the LDOS
presents significant challenges. The primary difficulty lies
in the discretization of the measured unit cells into many
regions within the systems under consideration, which
introduces errors. This is especially problematic in certain
dielectric photonic crystal structures where only the elec-
tric field in the air can be conveniently measured. Addi-
tionally, contact measurements inherently disturb the state
being measured, resulting in the detection of a perturbed
state influenced by the presence of the probe.

In this study, we introduce an elastic wave lattice sys-
tem, where the system eigenstates are represented by flex-
ural displacements of discrete elastic plates [19–21]. In
such an elastic system, the fractional mode charge can be
expressed as the fractional integrated mode density (IMD).
The Green’s function of the system is extracted by exciting
these eigenstates through the piezoelectric transducer on
each plate and measuring the resultant responses. Noncon-
tact laser vibrometry is employed to mitigate detector per-
turbations. As the LDOS is proportional to the imaginary

part of the Green’s function [22], the measurement for
the density of states becomes feasible by measuring the
Green’s function across all plates.

Our experimental approach involves three sample sets.
Initially, we verify our method using a one-dimensional
(1D) elastic plate, corresponding to the nontrivial phase of
the Su-Schrieffer-Heeger (SSH) model [23]. Subsequently,
we construct two lattices with −90◦ Frank angle disclina-
tion defects in different C4-symmetric lattices [11]. The
experiments quantitatively differentiate these phases and
confirm the robust trapping of fractional IMD by discli-
nation defects. This model serves as a versatile platform
for investigating fractional IMD in various disclinations,
potentially advancing LDOS tailoring in elastic systems
and applications in structural vibration control.

II. FRACTIONAL CHARGE

Compared with conventional TIs, TCIs exhibit addi-
tional crystalline symmetries, in which the filling anomaly
may arise accompanied by fractional charges [8,9]. Taking
the 1D SSH model with nine unit cells, for example, in the
tight-binding model, only the nearest-neighbor coupling is
considered. As shown in Fig. 1(a), the intracell (intercell)
coupling is r (s). For neutrality of the whole model, each
unit cell has a positive ion with charge |e|. As shown in
Fig. 1(b), when r > s, the Wannier center, which repre-
sents the center-of-mass location of electrons, locates at
the center of each unit cell and the system has charge neu-
trality. In comparison, when r < s, the Wannier center is
located at the edge of each unit cell. Thus, there are eight or
ten electrons due to reflection symmetry if we consider the
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FIG. 1. The fractional charge in the one-dimensional (1D) Su-Schrieffer-Heeger (SSH) model. (a) The 1D SSH model with nine
unit cells. The gray rectangles label the unit cells. The points (arrows) in different colors label sources (detectors). (b) The different
positions of Wannier centers in charge-neutral (blue points) and filling-anomaly phases (green points). Solid (faded) points represent
bulk (boundary) Wannier centers. (c) Imaginary part of different site responses simulated from the Green’s function. (d) The fractional
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Fermi level in the gap in which the filling anomaly arises.
Consequently, an additional charge Q = 0.5e is trapped at
the edge. The mode charge Qp , that is, the IMD at the pth
unit cell, can be obtained in units of the electron charge e
by integrating the LDOS ρ(ω) over a specific frequency
and space domain as follows:

Qp =
∫ ω2

ω1

dωρ(ω), (1)

where the integration in real space is within the pth unit
cell and the frequency range �ω = ω2 − ω1 covers all
states below the Fermi level. The LDOS ρ(ω) is propor-
tional to the imaginary part of Green’s function

↔
G(ω) at

corresponding sites [22,24],

↔
G(ω)m,n =

N∑
j =1

∣∣φ̃R
j

〉〈
φ̃L

j

∣∣
ω − ω̃j + iηj

(m, n), (2)

where m (n) labels the source (detector) location and
the matrix element

↔
G(ω)m,n corresponds to m rows

and n columns of the Green’s function. Meanwhile,
the tensor part consists of the normalized biorthogonal
right eigenstate

(∣∣φ̃R
j

〉)
and left eigenstate

(〈
φ̃L

j

∣∣) of the

Hamiltonian for the system with N states, and ω̃j − iηj
is the eigenvalue corresponding to the loss coefficient ηj .
Informally, the Green’s function uncovers the response
of the system under point-source excitation where the
response of the mth site is defined as

↔
G(ω)m,m. We plot

the imaginary part of Eq. (2) as a function of the excita-
tion frequency ω, as shown in the left panel of Fig. 1(c).
Here, the on-site energy is set to 16 467 Hz and the intra-
cell (r) and intercell (s) couplings are set to 40 and 115 Hz,
respectively, extracted from the realistic model studied
later. A sharp peak appears at the edge site response,
indicating the existence of edge states in the gap. We
integrate the responses of two unit cells (p = 1 and 4)

as Q1 = ∫ ω2
ω1

Im[G(ω)1,1] + ∫ ω2
ω1

Im[G(ω)2,2] and Q4 =∫ ω2
ω1

Im[G(ω)7,7] + ∫ ω2
ω1

Im[G(ω)8,8], respectively, where
the integration regions are shaded blue in Fig. 1(c). The
calculated normalized mode charge Q = Q1/Q4 = 1.44.
At the limit that the intracell coupling r is adiabatically
tuned to 0, the electrons are exactly localized at the Wan-
nier centers and the result is exactly 1.5, indicating a
fractional charge 0.5e at the edge unit cell. Consider-
ing a realistic model with finite size, as the ratio of r
to s moves away from 0, the finite size effect delocal-
izes the edge states into bulk sites [25]. More edge sites
(larger p) are required to capture the fractional charge 0.5e
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FIG. 2. The elastic 1D SSH model. (a) An elastic unit cell with adjustable parameters. The red and black lines label the strong and
weak couplings. (b) The simulated bands of the 1D SSH model with periodic boundary conditions. The inset shows the eigenfunctions
represented by the flexural displacement u. O and E stand for the parity at the k = 0 and k = π/a points, odd and even, respectively.
(c) The planform of the constructed elastic lattice for the finite-size 1D SSH model. (d) The simulated (red points) and calculated
(black squares) spectra where in-gap edge states are plotted in (e).

014025-3



MENG YANG LIU et al. PHYS. REV. APPLIED 22, 014025 (2024)

in the calculation Q =
(∑

p Qp/Qbulk

)
mod 1 when r/s is

close to the phase transition point r/s = 1, as shown in
Fig. 1(d).

III. MEASUREMENTS

A. 1D SSH model

We design the lattice models using elastic plates
[26–31] to experimentally measure the Green’s function
to verify the IMD. Corresponding to the theoretical Hamil-
tonian in Sec. II, only the lower-order vibration mode of
the plates is considered [32]. Therefore, in order to reduce
the disturbance of the couplings to the eigenfrequency
of the plate, we employ a chiral-symmetric elastic steel
unit cell with polygonal couplings. The material density
is 7.762 g/cm3, the Poisson’s ratio and Young’s modu-
lus are 0.29 and 193 GPa, respectively. As depicted in
Fig. 2(a), tunable plates and different polyline structures
are constructed with a common thickness d to simulate
the sites and their couplings, respectively [33]. The plates

have a radius R of 15 mm, between which the connect-
ing beams bend at the angle θ = 60◦, deviating from the
center line by the length t = 5 mm. In order to distinguish
between different couplings and modify the band topol-
ogy, the distance between plate centers (L1, L2) and the
width of the beams (w1, w2) are adjusted within a reason-
able range. Considering the 1D SSH model with periodic
boundary conditions, we set d = 1.75 mm, L1 = 49.7 mm,
L2 = 50.6 mm, w1 = 1.3 mm, and w2 = 2.1 mm so that
the intracell coupling is weaker than the intercell one.
Since our system is captured by the lattice model in elastic
plates, the flexural displacement u represents the eigen-
function. As shown in Fig. 2(b), in the simulation for the
unit cell with length a = L1 + L2, there is a parity inver-
sion in the first band between point O and point E in the
Brillouin zone, which showcase odd parity and even par-
ity, respectively. With the same structural parameters as the
finite-size 1D SSH model mentioned in Fig. 1, the elastic
lattice is constructed as shown in Fig. 2(c). Its simulated
and calculated energy bands are given in Fig. 2(d), from
which we can find two edge states emerging in the band
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gap. Figure 2(e) shows the simulated eigenfunctions for
the in-gap edge states, which localize at both ends of the
model.

We utilize the Purcell effect, which associates the site
response u(ω)j ,j with the source emission Im[G(ω)j ,j ] as
well as the LDOS [18,34,35]. The imaginary part of the
Green’s function defined in our system, resulting from
a point-source excitation with a constant source strength
attached at each site, is captured by measuring the site dis-
placement u under the corresponding site excitation. In our
experimental setup, we affix piezoelectric transducers and
reflective stickers to both sides of each plate in the sample
[Fig. 3(a)], which is suspended in a suitable position and
guaranteed to be free from vertical external interference.
A chirp signal drives the piezoelectric transducer behind

the target plate, allowing precise measurement of displace-
ment signals using a Polytec OFV-055 laser vibrometer
focused on the reflective sticker [Fig. 3(b)]. By perform-
ing a Fourier transform on these displacement signals into
the frequency domain, we plot the site responses for all
sites and label the normalized IMD for each unit cell, as
shown in Fig. 3(c). We compare the experimental results
with the numerical results in Fig. 3(d). Note that the IMDs
at the two boundaries in the experiment are not equal.
This discrepancy may be attributed to machining errors
and the inconsistency in the emission spectra among dif-
ferent piezoelectric elements. Nevertheless, our results still
demonstrate the efficacy of employing a noncontact mea-
surement approach to measure the fractional IMD in the
elastic lattice model.
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B. Two-dimensional disclination model

Disclination, a prevalent defect in crystalline solids, has
been demonstrated to effectively trap fractional charges at
the core and is expected to serve as a robust bulk probe for
various topological crystalline phases [8,11,13,14,36–38].
As depicted in Fig. 4(a), a disclination can be constructed
by removing a 90◦ sector from the lattice’s central unit and
reattaching the remaining parts together [13]. We illustrate
this concept using configuration I where red (black) lines

indicate weak (strong) couplings, respectively. Conversely,
for the construction of configuration II, these couplings are
interchanged. Moreover, to facilitate the design as shown
in Fig. 4(a), we rearrange the sites to keep uniform lengths
corresponding to identical strong (weak) couplings, oth-
erwise the connecting beams would perturb the effective
on-site energy [39].

Figures 4(b) and 4(d) show the schematic lattices and
the corresponding planform of elastic lattices for configu-
rations I and II, respectively. The construction parameters
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are as follows: the thickness d is set to be 1.80 mm,
the bond lengths L and the widths w of the beams for
strong and weak couplings are set to Ls = 50.8 mm, ws =
2 mm, Lw = 50 mm, and ww = 1.1 mm, respectively. In
Figs. 4(c) and 4(e), we plot simulated eigenspectra, which
both exhibit good agreement with theoretical calculations
used as references. Taking the same Fermi level, as shown
by the blue shaded areas in Figs. 4(c) and 4(e), the lowest
two bands are occupied in both configurations. In con-
figuration I, Wannier centers are located at the unit cell
corners [Fig. 4(c)]. Thus, in an ideal case, the center cell
with the disclination traps a mode charge of 3/4, while
the edge unit cells possess a charge of 3/2 and the corner
unit cells have a charge of 5/4 . Conversely, in config-
uration II, the Wannier center is located at the center of
each unit cell [Fig. 4(e)]. As a result, no fractional charges
exist within this configuration [13]. However, in configu-
ration II, we observe the presence of two localized bound
states within the disclination, resulting in a charge contri-
bution of 2 to the central cell [as depicted in Fig. 4(e)].
Consequently, there is a charge of 2 within the disclination
and a charge of 1 within each of the other unit cells. Such
in-gap states appear naturally in configuration II. To facili-
tate comprehension, we consider the thermodynamic limit

with ww = 0: three atoms connected by identical couplings
with the disregarded potential energy. For this model, the
tight-binding Hamiltonian can be expressed as

H =
⎛
⎝0 t t

t 0 t
t t 0

⎞
⎠ ,

where t represents the coupling strength. Consequently,
one eigenstate with eigenvalue 2t and two eigenstates
with eigenvalues −t can be obtained, corresponding to
the two bound states within the energy gap depicted in
Fig. 4(e). This localization enables these states to be more
closely linked to the bulk characteristics of the model and
potentially find applications in laser development.

We affix both piezoelectric transducers and reflective
stickers to the surfaces of all plates in both configurations
[Fig. 5(a)]. As explained before, in unit p for both config-
urations the mode density Qp can be obtained by adding
up the ith response Im[G(ω)i,i] in the spatial and frequency
domain as follows:

Qp =
unit p∑

i

∫ ω2

ω1

Im[G(ω)i,i], (3)
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where ω1 and ω2 label the upper and lower limits of the
integral, respectively. Color block diagrams in Figs. 5(b)
and 5(c) illustrate the numerical results as well as exper-
imental results for these two configurations, respectively.
Obviously, we can clearly distinguish these two configu-
rations through the distribution of the IMD. Moreover, the
fractional IMD trapped at the disclination can be observed,
which is consistent with the predictions [11,13].

Measured displacement spectra for configurations I and
II are depicted in Figs. 5(d) and 6, respectively, consis-
tent with the energy bands displayed in the background.
Note that in configuration I, no localized state exists at
disclination. The spectrum probed at the disclination is

similar to that at the bulk, as also predicted by the theoret-
ically calculated eigenmodes on the right side of Fig. 5(d).
Nevertheless, the calculated IMD still shows fractional
behavior that implies the nontrivial bulk topology. There-
fore, in addition to the observed edge and corner responses,
the fractional IMDs at boundaries and disclinations can
also probe the bulk topology. In comparison, we can
observe localized states trapped at the disclination in con-
figuration II. This localization mechanism enables these
states to lie deep within the bulk away from the mate-
rial boundary. Applications for lasers are anticipated since
the state is surrounded by bulk insulators without radiative
decay.
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IV. OUTLOOK

For configuration I mentioned previously, the disclina-
tion center is situated inside the central cell, which results
from the initial lattice with an odd number of unit cells
on one side. However, considering the initial lattice with
an even number of unit cells on one side, the disclina-
tion center is located at the junction of the central cells.
As a result, an alternative disclination structure, config-
uration III, can be constructed as depicted in Fig. 7(a).
Similar to the aforementioned configurations, configura-
tion III is also redesigned and constructed within the elastic
lattice [Fig. 7(b)]. The construction parameters are slightly
adjusted as follows: the thickness d is set to be 1.80 mm,
and the bond lengths L and widths w of the beams for
strong and weak couplings are set to Ls = 50.5 mm, ws =
2.1 mm, Lw = 50 mm, and ww = 1.1 mm, respectively.

The simulated energy bands also exhibit good agree-
ment with the theoretical calculation [Fig. 7(c)]. We label
the Wannier centers in Fig. 7(d). Ideally, most Wannier
centers contribute a charge of 1 and divide evenly among
their adjacent unit cells, while the central Wannier cen-
ter contributes a total charge of 2 resulting from the two
localized bound states within the disclination, as shown in
Fig. 7(c). Consequently, in configuration III, besides the
mode charge of 1 for the bulk region, 3/2 in the edges, and
5/4 at the corners, each disclination unit cell acquires a
mode charge of 3/4 + 2/3 = 17/12 ≈ 1.42. Considering
the realistic couplings as well as the finite size effect in our
lattice model, the calculated charge distribution according
to Eq. (3) is shown in Fig. 7(e).

In terms of both state characteristics and the charge
distribution, configuration III appears to amalgamate the
features of configurations I and II. This can be eluci-
dated by its lattice attributes: configuration III incorporates
both the sequence of coupling strengths at the boundary
of configuration I and the strong couplings surrounding
the disclination at the center of configuration II. In other
words, configuration III reproduces the boundary in con-
figuration I and the disclination in configuration II. Con-
sidering the existence of in-gap edge states in configuration
I and in-gap disclination states in configuration II, config-
uration III provides a mechanism for bound states in the
edge continuum [40–42] as shown in Fig. 7(c).

V. CONCLUSIONS

In this study, we design several elastic lattice models
to experimentally observe the fractional IMDs at edges,
corners, and disclination defects. Unlike the previous
approach of full-field scanning to measure the LDOS, the
elastic lattice system we introduce requires the measure-
ment of the displacement at only a single point. Addition-
ally, the measurement errors are further reduced through
noncontact laser vibrometry. Moreover, disclination bound
states in the edge state continuum with atypical charge

distributions are explored. Our experiments confirm the
feasibility of probing bulk topology through the measure-
ment of the LDOS. Our approaches are promising to serve
as a robust elastic platform for exploring other topological
phases with disorder introduced, ultimately contributing to
advancements in topological phononics.
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