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We apply principal component analysis (PCA) to a set of electrical output signals from a commercially
available superconducting nanowire single-photon detector (SNSPD) to investigate their photon-number-
resolving capability. We find that the rising edge as well as the amplitude of the electrical signal have
the most dependence on photon number. Accurately measuring the rising edge while simultaneously mea-
suring the voltage of the pulse amplitude maximizes the photon-number resolution of SNSPDs. Using
an optimal basis of principal components, we show unambiguous discrimination between one- and two-
photon events, as well as partial resolution up to five photons. This expands the use case of SNSPDs to
photon-counting experiments, without the need of detector multiplexing architectures.
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I. INTRODUCTION

The ability to count photons is desirable in a great
many quantum optics experiments and applications, not
least quantum computing paradigms [1], quantum com-
munication [2,3], and multiphoton metrology [4]. While
some energy-resolving detectors function at the single-
photon level, they are often slow devices with limited
timing resolution [5]. Instead, single-photon detectors,
which detect the presence or absence of photons but cannot
resolve the photon number, can offer quasi-photon-number
resolution when configured in multiplexing architectures
[6—12] or array readout design [13—18]. Within this class of
detectors, superconducting nanowire single-photon detec-
tors (SNSPDs) have become the gold standard due their
unmatched signal-to-noise ratio [19] and high timing reso-
lution [20].

While long regarded as a threshold detector, careful
analysis of the detector signal has recently demonstrated
that they also show limited photon-number information in
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their electrical output signal. The first evidence of photon-
number resolution using an SNSPD has been presented by
Cahall ef al. [21] and was attributed to a time- and photon-
number-dependent hot-spot resistance of the nanowire. By
investigating the different rise times from the electrical out-
put signal of the detector, the authors show evidence up
to four-photon detection events. These findings are consis-
tent with a generalized electrothermal model [22] based
on Ref. [23]. This model links hot-spot growth and the
rising edge of the electrical output signal of the detector.
Another approach to gain photon-number resolution from
SNSPDs has been presented by Zhu et al. [24], where
the amplitude of the detector output signal directly cor-
relates with the photon number up to five photons. This
has been achieved by combining a single superconduct-
ing nanowire with an impedance-matching taper, which
makes the amplitude of the output signal sensitive to the
number of hot spots induced by absorbed photons, as pre-
dicted by Bell et al. [25]. Further, in an attempt to be more
resistant against noise, Endo ef al. have used an oscillo-
scope to record reference wave forms corresponding to
different photon numbers, which could then be used to dis-
tinguish different events by wave-form pattern matching.
They have found that using a subset of the rising edge
of the SNSPD output trace improves the photon-number
discrimination for larger input states, compared to merely
using a single point in time [26]. Alternative approaches
for photon-number resolution involve analyzing the rising
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edge of the output signal. One method utilizes a linear fit to
a section of the rising edge, with the photon number deter-
mined from the corresponding slope measured using an
oscilloscope [27]. Another method measures the variation
in the slew rate of the SNSPD output signal, employing
a constant-threshold time tagger to determine the differ-
ence in arrival time of detection events relative to a trigger
signal [28].

The most recent method to resolve photon number with
a single SNSPD builds on this idea and measures the
relative time difference between a trigger signal and the
rising and falling edges of the electrical detector output sig-
nal, which enhances the discrimination of different photon
numbers [29].

While investigating the full electrical output signal of
a detector maximizes the amount of information from a
detection event, this is not practical in experiments where
photon-number information must be extracted in real time.
The question naturally arises: which aspects of the elec-
trical output provide most information about the photon
number? To answer this question, in this paper we use
a popular technique from multivariate statistics known
as principal component analysis (PCA) [30] to deduce
maximum information about the photon number from a
minimum number of data points.

In general, PCA is a dimensionality-reduction technique
that determines a set of optimal orthogonal basis functions
(principal components) describing the maximum amount
of information in a data set. That means that it transforms
the data set, containing lots of variables, into a smaller
data set, being less accurate but with reduced complexity.
This is done by calculating the covariance matrix of the
data set and finding the eigenvectors of the largest eigen-
values of the covariance matrix. The eigenvectors (also
called principal components in PCA terms) correspond to
the directions of maximum variance, i.e., information in
the data set. PCA has already been applied to the electrical
output signals from transition-edge sensors (TESs) [31],
where it has been successfully used to reduce the com-
plexity of the data set by focusing on the first principal
components.

In this work, we make use of the full electrical output
signal of the commercially available SNSPD, maximizing
the amount of information from any detection event. From
this, we will use PCA to investigate the extent to which
SNSPDs can resolve the photon number and to identify
which features of the electrical output signal are most rele-
vant for maximizing the photon-number-resolving capabil-
ity. Following that, we make use of the knowledge from the
PCA and use a time tagger to verify our findings. We use a
more application-oriented method of recording the relative
time differences between a trigger signal and the rising and
falling edges of the SNSPD electrical output signal [29].

As this method relies on a trigger signal to gain photon-
number information, pulsed light is necessary. Previous

methods [21,24,27] do not rely on a trigger signal and
could thus be used for continuous-wave light. However,
to have significant multiphoton components in the short
time window, where the photon-number-resolving detec-
tion mechanism works (up to tens of picoseconds [32]),
the photon flux would cause the SNSPDs to latch. We
investigate a single-pixel SNSPD, to show the photon-
number-resolving capability of just one pixel. However,
this method can also be applied to SNSPD arrays, where
each pixel is read out individually [10,12], to further
increase the photon-number resolution of these arrays.

II. EXPERIMENTAL SETUP

The experiment consists of recording the electrical out-
put signal from a commercially available SNSPD with
an oscilloscope. The experimental setup can be seen in
Fig. 1. We use a < 200-fs pulsed laser, as recent the-
oretical simulations suggest that longer delays between
absorbed photons decrease resolvability [32]. After taking
fiber dispersion into account, the temporal pulse width is
approximately 3 ps at the detector. Since the SNSPD can-
not be operated at the repetition rate of the pulsed laser of
80 MHz, we pick every 800th pulse to reduce the repetition
rate to 100 kHz. This is done by dividing the synchro-
nization output of the laser with a pulse divider, which is
then used as a trigger for an arbitrary wave-form genera-
tor (AWGQ) to generate a 8.3-ns pulse for the pulse-picking
electro-optic modulator (EOM). We use a power supply to
set a dc offset voltage to the EOM, in order to optimize the
extinction ratio of the pulse-picking system. The polariza-
tion controller before and the fiber polarizing beam splitter
(PBS) after the EOM are used to optimize the polarization
of the light toward the SNSPD. One port of the PBS is
connected to a fiber attenuator (in order to attenuate the
light close to the single-photon level) and two variable
optical attenuators (VOA) control the precise mean photon
number impinging on the detector. The second polariza-
tion controller is used to optimize the detection efficiency
of the polarization-dependent SNSPD. The second port of
the fiber PBS is connected to a fast photodiode (1.2-GHz
bandwidth), which acts as a trigger for the oscilloscope.
We use a 21-GHz-bandwidth oscilloscope with 128 GSa/s
to record the electrical signal of the SNSPD. This gives
us a sampling period of roughly 8 ps, while maintaining
the full information of the electrical signal of the detector.
The commercially available SNSPD has a timing jitter of
11.3 ps (FWHM), specified by the manufacturer (Single
Quantum).

The oscilloscope is operated in a sequential acquisition
mode, where 1000 electrical output traces are recorded at
once and then streamed to a computer. One trace consists
of 3 x 10* points, which corresponds to a length in time of
approximately 234 ns. We scan through mean photon num-
bers from 0.5 to 5 in steps of 0.5 and record 1 x 10° traces
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We use a femtosecond-pulsed laser at 80 MHz, which is pulse-picked down to 100 kHz using an electro-optic modulator

(EOM). The EOM receives a square-wave function from an arbitrary wave-form generator (AWG) and a dc offset voltage from a power
supply. The polarization controller and the fiber polarizing beam splitter (PBS) are used to optimize the optical power incident on the
SNSPD. A fiber attenuator and a variable optical attenuator are used to attenuate the laser light and set different mean photon numbers.
The second polarization controller is used to optimize the signal on the SNSPD. The second port of the fiber PBS is connected to a
fast photodiode, which is used as the trigger for the oscilloscope. The yellow and blue fibers represent single-mode and polarization-

maintaining fiber, respectively.

per mean photon number. An exception is the mean photon
number of 0.5, for which we record twice as many traces,
since a lot of pulses contain zero photons. Every instance
of zero impinging photons results in an empty trace, which
contains no relevant information for the PCA. We random-
ize the order of the 1100 measurements, to avoid any bias
toward photon number that might occur due to possible
drifts during the measurement.

In a second measurement, we substitute the oscillo-
scope for a time tagger with a time resolution of < 1.9 ps.
This measurement is used to confirm our findings of the
subsequent PCA method, in order to maximize the photon-
number-resolving capability of the commercial SNSPD
using a time tagger.

The mean photon numbers as a function of attenua-
tion are calibrated before the measurement. This is done
by recording the count rate (rcount) of the SNSPD over
the full operating range [from dark counts until saturation,
where the count rate equals the repetition rate (ryp) of the
experiment] with a time tagger, by sweeping the attenua-
tion using the VOAs. Assuming Poissonian statistics of the
laser, the mean detected photon number per pulse is then

given by
h:—ln(l—m>. (1)
Vrep

III. RESULTS

The full data set of electrical output signals consists of
1.1 x 10° traces (also called samples) and 3 x 10* points
per trace, i.e., time-dependent voltages (also called fea-
tures). However, we only use 1.9 x 10* points, as this is
enough to contain the complete SNSPD electrical trace.
In a first step, we filter out traces from suboptimal pulse
picking (i.e., traces with multiple peaks or traces at the
wrong time delay with respect to the trigger signal) as
well as empty traces (when no photon was detected, after

the trigger signal from the fast photodiode). This means
that in the PCA we will not investigate the zero-photon
(vacuum) component of the coherent state, as we want
to investigate the photon-number-resolving capability of
the detector. Since the discrimination of click and no-click
events is trivial, we focus only on the click events (at least
one photon).

As a next step, we fit the PCA model with a subset of
1000 samples from each mean photon number (using more
samples did not change the fit). This yields the principal
components f; and f; in Fig. 2, which describe the most
information of the data set (we show covariance matrices
in Fig. 6). The model is then successively applied to the
full data set in order to find the weights corresponding to
the principal components for each sample. From our anal-
ysis, we find that only the first two principal components
show photon-number dependency. Plotting the weights of
the first component against the weights of the second
component in a two-dimensional histogram shows a clear
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FIG. 2. First two principal components (basis functions), f;
and f,, and the principal component that results from the opti-
mal angle projection —f, of the two-dimensional histogram in
Fig. 3(a). Only the relevant time regime is shown; the basis
functions are flat otherwise.
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(a) The two-dimensional histogram of the weights of the first two principal components from the PCA model for a mean

photon number of n = 3.5. These two components show a photon-number dependency, which can be seen by the clear differentiation
between the ellipses. For smaller mean photon numbers, the occupation of the ellipses shifts to the lower right and for higher mean
photon numbers to the upper left. (b) The histogram of the optimal projection at an angle of « = 138° and a multi-Gaussian fit with an
enforced Poisson distribution (red dashed line). Additional two-dimensional histograms and their optimal projection (for mean photon
numbers of 7 = 1, n = 3, and #n = 5) are shown in Fig. 7. (c) The two-dimensional histogram of the relative time difference between
the trigger signal and the rising and falling edge. The full data set is displayed, which is the sum of the individual measurements for
the three mean photon numbers indicated in (d). (d) The optimal projection at an angle of § = 1.1° of the two-dimensional histogram

of (c) for three photon numbers (as labeled in the legend).

differentiation between photon numbers [see Fig. 3(a),
where the mean photon number is # = 3.5].

Due to the angle of the ellipses, the components on their
own will not reveal the optimal photon-number-resolving
capability of the detector. However, projecting the his-
togram on an angle of @ = 138° [as indicated by the black
dashed line in Fig. 3(a)], the maximal photon-number res-
olution can be unveiled. This projection is required as the
principal components describe the maximal variance in the
data set, which can be a mixture from various informa-
tion sources. The projection distills the maximal photon-
number resolution from the principal components. This
leads to the histogram shown in Fig. 3(b) for a mean pho-
ton number of 7 = 3.5, where the angle-projected weights
are calculated as w, = w; sin(a) + wy cos(a). After the

angled projection, only one basis function will describe
the photon-number dependency. Interpreting this basis
function reveals which features of the electrical output
trace of an SNSPD need to be observed when it comes
to photon-number resolution. We find that the relative
time difference between the trigger signal and the rising
edge (peak of —f, around 18 ns in Fig. 2), as well as
the peak amplitude of the electrical output signal from
the SNSPD (part of —f, after the peak), contain the most
photon-number information.

In a recent study, the relative time difference between a
trigger signal and the rising edge as well as the falling edge
has been observed in a two-dimensional histogram using
a time tagger [29]. In order to compare our oscilloscope
measurement (utilizing PCA to show us the best method
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FIG. 4. The electrical output signal of the SNSPD, as well as the angled principal component —f, (scaled by a factor of 2000 for
better comparison). The left inset shows the rising edges of the traces for different photon numbers, where an earlier rising edge
correlates with a higher photon number. The right inset shows the peaks of the traces, where a reduced height correlates with a higher
photon number. The colors correspond to different photon numbers, as labeled in the legend. For reduced influence of electrical noise,
an average over 20 traces is shown for both insets. Features around 24 ns and 43 ns are typically seen for SNSPDs from Single

Quantum (see, e.g., Ref. [27]).

to retrieve photon-number information) with the method
from Ref. [29], we have also recorded a two-dimensional
histogram of the rising and falling edge using a time tagger
with a time resolution of < 1.9 ps on the same commercial
SNSPD. In the end, this needs less data analysis to show
photon-number resolution and is thus more application ori-
ented. We use the same experimental setup shown in Fig. 1,
except with a time tagger that records the relative time dif-
ferences from the trigger signal to the rising and falling
edge of the trace. The photon-number resolution depends
on the voltage threshold of the time tagger. We find that
at half peak height (corresponding to 185 mV), the separa-
tion between photon numbers is best. Afterward, we plot
the complete data set recorded with the time tagger in a
two-dimensional histogram [see Fig. 3(c)], find the opti-
mal projection angle (8 = 1.1°), and plot the distributions
for different mean photon numbers [see Fig. 3(d)]. A com-
parison of the resulting distributions in Figs. 3(b) and 3(d)
reveals a very similar performance.

In order to visualize why the two methods lead to similar
results, we show an electrical output signal of the SNSPD
in Fig. 4 and highlight the key features for photon-number
resolution as identified by the PCA. In the insets of Fig. 4,
we show an average over 20 SNSPD traces for differ-
ent photon-number events as identified by the PCA. An
increased photon number correlates with a reduced time
difference between a trigger signal and the rising edge.
This is consistent with previous studies where the rising
edge has been observed in order to show photon-number
resolution using an SNSPD [21,22,26-29].

In our measurements, an increased photon number cor-
relates with a reduced peak amplitude. This is the opposite
of earlier work [21], which has shown an increase in the
peak amplitude with the photon number. The difference
can be explained with the readout electronics. Reference
[21] uses a high-bandwidth amplifier combined with a
high-pass filter and therefore amplifies slower signals less

than fast signals. This means that traces corresponding to
lower photon numbers are less amplified since they have
slower rise times, resulting in a lower peak amplitude. Our
readout electronics are a commercial device supplied by
the manufacturer of the SNSPD. It is a safe assumption
that the amplifier is optimized for signal to noise and thus
has a bandwidth closely matching the SNSPD for one-
photon detection events. Faster signals are then amplified
less, resulting in lower peak amplitudes for multiphoton
detection events.

While it is certainly challenging to make simultaneous
precise time and voltage measurements, this can be cir-
cumvented by only focusing on the time measurement of
rising and falling edges using a precise time tagger. The
voltage measurement can be converted into a time mea-
surement of the falling edge, since the threshold voltage is
at a fixed value. A lower peak amplitude then means an ear-
lier crossing of the threshold voltage. As mentioned above,
the threshold of the time tagger needs to be chosen care-
fully in order to maximize the photon-number resolution.
The left inset in Fig. 4 shows that the separation between
different photon-number events appears largest at half peak
height, which is consistent with the optimized threshold set
for the time-tagger measurement.

A comparison of the optimal projection for the PCA in
Fig. 3(b) and the time-tagger analysis in Fig. 3(d) shows
very close agreement. Due to the increased time resolution
of the time tagger, this method is suitable to circumvent
the need to measure the peak amplitude of the electrical
output signal to optimize the photon-number resolution. In
order to characterize the photon-number resolution of the
SNSPD, we make use of the confidence measure

[e'e) 2
Cn=/ p(WIn)p(n)dW’ @)

00 p(w)
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which has been proposed by Humphreys et al. [31]. This
measure describes the probability that a certain detector
response yields the correct photon number. Here, p (n) is
the probability of an n-photon input, which in our case is a
Poissonian distribution. p (w) is the overall probability dis-
tribution of the angle-projected weight w, (angle-projected
time wg) of the two-dimensional histograms in Figs. 3(b)
and 3(d). Finally, p (w | n) is the probability p (w) given an
incident photon number n. This is derived by fitting Gaus-
sian functions to the individual peaks in the histograms
shown in Figs. 3(b) and 3(d). As an example, the distribu-
tion p(w|n = 1) corresponds to a Gaussian function fitted
to the first peak from the right (corresponding to a photon
number of n = 1) to either histogram.

In Fig. 5, we show the confidence C, for the two data
sets (PCA and time-tagger method) for three mean pho-
ton numbers. Since this work is focused on the readout
of the SNSPD, in Fig. 5 we show the confidence where
we do not account for the detector efficiency of 14t =
(77 & 3)% (nonfaded lines), which means that the confi-
dence only takes into account the correct readout of the
photon number absorbed by the SNSPD and not the actual
incident photon number. In this way, only the two inves-
tigated methods are compared, without the effect of the
limited detection efficiency. Taking the nonunity detector
efficiency into account reduces the confidence measure, as
can be seen by the faded lines in Fig. 5. This is the effect of
photon loss, where, e.g., a two-photon event can be caused
by a three-photon input, where one photon has been lost,
or a four-photon input, where two photons have been lost.
When comparing different detectors (and not readout meth-
ods), it makes sense to include the detector efficiency when
calculating the confidence. However, this work compares
readout methods on the same detector. More detail about
the calculation of the confidence when including the detec-
tor efficiency can be found in Appendix C, where we also
show probability distributions p (w|r) and p (n|w). Note
that this analysis neglects the effects of dark counts, since
these are negligible (10~®) within the detection window.
As can be seen in Fig. 3(b) for the PCA data set and in
Fig. 3(d) for the time-tagger data set, the photon-number
contributions overlap significantly for n» > 5 and n > 6,
respectively. Therefore, we only calculate the confidence
up to n =4 (PCA) and » = 5 (time tagger). In Fig. 5, we
show that the confidence decreases with increasing photon
number, which results from the fact that the spacing of the
ellipses (corresponding to the photon number) in Figs. 3(a)
and 3(c) decreases.

The confidence for the time-tagger measurement is
always slightly higher, which can be explained by the
higher timing resolution of < 1.9 ps compared to the
timing resolution of the oscilloscope of roughly 8 ps.
This means that focusing merely on the temporal mea-
surement of the rising and falling edges with a time
tagger can effectively substitute measuring the SNSPD

1.0 4 .
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FIG. 5. The confidence C, versus the photon number for the
analysis of the oscilloscope data using PCA (solid symbols and
solid lines) and the time-tagger data (hollow symbols and dashed
lines) for three mean photon numbers. The nonfaded lines are
confidence values excluding the detector efficiency 14 and the
faded lines are including the detector efficiency. Probability dis-
tributions p (w) for the displayed mean photon number are shown
in Fig. 3(d) (time-tagger method) and in Fig. 7 (PCA method).

signal amplitude (proposed by the PCA). This makes a
time tagger the ideal candidate to extract photon-number
information from SNSPDs. Additionally, the width of the
ellipses of the time-tagger measurement in Fig. 3(c) is lim-
ited by the system jitter of the experimental setup. Reduc-
ing the system jitter should therefore improve the photon-
number discrimination, more noticeably for higher photon
numbers.

IV. CONCLUSIONS

Using PCA (a tool from multivariate statistics) on a set
of electrical output signals from an SNSPD allows us to
investigate which features of the SNSPD output trace are
most relevant for photon-number resolution. Our analysis
indicates that the rising edge, as well as the amplitude of
the electrical output signal, show the most photon-number
information. Thus, simultaneously measuring the rising
edge and the amplitude of the SNSPD output signal should
maximize the photon-number resolution.

We additionally show that a more application-oriented
approach of recording the relative time difference from a
trigger signal to the rising and falling edge of the SNSPD
output signal in a two-dimensional histogram (recently
shown in Ref. [29]) can effectively substitute the voltage
measurement by a temporal measurement of the falling
edge of the output signal using a time tagger. We explain
this by the much better timing resolution of < 1.9 ps
of the time tagger compared to the timing resolution of
the oscilloscope. We also characterize the photon-number
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resolution by calculating a confidence measure [31] (which
is the probability that a certain detector response yields
the correct photon number) of the two methods presented
in this work. We find that the confidence using the time-
tagger method is always slightly higher and that the time
tagger can in principle resolve higher photon numbers, due
to the better timing resolution. This makes the time tag-
ger an excellent tool to enable photon-number resolution
with SNSPDs. This method relies on extremely precise
timing resolution of the measurement signal, since it is
sensitive to the effect of multiple localized breakdowns in
superconductivity (‘“hot spots”) being induced by multiple
incident photons. Factors that limit this resolution, primar-
ily system jitter and optical pulse length, will reduce the
photon-number-resolving capabilities. It may be possible
to modify the detector geometry to increase the optical
pulse duration for which this effect persists but this remains
an open research question.

The data set of the raw SNSPD traces is freely available
at Ref. [33].
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APPENDIX A: COVARIANCE MATRIX

PCA is a dimensionality-reduction technique. To reduce
the complexity of the data set, one first calculates the
covariance matrix of the data set. Subsequently, one
finds the eigenvectors (principal components in PCA
terms) of the largest eigenvalues of the covariance matrix,
which correspond to the directions of maximum vari-
ance, i.e., information in the data set. The covariance
matrix is a square matrix that represents how each data
point relates to every other data point. The covariance
is a measure of how two data points tend to vary
together.

We calculate the covariance matrix of a subset of the
full data set, which contains 1000 samples (oscilloscope
traces) from each mean photon number (in total, 10* sam-
ples). Only a small region of the 19000 x 19 000 covari-
ance matrix contains relevant entries, which is the region
around the rising edge of the electrical output signal of
the SNSPD. We show the relevant region of the covari-
ance matrix in Fig. 6(a), together with the first principal
component f] (white line). It can be seen in Fig. 6(a) that
the largest covariance values occur at the rising edge of
the electrical output signal of the SNSPD. This indicates
that the rising edge causes the most variance (i.e., con-
tains the most information) in the data set. The negative
values along the horizontal cut at y &~ 18.25 ns (which
corresponds to the rising edge) in Fig. 6(a) mean vari-
ation in the opposite direction, i.e., increasing values at
the rising edge correlate with decreasing values at the
falling edge. This is consistent with our findings that an
increasing photon number correlates with an earlier rising

(b) 24 T 107
] 106
23 1 10°
] %0‘;
= 22 1 18i
£ 21 1%
(] ] 0
g 20'_ _100
[ 1 —10!
19 A —102
] -103
18 4 -10%
1 -10°
17 3 —-10°

17 18 19 20 21 22 23 24
Time (ns)

(a) The covariance matrix of a subset of the full data set [ 1000 samples (oscilloscope traces) from each mean photon number].

Therefore, this subset contains all photon-number components. The largest (positive) values are around the rising edge of the electrical
output signal of the SNSPD. The smallest (negative) values correspond to the falling edge of the signal. The white line (arbitrary
scaling) corresponds to the first principal component f; (also shown in Fig. 2). f; essentially corresponds to the color-axis values of a
horizontal cut of the matrix at y & 18.25 ns. (b) The covariance matrix of 50 samples corresponding to the one-photon component, as
identified by the PCA.
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edge and a reduced height (or, correspondingly, an ear-
lier falling edge). This behavior is also represented by
f1, which is the first principal component found by the

PCA.

In Fig. 6(b), we show the covariance matrix of 50 sam-
ples (oscilloscope traces) corresponding to the one-photon
component, as identified by the PCA. This means that
we extract only those traces that the PCA has identi-
fied as a one-photon event (n = 1) and we calculate the
covariance matrix based on 50 of these traces. In Fig. 6(b),
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it can be seen that there are no relevant contributions to
the covariance matrix, which means that all data points
vary in the same way. This is expected, as we only use

one-photon events, which should produce traces that look
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very similar and thus have little to no variation between
them. When closely examining Fig. 6(b) around the point
(18 ns, 18 ns) (which corresponds to the rising edge of the
SNSPD traces), slightly larger covariances can be noted.
This can be explained by slight variations of the rising edge
of the SNSPD traces.

FIG. 7. (a),(c),(e) Two-
dimensional histograms of the
weights of the first two principal
components from the PCA model
for mean photon numbers of
n=1,n=3, and n =5, respec-
tively. (b),(d),(f) Histograms of the
optimal projection at an angle of
o = 138° and a multi-Gaussian fit
with an enforced Poisson distribu-
tion (red dashed line) according to
(a), (¢), and (e), respectively.
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APPENDIX B: PRINCIPAL COMPONENT
ANALYSIS

Here, we provide additional two-dimensional his-
tograms from the PCA model, together with their optimal
projection at an angle of « = 138°, for mean photon num-
bers of n =1, n =3 and n =5 (see Fig. 7). It can be
seen that the occupation of the ellipses shifts toward the
upper left of the two-dimensional histograms with increas-
ing mean photon number. These mean photon numbers are
used to calculate the confidence in Fig. 5.

APPENDIX C: CONFIDENCE CALCULATION

We characterize the photon-number resolution of the
SNSPD using the confidence measure introduced by
Humphreys et al. [31]:

> p(w|n)*p(n) .

Cn=/ p(WIn)p(nIW)dw=/
_ p(w)

o0 —00

(ChH

Using Bayes’ theorem, the confidence can also be
expressed using the probabilities p (w|n) and p(n | w), of
observing a specific weight w given a photon number n
and of observing a specific photon number » given a cer-
tain weight w, respectively. To take the limited efficiency
of the detector nye into account, the loss matrix

n n n—n'
L,y = (n/) Udet(l — Ndet) (C2)

can be used, which is an expression that describes the prob-
ability of retaining n’ out of n photons including efficiency
Ndet-

In Fig. 8(a), we show p (w | n) as a function of the angle-
projected time wg (for the time-tagger method) for different

(a) 0.05 -

0.04 A

0.00 /

100 150 200 250
Angle-projected time wpg (ps)

300

FIG. 8.

photon numbers n. These are (multi-)Gaussian distribu-
tions with the mean and standard deviation determined by
the underlying probability distribution p (w) [which is the
angle-projected histogram shown in Fig. 3(d)]. The ampli-
tudes of the Gaussians are determined by the loss matrix
in Eq. (C2), to account for the efficiency of the detector.
This is necessary, as it is possible that, e.g., a two-photon
event can be caused by a three-photon input, where one
photon has been lost, or a four-photon input, where two
photons have been lost. In Fig. 8(b), we show p(n | w) for
a mean photon number of # = 1, which can be calculated
with Bayes’ theorem using p (w | n) [shown in Fig. 8(a)],
p(n) (the Poisson distribution for a certain mean photon
number 7), and p (w).

To correctly calculate the confidence, the zero-photon
contribution needs to be included as well. Neither the PCA
nor the time-tagger method include zero-photon events.
Therefore, we use the mean photon-number-dependent
closed-form expression for the zero-photon contribution to
the confidence,

Lyopn,n')

Coi = Lo —,
p(0,n)

(©3)

which is then added separately as an additional term to
Eq. (C1). Here, L, is the probability of losing all n out
of n photons given by Eq. (C2), p(0,n) is the probabil-
ity of measuring n = 0 photons for a mean photon number
of n (given by a Poisson distribution), and p (n,7’) is the
probability of actually having n photons for a mean photon
number of 7’ corrected by the efficiency (also given by a
Poisson distribution), i.e., 7’ = n/nqet.

Integrating over the product of the two probability dis-
tributions p (w|n) and p(n|w) [shown in Figs. 8(a) and
8(b), respectively] and adding the zero-photon contribution
[given by Eq. (C3), when including the detector efficiency
Ndet] for a photon number 7 and a mean photon number 7

(b) 5
0.6

0.4 1

p(n|w)

0.2

0.0 ] - T T T
50 100 150 200 250
Angle-projected time wp (ps)

300

(a) The probability p (w) given an incident photon number 7, adjusted for the efficiency of the detector 74e. (b) The proba-

bility p (n) given a certain weight wg for a mean photon number of # = 1. These distributions depend on the mean photon number, as
they are calculated from p (w | n), p(w) and p (n) using Bayes’ theorem.
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gives the confidence C, ;. Confidence values for the PCA
method and the time-tagger method are shown in Fig. 5
(including and excluding the detector efficiency 74et).
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