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Ultimate performance of microwave tissue ablation
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Microwave ablation is a therapeutic procedure to eliminate abnormal tissue within a body selectively.
There are two types of ablation; thermal ablation aims to raise the temperature at the target, while nonther-
mal ablation induces a temporarily high electric field at the target to disrupt cellular membrane integrity.
This work identifies the fundamental bounds of the efficiency for each type of ablation and the sources to
achieve them. For both types, the bounds exceed the performance of existing solutions tenfold, showing
large room for improvement. Finally, the optimal source for thermal ablation is physically realized with
an 11× 11 dipole array, the performance of which closely approaches the bound.
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I. INTRODUCTION

Focusing the field in a confined region has been a long-
sought-after goal in both microwave [1,2] and optical [3,4]
spectrums due to its various applications, such as high-
resolution microscopes [4], lithography [5], biomedicines
[6–8], and wireless-power-transfer systems [9,10]. Among
them, microwave ablation for biomedical applications is
different from the other applications: (1) the human tis-
sue in which the wave travels is a lossy medium and (2)
the depth of the target can be comparable to the source
size, which is limited by the body scale. These distinctive
features make focusing methods for other applications not
directly applicable to biomedical ablation.

Biomedical ablation can be categorized into two types
according to their purpose. The first type is thermal abla-
tion, also known as “hyperthermia,” which concentrates
the field spatially at a target area for nearly 1 h to gradually
increase the temperature of the target to 40–43 ◦C, so that
apoptotic and necrotic cell death may occur in the target
area [11] or make the cells more vulnerable to radiother-
apy [12] or chemotherapy [13]. While it lacks a temporal
focusing [Fig. 1(a), top], it tries to increase the tempera-
ture of a target sufficiently high [Fig. 1(b), top] after the
operation.

The other type is nonthermal ablation, of which the pur-
pose is to induce a high electric field momentarily at a
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target, leading to a sudden disruption of cell homeosta-
sis [14], for which the spatiotemporal focusing of the field
is necessary. It aims to induce spatiotemporal focusing of
the electric field at a target [Fig. 1(a), bottom]. However,
because the duration of the high electric field is very short,
the temperature rise after the operation is not considerable
[Fig. 1(b), bottom].

Over decades, various kinds of ablation applicator have
been developed. Although the applicator with a single
source could successfully destroy a superficial target, it
is incapable of localizing the heat at deep tissue [15,16].
In an effort to deepen the target point, a coherent array
of sources placed around the surface of tissue was pro-
posed [Fig. 1(c)]. In the work reported in Refs. [17,18]
the magnitude and phase of each source were optimized
with use of the time-reversal method, in which the elec-
tric field at the target from each source should interfere in
phase. For ablation, however, it is more directly associated
with its purpose to optimize the focusing gain, which is
defined as the ratio of the electric field strength at the tar-
get to the average electric field strength across the body.
For example, in the work reported in Refs. [19–21], the
source excitation to maximize the gain of time-averaged
strength for thermal ablation was deduced.

In previous work, however, the sources were restricted
to an array of discrete elements [Fig. 1(c)] with a spe-
cific type, such as horn [17], dipole antenna [19–21],
or electric current filaments [22,23], which prevents the
results from being the global optimum. Since any phys-
ical antenna has an inherent dependency on frequency,
the optimal frequency obtained over a confined source
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FIG. 1. Conceptual plots of (a) electric field strength according
to time and (b) temperature variations of thermal ablation (top)
and nonthermal ablation (bottom). (c) Discrete sources and (d)
continuously distributed sources on a sheet.

domain cannot be claimed as the global optimum, either
[19–21,24]. As a result, various types of source are cur-
rently used in practice, with their operating frequency lying
in the low-megahertz-to-gigahertz range [16,25] without
clear justification for their choices.

In contrast, we find the solution that maximizes the
focusing gain from the general source configuration shown
in Fig. 1(d). The source is modeled by the continuous
electric current density on the surface S surrounding the
cylindrical tissue, without any other constraint. By the
field-equivalence principle, such a surface current source
can represent an arbitrary external source in the aspect
of field distribution inside the tissue. Therefore, the resul-
tant focusing gain from the optimization in this work can
indeed be the upper bound of the gain.

For the ultimate thermal ablation, we show the opti-
mal source should be a monochromatic source with its
frequency in the low-gigahertz range. The global bound
of the focusing gain reveals significant room for improve-
ment over the existing solutions by 9.1 dB. The physical
implementation is realized by a dipole array that mimics
the optimal current distribution. We demonstrate that the
focusing gain of the dipole array approaches very closely
its upper limit.

For the ultimate nonthermal ablation, we find a transient
current source to induce spatiotemporal focusing of the

electric field at a target. The electric field can be focused
on scales of a few millimeters and subnanoseconds, sur-
passing the performance of a primitive dipole-array source
by 13.3 dB in its focusing gain.

II. PROBLEM FORMULATION

In this work we model the human body as a cylin-
drical trunk. The geometric configuration is illustrated in
Fig. 1(d), where the radius and the height of the trunk are a
and h, respectively. To simplify the analysis, the height h is
assumed to be infinite in the field computation. The trunk
is considered to be a multilayered medium, where the ith
layer has radius ρi, complex permittivity εi, and perme-
ability μ (Fig. 8). The total number of layers, including the
external region, is denoted by N . The values of the com-
plex permittivity for each layer of tissue can be obtained
from the Cole-Cole tissue model [26].

We aim to find a source outside the body to focus
the electric field at a focal point rf . By the equivalence
principle, one can always find a tangential electric cur-
rent density on a coaxial cylindrical surface S surround-
ing the body trunk, which creates identical fields with
such an optimal one. Therefore, without loss of general-
ity, we may assume the surface-current source j(φ, z, t)
is confined to the cylindrical surface S with the radius
b: j(φ, z, t) = jφ(φ, z, t)φ̂ + jz(φ, z, t)ẑ. The current source
creates the electric field e(r, t), magnetic field h(r, t), and
displacement current jD(r, t) within the tissue.

A. Field expression

Within the trunk, the fields can be decomposed into
elementary wave functions ψn,kz ,ω(φ, z, t) = e−jnφ−jkzz+jωt

[27,28]:
[

e(r, t)
h(r, t)

]
= 1

2π

∑
n

∫∫
dkzdω

[E(ρ, n, kz,ω)ψn,kz ,ω
H(ρ, n, kz,ω)ψn,kz ,ω

]
,

(1)

where ρ =
√

x2 + y2, ω is the radial frequency, n is the
order of the Bessel equation, and kz is the wave number
in the ẑ direction; k2

iρ + k2
z = ω2μεi in the ith layer. The

set {ψn,kz ,ω} is the orthogonal basis for the Hilbert space
� forming the entire Helmholtz-equation solutions for the
cylindrical surface with radius ρ.

E and H are the spectral representations of the fields
that can be computed through the Green’s operators ḠE
and ḠH in the spectral domain [27] that map the space of
source 	 = {J |J = [Jφ ,Jz]T} into �; for example,

E = ḠEJ = − πb
2ωεN

K̄i

(
F̄i,n
←−
D ′s

)
J . (2)

In Eq. (2), the linear operator K̄i associates the ẑ com-
ponent of the fields [Ez,Hz] with E in the ith layer, F̄i,n
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accounts for the transmission and reflection coefficients
of the nth mode in the ith layer, and

←−
D ′s is a differen-

tial operator acting on functions to its left to express the
emanation of the fields by the currents. ḠE is a diagonal
operator, which implies the (n, kz,ω) mode of the cur-
rent J emanates only the corresponding (n, kz,ω) mode
of the fields. The expressions for the operators are given in
Appendix B.

B. Figures of merit

Two figures of merit are defined to describe the perfor-
mance of the ablation. One is the spatial (focusing) gain
Fs, indicating the performance of thermal ablation, which
is the ratio of the time-averaged thermal loss at the target
rf to the average thermal loss in the body of the volume V:

Fs =
∫

dt e(rf , t) · jD(rf , t)∫∫
drdt e(r, t) · jD(r, t)/V

=
∫

dω σ(ω)|E(rf ,ω)|2∫∫
drdω σ(ω)|E(r,ω)|2/V , (3)

where σ is the conductivity of the tissue and E(r,ω) is
the Fourier transform of the electric field e(r, t). As we
will see, one can deduce the frequency ωopt that maximizes
the focusing gain: ωopt = arg maxωV|E(rf ,ω)|2/

∫
V dr

|E(r,ω)|2. This makes the spatial gain be bounded by the
gain of the monochromatic field at ωopt. Moreover, the
characteristics of the cylindrical structure make the elec-
tric field strongest along the ẑ direction (see Appendix C),
leading to the spatial gain being bounded by

Fs ≤ V|Ez(rf ,ωopt)|2∫
V dr |E(r,ωopt)|2 . (4)

The second figure of merit is the spatiotemporal
(focusing) gain FST, representing the performance of non-
thermal ablation. It is the ratio of the instantaneous electric
field strength to the overall electric field strength across the
body and time:

FST = V|ez(rf , tf = 0)|2∫∫
drdt |e(r, t)|2 =

V
2π
| ∫ dω Ez(rf ,ω)|2∫∫

drdω |E(r,ω)|2 , (5)

where we assume the electric field at the target has a peak
at time tf = 0 without loss of generality. Likewise, our
coordinate system is aligned to make φf = zf = 0 of rf
to simplify the expression.

C. Source optimization

By applying Parseval’s theorem, we can express both
Eq. (4) and Eq. (5) as the ratio of inner products in the

spectral domain:

F = V
4π2

∣∣∣〈1, ḠEzJ 〉
∣∣∣2

〈J , L̄Ḡ†
EḠEJ 〉

, (6)

where L̄ = ∫ a
0 ρdρ is the integral operator along the radial

direction. Although the appearances are identical, the dif-
ference between the two gains lies in the definition of the
inner products.

For the spatial gain Fs, according to Parseval’s theorem
and Eq. (4), the spatial gain Fs of a monochromatic field
with frequency ω0 is given by

Fs(ω0) = V
4π2

∣∣∑
n

∫∞
−∞ dkzEz(ρf , n, kz,ω0)

∣∣2

∫ a
0 ρdρ

∑
n

∫
dkz |E(ρ, n, kz,ω0)|2

= V
4π2

∣∣∣〈1, ḠEzJ 〉	0

∣∣∣2

∫ a
0 ρdρ 〈ḠEJ , ḠEJ 〉	0

= V
4π2

∣∣∣〈1, ḠEzJ 〉	0

∣∣∣2

〈J , L̄Ḡ†
EḠEJ 〉	0

,

where the dependency of J on the parameters n and kz
is omitted for brevity. The inner product between two
tangential fields is defined over the subspace 	0 ⊆ 	,
in which the angular frequency of the source is fixed
as ω0: 〈J 1, J 2〉	0 :=∑

n

∫
dkz

[
J ∗1,φJ2,φ + J ∗1,zJ2,z

]
. By

the Cauchy-Schwartz inequality, the above form is maxi-
mized when

J s,opt(n, kz,ω0) = (L̄Ḡ†
EḠE)

−1Ḡ†
Ez

∣∣∣
ω=ω0

, (7)

yielding the bound of spatial gain Fs for angular frequency
ω0 as

Fs,opt(ω0) = V
4π2 〈Ḡ

†
Ez

, J s,opt〉	0 . (8)

For maximization of the spatiotemporal gain, the current
source should be chromatic, composed of diverse fre-
quency components: J = J (n, kz,ω). Similarly as the
spatial gain Fs was formulated, the spatiotemporal gain
FST of the (5) can be reformulated as

FST = V
4π2

∣∣∣〈1, ḠEzJ 〉	
∣∣∣2

〈J , L̄Ḡ†
EḠEJ 〉	

, (9)

where the domain of the inner product is expanded to
the entire space 	: 〈J 1, J 2〉	 := 1/2π

∑
n

∫
dkz

∫
dω[

J ∗1,φJ2,φ + J ∗1,zJ2,z

]
. Except for the domain of the inner
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(a)
(b) (c)

(e)(d)

j

FIG. 2. (a) A spatial gains of various source types according to the operating frequency. The sky-blue triangle and the purple
rectangle indicate the gain of the waveguide applicator [29] and the proposed physical structure in this work, respectively. (b) Current
distribution on the cylindrical surface S of an array with eight equally spaced dipoles [21] at 400 MHz and (c) its electric field strength
in the body. (d) Current distribution of the spatially optimal source on the cylindrical surface S at 2.45 GHz and (e) its electric field
strength in the body. The blue dots in (c),(e) indicate the position of the focal point. The fields and currents in (b)–(e) are normalized
by their maximum values.

product, the optimization process for FST is exactly the
same as that for Fs, resulting in the optimal source and the
bound being

J ST,opt(n, kz,ω) = (L̄Ḡ†
EḠE)

−1Ḡ†
Ez

, (10)

FST,opt = V
4π2 〈Ḡ

†
Ez

, J ST,opt〉	. (11)

III. NUMERICAL RESULTS

For numerical demonstration, the parameters are set as
ρf = 9 cm, a = 13 cm, and b = 14 cm and the tissue
medium consists of a homogeneous muscle.

A. Thermal ablation

The spatial gain for thermal ablation is normalized by
that of a single λ/2-dipole source at 400 MHz. The gain
has the unit of “dBd” to denote that it is a relative gain
compared with the dipole source. The spatial gains for var-
ious configurations of the source are shown in Fig. 2(a).
For a focal depth of 4 (= a− ρf ) cm , the eight-dipole
source in Fig. 2(b), of which the excitations are optimized
[21], barely increase the spatial gain [the cross on the red
curve in Fig. 2(a)]. Figure 2(a) also presents the spatial gain
of a highly directive waveguide antenna for hyperthermia
at 915 MHz [29]. Compared with them, the optimal con-
tinuous source shown in Fig. 2(d) demonstrates room for
gain improvement by 14.4 and 9.1 dB, respectively.

The optimal operating frequency ωopt lies in the low-
gigahertz range, at which the short wavelength greatly
increases the spatial gain. Such a focusing effect obviously
appears when one compares the electric field strength for
the eight-dipole source at 400 MHz and that for the optimal
source shown in Figs. 2(c) and 2(e), respectively. When
the above analysis is repeated with various depths from 20
to 120 mm, Fig. 3 shows that the optimal frequency ωopt
remains in the low-gigahertz range for all depths. Beyond
the low-gigahertz range, the conductivity of tissue abruptly
increases and reduces the spatial gain [30].

The maximum depth for hyperthermia can also be inves-
tigated by one solving Pennes’s bioheat equation [31,32],
which governs the temperature T in a living body as

ρtCt
dT
dt
− k∇2T = hm + hb + he, (12)

where ρt, Ct, and k denote the density, specific heat, and
thermal conductivity of the tissue, respectively. On the
right-hand side, the three nonhomogeneous terms act as
either a heat source or a sink. hm represents heat gener-
ated from cell metabolism and is typically regarded as a
constant [31]. hb, which models heat transferred from arte-
rial blood to tissue through a capillary network, depends
on the contrast between the tissue temperature and the arte-
rial blood temperature Ta. The thermal effect of the electric
field is included in he, which models the amount of heat
per unit volume during unit time and can be calculated as
he(r) = σ(r)|E(r)|2/2.

014018-4



ULTIMATE PERFORMANCE OF MICROWAVE TISSUE ABLATION PHYS. REV. APPLIED 22, 014018 (2024)

FIG. 3. Spatial gain for various focusing depths.

Pennes’s bioheat equation was solved by a custom-
developed finite-difference equation solver in a space of
300× 300× 100 mm3 with a 2-mm cell size. Table I sum-
marizes the parameter values that we used in the thermal
analysis. Surrounding the tissue trunk, we assumed there
is a layer of cooling water modeling a bolus at a con-
stant temperature Tc = 10 ◦C that reduces the temperature
of the superficial region. Under the assumption that that
hyperthermia is to be applied for 1 h [33], Fig. 4 shows
the calculated temperature distribution with depth at (a)
30 min and (b) 60 min. The focal depths of hyperthermia
range from 20 to 120 mm. The input power, computed as
the total loss in the tissue, was adjusted so that the maxi-
mum temperature in the tissue was 43 ◦C at the end of the
therapeutic procedure.

We found that the temperature peaks at the desired
depth as long as the focal depth is less than 4 cm. For a

(a) (b)

FIG. 4. Temperature distribution with different focal depths
after application of hyperthermia for (a) 30 min and (b) 60 min.

TABLE I. Parameters for Pennes’s bioheat equation.

Parameter Notation Value Unit abbreviation

Mass density ρt 1.004× 103 kg m−3

Specific heat
(muscle)

Ct 8.2× 10−1 kcal kg−1 ◦C−1

Thermal
conductivity
(muscle)

k 1.5× 10−4 kcal s−1 m−1 ◦C−1

Rate of
metabolic heat
production per
unit volume

hm 1× 10−1 kcal s−1 m−3

Rate of heat
transfer per
unit volume of
tissue

hb 0.2162× kcal s−1 m−3

(Ta − T)

Arterial blood
temperature

Ta 36.25 ◦C

deeper focal depth, however, the temperature peak arises
undesirably at a shallower depth, which implies normal
tissues can be impacted before malignant ones by hyper-
thermia. Therefore, the maximum depth of the target point
for hyperthermia is limited to about 4 cm.

B. Nonthermal ablation

We numerically demonstrate the bound of spatiotempo-
ral gain for nonthermal ablation under the same configura-
tion of (ρf , a, b) as the spatial gain. Figure 5(a) shows the
optimal source should flow inward radially, which makes
the electric field spatially focused in a region with a size
of 5× 10× 10 mm3 at t = 0 ns, visualized in Figs. 5(b)
and 5(c). In contrast to the field generated by the spatially
optimal source, the field fades out after peaking for a few
tenths of a nanosecond [Fig. 5(d)] to minimize the total
loss in tissue across time. The subnanosecond duration of
the peak indicates that the spatiotemporally optimal field is
also dominated by low-gigahertz components like the spa-
tially optimal field. A higher-frequency component then
does not help to increase the gain FST because it severely
attenuates before it reaches the target.

The performance of this optimal source can be compared
with that of traditional sources. We chose an eight-dipole
array [21] around the trunk to compare the performance.
The excitations of the eight dipoles were optimized to yield
the highest spatiotemporal gain. Figure 6 shows the elec-
tric field from the eight-dipole array as time progresses.
While the field is temporally focused within a tenth of a
nanosecond near t = 0 ns, the spatial focusing is very poor
with the eight-dipole array. Therefore, the spatiotemporal
gain of the optimal source is 13.3 dB higher than that of
the eight-dipole array.
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(a)

(b)

(c)

(d)

j

FIG. 5. (a) Current distribution of the spatiotemporally optimal source and (b) its instantaneous electric field in the body over time.
The blue dots indicate the focal point rf . (c) Instantaneous electric field strength along the x axis at time t = tf (0 ns) and (d) versus
time at the focal point rf for the spatially and spatiotemporally optimal sources. The fields and currents are normalized by their
maximum values.

IV. PHYSICAL IMPLEMENTATION

In this section we investigate the physical
implementation of the optimal current distribution for
thermal ablation. We demonstrate the developmental pro-
cedure for the physical antenna that mimics the optimal

FIG. 6. Electric field strength from the eight-Hertzian-dipole
array versus time. The focal point and the positions of dipoles
are denoted by the blue dot and the blue crosses, respectively.
The field is normalized by its maximum value.

distribution targeting a depth of 4 cm. As observed in
Fig. 2(d), the ẑ component dominates in the optimal cur-
rent distribution. To synthesize it, we use an 11× 11

(a) (b)

(c)

FIG. 7. (a) Physical implementation of the source as an 11×
11 balanced, half-wavelength dipole array (inset) immersed in
a water bolus. (b) Magnitude of excitation coefficients (red
crosses) of the dipole array and the spatially optimal source
(blue curve) along an arc of length L at z = 0. (c) Electric field
strength generated by the proposed 11× 11 dipole array. The
blue dot indicates the focal point rf . The fields and currents are
normalized by their maximum values.
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FIG. 8. A point source outside a multilayered medium. Mul-
tiple reflections and transmissions at the interfaces must be
considered in field computation.

phased-array antenna over an area of 10× 10 cm2,
depicted in Fig. 7(a), where each element is a balanced,
half-wavelength dipole antenna [6 mm long at 2.45 GHz in
water; Fig. 7(a), inset] along the ẑ direction. The spacing
between the elements is set to be 10 mm.

The excitation coefficients of the dipole array are deter-
mined as follows. From the principle of superposition, the
net electric field can be expressed as the excitation coef-
ficients multiplied by a field matrix. The component of
the field matrix describes the electric field distribution of
each dipole and can be obtained by a commercial elec-
tromagnetic simulator, CST MICROWAVE STUDIO. On the
basis of the field matrix, the excitation coefficients of the
array can be numerically determined to maximize the field
strength at the focal point for a given total loss in the tis-
sue [19,20,34]. Figure 7(b) shows the coefficients obtained
as such along z = 0 (the red crosses), closely following
the optimal solution over the continuous domain (the blue
curve). The field distribution [Fig. 7(c)] inside the body
caused by the dipole array also reveals the focusing effect
approximates the optimal one in Fig. 2(e), achieving a
focusing gain [the purple square in Fig. 2(a)] only 0.4 dB
below the upper bound. As marked in Fig. 2(a), this is
performance far exceeds that in previous work.

V. CONCLUSION

Previously, the domains of the optimization for hyper-
thermia were inherently restricted, failing to claim the
global optimum. In this work we performed optimization

over a hypothetical, continuous current density, deducing
the globally optimal current distribution and addressing
the ultimate performance for both thermal ablation and
nonthermal ablation.

As a numerical example, the performance of the abla-
tions was demonstrated when the focal depth is 4 cm. The
bound of the spatial gain reveals room for improvement
over existing solutions by 9.1 dB. Likewise, the bound of
the spatiotemporal gain exceeds the gain of a primitive
source, the equally spaced eight-dipole array, by 13.3 dB.
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APPENDIX A: FIELDS GENERATED BY A POINT
SOURCE

We wish to express the fields in a trunk generated by a
continuous surface current J on the cylindrical surface S.
To do so, it is essential to understand the fields generated
by a point source [27]. For completeness of the paper, the
expressions for the fields generated by a point source are
given in this appendix.

In a homogeneous space with permittivity ε, when a
dipole point source Il at r′ points in the α̂ = [

αρ ,αφ ,αz
]T

direction, one can express the z components of the fields as

Ez = −jIl
ωε

[
ẑ · α̂k2 + ∂

∂z′
∇′ · α̂

]
e−jk|r−r′|

4π |r− r′| , (A1)

Hz = −Ilα̂ · ẑ×∇′ e−jk|r−r′|

4π |r− r′| . (A2)

On the other hand, according to the Sommerfeld integral
and the addition theorem, the operand e−jk|r−r′|/(4π |r−
r′|) can be decomposed into Bessel and Hankel functions:

e−jk|r−r′|

4π |r− r′| =
∞∑

n=−∞

−je−jn(φ−φ′)

8π

∫ ∞
−∞

dkz

× e−jkz(z−z′)Jn(kρρ<)H (2)
n (kρρ>), (A3)

where ρ< and ρ> refer to the greater one and the smaller
one among ρ and ρ ′, respectively.
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Substituting Eq. (A3) into Eqs. (A1) and (A2), one gets
the following field expressions for the z component:

[
Ez
Hz

]
= − Il

8πωε

∞∑
n=−∞

e−jn(φ−φ′)
∫ ∞
−∞

dkz

× e−jkz(z−z′)Jn(kρρ<)H (2)
n (kρρ>)

←−
D α̂, (A4)

where
←−
D ′ is a differential operator that acts on functions

to its left. For the reader’s reference, the ejnφ′+jkzz′ depen-
dency of the fields makes the operator act on the fields
as

Bn(kρρ ′)
←−
D ′ =

⎡
⎢⎣
−kρkzB′n(kρρ

′) − nωε
ρ′ Bn(kρρ ′)

−n kz
ρ′Bn(kρρ ′) −jωεkρB′n(kρρ

′)(
k2 − k2

z

)
Bn(kρρ ′) 0

⎤
⎥⎦

T

,

where Bn is either a Jn function or an H (2)
n function.

For our purpose of tissue ablation, there is a trunk-
shaped medium with radius a, and the point source Il
is located in the outermost (N th) layer at r′ (ρ ′ > a)
in the α̂ direction (Fig. 8). We have to account for the
transmission and the reflection of the wave at the cylin-
drical interface. In general, the fields in the ith region are
expressed as

[
Ez
Hz

]
= − Il

8πωεN

∞∑
n=−∞

e−jn(φ−φ′)
∫ ∞
−∞

dkz

× e−jkz(z−z′)F̄i,n(ρ, b)
←−
D ′α̂. (A5)

The operator F̄i,n(ρ, b) accounts for the reflection and
transmission of the fields in the ith layer and can be
computed as follows.

First, one defines the generalized reflection matrices
R̃i,i−1 and R̃i,i+1, which include the physics of multiple
reflections in the ith layer occurring at the interface with
the (i− 1)th layer and the (i+ 1)th layer, respectively
[27]:

R̃i,i−1 = Ri,i−1 + Ti−1,i · R̃i−1,i−2

× (I− Ri−1,i · R̃i−1,i−2)
−1 · Ti,i−1, (A6)

R̃i,i+1 = Ri,i+1 + Ti+1,i · R̃i+1,i+2

× (I− Ri+1,i · R̃i+1,i+2)
−1 · Ti,i+1, (A7)

where I is the identity matrix, and Ti,j and Ri,j are local
transmission and reflection matrices for waves propagating
from the ith layer to thej th layer. Starting from the initial
condition R̃1,0 = 0 and R̃N ,N+1 = 0, the recursive defini-
tions of Eqs. (A6) and (A7) are valid. Additionally, the
generalized transmission matrix T̃N ,i is defined to explain
the transmission of a wave from the N th layer to the ith
layer involving multiple reflections:

T̃N ,i = Si+1,i · Si+2,i+1 · · · · · SN ,N−1,

where Si,i−1 = (I− Ri−1,i · R̃i−1,i−2)
−1 · Ti,i−1. Matching

boundary condition of each layer yields F̄i,n(ρ, b) of the
ith layer (ρi−1 < ρ < ρi) as

F̄i,n(ρ, b) = H (2)
n (kNρb) ·

[
Jn(kiρρ)I+ H (2)

n (kiρρ)R̃i,i−1

]

× M̃i · T̃N ,i, (A8)

where M̃i = (I− R̃i,i+1 · R̃i,i−1)
−1.

In the case of a single layer (N = 2), which we used as
a numerical example, it is sufficient to consider the field
expression in region 1. With R̃1,0 = 0, the expression for
the operator F̄i,n in Eq. (A8) reduces to

F̄1,n(ρ, b) = Jn(k1ρρ)T̃21H (2)
n (k2ρb).

Within the trunk of a single layer, there is only a stand-
ing wave Jn(k1ρρ) as expected. For the reader’s refer-
ence, in this single-layer configuration, the generalized
transmission matrix is

T̃21 = 2ω
πk2

2ρa
D
−1

[
ε2 0
0 −μ

]
,

where

D = Jn(k1ρa)H (2)
n (k2ρa)−H

(2)
n (k2ρa)Jn(k1ρa)

and

Jn(kiρa) = 1
k2

iρa

[−jωεikiρaJ ′n(kiρa) −nkzJn(kiρa)
−nkzJn(kiρa) jωμkiρaJ ′n(kiρa)

]
,

H
(2)
n (kiρa) = 1

k2
iρa

[−jωεikiρaH (2)
n
′
(kiρa) −nkzH (2)

n (kiρa)
−nkzH (2)

n (kiρa) jωμkiρaH (2)
n
′
(kiρa)

]
.
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APPENDIX B: FIELDS GENERATED BY A
CONTINUOUS SOURCE

From the principle of superposition, the fields inside
the body generated by a continuous source J(φ′, z′) are
expressed as

[
Ez
Hz

]
= − 1

8πωεN

∫ π

−π
bdφ′

∫ ∞
−∞

dz′
∞∑

n=−∞
e−jn(φ−φ′)

×
∫ ∞
−∞

dkz e−jkz(z−z′)F̄i,n(ρ, b)
←−
D ′s

[
Jφ
Jz

]
, (B1)

where
←−
D ′s is the transverse components of the operator

←−
D ′,

which excludes the ρ component. On the other hand, by the
Fourier transform and the Fourier series, the current source
can be expressed as

[
Jφ(φ′, z′)
Jz(φ

′, z′)

]
= 1

2π

∑
n

∫ ∞
−∞

dkze−jnφ′−jkzz′
[Jφ(n, kz)

Jz(n, kz)

]
,

and inversely,

[Jφ
Jz

]
= 1

2π

∫ π

−π
dφ′

∫ ∞
−∞

dz′e+jnφ′+jkzz′
[

Jφ
Jz

]
. (B2)

Likewise, the fields can be decomposed in the spectral
domain as

[
Ez
Hz

]
= 1

2π

∞∑
n=−∞

∫ ∞
−∞

dkze−jnφ−jkzz
[Ez
Hz

]
, (B3)

where Ez and Hz are the spectral components of the electric
and magnetic fields, respectively. The dependency of Ez
and Hz on (ρ,φ, z) and that of E and H on (ρ, n, kz) are
omitted for brevity.

Switching the order of integrals and rearranging the
terms in Eq. (B1) yields

[
Ez
Hz

]
= − b

4ωεN

∞∑
n=−∞

∫ ∞
−∞

dkze−jnφe−jkzz

× 1
2π

∫ π

−π
dφ′

∫ ∞
−∞

dz′ e+jnφ′e+jkzz′

× F̄i,n(ρ, b)
←−
D ′s

[
Jφ(φ′, z′)
Jz(φ

′, z′)

]
. (B4)

Since the term F̄i,n
←−
D ′ is independent of φ′ and z′, by

Eq. (B2), the fields can be represented in terms of the

spectral current densities Jφ and Jz as

[
Ez
Hz

]
= − b

4ωεN

∑
n

∫ ∞
−∞

dkze−jnφ−jkzz

× F̄i,n(ρ, b)
←−
D ′s

[Jφ(n, kz)

Jz(n, kz)

]
. (B5)

Comparing the above equation with Eq. (B3), we find a
multiplicative relation between the fields and the current
source in the spectral domain as

[ Ez(ρ, n, kz)

Hz(ρ, n, kz)

]
= − πb

2ωεN
F̄i,n(ρ, b)

←−
D ′s

[Jφ(n, kz)

Jz(n, kz)

]
.

(B6)

This yields the Green’s function operator ḠEz for the z
component of electric field as

ḠEz = −
πb

2ωεN

[
1, 0

] (
F̄i,n
←−
D ′s

)
. (B7)

Lastly, the transverse components of the electric fields
in cylindrical coordinates can be determined from the
following equations:

[Eρ
Eφ

]
= 1

k2
iρ

[−jkz∇sEz + jωμẑ×∇sHz
]

, (B8)

where ∇s is the transverse components of the opera-
tor ∇, which excludes the ρ component. In the operator
formulation, this is equivalent to

E =
⎡
⎣Eρ
Eφ
Ez

⎤
⎦ = K̄i

[Ez
Hz

]

= − πb
2ωεN

K̄i

(
F̄i,n
←−
D ′s

) [Jφ(n, kz)

Jz(n, kz)

]
, (B9)

where K̄i is the differential operator associated with Eq.
(B8):

K̄i = 1
k2

iρ

⎡
⎢⎣
−jkz

∂
∂ρ
− nωμ

ρ

− nkz
ρ

jωμ ∂
∂ρ

k2
iρ 0

⎤
⎥⎦ . (B10)

Finally, we have the Green’s function operator ḠE that
relates the electric fields E to the current source J =
[Jφ ,Jz]T in Eq. (2):

ḠE = − πb
2ωεN

K̄i

(
F̄i,n
←−
D ′s

)
. (B11)
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FIG. 9. Upper bound of spatial gain Fs,β̂ depending on the

direction of β̂ for ρf = 9 cm, a = 13 cm, and b = 14 cm. The
spatial gain is normalized by its maximum value.

APPENDIX C: SOURCE OPTIMIZATION TO
MAXIMIZE |E(rf )| IN OTHER DIRECTIONS

To yield the best focusing performance, one should
exploit the vector nature of the electric field [35]. In gen-
eral, the spatial gain of the electric field in an arbitrary
direction β̂, where β̂ is a unit vector, can be defined as

Fs,β̂ =
V|β̂ · E(rf )|2∫

V dr |E(r)|2 .

As a numerical example, the upper bound of Fs,β̂ is com-

puted for each direction of β̂ when ρf = 9 cm, a = 13 cm,
and b = 14 cm (Fig. 9). Figure 9 shows that Fs,β̂ is max-

imized when β̂ is in the ẑ direction. The deep position of
the focal point makes the transverse (ẑ) component much
greater than the longitudinal (ρ̂) component. Therefore, the
spatial gain is maximized along the ẑ direction in our work.
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