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Quantum diamond microscopy using nitrogen-vacancy (N-V) defects in diamond crystals has enabled
the magnetic field imaging of a wide variety of nanoscale current profiles. Intimately linked with the imag-
ing process is the problem of reconstructing the current density, which provides critical insight into the
structure under study. This manifests as a nontrivial inverse problem of current reconstruction from noisy
data, typically conducted via Fourier-based approaches. Learning algorithms and Bayesian methods have
been proposed as novel alternatives for inference-based reconstructions. We study the applicability of
Fourier-based and Bayesian methods for reconstructing two-dimensional current density maps from mag-
netic field images obtained from N-J imaging. We discuss extensive numerical simulations to elucidate
the performance of the reconstruction algorithms in various parameter regimes, and further validate our
analysis by performing reconstructions on experimental data. Finally, we examine parameter regimes that
favor specific reconstruction algorithms and provide an empirical approach for selecting regularization in

Bayesian methods.

DOI: 10.1103/PhysRevApplied.22.014015

I. INTRODUCTION

Quantum-enabled magnetometry techniques provide
invaluable insight into nanoscale structures by provid-
ing a spatial map of the magnetic field across the two-
dimensional extent of the system. A variety of quantum
systems have been shown to be viable for the quan-
tum sensing of magnetic fields, notable examples being
superconducting quantum interference devices [1-3], neu-
tral atoms [4,5], trapped ions [6,7], and solid-state sys-
tems such as nitrogen-vacancy (N-V) centers in diamond
[8—10]. Among these systems, N-V centers stand out owing
to their multimodal ability to resolve changes in electro-
magnetic fields, temperature, and strain [11], convenient
room-temperature operation and optical readout [12], and
the ability to work as a single nanoscale sensor [13] or
in wide-field-of-view ensemble sensing [9]. This paper
focuses on reconstructing current density using magne-
tometry facilitated by wide-field-of-view N-J imaging or
a quantum diamond microscope , employing thin layers
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of N-V centers embedded in bulk diamond crystals. This
approach, particularly effective for large ensembles, has
demonstrated per-pixel sensitivities reaching the nT/ VHz
level. Recently, applications such as imaging currents in
microchip devices and integrated circuits [14—17], con-
densed matter systems [18—20], and biological systems
[21,22] have been demonstrated.

The magnetic field maps obtained using quantum dia-
mond microscopes are often utilized to compute the current
density map, serving as a probe of the underlying physics
in the sample under study. This reconstruction manifests
as a nontrivial inverse problem. The forward problem of
calculating the magnetic fields given the current density
j across the sample is straightforward owing to the Biot-
Savart law. On the other hand, the inverse problem is
not always well defined due to added noise and imper-
fections in measurement, and is ill-posed owing to direct
inversions involving 1/0 terms which require additional
conditioning. This leads to the possibility of different noise
conditions on the same sample resulting in nonunique
reconstructed images. However, it has been shown that the
inverse problem of computing the current density, given
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the magnetic field, is unique in the case of clean magnetic
field data produced by purely two-dimensional currents in
the ideal case of infinite spatial resolution [23]. But, even
with a quasi-two-dimensional current distribution, noisy
magnetic field data superimposed with optical aberrations
makes the inverse problem highly nontrivial and challeng-
ing. Owing to this nonuniqueness, many techniques have
been developed to facilitate such inversions [23-31].
Traditionally, such inversion schemes deal with direct
inversions in the Fourier space, as outlined by Roth
et al. [23] for the case of out-of-plane sensing. These
Fourier-based methods have been expanded to encom-
pass vector imaging, leading to enhanced reconstructions
by utilizing all available magnetic field components [24].
Recent developments in the fields of machine learning
and Bayesian inference have also led to the possibility
of using Bayesian methods, where the aim is to learn the
most probable or “best fit” current density via maximiza-
tion of the posterior probability p(j|¢), where ¢ is the
experimental magnetic field profile. This could be ¢ = B,
for the out-of-plane methods or ¢ = {B,, B,, B.} for vector
magnetometry. From an equivalent regularization point of
view, such methods can be cast as optimization problems,
where the aim is to reject the noise and retrieve the true
underlying current density. At the outset, such Bayesian
methods claim to offer the advantage of better reconstruc-
tions as prior knowledge about the sample can be imposed
in the optimization process [26,31]. Nevertheless, there is
lack of clarity on the applicability of such methods in com-
parison to vector and out-of-plane Fourier approaches, and
no experimental advantage has been demonstrated thus far.
In this work, we conduct an in-depth comparative analy-
sis of the Fourier-based and Bayesian reconstruction meth-
ods for both simulated and experimental magnetic maps
obtained from a quantum diamond microscope where the
sample is assumed to be placed at a standoff distance z
from the source, as schematically outlined in Fig. 1(a).
The reconstruction pipeline is further outlined in Fig. 1(b).
We perform a thorough examination of the performance
of reconstruction algorithms through extensive numerical
simulations within various sensor regimes characterized
by noise levels and standoff distances in Sec. II. Follow-
ing this, in Sec. III we build on our theoretical analysis by
exploring practical approaches for determining the regu-
larizer strength in Bayesian algorithms, and applying them
to experimental data collected in three different noise and
standoff scenarios. Through this, we introduce the con-
cept of Bayesian advantage in the realm of current density
reconstructions for N-J wide-field experiments.

II. SIMULATION RESULTS AND DISCUSSIONS

As a test structure, we use a microcoil wire—carrying a
purely  two-dimensional current to model a
quasi-two-dimensional flow—with multiple sharp bends

to effectively highlight nuances of reconstruction algo-
rithms. A comprehensive outline of the simulation method,
which includes the process for computing magnetic fields
from current densities, as well as a detailed explanation
of the reconstruction methodology is provided in the Sup-
plemental Material [32]. The assumed true current density,
which by definition forms the ground truth, is depicted in
Fig. 1(c), where we define the j; and j, components of the
spiral wire piecewise in a total image size of 50 x 50 pm?.
The scale bar in Fig. 1 is 10 pum. We assume a constant
current density of 100 A/m across the wire. The resulting
magnetic field, computed at a standoff of z = 1 wm, using
a Fourier-space application of the Biot-Savart kernel M,
is shown in Fig. 1(d).

Reconstruction algorithms have access to one or more
components of the magnetic field, as in Fig. 1(d), and
attempt to decode the underlying current density. The
Fourier-XY (Fxy) method takes as input the x- and y-
components of the magnetic field, and performs a Fourier
space inversion for the current density. The Fourier-Z (F)
performs this task with access only to the out-of-plane
z-component. Lastly, we consider the Bayesian (B) class
of methods, which cast the inversion problem as infer-
ence, and solve it by performing Bayesian optimization.
We consider a scenario in which the Bayesian algorithm
has only the out-of-plane field component as input, empha-
sizing its effectiveness in situations with limited data, and
simultaneously conducting a worst-case comparison with
the Fourier-XY method. Intuitively, the task of finding the
most probable current density can be converted into an
optimization consisting of two terms: the first terms tries
to fit to the data, and the second term attempts to create
a smooth solution. The latter, termed a regularizer, can
be used to incorporate prior information about the cur-
rent density into the optimization. A parameter A defines
the strength of the regularizer, where a very small value
A — 0 amounts to data fitting, and a very large value
A — oo results in oversmoothened solutions. Thus, the
regularizer strength A is a crucial part of the Bayesian
reconstructions, and is used to ensure smooth and physical
reconstructions.

The reconstructed j -maps, upon application of both the
Fourier and Bayesian methods on the magnetic images in
Fig. 1(d), are shown in Fig. 1(e). The regularizer strength
A = A" is carefully selected in the Bayesian method, fol-
lowing a systematic and experimentally informed proce-
dure that we outline in the Supplemental Material [32].
In the rest of the simulation results, we perform the
comparative analysis of the Bayesian method in a non-
adaptive setting without performing regularizer selection,
to outline worst-case behavior. The following three sub-
sections outline the analysis of the three reconstruction
algorithms on the simulated data in various noise and
standoff regimes.
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FIG. 1.

(a) Schematic of quantum diamond microscope with a sample placed at a standoff distance denoted by z. (b) Block diagram

of the simulated reconstruction protocol: the clean magnetic field B, is computed from the current density j via the Biot-Savart kernel
M, followed by addition of noise 1 to get the sensed fields B,. Subsequent postprocessing steps using the Fourier-XY (Fyy), the
Fourier-Z (F;), and the Bayesian (13) methods result in different reconstructed current densities i (c) Simulated spiral wire current
density map. (d) Vector magnetic field maps computed from the current density without noise (n = 0) at a standoff of z = 1 pm. (e)
Reconstructed current density upon application of the three algorithms on the field data.

A. The effect of standoff

The distance between the sample and the N-J sensor, or
the “standoff” (z), is a key parameter that strongly affects
the measured magnetic field maps and consequently the
underlying current distribution. This can be seen from
the exponential dependence on standoff distance in the
Biot-Savart kernel, M [32]. This underscores the need
for a thorough analysis of how the performance of the
algorithms is influenced by the standoff distance.

We plot two error-estimation metrics, the two-normed
distance (Dy,) and the structured similarity index (SSIM),
first introduced in [33], as a function of standoff z in
Figs. 2(a) and 2(b) respectively, without any added noise
(n = 0). See [34,35] for brief reviews of the error and
similarity metrics. The two-normed distance measures
the Euclidean distance between two images, and the
SSIM measures a “score” of visual similarity [32]. The
Bayesian reconstructions require selecting the strength of
a regularizer term, which maintains smoothness of the
reconstructed solution. Here, we do not perform system-
atic regularizer selection and rather choose three fiducial
strengths A € {0.01,0.1, 1} in a nonadaptive fashion. The
Fourier methods, on the other hand, require choosing a
cut-off frequency to band-limit the spectrum and perform
inversions [32]. We perform adaptive Fourier reconstruc-
tions (Fyy, Fz) with the cutoff frequency of the algorithms
changing with every 2-um increase in standoff, as elab-
orated in [32]. Two points representing the low standoff
z; < 1 wm and high standoffz, 2 5 wm are marked in the
error plots with dotted lines. First, we observe that in both

Dy, and SSIM, the Fourier-XY method (Fyy) performs bet-
ter for the low-standoff regime of z < 1 wm. As the stand-
off is increased, there exists a critical point beyond which
the Bayesian method (B3) method starts to outperform Fyy.
This can be explained by noting that the Fyy method
is exact at low standoff, eliminating aberrations due to
its ability to access both in-plane components; however,
the spiral wire contains a nontrivial frequency spectrum
owing to multiple sharp corners, and thus requires a care-
ful selection of a band-limiting frequency for the Fourier
algorithms at higher standoff. Additionally, without such a
selection of the cutoff frequency in the Fourier algorithms
at higher standoffs, high-frequency artifacts dominate the
Fourier reconstruction. This leads to a sharp unbounded
increase in the D, metric at z ~ 8 wm. In contrast, the
Bayesian reconstruction exhibits an SSIM decrease of less
than 10% for standoff distances of z < 5 pm.

Figures 2(c) and 2(d) show reconstructed current densi-
ties at z = 0.95 pm and z = 5.7(5) wm standoff, respec-
tively. At z = z; in Fig. 2(c), none of the reconstructions
show any artifacts, and resolve the widths of all the arms
correctly. The Bayesian images show an offset above
the true value, which is attributed to the fact that the
regularizer strengths are chosen arbitrarily. In Fig. 2(d),
when the standoff is increased, noticeable discrepancies
in the Fourier images become apparent, including an off-
set and a notable decline in resolution. However, the
Bayesian image, particularly with A < 0.1, exhibits a sig-
nificantly improved outcome. It is instructive to note that
the Bayesian image with A = 1 is significantly broadened,
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FIG. 2. Performance of the reconstruction algorithms as a function of the standoff distance in terms of the distance D;; and the
structured similarity index (SSIM) between the reconstructed and true current densities. (a) Dy, as a function of standoff for 0 <z <
8 wm. (b) The SSIM as a function of standoff for 0 < z < 10 wm. Two standoff points z; = 0.95 and z, = 5.7(5) (all in micrometers)
are identified for further inspection. (c) Reconstructions at z = z;. (d) Reconstructions at z = z,. The subpanels of (b),(d) show the
reconstructions for Fourier-Z and the Fourier-XY methods (with a Fourier cutoff frequency of max{2, int(z(jvm))}/z) and the Bayesian
reconstruction for three different regularizer strengths A € {0.01, 0.1, 1.0}.

which is attributed to the oversmoothening in the optimiza-
tion process owing to a larger regularizer strength than
required. Both the Fourier and Bayesian algorithms neces-
sitate the fine-tuning of parameters within a fixed set of
fields ¢, either through the specification of a band-limiting
frequency or the adjustment of a regularizer strength. It is
crucial to highlight that achieving precise fine-tuning in
the Fourier method becomes challenging at higher stand-
offs, particularly when dealing with nontrivial frequency
spectra, and no systematic method exists for such tuning in
the Fourier methods. Additionally, the results presented in
Fig. 2 indicate the strict requirement for tuning of parame-
ters for the Fourier method as the standoff increases, con-
trasting with the Bayesian method, which requires minimal
tuning, and B(x < 0.1) consistently yields high-quality
reconstructions as the standoff increases. It is notewor-
thy that while the D;, in Fig. 2(a) method exhibits a
substantial difference in the performance of Fyy and F,
particularly around z ~ z;, the reconstructions depicted in
Fig. 2(c) showcase similar performance of the two meth-
ods. The structural similarity index effectively reflects this
observation, emphasizing that the SSIM distance provides
more perceptual information regarding the algorithms’
performance compared to the two-normed distance. Con-
sequently, the SSIM, being constrained by the condition
SSIM<1, is considered a superior metric. In the rest of
the paper, we use the SSIM exclusively for quantifying

the error, resulting in a bounded, well-informed estimation
metric.

B. Robustness to noise

We now study the effect of noise on reconstruction.
We employ two noise models—Gaussian noise, which
distributes across the entire image uniformly, and scaled
noise, which is more prominent at pixels with higher abso-
lute values. Both the models add zero-mean Gaussian noise
to each pixel, with the former having a pixel- independent
variance and the latter having a variance that scales with
the absolute value of the pixel. The amount of noise in
both models is controlled by a single parameter n [32].
We study the SSIM distance between the reconstructed
and ground-truth current densities as a function of noise
strength 7. Results are shown here for Gaussian noise,
with scaled noise exhibiting similar patterns—differences
between the two noise models are shown in the next sub-
section. Figure 3 shows the results for the low-standoff
regime of z=0.1 pm and the high-standoff regime of
z =15 pwm. For Bayesian reconstructions, A € {0.1, 1.0}
is chosen. The A = 0.01 case is omitted as the pres-
ence of noise warrants nontrivial regularization. In the
scenario with a low standoff, the Fyy method emerges
as the most effective, displaying the highest SSIM score
for the entire noise range 0 < n, < 2. The SSIM also
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FIG. 3. Analyzing the effect of noise on the reconstructions using the SSIM as the error metric. (a),(b) Results for the low-standoff

regime of z = 0.1 wm. (c),(d) Results for the high-standoff z = 5 um regime. The SSIM as a function of Gaussian noise 7, is reported
in (a),(c) for the two regimes, while (b),(d) show the Fourier and Bayesian reconstructions at the n; = 0.45 noise level as marked with
a dotted line. The Bayesian reconstructions are shown for two regularizer strengths A € {0.1, 1.0}.

reveals two distinct patterns at low standoff — a rapid
decline in algorithm performance with increasing noise,
followed by a shift in slope after reaching a critical
noise strength. This phenomenon can be linked to a crit-
ical signal-to-noise (SNR) ratio, where the noise levels
equate to the signal strength, resulting in two performance
regimes. The F; image exhibits a low SNR ratio within the
wire, leading to diminished SSIM as noise levels escalate.
In contrast, the B()) reconstructions exhibit high SNR, as
well as the characteristic offset associated with the lack of
regularizer selection.

The outcomes for the high-standoff regime are depicted
in Figs. 3(c) and 3(d). The SSIM plot indicates a consistent
score (SSIM~0.4) performance for the B(A = 1) recon-
structions, and reveals intriguing behavior for B(A = 0.1).
The A = 0.1 approach surpasses all other reconstructions
until reaching n; = 0.45, after which it exhibits a score
lower than the A =1 reconstruction. This phenomenon
can be explained as follows. At minimal noise levels,
the appropriate regularizer strength is closer to A ~ 0.1,
resulting in accurate resolution and noise rejection. Sub-
sequently, in this high-standoff scenario, with increasing
noise, there is a swift change in the required regularizer
strength, leading to a rapid decline in performance. This
analysis is extended by presenting the reconstructed den-
sities at n = n; in Fig. 3(c) for this case. The B(A = 0.1)
reconstruction correctly resolves the wire but exhibits sub-
stantial spurious noise outside the wire, as anticipated due

to the crossover at n = n;. In other words, the consistent
performance of the A = 1 method stems from the fact that
the regularizer strength is much larger than the optimal
value, resulting in effective noise rejection but significant
broadening overall. The optimal value of the regularizer
lies between the two extremes depicted. On the other hand,
the Fourier (Fyy, Fz) reconstructions show a very small
and decreasing similarity score SSIM<0.2, as can be seen
from the reconstructions in Fig. 3(d).

Therefore, we deduce that under conditions of very low
standoffs and moderate noise, the Fyy approach stands out
as a promising option for wide-field reconstructions when
provided with access to all in-plane measurement data. In
scenarios where only out-of-plane data are available, the 3
method demonstrates comparable or superior performance
compared to JF, at low standoffs. As standoff distances
increase, the utilization of Bayesian techniques becomes
imperative, with the B method consistently outperform-
ing F7 across all noise levels, even without the need
for regularizer tuning for moderate noise levels n < 7.
It is important to note that the distinction between low-
and high-standoff scenarios is representative and may be
influenced by factors such as wire length-scales relative
to image length and the amount of current in the wire,
impacting the SNR. The selection of a high current den-
sity magnitude of 100 A/m allows these two regimes to
be delineated at z € {0.1, 5} pwm, which can be realized by
varying the standoff in experimental settings.
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FIG. 4. Phase diagram of Bayesian advantage. The SSIM metric for the Bayesian and Fourier-XY reconstructions with the true
densities is computed as a function of the standoff z and the noise level 1, and their difference is shown. (a) Results for Gaussian noise.
(b) Results for scaled noise. Subpanels are for regularizer strengths (i) A = 0.1 and (ii) A = 1.0. The red and blue regions represent
Bayesian and Fourier advantage, respectively, and the dotted line marks the phase transition boundary.

C. Phase diagram

We now investigate the combined effects of 1 and z to
define and demonstrate Bayesian advantage. The standoff
and the noise are varied in the ranges z € [0, 10] pm, and
Ng/s € [0,2], respectively. To quantify Bayesian advan-
tage, we construct a map of the SSIM distance as a function
of n and z for the B and Fyy methods and define

d(z,n) = SSIM(z, n; B) — SSIM(z, n; Fxy), (1)

where SSIM(z,n; X) denotes the SSIM computed in
the case of standoff z, noise 75, and the algorithm
X € {B, Fxy}. Note that —1 < d(z,n) < 1, where d > 0
and d < 0 indicate Bayesian and Fourier-XY advantage,
respectively. The Fourier-XY method is chosen as a com-
parative candidate of Bayesian advantage owing to its
superior performance in the Fourier methods, and parame-
ters for both the algorithms are held constant.

The outcomes for d(z, ) are presented in Fig. 4 for (a)
Gaussian and (b) scaled noise, with subpanels illustrat-
ing the model selection for the Bayesian approach using
X € {0.1,1} in accordance with the earlier discussions.
The dashed line signifies a distinctive phase transition
(in the spirit of similar phase diagrams in optimization
dynamics; see, for instance, [36]) from Fourier to Bayesian
advantage, for which d(z, n) serves as an effective order
parameter. In the case of Gaussian noise in Fig. 4(a),
results indicate that at very low standoffs, there is no clear
preference for either of the two methods, as was seen in
Fig. 3(a). Additionally, for A = 1 in the Bayesian scenario,
the Fourier advantage region diminishes, suggesting that
adequate regularization in Bayesian optimization gener-
ally leads to improved reconstruction quality without the
need for regularizer tuning. In the case of scaled noise
in Fig. 4(b), similar to a “phase transition,” the results
show a notable contrast with a pronounced Fourier advan-
tage at low standoffs, as evidenced by the image contrast.
Moreover, the area of Fourier advantage is smaller in the

Gaussian noise case [Fig. 4(a)] than in the case of scaled
noise [Fig. 4(b)]. This is because Gaussian noise has a flat
and nondecaying spectrum for any 7, > 0, playing a more
detrimental effect in Fourier inversions.

Given the consistent Bayesian advantage in the pres-
ence of Gaussian noise, employing an adaptive regularizer
scheme would theoretically yield a d(z, ) plot that is con-
sistently positive. Furthermore, these findings indicate that
a significant portion of the experimental scenarios (quan-
tified here as the n-z plane) demonstrate the Bayesian
advantage. This necessitates a thorough discussion of such
Bayesian protocols on experimental data, which is con-
ducted in the following section.

III. RECONSTRUCTION FROM EXPERIMENTAL
MAGNETIC MAPS

In the previous discussions, we demonstrated how
inference-based protocols exhibit an advantage in current-
density reconstruction by studying simple uncorrelated
noise. In this section, we further show that the same models
indeed work on experimental data, presumably incurring
nonanalytical and correlated noise, and further exemplify
the Bayesian advantage. We now apply the reconstruc-
tion algorithms to three chosen experimental scenarios
to illustrate the points described via simulations in the
previous section. The regularizer selection—the search
for the optimal tradeoff A*—for Bayesian reconstructions
on the experimental data is performed using the /-curve
method and via an analysis of the total integrated cur-
rents. The /-curve method involves searching for a bending
point in a parametrized plot of the norm of the recon-
structed density |[f3||2 against the norm of the residual
[|M(jg) — B||> as the A parameter is varied (see [37,38]).
The key idea behind selecting a near-optimal regularizer
is to include correct prior information about the expected
current densities in the optimization process. Mathemati-
cally, we enforce a particular functional form, known as the
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FIG. 5. Analysis of the microspiral wire. (a) Experimentally acquired magnetic field map projected along a given N-J axis, with an
estimated standoff of z ~ 5 pm. (b) Reconstruction performed using the Fourier-Z (F;) method. (c),(d) Bayesian reconstructions for
two different regularizer strengths A € {0.06, 0.2} respectively. The dotted line marks the point xo = 68 wm in the reconstructions. (e)
I-curve showing a turn at A = 0.06. (f) Line-cut plots along the dotted line at x = xj. Scale bars are 30 um.

total-variation regularizer [39,40], which ensures smooth-
ness of the reconstruction by penalizing the first deriva-
tives. The strength of this prior is then controlled by the
parameter A. A small A =~ 0 fits to the data, which can
include the noise, and will produce exactly the same results
as the Fourier inversion in the case of no noise (7 = 0).
The ingenuity of the Bayesian methods lies in tuning the A,
to be able to control the tradeoff between fitting the exact
noisy data and rejecting the noise to reconstruct the correct
fields. Details of the regularizer selection method are out-
lined with the simulated microcoil wire as an instructive
example in the Supplemental Material [32].

A. Microspiral wire

The microspiral wire consists of two spiral coils
placed next to each other, carrying currents of opposite
polarity. The magnetic field image of the microspiral

obtained through N-J wide-field imaging is shown in
Fig. 5(a). We note that a lack of contrast at the left- and
rightmost arms of the wire is present owing to imperfec-
tions in the imaging. We reconstruct the current density
maps via F; and B using the out-of-plane B,-component
of the magnetic field.

The Fourier reconstruction is displayed in Fig. 5(b),
and the Bayesian reconstructions for regularizer strengths
A € {0.06,0.2} are depicted in Figs. 5(c) and 5(d), respec-
tively. A dashed line is positioned at xo = 68 pm for
further investigation through line-cuts. The selection of
A = 0.06 is determined from the /-curve illustrated in (e),
where the turning point is identified by the asymptotic lines
drawn. The challenging balance between data fitting and
noise rejection, given the wire’s current of 500 (LA, a high
standoff of approximately 5 pwm, and noise in the image
leads to a clear distinction between two asymptotic
regimes.
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Upon closer inspection, the Fourier image reveals
numerous spurious cutrents outside the wire region, reach-
ing up to 50% of the maximum value. Additionally, there is
a noticeable loss of resolution in the inner arms of the wire
in the Fourier image, particularly along the x = 68 pm
dotted line. Furthermore, the magnitude of the Fourier
image is inaccurate, resulting in a total integrated current
of 503(4) A at the x = 68 pwm line, significantly deviat-
ing from the expected value of 8 x 500 ~ 4000 WA due
to the wire’s eight arms. In contrast, the Bayesian recon-
struction for A = 0.06 exhibits precise resolution of the
inner arms, with the left- and rightmost arms remaining
unresolved. The total integrated current at x = 68 pwm is
4320(6) LA, aligning with the expected 4000 WA value.
With a larger strength of A = 0.2, fewer noise artifacts are
observed outside the wire, but the wire’s width increases,
resulting in a total current of 2661(5) wA. However,
due to increased regularization, this reconstruction offers
improved resolution of the left- and rightmost arms.

Line-cut plots along the dashed line of the current maps
at the position x = 68 um elucidate these observations.
The B cuts exhibit sharper resolution of the arms and less
noise outside the wire region. The resolution of the B(A =
0.06) line-cut is particularly evident, while the F plot dis-
plays reduced resolution of the arm at y = 100 pm and
an inaccurate magnitude of the density. Given the noise
and standoff conditions, the B(A = 0.06) reconstruction

emerges as the most favorable in the microspiral
wire.

B. Niobium wire

In contrast to the microspiral wire with large noise and
standoff, we now investigate the reconstruction algorithms
on a Nb wire [24], as shown in Fig. 6, carrying a high total
current of 20 mA leading to a high SNR, with a low stand-
off of z ~ 0.1 wm and a large wire-length to image-length
ratio. This experiment represents the polar opposite case
of the microspiral wire. According to the simulations and
as per the phase diagram analysis, we expect no Bayesian
advantage in this experiment. The vector magnetic field
maps are shown in Fig. 6(a). We observe that in the B,
map the field at the top and bottom edges of the image
is not fully decayed, being still around 25% of the max-
imum values, which is expected to cause artificial edge
currents in the F7 reconstructions due to data truncation.
We also note the presence of a physical defect in the mag-
netic images in a region around the point x = y = 45 um
(from the bottom-left corner).

The reconstructions utilizing the Fyy and F; methods
are respectively depicted in Fig. 6(b)(i),(ii). The Fxy illus-
trates an immaculate reconstruction, featuring a distinct
identification of the defect in the fields, absence of noise
artifacts, and a total integrated current of 20 mA atx = x;

Fxy Fz B(A=0.004) B(\=14.9)
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Analysis of the niobium wire. (a) Magnetic field data obtained from N-V wide-field imaging on the Nb wire, with a standoff

z ~ 0.1 wm. Data are taken from Ref. [24]. (b) Reconstructed current densities using the Fourier-XY and Fourier-Z methods, and
Bayesian reconstructions for A € {0.004, 14.9} with a dotted marked line at x; = 36 pm. (c)(i) The magnetic field two-norm distance
(left axis) and the total integrated current at x = x (right axis) for small regularizer strengths 0 < A < 0.1. (¢)(ii) The current at x = x;
(left axis) and the total averaged integrated current (right axis) for large regularizer strengths 5 < A < 30. (d)(i) Line-cut plots of the
density maps for the Fourier and Bayesian A € {0.004, 14.9}. (d)(ii) Line-cuts for Bayesian reconstructions with different regularizer

strengths A € {0.004, 14.9, 19.5(8), 23.3}. Scale bars are 15 pm.
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Analysis of the graphene wire. (a) Magnetic field data obtained from N-J wide-field imaging on the graphene device, with a

standoff of z ~ 20 nm. Data are taken from Ref. [17]. (b) Reconstructed density magnitudes using the Fourier and the Bayesian method
by using A € {0.9,2} with x, = 54 pm marked with a dotted line. (c)(i) Total integrated current entering from the left at x = 0 (left
axis) and average value of the total integrated currents (right axis) with A € {0.9, 2} marked. (c)(ii) /-curve showing a turn at A = 0.9.
(d) Line-cut plots along the dotted line at x = x,. All scale bars are 20 wm.

(indicated by the dotted line in the reconstructions). In
contrast, the F, image is derived after subtracting bias
to address artifacts induced by truncation effects, albeit
still exhibiting some edge artifacts towards the right of the
image. The total current in this case is 21(8) mA, deviating
from the expected value of 20 mA.

The Bayesian reconstructions are respectively displayed
in Fig. 6(b)(iii),(iv) for the regularizer strengths X €
{0.004, 14.9} . The selection of A = 0.004 is determined
from a plot of the residual norm ||M(fg) — B||> and the
total current at x = x; as functions of A, illustrated in
Fig. 6(c)(i) for small regularizer strengths A < 0.1. With
an increase in regularizer strength, critical points emerge
in both the total current at x = x; and the averaged total
currents, as depicted in Fig. 6(c)(ii) for A. Owing to the
absence of sufficient noise to indicate a turning point in the
[-curve, it is not shown here. The significant A points in
{14.9,19.58,23.3} exhibit similar reconstruction features;
thus, the reconstructed image for A = 14.9 is presented,
where both the average current and the current at x =
x1 align at approximately 20 mA. It is noteworthy that
the B(A = 0.004) reconstruction reveals sharper underly-
ing features, such as the defect, reporting a current of
21(7) mA at x;. In contrast, the B(A = 14.9) image, influ-
enced by the large regularizer, averages out finer features
but reports a current of 20(1) mA at x = x;. This empha-
sizes that the /-curve method is not always applicable in
experimental scenarios where the fitting and smoothen-
ing regimes are difficult to delineate, and thus an analysis

of the total integrated current and residual magnetic field
errors must be conducted in order to select A ~ A*. The
line-cut plot in Fig. 6(i) elucidates this point, and Fig. 6(ii)
shows the subtle difference between the Bayesian recon-
structions for different regularizer strengths. While the B
reconstructions show no edge artifacts and are superior to
the F, images, the Fxy method emerges superior owing to
this difficulty in the Bayesian trade-off.

C. Graphene wire

Finally, we apply the reconstruction algorithms on imag-
ing of a graphene wire using wide-field N-V imaging [17].
The standoff is again low (z ~ 20 nm) but the current pat-
tern is much more complex than in the Nb-wire case. The
results are shown in Fig. 7. The vector magnetic field maps
are shown in the three panels of Fig. 7(a). Before dis-
cussing the results, we note that the total current flowing
from the source (left) into the graphene channel is 700 WA
which, along with the fine features of the graphene wire,
implies a low SNR in the image.

The reconstructions for the Fyy and F, cases are
depicted in Fig. 7(b)(i),(ii), while the outcomes for the
B algorithm, employing two different regularizer values,
A € {0.9,2.0}, are illustrated in Fig. 7(b)(iii),(iv). A dot-
ted line at x, = 53(5) wm serves as a reference point for
subsequent line-cut analyses, as shown in Fig. 7(d). The
plots pertaining to regularizer selection for the B method
are presented in Fig. 7(c).

014015-9



SIDDHANT MIDHA et al.

PHYS. REV. APPLIED 22, 014015 (2024)

Upon visual examination, the reconstructions of the Fyy
and F; cases exhibit notable similarity, with moderate
edge artifacts apparent in the F, reconstruction. This out-
come aligns with expectations, as the magnetic field B,
experiences significant decay towards the top and bottom
sides of the sample image, resulting in minimal trunca-
tion artifacts. However, both Fourier reconstructions dis-
play considerable Gaussian noise, evident in the density
maps and the total integrated current at x = 0, measuring
956(7) pA for Fyy and 1271(4) pA for F,. Both values
deviate significantly from the anticipated 700 pwA.

In contrast, the Bayesian reconstructions do not exhibit
Gaussian noise outside or on the wire, although the A = 0.9
reconstruction displays minor aberrations beyond the wire
region, which are observed to diminish in the A = 2 case.
The choice of A = 0.9 was determined from the turn in
the /-curve shown in Fig. 7(d)(i), yet the total integrated
current at x = x; reaches 700 pA at A = 2 [Fig. 7(d)(ii)].
While the total current at x, and the total average cur-
rent, plotted in the two axes of Fig. 7(d), both converge to
approximately 700 WA at a higher strength of A = 4.7, the
reconstruction at such high regularization appears exces-
sively smoothed, lacking the finer details of current flow in
the wire. Additionally, the A = 0.9 reconstruction reports
a total entering current of 772 wA—showing significantly
less deviation than the Fourier methods—while the A = 2
reconstruction shows an entering current of 695(7) pA.
This further underscores that the /-curve, when combined
with the total current, offers a reliable method for select-
ing the appropriate regularization in Bayesian algorithms
for wide-field imaging scenarios. The line-cut plots in
Fig. 7(e) support this analysis by illustrating (1) the edge
artifacts in the F case, (2) noise in both Fourier images,
(3) overestimation at A = 0.9, and (4) a noise-free solution
at L = 2, consistent with the maximum values set by the
Fourier methods.

IV. CONCLUSIONS

In conclusion, we present a thorough comparison
between Fourier-based and Bayesian reconstruction algo-
rithms using synthetic data with simulated noise models
and experimental data obtained from wide-field N-V dia-
mond magnetometry. Our findings indicate that, when
only out-of-plane magnetic field data are available, the
Bayesian method outperforms the out-of-plane Fourier
method in several regimes. This superiority stems from the
Bayesian method’s systematic noise rejection and ability
to reconstruct the underlying density with high resolu-
tion. Conversely, the out-of-plane Fourier method tends
to incorporate sensing noise into the reconstruction out-
side the wire, displaying edge artifacts. In the realm of
vector magnetometry, the in-plane Fourier method yields
optimal reconstructions under low standoffs and moderate
noise conditions. However, the Bayesian algorithm proves

advantageous in scenarios involving high standoffs and/or
substantial noise, delivering accurate current density mag-
nitudes and sharp resolution. We have outlined a method
for selecting the regularizer strength A based on a rough
understanding of the typical standoff in an experiment.
This approach has resulted in physically accurate recon-
structions with correct total currents and minimal aber-
rations. This work establishes a foundation for applying
recently proposed Bayesian algorithms to magnetic fields
acquired in a standard wide-field N-V center quantum dia-
mond microscope. Additionally, it extensively discusses
the limitations associated with existing Fourier methods.
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