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Electronic Wigner-molecule polymeric chains in elongated silicon quantum dots
and finite-length quantum wires
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The spectral properties of electrons confined in a wirelike quasi-one-dimensional (1D) elongated quan-
tum dot coupler between silicon qubits are investigated with a valley-augmented unrestricted Hartree-Fock
(VAUHF) method, generalized to include the valley degree of freedom treated as an isospin, allowing
calculations for a large number of electrons. The lower-energy symmetry-broken solutions of the self-
consistent generalized Pople-Nesbet equations exhibit, for a confinement that has been modeled after
an experimentally fabricated one in silicon, the formation of Wigner-molecule polymeric (longitudi-
nal) chains, which are initiated through charge accumulation at the edges of the finite-length quasi-1D
wire. An increasing number of parallel zigzag chains form as the number of electrons loaded into the
confinement is increased, with the formation of newly added chains determined by the strength of the
transverse harmonic confinement. The broken-symmetry VAUHF solutions, subsequently augmented by
the quantum mechanically required parity restoration, go beyond the VAUHF single-determinant solution,
predicting the formation of entangled Wigner-molecule chains, the charge distributions of which obliterate
the zigzag organization of the broken-symmetry solutions. The symmetry-restored VAUHF methodology
enables systematic investigations of multielectron-complex nanoscale confined structures that could be
targeted for future imaging-microscopy experiments in silicon and other materials (e.g., 1D domain walls
in transition-metal dichalcogenide materials) and quantum information utilization.
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I. INTRODUCTION

Quantum dot (QD) qubits are fundamental elements
for semiconductor-based solid-state quantum computing
architectures [1–3]. One of the central challenging issues in
constructing scalable quantum processors is that of quan-
tum chip large-scale integration, allowing the transfer of
information between computing qubits while preserving
information during transfer.

Currently, attention is focused on patterned gate-
controlled elongated quantum dots (EQDs), enabling
coherent transfer of spins between relatively distant quan-
tum dot qubits [4–7], thus reducing the complexity and
technical difficulties that accompany short-distance mul-
tidot couplers. To overcome the challenges of design-
ing qubit coupling strategies, recent developments [6,7]
focus on silicon-based nanodevices [1,2] guided by (i) the
long coherence gained via the use of enriched 28Si sub-
strates; (ii) the successful demonstration of Si-based high-
speed operation and high-fidelity-spin quantum qubits; and
(iii) the vast investment made in the industry and the
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ensuing infrastructure availability, as well as the scientific
experience already gained with Si-based technologies.

Here, we aim to gain fundamental insights into the
many-body quantum nature of the electronic states in such
patterned long-distance-coupling EQDs. Such an under-
standing is imperative for enabling theory-guided fabri-
cation and integration of these elements into solid-state
Si-based quantum information devices. Our main finding
is that the extended nature of the (wirelike) EQD results in
conditions where the interelectron-repulsion energy dom-
inates over the electron quantal kinetic energy. These
conditions underlie the emergent formation of pinned
Wigner molecules (WMs), exhibiting a general architec-
ture of parallel chains. Quantum WMs (manifesting slid-
ing [8] or pinned geometrical configurations) have been
predicted theoretically (see, e.g., Refs. [9–17]), and sub-
sequently confirmed experimentally in several material
systems [(Ga,Al)As single QDs [18,19], GaAs double
QDs [20–22], Si QDs [23,24], carbon nanotubes [25] ],
and most recently, in agreement with the latest theoretical
predictions [26,27], in moiré superstructures in transition-
metal dichalcogenide (TMD) materials [28].

Naturally, one proceeds by formulating the many-
body Hamiltonian describing the wirelike EQD, and
by numerically solving the corresponding Schrödinger
equation. The most accurate method to this effect is exact
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diagonalization through the use of the full-configuration
interaction (FCI) [14,16,22,24,29,30], which is limited to
systems containing up to about ten confined electrons,
whereas the systems of relevance for qubit couplers are
expected to consist of a much larger number of elec-
trons. Accordingly, we employ the unrestricted Hartree-
Fock (UHF) [9,11,16,31], which refers to a family of
self-consistent-field calculation techniques.

The UHF methodology uncovers the formation of crys-
tallinelike space-symmetry-broken charge densities (CDs),
which are finite-size analogs of the Wigner-crystal chains
investigated previously theoretically in the classical limit
[32] and in the context of Heisenberg chain modeling
[33], as well as investigated experimentally for very long
GaAs/(Al,Ga)As wires [34,35].

A proper quantum mechanical description requires the
restoration [11,16,36] of the UHF broken symmetries with
respect to all the symmetry operations commuting with
the system Hamiltonian. Such symmetry restoration is
implemented here with respect to the y-parity symmetry
about the long x axis of the EQD. We discover that the
parity-symmetry-restored solutions yield a substantially
improved description of the CDs compared to those given
by the broken-symmetry UHF solutions. Moreover, this
improvement, involving an extension beyond the varia-
tional UHF single-determinant ansatz, proves to be most
efficient, entailing a rather minimal computational cost for
systems involving a relatively large number (dozens) of
electrons.

Furthermore, the present implementation of the UHF
method requires consideration of the valley degree of free-
dom, which is present in silicon nanostructures, treated
here as a pseudospin (along the spin). This requires modi-
fications (employed in this paper; see Sec. III) of the UHF
Pople-Nesbet equations [9,11,16] formulated originally in
quantum chemistry for the case of natural molecules [31].
We interchangeably refer to our calculations as UHF or
valley-augmented UHF (VAUHF).

II. MANY-BODY HAMILTONIAN

We consider a squarelike slightly asymmetric confining
potential along the lateral long axis (the x axis) of the EQD
specified by

UL(x) = ξ |x/x0|9�(−x)+ ξ(x/x0)
10�(x), (1)

where �(x) is the Heaviside step function, x0 = 50 nm,
and ξ = 0.1 meV. This confinement corresponds to the
EQD (referred to also as jellybean QD) fabricated (includ-
ing the above-noted slight asymmetry) and investigated in
Ref. [6]. The total confinement is given by

U(x, y) = UL(x)+ UT(y), (2)
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FIG. 1. Illustration of the Viking-longboat-type total confin-
ing potential, U(x, y), used. Square-type lateral potential, UL(x),
along the x axis is given by Eq. (1). Transverse harmonic poten-
tial, UT(y), along the y direction corresponds to �ωy = 10 meV
and to an effective electron mass of m∗ = 0.19me (appropriate for
silicon).

where UT(y) = m∗ω2
y y2/2 is a harmonic potential along

the transverse y direction; m∗ = 0.19me is the effective
electron mass for Si and �ωy is the harmonic quantum in
the transverse y direction.

An illustration of U(x, y) is presented in Fig. 1. Fur-
thermore, an illustration of the associated (single-particle)
spectrum (with �ωy = 2.5 meV and m∗ = 0.19me) is plot-
ted in Fig. 2.

The relevant many-body Hamiltonian is given by

HMB =
N∑

i=1

(
p2

i

2m∗ + U(ri)

)
+ e2

κ

N−1∑

i=1

N∑

j>i

1
|ri − rj | , (3)

where κ is the dielectric constant.

FIG. 2. Illustration of the single-particle spectrum of electrons
in the potential, U(x, y), used to model the elongated QD inves-
tigated herein. For the parameters, see the text. Labels for the
single-particle space orbitals are as follows: nx, number of nodes
in the x direction; ny , number of nodes in the y direction.
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III. THE VALLEY-AUGMENTED UNRESTRICTED
HARTREE-FOCK FOR NANOSYSTEMS

Due to strain in Si/SiGe quantum wells and (interfacial)
quantum dots (in particular, in heterostructure semicon-
ductors) and higher subband quantization energy in metal-
oxide-semiconductor devices, the energies of the (four)
in-plane Si valleys are raised, resulting in two remaining
degenerate valleys. Here, as is the case for the general
practice for the Si QDs [1], we consider that the valley
degree of freedom (VDOF) only consists of the low-energy
twofold band.

As elaborated in Ref. [24], to characterize and clas-
sify the VDOF of the two remaining valleys, we consider
here an isospin designation that is constructed in analogy
[including the SU(2) algebra generated by the i-multiplied
Pauli matrices] with that of the regular spin of the elec-
trons (replacing Ŝ with V̂ when referring to the VDOF).
Obviously, in the absence of two-body interactions, the
occupation of the single-particle energy states [37] in the
QDs would depend on an interplay between the confine-
ment (including an applied magnetic field) and the spin
and valley effects. For the case of two-valley degeneracy
(considered here), this interplay results in “quadrupling” of
the spectrum (four degenerate states for each confinement
state, each corresponding to a different spin and valley).

Here, we introduce the VAUHF for solving the many-
body problem specified by the Hamiltonian, HMB, defined
in Eq. (3). Accordingly, one introduces a basis set of spa-
tial single-particle orbitals, ϕμ(x, y), μ = 1, . . . , K , which
are given by the K lowest-energy solutions of the auxiliary
single-particle Hamiltonian:

H core =
N∑

i=1

(
p2

i

2m∗ + U(ri)

)
. (4)

For clarity and convenience, these solutions are sorted in
ascending energy.

Subsequently, for the four families of VAUHF spin-
isospin orbitals [38], ψαζ

i αζ , ψβζ
i βζ , ψαη

i αη, ψβη
i βη,

where α (β) denotes up (down) spins, ζ (η) denotes up
(down) isospins [i.e., electrons in the first (second) valley],
one considers the following expansions:

ψ
αζ
i =

K∑

μ=1

Cαζμi ϕμ,

ψ
βζ
i =

K∑

μ=1

Cβζμi ϕμ,

ψ
αη
i =

K∑

μ=1

Cαημi ϕμ, (5)

ψ
βη
i =

K∑

μ=1

Cβημi ϕμ,

i = 1, 2, . . . , K .

Then, following similar steps to those reported in Chap.
3.8.2 of Ref. [31], we derive the following generalization
of the Pople-Nesbet equations:

∑

ν

Fαζ
μνCαζνj = ε

αζ
j

∑

ν

SμνC
αζ
νj ,

∑

ν

Fβζ
μνCβζνj = ε

βζ
j

∑

ν

SμνC
βζ
νj ,

∑

ν

Fαη
μνCαηνj = ε

αη
j

∑

ν

SμνC
αη
νj ,

∑

ν

Fβη
μνCβηνj = ε

βη
j

∑

ν

SμνC
βη
νj ,

j = 1, 2, . . . , K .

(6)

with the Fock-operator matrices being given by

Fαζ
μν = H core

μν +
∑

λ

∑

σ

PT
λσ [(μν|σλ)− Pαζλσ (μλ|σν),

Fβζ
μν = H core

μν +
∑

λ

∑

σ

PT
λσ [(μν|σλ)− Pβζλσ (μλ|σν),

Fαη
μν = H core

μν +
∑

λ

∑

σ

PT
λσ [(μν|σλ)− Pαηλσ (μλ|σν),

Fβη
μν = H core

μν +
∑

λ

∑

σ

PT
λσ [(μν|σλ)− Pβηλσ (μλ|σν),

(7)

and ε
αζ
j , εβζj , εαηj , εβηj being the energies for the spin-

isospin VAUHF orbitals. Because the ϕμs are eigenfunc-
tions of H core, one has Sμν = δμν for their overlaps. The
two-body Coulomb matrix elements are given by

(μν|σλ) = e2

κ

∫
dr1dr2ϕ

∗
μ(r1)ϕν(r1)r−1

12 ϕ
∗
σ (r2)ϕλ(r2),

(8)

with r−1
12 = 1/|r1 − r2|.

In Eq. (7), the partial density matrices are given by

Pαζμν =
Nαζ∑

a

Cαζμa(C
αζ
νa )

∗, Pβζμν =
Nβζ∑

a

Cβζμa(C
βζ
νa )

∗,

Pαημν =
Nαη∑

a

Cαημa(C
αη
νa )

∗, Pβημν =
Nβη∑

a

Cβημa(C
βη
νa )

∗.

(9)
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The total-density matrix is defined as

PT = Pαζ + Pβζ + Pαη + Pβη, (10)

and

Nαζ + Nβζ + Nαη + Nβη = N . (11)

The energy eigenvalues (εαζj , εβζj , εαηj , εβηj ) and expan-
sion coefficients (Cαζνj , Cβζνj , Cαηνj , Cβηνj ) are obtained via
self-consistent solutions of Eq. (6).

We note that, unlike the valleytronic FCI [24], the
VAUHF does not conserve the total spin, Ŝ2, and total
valley, V̂2, quantum numbers; it only conserves their
projections Sz and Vz.

IV. VAUHF CHARGE DENSITIES

For N = 4 − 18 fully spin and valley polarized (Sz =
Vz = N/2) electrons and �ωy = 2.5 meV, Fig. 3 contrasts
the UHF CDs at κ = 11 (silicon, top rows) to those associ-
ated with the noninteracting limit (NIL; at maximum occu-
pation per orbital, κ = 300, and �ωy = 2.5 meV, bottom
rows). For all the strongly interacting electron cases, the

UHF densities exhibit explicit configurations of N well-
defined humps, reflecting the formation of pinned WMs,
associated with the regime of strong interelectron correla-
tions. In contrast, the NIL CDs conform to those expected
from (Aufbau) shell closures in the U(x, y) confinement,
with a fourfold period (due to both the spin and valley)
being clearly visible for N = 5 − 8 [when the (1x, 0y)

orbital of the confining potential, U(x, y), is sequentially
occupied (see also Fig. 6); here (nx, ny) denotes the number
of nodes in the x and y directions].

In Fig. 8 of Appendix A, we demonstrate that the CDs
shown in Fig. 3 (see also Fig. 9), calculated for the spin
and valley fully polarized (Sz = Vz = N/2) electrons, are
essentially identical to the CDs for the VAUHF states with
minimal spin, Sz, and isospin, Vz, projections (0 for even N
or ±1/2 for odd N ). This finding concurs with the magne-
tospectroscopy measurements [6], where it has been found
that the “jellybean” quantum dot studied in these exper-
iments lacks a visible spin structure for similar electron
numbers to those investigated herein.

We recall that the strength of correlations is often
expressed via the Wigner parameter [9,16], RW = EC/δ,
defined as the ratio of a typical interelectron repulsive
Coulombic energy, EC, over a typical energy gap, δ, in the

0.0068

N = 4 N = 5 N* = 6 N = 7 N = 8

–83.3

N = 9 N = 10 N* = 11 N = 12 N = 13

N = 14 N = 15 N = 16 N = 17 N = 18

83.3 (nm)0
0.0

0.0043

FIG. 3. UHF ground-state CDs for N = 4 − 18 electrons in a silicon elongated quantum dot (∼110 nm long), with a transverse
confinement of �ωy = 2.5 meV. For each N , the CD is shown for strongly repelling electrons (κ = 11) at the top, and the CD for
electrons in the noninteracting limit is shown at the bottom. Noninteracting CDs (at maximum occupation per orbital, large κ = 300,
and �ωy = 2.5 meV) are exhibited for all N single-row structures of a delocalized-particle nature and obey the shell-filling Aufbau
rule (following spin- and isospin-exclusion rules; see text). In contrast, the strongly interacting electron CDs exhibit a transition from
linear Wigner-molecule structures for N ≤ 5 to a single zigzag chain at N ∗ = 5 and to a double zigzag chain at N ∗ = 11, which are
initiated via charge accumulation occurring at the ends of the EQD. Colored bars (bottom right) indicate the charge-density scale (in
units of 1/nm2). For details, see the text.
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single-particle spectrum of U(x, y); naturally, the strong-
interaction regime is expected for RW > 1, accompanied
by WM formation. For the squarelike confinement here,
we take EC as the two-body matrix element of the Coulomb
interaction for two electrons occupying the nodeless low-
est (0x, 0y) orbital, and for δ we take the difference between
the energies of the (0x, 0y) and (1x, 0y) orbitals. For the
EQD investigated here, we have RW = 23.04 for κ = 11
and �ωy = 2.5 meV, RW = 29.14 for κ = 11 and �ωy =
10 meV (strong interactions, case of the Si QD), and RW =
0.84 for κ = 300 and �ωy = 2.5 meV (noninteracting
limit).

A prominent feature of the WM configurations is the
successive formation, with increasing N , of complex poly-
meric multiple chainlike arrangements, reminiscent of the
classical Wigner-crystalline chains associated with the
equilibrium configurations of classical point charges [32]
in infinite-length wires. Naturally, the presence of the
squarelike edges here perturbs the perfect-chain forma-
tions of the infinite-length wires by forcing an accumu-
lation of charges at the edges. The well-known zigzag
configuration, however, is visible away from the edges
of the EQDs for N = 7 − 11 (single zigzag) and N =
14 − 18 (double zigzag).

We note that a single row appears for N = 1 − 5, while
a second row starts developing at N = 7, with N = 6 being
a transitional stage. A third row starts developing at N =
11, while transitional cases towards a fourth row appear at
N = 17 and N = 18, with four electrons accumulating in
a line along the y direction at the edges.

Figure 4 displays the UHF CDs for fully spin and val-
ley polarized N = 1 − 20 electrons for a tighter transverse
confinement with �ωy = 10 meV. These CDs again exhibit
organization with Wigner-chain-like features; the main dif-
ference from the �ωy = 2.5 meV case [see Fig. 3] is a
delay in the appearance (as a function of N ) of the tran-
sition regions between multiple chains. In particular, the
single-chain transitions to a double zigzag chain at the
region N = 12 − 14, with the double chain starting to form

from the edges [39]; this behavior is related to the accu-
mulation of charge at the sharp squarelike edges of the
confinement along the x direction. Notably, due to this
delay, the third row does not appear in Fig. 4 in the range
N = 1 − 20; for �ωy = 10 meV, a third row is expected to
develop at larger values of N .

V. RESTORATION OF PARITY ALONG THE
TRANSVERSE y DIRECTION

The broken-symmetry UHF solutions violate a funda-
mental axiom of quantum mechanics, namely, that the
single-particle CDs must preserve the symmetries of the
many-body Hamiltonian. Here, we take the first step in
rectifying this UHF inadequacy by restoring the parity
symmetry along the transverse y direction, which is asso-
ciated with a symmetric harmonic confinement, UT(−y) =
UT(y); note that the confinement along x is taken to be
slightly anisotropic (in accordance with the experimentally
fabricated jellybean confinement [6]).

To restore the y-parity symmetry, we apply the pro-
jection operator on the UHF Slater determinant, �UHF:
[16,36,40]

�̂ = 1
2
(1 + pP̂y), (12)

with p = ±1. P̂y is the many-body parity operator, which
inverts the y coordinates for all electrons, namely, P̂y =∏N

i=1 P̂(i)y , about the x axis.
The charge density associated with the projected wave

function, �PUHF = �̂�UHF, is given by

ρPUHF(r) = N 〈�UHF|�̂
N∑

i=1

δ(ri − r)�̂|�UHF〉, (13)

where the factor N imposes normalization. The expan-
sion of the symmetry-restored charge density in Eq. (13)
is explicitly displayed in Eq. (C1) of Appendix C.

–97.2

0.0049

N = 6 N = 7 N = 8 N = 9 N = 10

N = 1 N = 2 N = 3 N = 4 N = 5

N = 11 N* = 12 N = 13 N = 14 N = 15

N = 16 N = 17 N = 18 N = 19 N = 20

0.0062

0.0075

0.0088

0.097.2 (nm)0

FIG. 4. UHF ground-state CDs for N = 1 − 20 electrons for a silicon EQD with a transverse confinement of �ωy = 10 meV. κ = 11,
appropriate for silicon (strong interaction). CDs exhibit a transition from one-row Wigner-molecule structures for N ≤ 11 to a zigzag
chain for N ≥ N ∗ = 12, which are initiated via charge accumulation occurring at the two ends of the EQD (see N = 12 − 14), with
the zigzag pattern fully developed for N = 15 − 20. For a larger number of electrons, a three-row zigzag chain structure emerges (not
shown). Colored bars (on the right) indicate the charge-density scale (in units of 1/nm2).
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The projected total energy is given by [16,36]

EPUHF = 〈�UHF|H�̂|�UHF〉
〈�UHF|�̂|�UHF〉

. (14)

Equations (13) and (14) are calculated using the property
P̂(i)y Yn(y) = �nYn(y), where �n = (−1)n, n = 0, 1, 2, . . .
and Yn(y) are the good-parity eigenfunctions of UT(y).

Several CD results of this parity restoration are dis-
played in Fig. 5; it is apparent that the zigzag motif gets
obliterated by parity restoration. Whether a zigzag or a
symmetry-restored CD will be the actual finding in a
quasi-one-dimensional (1D) system may depend, in prac-
tice, on several additional factors, including the presence

0.0083

–97.2

–97.2 97.20 (nm)

N = 15

N = 8 N = 9

N = 16

N = 17

N = 18

0.0

N = 11 N = 14
0.0035

0.0
97.2 (nm)0

(b)

(a)

FIG. 5. Parity-restored CDs for a silicon EQD. (a) Transverse
confinement of �ωy = 2.5 meV. N = 8, 9, 11, 14 fully spin and
valley polarized electrons. (b) Transverse confinement of �ωy =
10 meV. N = 15 − 18 fully spin and valley polarized electrons.
In both cases, κ = 11, which is appropriate for silicon (strong
interaction). Symmetry-broken UHF CDs, corresponding to the
restored ones shown in (a),(b), are given in Figs. 3 and 4, respec-
tively. Obviously, only symmetry-broken UHF wave functions
undergo symmetry restoration. CDs in units of 1/nm2.

of impurities, the length of the system, and the value
of the effective mass. Indeed, the longer the system, the
higher the expectation of a broken-symmetry CD. Inter-
estingly, because of the much larger mass compared to
electrons, the CDs of trapped heavy ions are routinely
found experimentally to exhibit broken-symmetry struc-
tures, including zigzag chains. Nevertheless, in spite of the
large mass of the ions, the superposition (or entanglement)
of both the “zig” and “zag” configurations is quantum
mechanically allowable, and recently it has been observed
experimentally [41].

Even though it is expected that (due to the much
smaller electronic mass) the actual CDs of electrons in
EQDs and finite-length wires would conform to those
produced through the symmetry-restoration correction, a
promising experimental opportunity emerged recently in
the case of 1D domain walls in TMD bilayers [42], where
rapid progress in STM imaging could differentiate between
symmetry-broken and symmetry-preserving CDs.

VI. SECOND ENERGY DIFFERENCES

The second difference of the total energies, �2 =
E(N + 1)+ E(N − 1)− 2E(N ), corresponding to the
VAUHF electronic configurations shown in Figs. 3 and 4
are shown in Fig. 6. Also shown is the noninteracting
case (at maximum occupation per orbital, κ = 300, and
�ωy = 2.5 meV), which exhibits shell closures at N = 4,
8, 12, and 16, according to the Aufbau principle, with the
period of 4 resulting from both the spin and valley degrees
of freedom. This noninteracting behavior contrasts sharply
with that of the strong-interaction cases, where polymeric
WM chains are formed. We note that �2 is proportional to
the capacitance of the EQD.

N
4 8 12 16

0.5

2.0

4.0

10

0.0

2.5

NIL

� 
  (

me
V)

  
2

6
12 11

FIG. 6. UHF second energy differences, �2. Curves associ-
ated with �ωy = 2.5 meV and �ωy = 10 meV for κ = 11 (strong
interaction), as well as with the noninteracting limit (at maxi-
mum occupation per orbital, κ = 300, and �ωy = 2.5 meV) are
as noted. Arrows denote the transition sizes (N ∗) between the
multiple chains marked in Figs. 3 and 4.
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VII. AN EXAMPLE OF A COMPARISON WITH
FULL-CONFIGURATION INTERACTION

In Fig. 7, we present the case of a comparison between
UHF and parity-restored UHF charge densities with those
from the corresponding FCI [22,24] calculation. We
choose the case of an elliptical external two-dimensional
potential that confines N = 4 conduction electrons for a
one-band (no valley present) semiconductor material.
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m
)

FIG. 7. Comparison of (a) symmetry-broken UHF, (b)
y-parity-restored UHF, and (c) FCI CDs for the associated
ground states of N = 4 electrons at zero magnetic field in a sin-
gle elliptic quantum dot, with an effective mass of m∗ = 0.067me
and a potential confinement specified by �ωx = 3.00 meV and
�ωy = 5.64 meV. Dielectric constant used is κ = 1. In (a),(b),
Sz = 0. In (c), S = Sz = 0. Lengths in units of nm. Charge den-
sities in units of 1/nm2. Charge densities are normalized to the
total number of fermions, N = 4. Dashed lines are a guide to the
eye; in (b),(c), they delineate two mirror trapezoids.

The UHF CD in Fig. 7(a) displays a broken-symmetry
zigzag configuration. However, the restoration of parity
along the y axis in Fig. 7(b) (which also restores x par-
ity in this example) produces a configuration of two mirror
trapezoids, which are formed by the spreading out (along
the x axis) of the two middle sharp single-electron humps
in Fig. 7(a). In this context, note the reduction in height
of the corresponding broad humps in Fig. 7(b). The parity-
restored UHF CD in Fig. 7(b) is in good agreement with
the FCI CD in Fig. 7(c). Naturally, the FCI solution dis-
plays a certain degree of additional relaxation effects in the
CD humps.

VIII. DISCUSSION AND CONCLUSIONS

We introduced a generalization (referred to as VAUHF)
of the unrestricted Hartree-Fock methodology [9,11,16,
31] that incorporated the valley degree of freedom on
an equal footing to the electronic spin. Furthermore, we
explored an augmenting symmetry- (here, parity-) restora-
tion step applied to the symmetry-broken VAUHF (going
beyond the single-determinant description) that amplified
and improved the quantum mechanical description of the
considered nanosystem [11,16,36]. This VAUHF method-
ology is able to effectively and economically investigate
the physics of double-quantum-dot-based Si qubits for a
number of charge carriers much larger than the number
accessible with FCI approaches [14,16,22,24,29,30]. The
close agreement between the results of charge densities
obtained via the symmetry-restored UHF methodology and
those evaluated by full-configuration (exact diagonaliza-
tion) computations is illustrated in Fig. 7.

A pioneering VAUHF application was presented here
for the case of an elongated [7] (also referred to as a
jellybean [6]) Si QD. EQDs have been proposed as long-
distance couplers between solid-state qubits, thus enabling
an effective solution to the problem of scalability [4–7].
Our calculations for a typical Si EQD revealed a strongly
correlated regime as a particular case of Wigner molec-
ularization [9,11,16,17], with the electrons organized in
polymeric multichain arrangements, which were finite-size
analogs of the infinite Wigner chains considered previ-
ously [32–35]. In this context, we note that our results
agreed with the experimental findings of Ref. [7] that the
charge was “well distributed” along the long lateral axis
of the EQD, whereas Ref. [6] concluded that the elec-
trons bunched together, forming several separated QDs.
Instead of separated QDs, our investigations suggest that
the fragmentation in the transverse direction associated
with the formation of multiple chains may explain the
variety of conductance behaviors reported in Ref. [6]. Con-
ductance calculations between quantum dots coupled to
the elongated coupler element, based on the many-body
restored-parity VAUHF wave functions, will constitute a
promising follow-up step of this work.
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Finally, we note that the VAUHF findings could be fur-
ther confirmed with an experimental platform associated
with 1D domain walls in twisted TMD bilayers [42].
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APPENDIX A: SOME CASES OF CHARGE
DENSITIES FOR VAUHF STATES WITH

MINIMUM SPIN AND ISOSPIN POLARIZATION

In Fig. 8, we demonstrate that the VAUHF CDs shown
in Fig. 3, calculated for the spin and valley fully polar-
ized electrons, are essentially identical to the CDs for the
VAUHF states with minimal spin, Sz, and isospin, Vz, pro-
jections; see the caption for specific values. This finding
concurs with the magnetospectroscopy measurements [6],
where it has been found that the jellybean quantum dot
studied in these experiments lacks a visible spin structure
for similar electron numbers to those investigated herein.
To facilitate a direct comparison, in Fig. 9 we display the
corresponding fully spin and isospin polarized (Sz = Vz =
N/2) VAUHF CDs.

–83.3 83.3 (nm)0 

0.0

0.0043

(a) (b)

(c) (d)

(e) (f)

FIG. 8. Ground-state VAUHF charge densities for N = 4 −
9 fermions in the same elongated-dot confinement as that
employed in Fig. 3 of the main text, associated with states
with minimum spin and isospin polarizations, as follows: (A)
Sz = 0, Vz = 0, N = 4. (B) Sz = 1/2, Vz = 1/2, N = 5. (C)
Sz = 0, Vz = 0, N = 6. (D) Sz = 1/2, Vz = −1/2, N = 7. (E)
Sz = 0, Vz = 0, N = 8. (F) Sz = 1/2, Vz = 1/2, N = 9. Square-
like potential UL(x) along the x direction is given by Eq. (1) in
the main text, with x0 = 50 nm and ξ = 0.1 meV. Harmonic con-
finement UT(x) along the y direction has �ωy = 2.5 meV. Other
parameters used are effective mass, m∗ = 0.19me, and dielectric
constant, κ = 11. Charge densities in units of 1/nm2.

–83.3 83.3 (nm)0 

0.0043

0.0

(a) (b)

(c) (d)

(e) (f)

FIG. 9. Fully spin and isospin polarized (Sz = Vz = N/2)
VAUHF CDs for N = 4 − 9 to be contrasted with those in Fig. 8.
Parameters are the same as in the corresponding frames in Fig. 8.
CDs in units of 1/nm2.

APPENDIX B: AN EXAMPLE OF CALCULATIONS
OF PROJECTED ENERGIES

According to Eqs. (12)–(14) of the main text, there
are always two projected states, �PUHF, with good par-
ity eigenvalues p = ±1 for each mixed-parity state, �UHF.
The top panel of Fig. 10 demonstrates that one of the
symmetry-restored states always has an energy lower (at
most equal to) than the broken-symmetry UHF state. The
bottom panel of Fig. 10 displays the expectation value of
the parity operator, 〈UHF|P|UHF〉, which varies between
−1 and +1. Notably, as a function of an increasing dielec-
tric constant, κ , the negative-parity projected ground state
is replaced by the positive-parity one, closely following the
behavior of the expected value.

FIG. 10. Energy difference (top), �E± = EPUHF − EUHF,
and expectation value of the parity operator (bottom),
〈UHF|P |UHF〉, for N = 7 fully spin and valley polarized
electrons as a function of the dielectric constant κ . Subscript
± corresponds to the two eigenvalues p = ±1 entering in
the definition of the parity-projection operator; see Eq. (12)
of the main text. Parameters used are m∗ = 0.19me and
�ωy = 2.5 meV.
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APPENDIX C: CLARIFICATION CONCERNING THE COMPACT EXPRESSION IN EQ. (13) OF THE
MAIN TEXT

Denoting the VAUHF Slater determinant as�(x, y) (we drop the subscript UHF here), its mirror image about the x axis
is given by�(x, −y), and the y-parity-restored wave function is ∝ �(x, y)+ p�(x, −y), with p = ±1. Then, because the
Slater determinant, �(x, −y), is, in general, not orthogonal to �(x, y), the expectation value of an operator O is given by

〈�(x, y)|O|�(x, y)〉 + p〈�(x, y)|O|�(x, −y)〉 + p〈�(x, −y)|O|�(x, y)〉 + 〈�(x, −y)|O|�(x, −y)〉
〈�(x, y)|�(x, y)〉 + p〈�(x, y)|�(x, −y)〉 + p〈�(x, −y)|�(x, y)〉 + 〈�(x, −y)|�(x, −y)〉 . (C1)

The operator associated with the charge density is a one-body operator,
∑N

i=1 δ(r − ri).
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