
PHYSICAL REVIEW APPLIED 21, 064058 (2024)

Quasi-ideal feedback-loop supercurrent diode
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We suggest using a device called the bootstrap superconducting quantum interference device (BS
SQUID) to break the reciprocity in charge transport. This device uses magnetic flux backaction to cre-
ate a nonreciprocal current-voltage characteristic, which results in a supercurrent rectification coefficient
of up to approximately 95%. The BS SQUID works as a quasi-ideal supercurrent diode (SD) and main-
tains its efficiency up to about 40% of its critical temperature. The external magnetic flux can be used to
adjust or reverse the rectification polarity. Finally, we discuss the finite-voltage operation regime of the SD
and present a possible application of our device as a half- and full-wave signal rectifier in the microwave
regime.
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I. INTRODUCTION

A charge diode is an electronic device with two ter-
minals that allows an electric current to flow in only one
direction while blocking it in the opposite direction, mak-
ing it a nonreciprocal device. This property is due to the
lack of spatial symmetry, which is intentionally broken
during device design and fabrication, e.g., in systems such
as p-n and Schottky junctions. The efficiency of a diode
is measured by the saturation current, which determines
its degree of ideality through the amplitude of the max-
imum reverse current when the diode is reverse biased.
These semiconductor devices have a wide range of appli-
cations, from detecting and generating photons to signal
rectification, and they are essential components of semi-
conducting electronics. In addition to the latter, supercon-
ducting electronics has developed significantly due to its
superior energy efficiency and larger operation frequency.
This development has been made possible by demonstrat-
ing many superconducting equivalents of semiconductor
devices [1–7], including systems that implement nonrecip-
rocal dissipationless Cooper-pair transport. A supercurrent
diode (SD) is a superconducting circuital element that has
different amplitudes of positive (I+) and negative (I−)
switching critical currents. Similar to the semiconduct-
ing case, the ideality of an SD is crucially determined by
a rectification coefficient η = (|I+| − |I−|)/(|I+| + |I−|)
that ranges from 0 (no rectification) to 1 (perfect rec-
tification). Thus, an ideal SD with η = 1 can sustain a
supercurrent in one direction and just a normal dissipa-
tive current in the other. Although the idea of realizing
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supercurrent rectifiers is in itself not new [8] and despite a
recently renewed [9] and intense research effort, a platform
of choice to realize SDs has not been identified yet. Indeed,
nonreciprocal supercurrent transport, due to inversion and
time-reversal symmetry breaking, was demonstrated in rel-
atively exotic materials and heterostructures [9–19]. Sev-
eral mechanisms, mainly exploiting spin-orbit coupling
and magnetic effects, have been proposed to implement
rectification in superconducting films and Josephson junc-
tions (JJs) [19–42]. Nonetheless, the race to maximize the
supercurrent rectification efficiency has driven the demon-
stration of devices with η values in the range of a few
tens percent [38], and barely approaching 90% in Nb
devices exploiting current backaction mechanisms [42].
Present technology SDs are, therefore, far from ideal. This
severe performance limitation, together with the use of
complex material systems and the exploitation of physi-
cal mechanisms that are hardly modeled and engineered,
is holding back the application of SDs in practical applica-
tions, limiting the design of new platforms based on their
exploitation.

Here, we propose and analyze a superconducting quan-
tum interference device (SQUID) that utilizes a feedback
loop to implement a magnetic flux backaction. This results
in the device’s current-voltage characteristics that strongly
favor one direction over the other. By adjusting the exter-
nal magnetic flux �ex, we can unbalance the critical cur-
rents I+ and I− to achieve a nearly perfect rectification
coefficient, which allows us to implement a quasi-ideal SD.

II. BOOTSTRAP SQUID SUPERCURRENT DIODE

In their more conventional implementation, which we
assume in the following, SQUIDs consist of two tunnel
JJs closed on a superconducting loop, whose switching
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current is modulated by the magnetic flux � threading
the device with a periodicity equal to the magnetic flux
quantum, φ0 = h/2e [43]. Thanks to their excellent sensi-
tivity, SQUIDs are at the core of state-of-the-art cryogenic
magnetometers, inductively coupled current amplifiers
[43–48], and are often included in larger systems designed
to perform signal-processing applications [49]. The use of
SQUIDs as supercurrent rectifiers has been recently shown
in systems with a large inductance [50,51], which on one
side is crucial to produce the rectifying behavior, while on
the other side limits the maximum achievable rectification,
due to the reduced amplitude of the switching current mod-
ulation with the flux [43]. Our approach relies on coupling
the SQUID loop with a feedback coil. Feedback inductors
are conventionally bootstrapped in the control and read-
out circuitry of SQUID amplifiers and magnetometers to
reduce the noise contribution from the room-temperature
preamplifiers and increase their linear dynamic range.
[52–62]. Similarly, in our approach, a feedback coil with
inductance LF is wired in series and inductively coupled
via a mutual inductance coefficient M to a current-biased
SQUID, consisting of a ring of inductance LS and a left
and a right JJ having critical currents and phase drops IL
and IR and ϕL and ϕR, respectively. The total magnetic flux
� threading the loop is the sum of the external flux �ex
and of the flux induced by the feedback loop �F = MI ,
where I is the bias current flowing through the interferom-
eter. It follows that � is a function of I , which is common
to both the SQUID and the feedback coil. This results in
a flux backaction mechanism, which can be exploited to
implement the supercurrent rectifying mechanism. The cir-
cuital scheme of such a bootstrap SQUID (BS SQUID) is
depicted in Fig. 1(a).

To understand where the rectification properties arise
from, it is necessary to resort to the resistively shunted
Josephson junction (RSJ) equations of the SQUID [43]:

I
I0

= (1 − αi) sin(ϕL) + (1 + αi) sin(ϕR),

2j
I0

= (1 − αi) sin(ϕL) − (1 + αi) sin(ϕR),

δϕ = ϕL − ϕR = 2π�

φ0
+ πβl

(j − αlI)
I0

,

I0 = IL + IR

2
,

LS = LL + LR. (1)

In Eq. (1), we introduced the coefficients αi = (IR − IL)/

(IR + IL), αl = (LR − LL)/(LR + LL), and βl = (2LSI0)/

(�0) accounting for the difference between the critical cur-
rent of the left and right junction, the asymmetries in the
inductance (LL and LR) of the two arms of the loop, and
the SQUID screening, respectively. j , which is defined
as the difference between the current across each JJ, is

(b)

(a)

Superconducting loop

Josephson junctions

Feedback inductor

FIG. 1. Supercurrent diode based on the magnetic flux backac-
tion: the BS SQUID. (a) Circuital scheme of a supercurrent diode
based on the magnetic flux backaction induced by bootstrapping
an external coil. The SQUID is a superconducting ring with total
inductance LS , closed on a left and right Josephson junction, with
critical current and phase drop IL, ϕL, and IR, ϕR, respectively.
The SQUID is connected in series and inductively coupled via
a mutual inductance M to a feedback inductor, with inductance
LF . The series of the SQUID and the inductor realizes the BS
SQUID, which is biased with a current I . The output signal of the
BS SQUID (V) is measured at the ends of the SQUID. (b) Sketch
of a possible BS SQUID implementation: the SQUID (repre-
sented in blue) is realized in a washer geometry and is assumed
to have D and d as lateral sizes for the whole device and the
hole, respectively. The feedback inductance (pink) is assumed to
be an electrically insulated squared superconducting spiral over-
lapping the SQUID. The Josephson junctions are represented in
light blue.

the so-called circulating current of the SQUID. I+ and
I− are calculated from Eq. (1) by maximizing and mini-
mizing I over δϕ, respectively. By expanding the fluxoid
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quantization relation

ϕL − ϕR = 2π

φ0
(�ex + MI) + πβl

(j − αlI)
I0

(2)

to account for the flux contribution from the feedback
inductor, we observe that the latter is mathematically
equivalent to unbalancing the inductance of the SQUID
arms. This is known to result in a skewing of the posi-
tive I+(�ex) and negative I−(�ex) critical current versus
flux characteristics in opposite magnetic flux directions,
thereby causing a nonreciprocal behavior and a super-
current diode effect at fixed external flux. We note that
the introduction of an asymmetry in the SQUID arms
inductances can be exploited to implement or tune an SD
[50]. Nonetheless, it is worth emphasizing that |αl| is by
definition bound to 1 and that the I+,−(�ex) skewness can
be enhanced by increasing the total SQUID inductance,
but at the cost of damping the amplitude of the I+,−(�ex)

swing. It is possible to achieve a rectifying behavior by
using the construction parameter of the SQUID induc-
tance, but this behavior is modest. On the other hand,
introducing the feedback coil creates an additional capa-
bility to control the mutual inductance coefficient, denoted
as M , which is still proportional to LS and can be adjusted
through the value of LF . This provides the opportunity to
modify the skewness of the BS SQUID I+,−(�ex) without
significantly affecting the amplitude of their oscillation.

To illustrate this statement, we assume that our BS
SQUID has a washer geometry, shown in Fig. 1(b), with
the feedback inductor, comprising a spiral with n coils,
overlapped onto the SQUID. It can be shown [63,64] that,
by neglecting the parasitic inductance associated with the
Josephson junctions, it holds

LS � 1.25μ0d,

M � nLS = nβl�0

2I0
, (3)

where μ0 is the vacuum magnetic permeability, and d
is the lateral size of the SQUID hole. It is worth not-
ing that, with this geometric choice, M is proportional
to the product n × LS and (n × βl). The number of coils
that can be overlapped to the SQUID is a function of the
washer lateral size D, while LS is proportional only to
its inner size d. This results in the possibility of increas-
ing the mutual inductance coefficient without increasing
the SQUID inductance. In turn, this allows the skewness
of the I+,−(�ex) of the BS SQUID to be increased with-
out significantly affecting the critical-current modulation
amplitude.

III. RECTIFICATION PERFORMANCE

Figure 2(a) shows the normalized values I+ and I− ver-
sus �ex for selected values of n between 2 and 40, when

(a)

(b)

n: 2, 8,16, 24, 40.

FIG. 2. BS SQUID as supercurrent diode. (a) Positive I+
(solid curves) and negative (I−, dashed curves) normalized
switching current of a washer BS SQUID versus external mag-
netic flux �ex for selected values of the number of windings n
of the feedback inductor. The BS SQUID is assumed to have
identical Josephson junctions (αi = 0) and symmetrical induc-
tance of the arms (αl = 0). The screening parameter βl is set to
0.01. (b) Rectification coefficient η versus �ex calculated from
the switching current characteristics of (a).

βl = 0.01 and αi = αl = 0. Due to the low value of the
screening parameter, at low winding numbers of the feed-
back coil (e.g., dark green curve), the I+,−(�ex) is almost
equivalent to that of a perfectly symmetric SQUID, with a
negligible skewing and with an almost full-span (approxi-
mately 2) modulation amplitude (the latter is limited only
by I+ and I− never being exactly 0). By increasing n,
the maxima of |I+| (|I−|) are progressively pulled toward
negative (positive) values of the magnetic flux while the
minima (maxima) remain almost locked in the original
position. These characteristics yield the aforementioned
skewing of the I+,−(�ex), which is the key to achiev-
ing an efficient SD effect, and are present up to n ∼ 40.
This results in a strong and tunable supercurrent rectify-
ing behavior, whose amplitude and sign can be controlled
by external magnetic flux. This can be well appreciated
by plotting η versus �ex for the same selected values of n
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[see Fig. 2(b)]: the BS SQUID exhibits a periodic modula-
tion of the rectification coefficient, which changes its sign
at �ex = N (�0/2), with N = 0, ±1, ±2 . . .. This peculiar
feature, which has been reported so far in just a few cases
[13,17,50,65–68], can be exploited to reverse the polarity
of the device during its operation. Furthermore, by increas-
ing n, the maximum value of η increases as well due to the
maxima of |I+| and |I−| being pulled in different magnetic
flux directions. For n � 40, η reaches its maximum value,
which is just slightly lower than 1.

It is impossible to achieve ideal rectification due to the
requirement of a low, but nonzero, value of the SQUID
inductance. However, we believe that if we can optimize
the inductances or implement the device concept differ-
ently, we might be able to improve the rectification perfor-
mance beyond what is shown in this work and closer to the
ideality limit. In our geometry, when n � 40, the excessive
distortion of the I+,−(�ex) causes η to stop increasing. This
is mainly because the minima of |I+| and |I−| are finally
unblocked and rising, as shown by the red curve in Fig. 2.
It is worth emphasizing that our model assumes for the
JJs a sinusoidal current-phase relation. This requirement
is particularly relevant in determining the almost perfect
rectification properties of the device, as the latter relies
on a current-flux relationship that is almost 0 at certain
magnetic flux values. This cannot be achieved when the
spectral content of the Josephson junction current-phase
relation is increased, because the expected effect of this
is that each harmonic cancels out at different flux val-
ues. Therefore, the predictions of our model remain valid
as long as the tunnel-type Josephson junctions maintain
their ideality, and they cannot be automatically extended to
interferometers based on generalized JJs, such as nanocon-
strictions or superconductor-normal metal-superconductor
junctions. In this regard, in Sec. IV, we will address, as an
example, a case of implementation of the BS SQUID based
on short and diffusive junctions.

In Fig. 3(a), we plot the rectification efficiency maxi-
mum value ηM versus n and βl. The hyperbolic profile of
the ηM intensity levels shows how it is essentially con-
trolled by the mutual induction parameter M : ηM grows
both as n and βl increase until it reaches the maximum
value of approximately 90% when βn ∼ 0.35. Above such
a threshold, ηM decreases due to the excessive distor-
tion of the I+,−(�ex) s. Figures 3(b) and 3(c) show I+,−
and η versus �ex, respectively, calculated by setting βl =
0.0098 and n = 36 in our model. In this spot, ηM reached
its maximum (approximately 0.96), a value close to the
ideality limit and among the highest reported. Based on
this remarkable result and their constructive simplicity,
we believe that BS SQUIDs are excellent candidates for
implementing superconducting platforms requiring super-
current rectification. Interestingly, the evolution of ηM due
to a variation of either βl or n follows a similar and almost
identical functional form [see Fig. 3(d), solid-black and

1.0 0.0
(a)

(b)

(c) (d)

FIG. 3. Characterization of maximum rectification. (a) Maxi-
mum value of the rectification ηM versus winding number of the
feedback inductance n and screening parameter βl of a perfectly
symmetrical BS SQUID. Dashed black curves highlight the cut
lines at constant βl = 0.098, n = 36, and βln = 0.3526. Where
such cut lines cross, maximum rectification is achieved, in par-
ticular, along the latter ηm remains almost constant. (b) Plot of I+
(left scale) and |I−| (right scale) versus �ex, calculated at n = 36
and βl = 0.0098, corresponding to the cross point of the cut lines
of (b). (c) η versus �ex calculated for the same parameter choice
of (b), i.e., where maximum and minimum supercurrent recti-
fication are achieved (at �ex ∼ ±0.5�0). (d) Plot of ηm along
the cut lines of (a), versus βl (dashed red line, top scale) and
n (short-dotted and continuous black lines, bottom scale). The
red dashed line is the plot of ηM calculated along the n = 36 cut
line. The short-dotted line is the plot of ηM calculated along the
βln = 0.3528 cut lines. The continuous black line is the plot of
ηM calculated along the βl = 0.0098 cut line.

red-dashed lines], thereby confirming M as the leading
parameter in determining the rectification performance.
Although changing βl (n) at constant n (βl) results in a

064058-4



QUASI-IDEAL FEEDBACK-LOOP... PHYS. REV. APPLIED 21, 064058 (2024)

fast decrease of the rectification coefficient, it is instead
almost constant if the product βl × n is kept constant, with
25 � n � 50. When n � 25, the rectification drops again
due to a low magnetic coupling and the resulting scarce
backaction [see Fig. 3(d), dotted-black line].

IV. IMPACT OF TEMPERATURE AND DEVICE
IMPERFECTIONS ON THE RECTIFICATION

EFFICIENCY

The following discusses the impact of temperature and
device imperfections, due to fabrication limits, on the
rectification efficiency of the BS SQUIDs.

To evaluate the resilience of the supercurrent rectifi-
cation capability of BS SQUIDs to the temperature it
is necessary to consider the temperature dependence of
the critical current of the Josephson junctions. The lat-
ter is described by the Ambgaokar-Baratoff relation (AB)
[69–71],

IL,R(T)

I0
= 
(T)


0
tanh

(

(T)

2kBT

)
, (4)

where I0 is the zero-temperature critical current, 
(T)/
0
is the universal Bardeen-Cooper-Schrieffer temperature-
dependent amplitude of the superconducting energy gap
[71] of the superconducting SQUID loop normalized over
the zero-temperature superconducting gap 
0 = 
(T =
0), and kB is the Boltzmann constant. Although in our
model we take into account the SQUID inductance (and
mutual inductance) through the screening parameter βl, to
compute the temperature response of the BS SQUID we
decided to keep constant the inductance of the loop (LS =
βl0�0/2I0, with βl0 = 0.0098) and the mutual inductance
(M = nLS = 36 × LS). In the case in which the kinetic
inductance of the SQUID can be neglected, this choice pro-
vides more physical insight since LS and M are determined
by geometric parameters, which remain constant in tem-
perature. At the same time, βl varies due to its dependence
on IL,R(T).

Figure 4(a) shows the positive and the negative switch-
ing currents of the BS SQUID versus external magnetic
flux at selected values of T. Following from the tem-
perature evolution of IL,R(T) [see Fig. 4(c), black-dashed
curve], the amplitude of the switching current modula-
tion remains constant up to approximately 0.4TC, above
this threshold it decreases to vanish at TC. In particular,
the modulation amplitude is about one half of its zero-
temperature value at T = 0.7TC, and approximately 1

4 at
T = 0.9TC. Through the impact of IC(T) on βl, the skew-
ness of the curves is also almost preserved up to the
same temperature, above which it is progressively reduced,
resulting in a symmetrization of the positive and negative
characteristics. This is directly reflected in the rectifying
behavior of the device. In Fig. 4(b) we plot η versus �ex

(a)

(b)

(c)

FIG. 4. Impact of the temperature. (a) I+ (solid curves) and I−
(dashed curves) versus �ex for selected values of the temperature
T, between 0 and 0.9 TC, calculated for a perfectly symmetri-
cal BS SQUID with βl0 = 0.0098 and n = 36. (b) Rectification
coefficient η versus �ex for the same values of T selected for
(a). (c) Maximum rectification coefficient ηM (solid red curve)
and Josephson critical current IL,R (dashed black line) versus
temperature T.

for the same values of T selected for Fig. 4(a). Although
the pattern of η remains essentially unchanged as the tem-
perature rises, its amplitude decreases accordingly with
the evolution of the I+,−(�ex) characteristics. It is worth
noting that, due to the double impact of the reduction of
IL,R on both the maxima of |I+,−

S | and on βl, the reduc-
tion of ηM with the temperature is much faster than that
of IL,R, resulting in ηM ∼ 0.5ηM (T = 0) at T = 0.7TC, but
ηM ∼ 0.25ηM (T = 0) already at T = 0.8TC. This is well
appreciated through the comparison of ηM (T) (red-solid
curve) and IL,R(T) shown in Fig. 4(c). On this point, it
is relevant to emphasize that this characteristic results in
the interesting feature of obtaining an almost constant
rectifying behavior up to T ∼ 0.4TC, i.e., where IL,R(T)

is only marginally affected by heating. Furthermore, the
supercurrent rectification is exploitable up to a tempera-
ture very close to the critical one, with ηM still about 5% at
T ∼ 0.9TC.

Our model includes two parameters, αi and αl,
to account for imperfections in the device. These
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imperfections arise from asymmetries in the critical current
of the left and right JJ, which can be caused by differences
in junction area or tunnel barrier resistivity. Additionally,
an unbalanced inductance between the two arms of the
SQUID can also impact the device. However, we will
discuss that this does not significantly affect the rectifi-
cation properties of the BS SQUID. It is worthwhile to
note that having good symmetry between the JJs is a major
requirement for optimal device performance. Figure 5(a),
shows the modification of the I+,−(�ex) characteristics,
calculated at T = 0 for βl = 0.0098 and n = 36, when α

is raised from 0 to 0.95. As conventionally observed in
SQUIDs, a sizable difference between the critical currents
of the JJs results in a suppression of the ability of the
device to interfere and in the following suppression of the
visibility of the modulation of IS+, − with the flux. This
translates into an increasingly smoother η(�ex) relation as
αi is raised [see Fig. 5(b)]. There are two sides to the mech-
anism being discussed. On the one hand, it can be used
positively by introducing a slight asymmetry between the

(a)

(b)

(c)

FIG. 5. Impact of device imperfection. (a) I+ (solid curve) and
I− (dashed curve) versus �ex for selected values of junction crit-
ical current asymmetry αi, between 0 and 0.95, calculated with
βl = 0.0098 and n = 36. (b) Rectification coefficient η versus
�ex calculated for the same values of αi selected for (a). (c) Maxi-
mum rectification efficiency ηM versus αi (solid violet curve) and
asymmetry αl of the inductance of SQUID arms (dashed pink
curve).

junctions to widen the rectification sweet spot and reduce
the device’s sensitivity to flux noise. On the other hand,
this comes at the cost of a severe drop in the rectifica-
tion coefficient, as shown in Fig. 5(c) (violet-solid curve).
Therefore, it is necessary to have excellent control over the
symmetry of the BS SQUID junctions when designing and
creating these devices. This is the most pivotal parameter
that needs to be taken care of.

It has been previously mentioned that αL does not sig-
nificantly impact the device properties. This has been con-
firmed by the plot of ηM (αL) shown in Fig. 5(c) (dashed-
pink line). This is because an asymmetry in the inductance
of the two arms of the SQUID loop has the same mathe-
matical effect as a variation of the mutual inductance. With
the values selected for n and βl, the variation of the mutual
inductance is negligible. Therefore, even at high induc-
tance asymmetries, there is only a slight modification of
the magnetic backaction, which is not perceptible. This
makes the device extremely robust to fluctuations in this
parameter.

So far, we have assumed the BS SQUID to be realized
using ideal tunnel JJ, where the Josephson current is pro-
portional to the sine of the phase difference between the
superconducting leads. Higher-order harmonics should be
included in the formulation of the JJ current-phase relation
[72,73], to consider additional effects such as pair-breaking
mechanisms and the proximity effect between the banks
[74–77] or to extend our formulation to more complicated
types of Josephson junctions (including nanoconstrictions
realized through Dayem bridges or superconductor-normal
metal-superconductor junctions with a normal metal as a
weak link) [74,75]. The current-phase relation of these
weak links deviates significantly from the simple sinu-
soidal form, and it is expected to severely impact the rec-
tification performance of the BS SQUID due to a SQUID
current-flux relation, which is always significantly different
from 0. This can be qualitatively understood by consid-
ering that each spectral component of the current flux
relation vanishes at a different value of the magnetic flux.
To include this mechanism in our discussion, we calcu-
lated the response of a BS SQUID in which the tunnel
JJs are replaced by two diffusive short constrictions obey-
ing the Kulik-Omel’yanchuk (KO-1) model [74,75] [i.e.,
superconductor-constriction-superconductor (S-C-S) JJs],
which allowed us to express the switching current of the
junctions as

IL,R(ϕL,R, T)

= π
(T)

eRN
cos

(ϕL,R

2

)

×

(T)∫


(T) cos(ϕL,R/2)

tanh
(

ε
kBT

)
√

ε2 − 
2(T) cos2(ϕL,R/2)
dε, (5)
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where e is the electron charge, and RN is the junction
normal-state resistance, which we assume to be the same
for the left and right junctions. Although this formulation
is valid only in the dirty and short constriction limit, the
behavior described and the conclusion drawn in the follow-
ing are expected to qualitatively remain valid for any junc-
tion characterized by a nonmonochromatic current-phase
relation.

Figure 6(a) shows the positive and the negative switch-
ing currents versus external magnetic flux at selected
values of T of a BS SQUID with βl0 = 0.0098 and
n = 36 based on SCS JJs, as depicted in the inset of
Fig. 6(b). Due to the IL,R(T) characteristics of the weak
links [see Fig. 6(c), black-dashed curve], the amplitude of
the switching current modulation remains constant up to

(a)

(b)

(c)

FIG. 6. BS-SQUID realized through diffusive short constric-
tions. (a) I+ (solid curves) and I− (dashed curves) versus �ex
for selected values of the temperature T, between 0 and 0.9 TC,
calculated for a perfectly symmetrical BS SQUID with βl0 =
0.0098 and n = 36. The junction current phase relation adopted
for this calculation is the KO-1. (b) Rectification coefficient η

versus �ex for the same values of T selected for (a). Inset: scheme
of superconductor-constriction-superconductor (S-C-S) Joseph-
son junction. The constriction is assumed to have a normal-state
resistance RN , equal for both the SQUID junctions. The ampli-
tude of the superconducting gap and of the critical temperature
of the S leads is assumed to be 
0 and TC, respectively. (c) Maxi-
mum rectification coefficient ηM (solid red curve) and Josephson
critical current IL,R (black dashed line) versus temperature T.

approximately 0.4TC, above this threshold it decreases to
vanish at TC. Furthermore, due to the KO-1 current-phase
relation recovering a quasisinusoidal behavior approaching
TC, the skewness of the I+,−(�ex) is partially reabsorbed
as the temperature increases. Similarly to the tunnel junc-
tion case, the temperature evolution of η, plotted versus
�ex in Fig. 6(b) for the same selected values of T of
(a), is determined by the double impact of the reduction
of IL,R on both the maxima of |I+,−

S | and on βl: the pat-
tern of η remains essentially unchanged as the temperature
rises to approximately 0.5TC, but, above this threshold,
its amplitude monotonically decreases. As discussed, ηM
[see Fig. 6(c), red-solid curve] is always very far from the
near-ideal rectification case, reaching its maximum value
of approximately 0.6 when T vanishes. Still remarkable,
this value is much lower than that obtained with sinusoidal
junctions, suggesting the latter as the ideal platform for
implementing the BS SQUID.

V. DISSIPATIVE OPERATION

Practical dc SQUIDs are conventionally operated in a
dissipative fashion, as they are usually biased close to or
above their critical current. That is, the SQUID is driven
in a dissipative or finite-voltage state. In the following, we
would like to discuss the response of BS SQUID in such a
regime. In this configuration, the SQUID response can be
analytically calculated following the relation: [43]

V
V0

=
√

I 2 − 4I 2
0

I0
, (6)

where V is the voltage drop across the BS SQUID [see
the biasing scheme in Fig. 1(a)], V0 = 2RTI0 is a critical
voltage, calculated through the tunnel resistance RT of the
JJs. Equation (6) holds in the limit (2π/�0)I0R2

TC � 1
[43,78], where C is the capacitance of each JJ. This con-
dition can usually be obtained by adopting shunt resistors
with resistance R such as R < RT. In the latter case, V0 has
to be modified accordingly to account for the parallel of
the shunt resistor and the JJ.

Figure 7(a) shows in a color plot the voltage response
of a BS SQUID versus �ex and I , when n = 36 and βl =
0.098. The aquamarine area corresponds to the nondissi-
pative regime. When the bias current exceeds the positive
(yellowish area) or the negative (blueish area) switch-
ing current of the BS SQUID, a finite-voltage response
is obtained. The region in the (�, I) plane where the BS
SQUID can be successfully exploited as a tunable super-
current diode corresponds to the area where, at constant
flux, a constant-current cut line can cross the boundary
between dissipative and nondissipative operation [dashed-
white boundary in Fig. 7(a)]. When this condition is not
fulfilled, the device is either always superconducting or
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(a)

(b)

(c)

FIG. 7. BS SQUID response in the dissipative regime. (a) Nor-
malized voltage drop of a BS SQUID versus �ex and bias current
I , calculated for a perfectly symmetric device with βl = 0.0098
and n = 36. The superconducting phase can be identified by the
zero-voltage region colored in aquamarine and bounded by the
white-dashed lines. Dashed-black lines correspond to the curves
at constant current or constant flux, plotted in (b),(c), respec-
tively. The color of the markers at the edge of the color plot
identifies the curve in (b),(c) with the same colors. (b) V versus
�ex curves for selected values of I corresponding to the cut lines
at constant current (a). (c) V versus I curves for selected values
of �ex, corresponding to the cut lines at constant flux of (a). For
the sake of clarity, the curves are horizontally offset by a quan-
tity proportional to the correspondent flux. The dashed gray lines
guide the eye, which follow the evolution of I+ and I− with �ex.

resistive. The cut lines of the color plot at selected val-
ues of the constant current are shown in Fig. 7(b): due
to the skewed nature of the I+,−(�ex of the BS SQUID,
the voltage response is very far from the quasisinusoidal
behavior of a conventional SQUID. This feature is usu-
ally conveniently exploited in the feedback loop SQUID
[52–60] to enhance the device transfer function ∂V/∂�ex.
From this point of view, the BS SQUID is equivalent to a
conventional additional positive feedback superconducting
interferometer. The cut lines of the color plot at selected
values of �ex, shown in Fig. 7(c), on the other hand,
allow us to appreciate the tunability of the BS SQUID
as a supercurrent diode. These curves, indeed, represent
the current-voltage characteristics (I − V) of the device
at selected values of the external flux. The net effect of
sweeping the latter is equivalent to a shift in the current of
device I − V. This mechanism can indeed be exploited to
tune and reverse the polarity of the diode effect.

We can discuss a practical application of a supercurrent
rectifier based on the BS SQUID scheme. Specifically, we

focus on rectifying a sinusoidal signal applied as a cur-
rent bias to the device. This use case involves the detection
of a radio-frequency signal collected through a supercon-
ducting antenna and rectified through the BS SQUID. A
generic monochromatic current signal can be written as
I = Imod sin((2π t)/f ), where f is the signal frequency, t is
the time coordinate, and Imod is the peak-to-peak amplitude
of the signal [see Fig. 8(a)]. We can model the temporal
output of the BS SQUID using Eq. (6). Figure 8(b) dis-
plays V(T) for selected values of Imod when βl = 0.098,
n = 36, and φex = 0.52�0. With the chosen parameters,
the BS SQUID exhibits quasi-ideal rectification ability that
can efficiently rectify the signal up to Imod � 1.6I0. How-
ever, beyond this threshold, a dissipative regime occurs

(a)

(b)

(c)

(d)

FIG. 8. Half-wave supercurrent rectification. (a) Normalized
sinusoidal current-bias signal versus time t (normalized on signal
period 1/f ), applied to a BS SQUID to calculate its time-
resolved response. (b) Normalized voltage drop V of a per-
fectly symmetric BS SQUID, with βl = 0.0098 and n = 36, for
selected amplitudes of the ac current bias and �ex = 0.052. (c)
Normalized voltage drop V for Imod = 1.6I0 and for selected
values of �ex: solid and dashed curves correspond to positive
and negative shifts from �ex = 0.5, respectively. (d) Scheme of
a possible implementation of a full-wave supercurrent rectifier
based on the series of two BS SQUID sharing the same feedback
inductance.
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in the reverse half-period [e.g., the dark green curve in
Fig. 8(b)], resulting in a reduction of the net average dc
output voltage. By adjusting the flux working point, we
can tune the rectification efficiency and eventually reverse
the polarity of the diode.

In Fig. 8(c), we can see the output signal of a BS SQUID
that operates in the same conditions as the one shown in
(b). When we move away from the ideal working point of
�ex ∼ (0.5 ± 0.02)�0, the fraction of the rectified signal
is reduced. Crossing the value of 0.5�0 reverses the polar-
ity of the diode [as seen in the dashed curves in Fig. 8(a)],
allowing the rectification of the second half-period of the
signal. Based on this observation, we can say that cou-
pling two SQUIDs to the same feedback loop, as shown
in Fig. 8(d), can help us realize a full-wave rectifier with-
out increasing the inductance of the device significantly.
This observation is particularly relevant because the feed-
back inductor and the tunnel resistance impact the device’s
cutoff frequency of operation due to its reactive behav-
ior. Assuming n = 36 and d = 1 µm, we can estimate
LS � 1.6 pH and LF � 2 nH. To maximize η by assum-
ing βl ∼ 0.01, I0 needs to be approximately 6 µA, which
can be routinely obtained with Al/AlOx/Al JJs by setting
a tunnel resistance of approximately 200  during fabrica-
tion. The cutoff frequency due to the reactive component of
the BS SQUID impedance is, therefore, fl = Rt/LF ∼ 100
GHz. Assuming a junction area of the order of 2 µm2,
we can also estimate the junction capacitance C ∼ 0.2 pF
and the consequent cutoff frequency due to the capaci-
tive impedance fC = 1/RtC ∼ 50 GHz, which results in the
most limiting timescale with this parameter choice.

VI. CONCLUSIONS

In summary, we have proposed a SQUID with a feed-
back loop called the boot-strap SQUID. This device is
based on a magnetic flux backaction that produces a robust
nonreciprocal current-voltage characteristic. By correctly
choosing the external magnetic flux �ex, our device can
pull the supercurrent rectification coefficient to nearly unit
value, resulting in a quasi-ideal supercurrent diode. Addi-
tionally, the magnetic flux knob can be utilized to tune
and reverse the supercurrent rectification polarity. We dis-
cussed the temperature evolution of the BS SQUID archi-
tecture and its resilience to fabrication imperfections. We
also presented a possible use case as a half- or full-wave
signal rectifier with a cutoff frequency of a few tens of
GHz.
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