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Quantum computation in silicon-vacancy centers based on nonadiabatic
geometric gates protected by dynamical decoupling
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Due to a strong zero-phonon-line emission, narrow inhomogeneous broadening, and stable optical tran-
sition frequencies, the quantum system consisting of negatively charged silicon-vacancy (Si-V) centers in
diamond is highly anticipated for application in the development of universal quantum computation. We
propose to implement quantum computation using Si-V centers placed in a one-dimensional phononic
waveguide, for which quantum gates are realized in a nonadiabatic geometric way and protected by
dynamical decoupling (DD). The scheme has the feature of geometric quantum computation, which is
robust for controlling errors, and the advantage of DD, which is insensitive to environmental impact. Fur-
thermore, the encoding of qubits in long-lifetime ground states of silicon-vacancy centers can reduce the
effect of spontaneous emission. Numerical simulations demonstrate the practicability of the Si-V-center
system for quantum computation and the robustness improvement of quantum gates by DD pulses. This
scheme may provide a promising path toward high-fidelity geometric quantum computation in solid-state
systems.
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I. INTRODUCTION

Diamond color centers have great potential in various
applications, such as quantum computation [1–5], state
detection [6], coherent manipulation [7], and nanoscale
sensing [8]. Among the most widely studied solid defects
in diamond, the nitrogen-vacancy (N-V) center [9,10], due
to its bright and stable luminescence properties and long
electron-spin coherence time, is widely used in quantum
computation [2–5], state detection [6], coherent manip-
ulation [7], and nanoscale sensing applications [8,11].
However, the development of N-V centers is limited by
the characteristics of weak and unstable optical transitions
[12]. Recently, the negatively charged silicon-vacancy
(Si-V−, abbreviated as Si-V) center has attracted great
attention. The Si-V center is formed by replacing two adja-
cent carbon atoms in the diamond lattice with a silicon
atom, and the silicon atom is located between two vacan-
cies. Due to its D3d point-group symmetry that can protect
it from optical inhomogeneity [13–20], the Si-V center
can realize practicable initialization and readout of qubits
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[21,22]. The scalability of Si-V centers can be achieved
by a one-dimensional (1D) phononic waveguide [23,24]
and a photonic crystal cavity [25]. In addition, the narrow
width (around 5 nm) [26], zero-phonon-line (ZPL) emis-
sion [27], and optical coherence properties of Si-V centers
in diamond lay the foundation for quantum computation
[28]. So far, the Si-V center has been very much favored in
different quantum information processes, including entan-
glement generation [25,29], spin-squeezed-state prepara-
tion [30,31], and topological phase simulation [32]. Based
on these studies, achieving quantum computing in Si-V
centers is highly anticipated.

Quantum computation based on the geometric phase
relies on the global characteristics rather than the spe-
cific details of evolution. The geometric phase has inherent
noise-resilience features against certain local noises, mak-
ing it a valuable resource for fault-tolerant quantum com-
putation [33,34]. The development of the geometric phase
has progressed from the initial adiabatic Abelian phase
(Berry phase) [35] to the adiabatic non-Abelian phase [36],
and then to the nonadiabatic Abelian phase [37] and nona-
diabatic non-Abelian phase (Aharonov-Anandan phase)
[38]. Based on these phases, adiabatic Abelian geometric
quantum computation (GQC) [39], adiabatic non-Abelian
GQC [40], nonadiabatic Abelian GQC (NGQC) [41,
42], and nonadiabatic non-Abelian GQC [43] have been
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proposed successively. In recent years, various optimiza-
tion methods have been considered for combination with
NGQC, such as optimal control [44–46], time-optimal
techniques [47,48], shortened path methods [49,50], non-
cyclic schemes [51,52], a reverse-engineering scheme
[53–56], and so on [57–62]. These methods have been
demonstrated in different platforms, including supercon-
ducting circuits [63,64], trapped ions [65,66], and N-V
centers in diamond [67,68], showing the robust plasticity
of GQC with respect to controlling errors.

Given that a quantum system will inevitably be influ-
enced by its environment, destroying the quantum infor-
mation therein, various methods have been proposed to
prevent quantum systems from destruction by environmen-
tal impact, including decoherence-free subspace [69–76],
noiseless subsystems [77–80], and dynamical decoupling
(DD) [81–85]. Among these methods, DD is attractive
due to its low resource consumption and excellent per-
formances [82,86–94]. DD counteracts the interaction
between the system and environment by using suitable
external instantaneous intense pulse sequences, which can
effectively improve the immunity of the quantum system
to the external environment. These rapid intense pulse
sequences can be regarded as a generalization of spin-echo
experiments [95] that approximately eliminate the effect
of unwanted interactions. DD combined with logic gates
has also been established and developed [87,89,94,96]. As
another scheme to improve the noise resistance of quan-
tum systems, the method of dynamical error correction
(DEC) [97,98] has also attracted a lot of attention. Dif-
ferent from DD, DEC relaxes the pulse-shape assumption,
but it will come at the cost of a more complex search for
identifying distinct primitive gate sequences with the same
leading error [99]. To further reduce the impact of con-
trol errors on the system, more complex composite pulses
are needed. With the development of technology, the sam-
pling frequency of an arbitrary waveform generator has
rapidly developed, reaching several hundreds of Gsamples
per second, which can achieve precise bang-bang control.
Here, to facilitate operation and achieve quantum com-
puting that is robust to environmental noise and control
errors, combining NGQC with DD can protect quantum
gates by averaging out decoherence caused by the inter-
action between qubits and their environment, making it a
valuable tool for quantum computation applications.

Here, we propose to implement quantum computa-
tion with DD-protected nonadiabatic geometric gates in a
hybrid system consisting of Si-V centers placed in a 1D
phononic diamond waveguide. The Si-V centers are cou-
pled to each other by strong strain, with a fixed distance
between adjacent centers. To realize quantum gates, we
encode the qubits in the long-lifetime ground states of the
Si-V centers, which are well-suited for this purpose. To
improve the system’s immunity to the environment, we
apply the DD technique by introducing a sequence of rapid

pulses that eliminate the impact of the environment on
the system. Our work presents an alternative approach to
realizing NGQC in Si-V centers, with several advantages.
First, Si-V centers are stable and easy to operate, and their
qubits are insensitive to spontaneous emission. Second, we
use the geometric phase to realize quantum computation,
which has built-in robustness against certain local noises.
Finally, DD pulse sequences almost completely eliminate
the impact of the environment on the system, making our
scheme immune to decoherence caused by environmental
factors.

II. PHYSICAL MODEL AND EFFECTIVE
HAMILTONIAN

A color center is a defect of a solid-state material, con-
sisting of lattice vacancies and impurity atoms. Due to the
wide band gap of diamond, it is an interesting defect color
center. As one of the most prominent color centers in dia-
mond, the N-V center has a considerable coherence time,
and its properties are preserved at room temperature. How-
ever, when the optical detection is limited to the ZPL, only
3 − 5% of the N-V emission is found in the ZPL. Com-
pared to the N-V center, the spectrum of the Si-V center is
dominated by a ZPL at 1.68 eV, approximately 80% of the
emission is concentrated in the ZPL.

A. Physical model and its Hamiltonian

Si-V centers are largely protected by symmetry from
the optical inhomogeneity. In this section, we introduce
the electronic structure of the Si-V center at length. The
Si-V consists of 11 electrons (six from C dangling bonds;
four from Si; and one from a nearby donor site, account-
ing for the negative charge state), which results in a single
unpaired electron in 2Eg or 2Eu and 2Au, as shown in
Fig. 1(a). There is excitation of an electron from the eu to
the eg level in the ZPL, so only the ground state, 2Eg , and
excited state, 2Eu, are considered. In this situation, there are
both orbital and spin degeneracies. We consider the spin-
orbit interaction; the Jahn-Teller (JT) effect (some details
in Appendix A) [100], i.e., coupling of the electronic state
to vibration modes of the nuclear configuration, which
results in a lower symmetry configuration of the electronic
system, is unstable; and the Zeeman effect after applying
an external magnetic field to lift the degeneracy. If the
magnetic field consists of the [111] high-symmetry axis
of the Si-V center, transitions between states with opposite
spin projections are forbidden [101,102]. To allow opti-
cal transitions between all levels, the magnetic field with
B = 0.21 T, and the direction between the magnetic and
the [111] high-symmetry axis of the Si-V is 70.5◦ [102], as
shown in Fig. 1(b). The resulting Hamiltonian of a single
Si-V center includes three interaction parts: the spin-orbit
coupling, ĤSO; the JT interaction, ĤJT; and the Zeeman
interaction, ĤZ.

064053-2



QUANTUM COMPUTATION IN SILICON-VACANCY... PHYS. REV. APPLIED 21, 064053 (2024)

406 THz

738 nm

(ZPL)

Spin-orbit coupling

Jahn-Teller effect

↑

| ↓⟩

↑

| ↓⟩

↑

| ↓⟩

↑

| ↓⟩

Zeeman effect

≈

≈ | ⟩

≈

≈ | ⟩

≈

≈ | ⟩

≈

≈ | ⟩

Si

V

V

C

(a) (b)

(c)

extB

e
e
a
a

E E A

g

u

eu+eu+

eu+

eu+

eg+
eg –

eu –

eu –

eu –

eu+

e
A2

g+

eg+

eg–

eg–

eu–

eu–

2u

2 2 2
g

E2 g

u

E2 u

u

1g

D

C

B

A

3

2

1

0

ΩA1

1

Ω

d

d

FIG. 1. Si-V electronic structure. (a) Predicted structure of
unperturbed Si-V. Blue arrows indicate electrons, and dashed
arrows indicate electron holes. (b) Illustrative schematic. N
Si-V centers are placed in a phononic waveguide and the dis-
tance between two adjacent Si-V centers is fixed. Right shows
the direction of the external magnetic field. (c) Si-V electronic
structure under spin-orbit and Jahn-Teller interactions with and
without an external magnetic field, and red arrows represent
the transitions |1〉 ↔ |A〉 and |2〉 ↔ |A〉, coupled with Rabi
frequencies �A1 and �A2 and detuning δ1 + δ and δ1.

The unpaired electron of the ground state (excited state)
of a single Si-V occupies one of the two degenerate orbital
states, |egx〉 (|eux〉) and |egy〉 (|euy〉). Under the influence
of spin-orbit interaction (the reasons for the form can be
found in Appendix B) and the JT effect, the Hamiltonian
in the {|eg(u)x ↑〉, |eg(u),x ↓〉, |eg(u),y ↑〉, |eg(u),y ↓〉} basis can
be written as

Ĥor = ĤSO + ĤJT,

= −λg,eLzSz + ϒ JT
g,e,

= −λg,e

[
0 i
−i 0

]
⊗ 1

2

[
1 0
0 −1

]
+

[
ϒx ϒy
ϒy −ϒx

]
⊗ I2,

(1)

where λg,e is the spin-orbit coupling [20]; ϒx and ϒy are
the strengths of the JT coupling along x and y, respec-
tively; and I2 is the 2 × 2 identity matrix. In the case of
ϒx,y � λg,e, diagonalizing Ĥor, we can obtain the follow-
ing eigenstates {|e+, ↑〉, |e−, ↓〉, |e+, ↓〉, |e−, ↑〉} , where
e+ = −(1/√2)(ex + iey) and e− = (1/

√
2)(ex − iey) are

the eigenstates of the angular momentum, Lz. Then, in the

presence of an external magnetic field with B = 0.21 T,
the spin degeneracy can be lifted. The Hamiltonian of the
Zeeman interaction can be denoted as

ĤZ = f γLL · B + γSS · B, (2)

with γL = μB/� and γS = 2μB/� (μB is the Bohr mag-
neton) are the orbital and spin gyromagnetic ratio,
respectively; B = (Bx, By , Bz) is the magnetic field, S =
(�/2)(σx, σy , σz) is the spin operator; and f is the quench-
ing factor, which only acts on γL due to dynamic JT
coupling [103]. Solving the secular equation defined by
Ĥor + ĤZ , four eigenvectors {|0〉, |1〉, |2〉, |3〉} for the
ground state and four eigenvectors {|A〉, |B〉, |C〉, |D〉} for
the excited state can be calculated, as shown in Fig. 1(c).

|0〉 ≈ |eg+ ↘〉 ≡ |eg+ ↓〉 − η+|eg+ ↑〉,
|1〉 ≈ |eg− ↗〉 ≡ |eg− ↑〉 − η−|eg− ↓〉,
|2〉 ≈ |eg− ↘〉 ≡ |eg− ↓〉 + η−|eg− ↑〉,
|3〉 ≈ |eg+ ↗〉 ≡ |eg+ ↑〉 + η+|eg+ ↓〉,
|A〉 ≈ |eu+ ↘〉 ≡ |eu+ ↓〉 − η+|eu+ ↑〉,
|B〉 ≈ |eu− ↗〉 ≡ |eu− ↑〉 − η−|eu− ↓〉,
|C〉 ≈ |eu− ↘〉 ≡ |eu− ↓〉 + η−|eu− ↑〉,
|D〉 ≈ |eu+ ↗〉 ≡ |eu+ ↑〉 + η+|eu+ ↓〉,

where η± = 2Bxγs

−λSO±2Bzγs+
√
λ2

SO±4λSOBzγs+4(B2
x+B2

z )γ
2
s

.

In the present system, only four ground states and the
first excited state are considered. The Hamiltonian of a
single Si-V center can be expressed as

ĤSi-V =
3∑

i=0

ωi|i〉〈i| + ωa|A〉〈A|, (3)

where ωi and ωA are the energies of the ground states, |i〉,
and the excited state, |A〉.

We can find that each basis vector in the ground-state
subspace contains spin-up and spin-down components
when the magnetic field and Si-V axes are not oriented in
the same direction, so the ground-state basis vectors can
be coupled to all energy levels. We applied two lasers,
coupling |1〉 ↔ |A〉 and |2〉 ↔ |A〉, with Rabi frequencies
of �A1 and �A2 used simultaneously, and frequencies of
ωA2 and ωA3, respectively, as illustrated in Fig. 1(c). The
driving Hamiltonian can be written as

Ĥd = �A1

2
|A〉〈1|eiωA1t + �A2

2
|A〉〈2|eiωA2t + H.c. (4)

The detuning is δ1 = ωa − ωA2 − ω2 = ωa − ωA1 − δ.
We consider N Si-V centers in a 1D phononic waveg-

uide [see Fig. 1(b)], where the distance between two
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adjacent Si-V centers is fixed, and the structure of the
Si-V center is shown in Fig. 1(b). For the phonon waveg-
uide, the cross section, A, is much larger than the length,
L; the phonon modes can be modeled as elastic waves
with a displacement field �u(�r, t), obeying the equation of
motion [23]:

ρ
∂2

∂t2
�u = (λ+ μ) �∇( �∇ · �u)+ μ �∇2�u, (5)

where the Lamé constants are λ= (νE/((1 + ν)(1 − 2ν)))
and μ = (E/(2(1 + ν))); E is the Young’s modulus; ν is
the Poisson ratio; and ρ is the mass density. The equation
of motion meets the periodic boundary condition, and the
amplitudes An,k(t) obey Än,k(t)+ ω2

n,k(t)An,k(t) = 0. The
canonical coordinate, Qn,k = (An,k + A∗

n,−k)/
√

2, and the
canonical momenta, Pn,k, can be written as

Qn,k =
√

�

2Mωn,k
(â†

n,k + ân,k),

Pn,k = i

√
�Mωn,k

2
(a†

n,k + ân,k),

where M = ρAL, and âj ,k (â†
j ,k) is the annihilation (cre-

ation) operator of the kth mode of the j th branch at a
frequency of ωj ,k. As for the strain coupling caused by
the small displacement of the defect atoms, the interaction
in the Born-Oppenheimer approximation [17,104] can be
approximated as

Ĥs =
∑
n,j ,k

gj ,k,nâj ,kĴ n
+eikxn + H.c., (6)

where Ĵ− = Ĵ †
+ = |0〉〈2| + |1〉〈3| means the lowering

operator of the kth mode of the j th branch of the nth
Si-V center, gj ,k,n = d

√
(�k2/2ρLAωj ,k)ξj ,k(yn, zn) is the

coupling strength, d/2π = 1 PHz is the strain sensitivity,
ξn,k(yn, zn) is the dimensionless coupling profile accounting
for the specific strain distribution and for a homogeneous
compression mode ξ(y, z) = 1, and xn denotes the position
of the nth Si-V center. So the Hamiltonian of the phonon
modes can be described by

Ĥph =
∑
j ,k

ωj ,kâ†
j ,kâj ,k. (7)

Then, the full Hamiltonian of the system is

Ĥfull = ĤSi-V + Ĥph + Ĥd + Ĥs. (8)

B. The effective Hamiltonian

In the interaction picture, by considering the rotating-
wave approximation and using effective Hamiltonian the-
ory [105,106] with the condition of δ1, δ � �A2,�A3, the

Hamiltonian of the nth Si-V center can be rewritten as

Ĥn(t) = gâ(|2〉n〈0|ei�1t + |3〉n〈1|ei�2t)

+ �

2
|2〉n〈1|eiδt + H.c., (9)

where � = −�∗
A2�A3(2δ1 + δ)/4δ1(δ1 + δ) [see Fig. 2].

We have dropped the Stark shift that can be compensated
for by additional field-induced energy shifts [107,108].

Furthermore, in the condition of �1,�2 � g,�, the
effective Hamiltonian can be denoted as

Ĥneff = �eff

2
â†|0〉n〈1|ei(δ−�1)t + H.c., (10)

with �eff = −�g(�1 + δ)/2�1δ. We find that its form is
consistent with the Jaynes-Cummings model that can be
used to realize quantum computation [109].

Based on the effective Hamiltonian of the Si-V-center
system in Eq. (10), we propose to construct logic gates
with Si-V centers placed in the 1D phononic waveguide.
For simplicity, we consider the single-excitation mode and
regard |10〉 and |01〉 as logical qubits |0〉L and |1〉L. |10〉
(|01〉) is the abbreviation |1〉 ⊗ |0〉 (|0〉 ⊗ |1〉), where the
first ket in the product is the Fock state of the phonon,
and the second is the energy level of the Si-V center. The
effective Hamiltonian Eq. (10) can be written as

Ĥ1 = |�eff|
2

(
0 eiϕ

e−iϕ 0

)
, (11)

where |�eff| and ϕ denote the amplitude and phase of
�eff, respectively. The degree of conformity between the
Hamiltonians in Eqs. (8) and (10) is shown in Fig. 3(a).
It can be seen that the effective Hamiltonian and the full

Δ δ

Δ

|1⟩

|3⟩

|2⟩

Ω

FIG. 2. Effective energy-level-coupling structure, where g is
the coupling strength of the strain; �eff is the effective coupling
strength of |1〉 ↔ |2〉; the condition of �1, �2, and δ is the
detuning of |0〉 ↔ |2〉, |1〉 ↔ |3〉, and |1〉 ↔ |2〉, respectively.
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FIG. 3. (a) Comparison of the population of |0〉L and |1〉L from
Eq. (8) with that from Eq. (10). (b),(c) Comparison of the popula-
tion of |0〉L and |1〉L from Eq. (10) with that from Eq. (12) without
and with DD protection, respectively, where �/2π = 10 MHz,
g/2π = 5 MHz, �1/2π = 100 MHz, �2/2π = 500 MHz, and
δ = �1.

Hamiltonian agree with each other very well. All the-
ories hereafter are based on the effective Hamiltonian,
and all numerical simulations are based on the original
Hamiltonian.

For the quantum system considered here, we consider it
to be coupled to environment E, so the total Hamiltonian is

Ĥ = Ĥ1 ⊗ IE + IS ⊗ ĤE + ĤI , (12)

where I is the identity operator, ĤE includes all environ-
ment terms, and ĤI is the interaction between qubits and
the environment. The dominant environment of the Si-V
electron spin is a nuclear spin bath formed by the 13C
isotope with the nuclear-spin quantum number I = 1/2,
which has 1.1% abundance [110], and the nuclear-spin
quantum number of other C isotopes is 0. In the Si-V
center, the electron wave function is localized around the
vacancy site, which only extends to several angstroms. The
interaction between nuclear spins within this range through
the dipole-dipole interaction is

Ĥdip =
∑
i<j

Dij [Ii · Ij − 3(Ii · ri,j )(ri,j · Ij )

r2
ij

], (13)

where rij is the displacement from the ith to the j th nuclear
spin; Dij = μ0γ

2
n /(4πr3

ij ), where μ0 is the vacuum perme-
ability and γn = 6.73 × 107 (rad/s)/T is the gyromagnetic
ratio of the 13C nuclear spins. The interaction between the
system and environment is coupled through the hyperfine
interaction, which can be represented as

ĤI =
∑

i

σ · Ai · Ii, (14)

where

Ai = μ0γeγn

r3
iv

(
1 − 3rivriv

r2
iv

)
,

σ = (σx, σy , σz), riv is the displacement of the ith 13C
nuclear spin from the Si-V center site, and γe = −1.76 ×
1011 rad/s/T is the gyromagnetic ratio of the electron. The
relationship between the strength of the hyperfine interac-
tion and the mean decoherence time is T∗

2 ≡ √
8/

∑
i Ai

[111]. The mean decoherence time of the Si-V center is
T∗

2 = 216 µs at 40 mK [102].
Accordingly, we simulated the impact of the environ-

ment on system evolution. From Fig. 3(b), we can see
that, with an increase of time, the environment has an
increasingly significant impact on the system. Fortunately,
as described in Appendix C, after applying a concate-
nated dynamical decoupling (CDD) pulse sequence, the
evolution operator of the total Hamiltonian, Ĥ , is

Ûtot(τ ) =
[

Z e−i
∫ τ

3τ/4 Ĥ dt Z · Ye−i
∫ 3τ/4
τ/2 Ĥ dt Y · X e−i

∫ 3τ/4
τ/2 Ĥ dt X · e−i

∫ τ/4
0 Ĥ dt

]

= e−i
[
Z

∫ τ
3τ/4 Ĥ1 dt Z+Z

∫ τ
3τ/4 ĤI dt Z+ĤEτ/4

]
· e−i

[
Y

∫ 3τ/4
τ/2 Ĥ1 dt Y+Y

∫ 3τ/4
τ/2 ĤI dt Y+ĤEτ/4

]

· e−i
[
X

∫ τ/2
τ/4 Ĥ1 dt X +X

∫ τ/2
τ/4 ĤI dt X +ĤEτ/4

]
· e−i

[∫ τ/4
0 (Ĥ1+ĤI +ĤE) dt

]

= e−i
(

ĤEτ+
∫ τ

0 Ĥ1 dt
)
+O(τ2)

= U1(τ )⊗ UE(τ )+ O(τ 2). (15)
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FIG. 4. Schematic diagram of CDD pulses, where T is the total
evolution time; τ is the interval of each decoupling pulse; and D
and λ are the duration and strength of each decoupling pulse,
respectively.

That is to say, the effect of the environment can be elimi-
nated approximately after adding the CDD pulse sequence,
as shown in Fig. 3(c), which proves that DD is an effective
method for protecting system coherence.

Inspired by this, we consider adding the CDD pulse
sequence shown in Fig. 4 and periodic DD k-times (PDDk)
sequences to the system to further improve the perfor-
mance of the gate. Multiple fast and strong pulses with
a pulse area of π/2 are applied, which can remove the
impact of the environment to a great extent (details are
presented in Appendix C). A schematic diagram of the
evolution trajectory with the impact of the environment
and decoupled pulses is shown in Fig. 5(b). Because of the
effect of the environment, the trajectory of the evolution
state will have a slight deviation from the ideal situation
shown in Fig. 5(a). This deviation can be eliminated by the
DD pulses (represented by orange and blue arrows with
solid lines), so as to achieve the ideal evolution. Conse-
quently, the decoherence caused by the interaction between
the quantum system and environment can be inhibited
greatly.

(a) (b)

g (T) g (T)

q

FIG. 5. Evolution paths for the single-loop NGQC scheme
(a) without and (b) with the impact of the environment and
decoupled pulses (taking the basic pulse as an example).

III. IMPLEMENTATION

By combining a set of universal single-qubit gates and a
nontrivial two-qubit gate, universal quantum computation
can be realized [112]. In this section, we show how to use
Si-V centers to realize general DD-protected nonadiabatic
geometric quantum logic gates.

A. Geometric single-qubit gates

To construct general single-qubit gates, we choose a pair
of orthogonal auxiliary bases:

|ϕ1(t)〉 = sin
θ(t)

2
e−iφ(t)|0〉L − cos

θ(t)
2

|1〉L,

|ϕ2(t)〉 = cos
θ(t)

2
|0〉L + sin

θ(t)
2

eiφ(t)|1〉L.
(16)

Then, we have�eff(t)= ieiφ(t)[θ̇ (t)+ i cos θ(t) sin θ(t)φ̇(t)]
and �eff(t) = − 1

2 sin2 θ(t)φ̇(t), where �eff = δ −�1
(details are presented in Appendix D).

We take a single-qubit phase gate and a Hadamard gate
as examples. For the phase gate, the polar angle, θ(t), and
the azimuth angle, φ(t), vary by starting from the north
pole [θ(0) = 0,φ(0)], passing through the south pole,
experiencing a sudden change [θ(t) = π , φ(t) = φ(0)+
π/2], and finally returning to the north pole. Parameters in
the Hamiltonian are{∫ T1

0 θ̇ (t) dt = π , φ(t) = 0, t ∈ [0, T1],∫ T
T1
θ̇ (t) dt = π , φ(t) = π/4, t ∈ (T1, T].

(17)

A schematic diagram of the evolution path is shown in
Fig. 5(a). The shapes of � and ϕ are shown in Fig. 6(a);
these are easily achieved in experiments.

For the Hadamard gate (ignoring the global phase),
the polar angle and the azimuth angle start from [θ(0) =
(π/2), φ(0) = π/2], passing the south pole and the north
pole and back to the starting point. The parameters in the
Hamiltonian satisfy
∫ T1

0 θ̇ (t) dt = θ(0), φ(t) = π/2, t ∈ [0, T1],∫ T2
T1
θ̇ (t) dt = π , φ(t) = φ(0)− π

4 , t ∈ (T1, T2],∫ T
T2
θ̇ (t) dt = π − θ(0), φ(t) = π/2, t ∈ (T2, T].

(18)

We use the average fidelity, F , of an alterable initial state
|ψ(0)〉 = cos θ |0〉L + sin θ |1〉L, and the fidelity, F , which
is defined as

F = 1
2π

∫ 2π

0
〈ψideal|ρ(T)|ψideal〉 dθ , (19a)

F = 〈ψideal|ρ(T)|ψideal〉, (19b)

to evaluate the performance of the gate, where |ψideal〉 =
U(T)|ψ(0)〉 is the ideal state and ρ is the density matrix.
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FIG. 6. Numerical simulation of the phase gate and the
Hadamard gate. Shapes of � and φ for the phase gate (a) and
the Hadamard gate (c). Average fidelity, F , of the phase gate (b)
and the Hadamard gate (d) against control error.

According to Ref. [113], the Liouville equation, ρ̇tol(t) =
−i[Ĥ (t), ρtol(t)], can be used to calculate the density
matrix. The density operator is ρ(t) = TrEρtol(t). The evo-
lution operator of the phase (Hadamard) gate is described
as U(T) = exp(−iπσz/2) [U(T) = exp(−iπσx/4)].

In practical operations, there will inevitably be some
fluctuations in the control pulse, which means that
the control pulse, � → (1 + ε)�, within the range ε ∈
[−0.1, 0.1]—the method of geometric evolution—can
effectively suppress this error. To demonstrate the robust-
ness of the geometric phase, we compare the robustness of
our scheme against Rabi error with the dynamical quan-
tum computation (DQC) scheme (the implementation of
DQC is shown in Appendix F), and we do not consider the
influence of the environment in the discussion on robust-
ness. The red solid line and the blue dashed line represent
the average fidelity of NGQC and DQC varying control
error ε, respectively. We find that the geometric gates
can surpass dynamical gates from Figs. 6(b) and 6(d). To
better illustrate the impact of parameter fluctuations on
fidelity, we provide an analytical solution for fidelity with
parameter fluctuations ε in Appendix E. Although different
fidelity-solving methods may lead to slight deviations, the
impact of control-parameter fluctuations on fidelity can be
clearly explained.

For decoherence caused by the environment, the fidelity,
F , defined in Eq. (19b) of the phase gate and Hadarmard
gate without DD and with various DD pulses are shown in
Fig. 7 (assuming the initial state is in |0〉L); different color
bars represent the average fidelity achievable by different
DD pulses. We find that, as the pulse period increases, the
average fidelity becomes higher and higher. After applying

without DD CDD PDD2 PDD3

0.92

0.94

0.96

0.98

1.00 Phase gate
Hadamard gate

0.9686

0.9950
0.9995 0.9997

0.9515

0.9150

0.9702

0.9979

FIG. 7. Fidelity of the phase gate and the Hadamard gate
based on the conditions in Eqs. (17) and (18) without DD and
with CDD sequences, PDD2 sequences, and PDD3 sequences,
respectively. Control parameters are the same as those in Fig. 3.

CDD, PDD2, and PDD3, the fidelity of the phase gate
(Hadamard gate) reaches 0.9702 (0.9686), 0.995 (0.9979),
and 0.9997 (0.9995), respectively.

We further demonstrate the robustness of our scheme
against the effect of environment,

∑
i Ai → (1 + η)

∑
i Ai.

The robustness of the phase gate (Hadamard gate) chang-
ing with the strength of the environmental interaction is
shown in Figs. 8(a) and 8(b). To more clearly demon-
strate the impact of different decoupling pulse sequences
on average fidelity, we selected the y axis as the natu-
ral logarithmic form. From Fig. 8, we can see that the

–10
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–6

–4

–2

–8
0 1 2

–6

–4

–2

(a)

(b)

FIG. 8. Robustness of (a) the phase gate and (b) the Hadamard
gate upon varying the strength of environmental interaction, η.
Control parameters are the same as those in Fig. 3.
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DD greatly protects the nonadiabatic geometric quantum
gates from environment-induced decoherence. We pro-
vide a quantitative analysis in Appendix G, regarding the
reason why fidelity decreases with increasing interaction
strength between the system and environment. Moreover,
from Eq. (15), we can see that DD pulses can eliminate
the first-order term of the interaction, while higher-order
terms still have a reducing effect on the fidelity of the sys-
tem. The more DD pulse sequences are added, the further
their higher-order terms can be eliminated. However, as
the intensity of the interaction increases, the fidelity still
decreases.

B. Nontrivial geometric two-qubit gate

In this section, we demonstrate the construction of the
nontrivial two-qubit geometric gate using Si-V centers.
Here, we consider two Si-V centers in the phononic waveg-
uide and define the effective detuning, δ −�1 = �1. The
Hamiltonian becomes

Ĥn = �eff

2
â†|0〉n〈1|ei�nt + H.c., (20)

for the nth Si-V center coupled to the phononic waveguide.
When �n � �eff, the effective Hamiltonian of the system
can be written as

Ĥ2 = −�2
eff
�1 +�2

8�1�2
σ̂−

1 σ̂
+
2 ei(�1−�2)t + H.c., (21)

where σ̂−
1 (σ̂+

2 ) denotes the energy-level decline (rise)
operator of the first (second) Si-V center. Now, similar
to the single-qubit gate, we encode |0〉Si-V (|1〉Si-V) as
logical qubit |0〉L (|1〉L), so the Hamiltonian in Eq. (21)
can be written in the following form in the basis space
{|00〉L |01〉L |10〉L |11〉L}:

Ĥ2 = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 �2 −�1
�2

eff(�1 +�2)

8�1�2
0

0
�2

eff(�1 +�2)

8�1�2
�1 −�2 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(22)

Similar to the single-qubit case, we choose four auxiliary
bases

|ϕ1(t)〉 = |00〉L,

|ϕ2(t)〉 = cos
θ(t)

2
|01〉L + sin

θ(t)
2

eiφ(t)|10〉L,

|ϕ3(t)〉 = sin
θ(t)

2
e−iφ(t)|01〉L − cos

θ(t)
2

|10〉L,

|ϕ4(t)〉 = |11〉L. (23)

Then, we have Oeff ≡ �2
eff((�1 +�2)/4�1�2) = ieiφ(t)

[θ̇ (t)+ i cos θ(t) sin θ(t)φ̇(t)] and�eff(t) = 1
2 sin2 θ(t)φ̇(t),

where �eff = �2 −�1 (details are presented in
Appendix D).

Here, we choose �1 = �2, γ (T) = π/2, θ(0) = π/2,
and ϕ(0) = π ; the parameters in the Hamiltonian are

∫ T1
0 Oeff dt = θ(0), φ(t) = π , t ∈ [0, T1],∫ T2
T1

Oeff dt = π , φ(t) = π + π
2 , t ∈ (T1, T2],∫ T

T2
Oeff dt = π − θ(0), φ(t) = π , t ∈ (T2, T].

(24)

The azimuth angle, φ, changes twice at the south pole and
north pole, so an iSWAP gate can be achieved, which is a
universal gate for quantum computation [114].

The system Hamiltonian is Ĥ2(t) in Eq. (9), and
the interaction Hamiltonian is described as ĤI2(t) =∑

α=x,y,z(σ
α
1 ⊗ Eα1 + σα2 ⊗ Eα2 ). The form of Ei is the same

as the single-qubit case, which means that we assume each
physical qubit has the same environment. Therefore, the
DD pulse sequences play a role by applying each qubit.
Then, we plot the fidelity of the iSWAP gate. The parameters
are the same as those described in Sec. III A.

Similar to the single-qubit case, we consider that each
environmental noise has fluctuations of η. The initial state
is set as |01〉L for simplicity, and the fidelity, F , defined
by Eq. (19b) is shown in Fig. 3. Furthermore, we intro-
duce the DD sequences shown in Fig. 4 and PDD2 and
PDD3 to improve the performance of the iSWAP gate. From
the results of numerical simulations, one can see that the
DD technique can protect the quantum system from deco-
herence and dephasing coming from the environment. The
fidelity of the iSWAP gate varying with η is shown in Fig. 9,
which shows the robustness of DD sequences.

–0.5 0 0.5
–8

–6

–4

–2

FIG. 9. Fidelity of the proposed iSWAP gate with the Si-V
center varying with the strength of environment interaction η.
Control parameters are set the same as Fig. 3.
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IV. EXPERIMENTAL FEASIBILITY

In our scheme, the considered Si-V centers are coupled
by a phononic waveguide. For state-of-the-art techniques,
Si-V-center arrays can be assembled successfully [115], so
as to implement the experimental structure. For the phonon
waveguide, one can assume that the length is L = 80 µm,
the cross section is A = 80 × 80 nm2, the Young’s mod-
ulus is E = 1050 GPa, the Poisson ratio is ν = 0.2, the
mass density is ρ = 3500 kg/m3 [23], and the resulting
coupling strength is g/2π ≈ 5 MHz. The condition of the
single-excitation mode of a phonon can be satisfied when
the temperature, Te, is below 100 mK [102]. In numerical
simulations, we selected a temperature of Te = 40 mK, a
mean decoherence time of the Si-V center of T∗

2 = 216 µs,
and duration of single-qubit logic gates of 2π/�eff = 2 µs.
The Rabi frequency of each decoupling pulse is chosen to
be λ = 2π × 4 MHz; the parameters in Fig. 4 are D =
π/2/λ = 62.5 ns, τ = 0.5 µs, and T = 2 µs. Therefore,
the relevant parameters of our scheme could be feasible in
experiments.

V. CONCLUSION

We have proposed the implementation of Si-V centers in
quantum computation with universal nonadiabatic geomet-
ric quantum gates. Dynamical decoupling pulse sequences
are used to improve the immunity of the quantum sys-
tem to environmental impact. Scalability can be achieved
by a 1D phononic waveguide. Besides the scalability, our
scheme is easy to initialize and read out. In addition, log-
ical states of qubits are encoded in long-lifetime ground
states of Si-V centers, which can reduce the effect of deco-
herence caused by spontaneous emission. In summary, our
scheme can protect quantum gates from both the con-
trol error caused by actual operation due to the intrinsic
robustness of geometric quantum logic gates and dephas-
ing caused by the environment; these are two obstacles to
the realization of high-fidelity quantum logic gates. There-
fore, our scheme may provide a significant reference and
alternative path for implementing high-fidelity geometric
quantum computation in solid-state systems.
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APPENDIX A: THE JT EFFECT

In 1937, Jahn et al. proved that a molecule in an orbitally
degenerate electronic state would be inherently unstable
with respect to distortions of its nuclear configuration,
which lowered the orbital symmetry [100]. The electrons
have considerably smaller masses than the nuclei, and
the motion of the nuclei adiabatically follows the Born-
Oppenheimer approximation [116]. Therefore, the state
function can be written as the product of the electronic
wave function. Electrons move on the effective potential
surface generated by the nuclei. A simple case is con-
sidered here: there is a mode with normal coordinate, Q,
coupled to an electronic state that has twofold degeneracy.
Then the potential energy caused by the JT interaction can
be written as

Ĥ Q
JT = 1

2
Q2 + F

[
Q 0
0 −Q

]
. (A1)

The first term is the vibronic potential of the nucleus,
and F is the strength of the JT coupling. We consider
linear JT coupling and ϒx,y = FQx,y . The harmonic poten-
tial, 1

2 Q2, can be dropped because it acts equally on all
states, that is, it causes a global energy shift. So, in
the {|eg(e),x〉, |eg(e),y〉} basis of Si-V-center states, the JT
interaction Hamiltonian is

ĤJT =
[
ϒx ϒy
ϒy −ϒx

]
. (A2)

APPENDIX B: THE FORM OF L̂z

We already know the matrix elements of L̂z in the
{|e+〉, |e−〉} (where we omit the subscripts g, u) basis is

[
1 0
0 −1

]
. (B1)

The transformation matrix between {|e+〉, |e−〉} and
{|ex〉, |ey〉} is

(|e+〉
|e−〉

)
=

[−1 −i
1 i

](
ex
ey

)
. (B2)

Therefore, in the basis of {|ex〉, |ey〉}, the L̂z is

[
0 i
−i 0

]
. (B3)

We define the ladder operators L̂± = L̂x ± iL̂y and find
that L̂±Yml

l = �
√
(l ∓ ml)(l ± ml + 1)Ym±1

l , which means
L̂± does not cause any direct coupling between e+ and e−.
Consequently, all matrix elements of L̂x(y) in the {|ex〉, |ey〉}
basis are zero.
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APPENDIX C: UNIVERSAL DYNAMICAL
DECOUPLING PULSE SEQUENCES

In the process of gate implementation, evolution is
inevitably influenced by the surrounding environment,
which can lead to a reduction of fidelity. Here, a set of
general pulse sequences that can cancel out the system and
environment are derived. First, for open quantum systems,
we consider the total Hamiltonian Ĥ = Ĥs + Ĥe + Ĥse,
where Ĥs and Ĥe contain only terms acting on the sys-
tem or environment, and the system-environment coupling
Hamiltonian of the most general single qubit is written as
[81,83,84]

Ĥse = Ĥs ⊗ Ĥe = σ · E, (C1)

where σ = (σx, σy , σz) denotes the system Hamiltonian
and E = (Ex, Ey , Ez) expresses the environment operator.
The unwanted noise induced by the open system origi-
nated from the Hamiltonian Ĥse. The unwanted evolution
operator can be expressed as fτ = e−iτ Ĥse . DD strategies
specifically aimed to eliminate the impact of Ĥse. First,
we apply two X pulses that last for a period of time D
with strength λ, and Dλ = (π/2), i.e., X = eiDλσ x ⊗ IB =
e−i(π/2)σ x ⊗ IB = −iσ x ⊗ IB on the system. When D → 0,
λ → ∞, the condition Dλ = (π/2) can be satisfied. Then,
the unwanted evolution can be expressed as

Xf ′
2τ = XfτXfτ = e−2iτ(σ x⊗Bx+He) + O(τ 2), (C2)

which means that the XfτXfτ pulse sequence can cancel out
both the y and z contributions from the environment. Then
we apply the Y pulse, Y = eiDλσ y ⊗ IB = e−i(π/2)σ y ⊗ IB =
−iσ y ⊗ IB, on the system,

Yf ′
2τYf ′

2τ = YXfτXfτYXfτXfτ ,

= ZfτXfτZfτXfτ ,

= e−i4τ Ĥe + O(τ 2). (C3)

So, when the evolution time is t = 4τ , the system can
decouple from the environment, that is, ZXZX pulse
sequences are universal decoupling pulse sequences that
can reduce the impact of the environment on the sys-
tem. We call this universal decoupling sequence, ZXZX ,
a CDD pulse sequence. Here, we can repeat the CDD
pulse sequence periodically k times (PDDk) [86] to further
enhance the performance of the system. We have

ZfτXfτZfτXfτ = (ZfτZ)(YfτY)(XfτX )(Ifτ I). (C4)

The decoupling group constituted by elements {I , X , Y, Z}
can achieve our decoupling goal (ignoring the global
phase).

For the two-qubit case, the system-environment interac-
tion can be written as

Ĥse =
∑
α=x,y,z

∑
i=1,2

σαi ⊗ Eαi , (C5)

which means each qubit interacts with its environ-
ment. The three-body interaction, σα1

i1 σ
α2
i2 ⊗ Eα1α2

i1i2 , can
be neglected because it is much weaker. The decoupling
group can be selected as {I⊗2, X ⊗2, Y⊗2, Z⊗2}, that is,
adding the same decoupling sequences to each qubit.

APPENDIX D: NONADIABATIC GEOMETRIC
HAMILTONIAN

Here, we use the reverse-engineering scheme to give
the target Hamiltonian for a system satisfying nonadiabatic
geometric conditions [54]. For the single-qubit case, the
orthogonal auxiliary bases can be chosen as

|ϕ1(t)〉 = sin
θ(t)

2
e−iφ(t)|0〉 − cos

θ(t)
2

|1〉,

|ϕ2(t)〉 = cos
θ(t)

2
|0〉 + sin

θ(t)
2

eiφ(t)|1〉,
(D1)

where |0〉 and |1〉 are two logical states of a qubit, and
θ(t) and φ(t) are the time-dependent parameters. Then, the
Hamiltonian of the system can be expressed as

Ĥ(t) = i
2∑

k �=l

〈ϕl(t)|ϕ̇k(t)〉|ϕl(t)〉〈ϕk(t)|,

= �(t)(|1〉〈1| − |0〉〈0|)+
[
�(t)

2
|1〉〈0| + H.c.

]
.

(D2)

Then, we have �(t) = ieiφ(t)[θ̇ (t)+ i cos θ(t) sin θ(t)φ̇(t)]
and �(t) = − 1

2 sin2 θ(t)φ̇(t).
Corresponding to the auxiliary basis vectors, the initial

states of the system are

|ψ1(0)〉 = |ϕ1(0)〉 = sin
θ(0)

2
e−iφ(0)|0〉 − cos

θ(0)
2

|1〉,

|ψ2(0)〉 = |ϕ2(0)〉 = cos
θ(0)

2
|0〉 + sin

θ(0)
2

eiφ(0)|1〉.
(D3)

After a cyclic evolution, the evolution operator can be
written as
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U(T) = e−iγ (T)|ψ1(0)〉〈ψ1(0)| + eiγ (T)|ψ2(0)〉〈ψ2(0)|,

=
(

cos γ (T)+ i cos θ0 sin γ (T) ie−iφ0 sin γ (T) sin θ0
ieiφ0 sin γ (T) sin θ0 cos γ (T)− i cos θ0 sin γ (T)

)
,

= e−iγ (T)n·σ , (D4)

where θ0 ≡ θ(0), φ0 ≡ φ(0), and γ (T) = i
∫ T

0 〈ϕ1(t)|ϕ̇1(t)
dt = −i

∫ T
0 〈ϕ2(t)|ϕ̇2(t) dt = 1

2

∫ T
0 [1 − cos θ(t)φ̇(t)] dt = 1

2∮
C[1 − cos θ(t)] dφ. It can be clearly seen that γ (T) is half

of the solid angle, independent of the evolution details,
and n = [sin θ(0) cosφ(0), sin θ(0) sinφ(0), cos θ(0)].
General single-qubit gates can be constructed by selecting
different parameters. Universal quantum computation can
be realized by a nontrivial two-qubit quantum gate assisted
by arbitrary single-qubit gates [112].

For the two-qubit gate, the auxiliary bases can be
chosen as

|ϕ1(t)〉 = |00〉,

|ϕ2(t)〉 = cos
θ(t)

2
|01〉 + sin

θ(t)
2

eiφ(t)|10〉,

|ϕ3(t)〉 = sin
θ(t)

2
e−iφ(t)|01〉 − cos

θ(t)
2

|10〉,
|ϕ4(t)〉 = |11〉. (D5)

The general form of the Hamiltonian for realizing a two-qubit gate is

Ĥtwo(t) = i
4∑

k �=l

〈ϕl(t)|ϕ̇k(t)〉|ϕl(t)〉〈ϕk(t)|, = �two(t)
2

|01〉〈10| + H.c. (D6)

The evolution operator of this system can be expressed as

U2(T) = |ϕ1(T)〉〈ϕ1(0)| + e−iγ (T)|ϕ2(0)〉〈ϕ2(0)| + eiγ (T)|ϕ3(0)〉〈ϕ3(0)| + ϕ4(T)〉〈ϕ4(0)|,

=

⎛
⎜⎜⎝

1 0 0 0
0 cos γ (T)− i cos θ(0) sin γ (T) −ie−iϕ(0) sin θ(0) sin γ (T) 0
0 −ieiϕ(0) sin θ(0) sin γ (T) cos γ (T)+ i cos θ(0) sin γ (T) 0
0 0 0 1

⎞
⎟⎟⎠ . (D7)

By selecting appropriate parameters, we can build a non-
trivial two-qubit quantum geometric gate, and the gen-
eral geometric quantum computation can be achieved by
combining it with universal single-qubit gates.

APPENDIX E: QUANTITATIVE THEORY OF
FIDELITY AGAINST CONTROL ERROR ε

In this section, we provide a quantitative statement on
how fluctuations in control parameters affect the system
fidelity. We use the effective model and an alternative
definition of fidelity to provide an analytical solution
for the fluctuation of fidelity with system parameters.
For convenience, we utilize a different definition of
fidelity Fε = (Tr[U†Uε]/Tr[U†U]) [117], where Uε(τ ) =
T e(−i

∫ τ
0 Ĥ ′

1(t) dt), T is the time order operator, and Ĥ ′
1 =

(1 + ε)Ĥ1.

For the geometric phase gate, the fidelity is Fε1 =
1/4(2 + √

2 − (−2 + √
2) cosπε). Then, expanding the

Fε1 series to the second order, Fε1 = 1 + 1/8(−2 +√
2)π2ε2 + O(ε3), where O(ε3) is the third order, and

higher-order expansions can be discarded. Similarly, the
quantitative solution for fidelity, Fε2 = cos(πε/2)2, of
the dynamical phase gate expanded to the second order
is Fε2 = 1 − (π2ε2/4)+ O(ε3). The fidelity is Fε3 =
(cos((πε/4))2(2 + (−2 + √

2) cos(πε/2)))/
√

2 = 1 + 1/
16(−3 + 2

√
2)π2ε2 + O(ε3) and Fε4 = 1

2 (cos((πε/4))+
cos((3πε/4))) = 1 − (5π2ε2/32)+ O(ε3) for the geo-
metric Hadamard gate and the dynamical Hadamard gate,
respectively.

Here, we take the Hadamard gate as an example and
provide a detailed calculation process to prove that Fε3
and Fε4 correspond to the NGQC and DQC, respectively.
The difference between geometric and dynamic schemes
is that, when constructing the same gate, the evolution
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path on the Bloch sphere is different. When using NGQC
to construct the gate, parameter settings are shown in
Eq. (18), and the evolution is divided into three segments.
The Hamiltonian is time independent within each segment,
and the analytical expression of the evolution operator

can be accurately solved. Under the representation of the
{|0〉L, |1〉L} basis, the Hamiltonian has control error ε and
the evolution operator of each segment can be represented
as

Ĥh1 =
(

0 (1 + ε)�eff/2
(1 + ε)�eff/2 0

)
, Ûh1 = e−iĤh1t, t ∈ [0, T/4],

Ĥh2 =
(

0 −(1 + ε)�eff/2e−iπ/4

−(1 + ε)�eff/2eiπ/4 0

)
, Ûh2 = e−iĤh2t, t ∈ (T/4, 3T/4],

Ĥh3 =
(

0 (1 + ε)�eff/2
(1 + ε)�eff/2 0

)
, Ûh3 = e−iĤh3t, t ∈ (3T/4, T].

(E1)

The total evolution operator of the Hadamard gate constructed by NGQC with control error ε is

Ûε = Ûh3 · Ûh2 · Ûh1,

=

⎛
⎜⎜⎜⎜⎜⎝

1
4

((√
2 − 2

)
cos(πε)+ √

2 + 2
) cos

(πε
2

)
√

2
− i

4

(√
2 − 2

)
sin(πε)

−
cos

(πε
2

)
√

2
− 1

4
i
(√

2 − 2
)

sin(πε)
1
4

((√
2 − 2

)
cos(πε)+ √

2 + 2
)

.

⎞
⎟⎟⎟⎟⎟⎠

. (E2)

Then, using Fε = (Tr[U†Uε]/Tr[U†U]), it can be concluded that Fε3 = (cos((πε/4))2(2 + (−2 +√
2) cos(πε/2)))/

√
2 = 1 + 1/16(−3 + 2

√
2)π2ε2 + O(ε3).

For the Hadamard gate constructed by DQC, the Hamiltonian has control error ε and the evolution operator of each
segment can be represented as

Ĥhd1 =
(

0 e−iπ/2(1 + ε)�eff/2
eiπ/2(1 + ε)�eff/2 0

)
, Ûhd1 = e−iĤhd1t, t ∈ [0, T/3],

Ĥhd2 =
(

0 (1 + ε)�eff/2
(1 + ε)�eff/2 0

)
, Ûhd2 = e−iĤhd2t, t ∈ (T/3, T].

(E3)

The total evolution operator of the Hadamard gate constructed by DQC with control error ε is

Ûε = Ûhd2 · Ûhd1,

=

⎛
⎜⎜⎝

−1 + i
2

(
−i sin

(
3π − επ

4

)
− cos

(
π − 3επ

4

))
−1 + i

2

(
cos

(
3πε + π

4

)
+ i sin

(
επ + π

4

))

1 − i
2

(
cos

(
3πε + π

4

)
− i sin

(
πε + π

4

))
1 + i

2

(
cos

(
επ + π

4

)
+ i sin

(
3πε + π

4

))
⎞
⎟⎟⎠ . (E4)

The fidelity of the Hadamard gate constructed by DQC can
be calculated as Fε4 = 1

2 (cos((πε/4))+ cos((3πε/4))) =
1 − (5π2ε2/32)+ O(ε3). Other analytical expressions
can be calculated in the same way.

From Fig. 10, it is obvious that, as ε increases, the
fidelity of each gate decreases, and the numerical results
simulated through the master equation are highly consis-
tent with our analytical solution. The deviation comes from

different fidelity-solving methods and high-order fluctua-
tion of Fε .

APPENDIX F: IMPLEMENTATION OF DYNAMIC
GATES IN NUMERICAL COMPARISON

Different from our geometric implementation of quan-
tum gates, the implementation of dynamical quantum gates
in a numerical comparison is explained here. The dynamic
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FIG. 10. Fidelity, Fε , of the phase gate (a) and the Hadamard
gate (b) against control error. Among them, Fε1 and Fε3 represent
the phase gate and the Hadamard gate constructed by NGQC,
while Fε2 and Fε4 correspond to the phase gate and the Hadamard
gate constructed by DQC.

evolution operator of Eq. (11) is

Ud(θd,ϕ) =
(

cos θd −i sin θdeiϕ

−i sin θde−iϕ cos θd

)
, (F1)

where θd = 1
2

∫ τd
0 |�eff| dt. Based on this, the Hadamard

gate and the phase gate in Sec. III A can be realized
by Ud((π/4), −(π/2))Ud((π/2), 0) and Ud(−(π/2), 0)Ud
(−(π/2), (π/2))Ud((π/2), 0), respectively. In addition, to
ensure fairness in the comparison, the amplitude of the
Rabi frequency is selected to be the same as that of the
geometric gates.

APPENDIX G: QUANTITATIVE THEORY OF
FIDELITY AGAINST THE FLUCTUATION OF

THE EFFECT OF THE ENVIRONMENT η

Here, we discuss the impact of the environment-system
interaction strength on system fidelity. To quantify the
impact of the interaction strength of environmental sys-
tems on fidelity, we add a fluctuation of η to the strength
of the interaction, that is, ĤI → (1 + η)ĤI . For conve-
nience, we discuss the evolution of the system in the inter-
action scenario, so we let Ĥ0 = Ĥ1 ⊗ IE + IS ⊗ ĤE and
U = e−iĤ0t/�. The relationship between the density oper-
ator under the interaction scenario, ρ̃tol, and the density
operator under the Schrödinger scenario, ρtol, is

ρ̃tol(t) = U†(t)ρtol(t)U(t). (G1)

The time evolution of the total density matrix is

dρ̃tol(t)
dt

= 1
i�

[ ˜̂HI (t), ρ̃tol(t)], (G2)

where ˜̂HI (t) = U†(t)ĤI (t)U(t). We expand the solution of
ρ̃tol(t) to the second order:

ρ̃tol(t) = ρ̃tol(0)+ 1 + η

i�

∫ t

0
ds[ ˜̂HI (s), ρ̃tol(s)] − (1 + η)2

�2

∫ t

0
ds1

∫ s1

0
ds2[ ˜̂HI (s1), [ ˜̂HI (s2), ρ̃tol(s2)]]. (G3)

We only focus on the evolution of the system:

dρ̃(t)
dt

= TrE

[
dρ̃tol(t)

dt

]
= 1 + η

i�
TrE[ ˜̂HI (s), ρ̃tol(s)] − (1 + η)2

�2

∫ t

0
dsTrE[ ˜̂HI (t), [ ˜̂HI (s), ρ̃tol(s)]]. (G4)

Assuming the initial state is ρ̃tol(0) = ρ̃(0)⊗ ρ̃E(t) and 〈Ei〉 = Tr[EiρE(0)] = 0, that is, under the Born approximation
and Markov approximation [118], and the interaction Hamiltonian in the interaction scenario is ˜̂HI = ∑

α Ãα(t)⊗ B̃α(t),
the evolution of the system can be written as

dρ̃(t)
dt

= − (1 + η)2

�2

∫ ∞

0
dsTrE[ ˜̂HI (t), [ ˜̂HI (t − s), ρ̃(t)⊗ ρ̃E]],

= − (1 + η)2

�2

∫ ∞

0
dsTrE[ ˜̂HI (t − s)ρ̃(t)⊗ ρ̃E

˜̂HI (t)− ˜̂HI (t)
˜̂HI (t − s)ρ̃(t)⊗ ρ̃E] + H.c.,

=
∑

ω,ω′,α,β

ei(ω′−ω)t�αβ(ω)[Âβ(ω)ρ̃(t), Â†
α(ω

′)] + �∗
αβ(ω)[Âα(ω

′)ρ̃(t), Â†
β(ω)], (G5)
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where �αβ(ω) = ((1 + η)2/�2)
∫ ∞

0 dseiωsTrE[B̃†
α(s)B̃β(0)

ρ̃E] Then, applying the rotating-wave approximation,

dρ̃(t)
dt

=
∑
ω,α,β

�αβ(ω)[Âβ(ω)ρ̃(t), Â†
α(ω)]

+ �∗
αβ(ω)[Âα(ω)ρ̃(t), Â†

β(ω)]. (G6)

Then, decomposing �αβ(ω) into Hermitian and anti-
Hermitian parts,

γ (ω) = �αβ(ω)+ �∗
αβ(ω),

�(ω) = 1
2i

[�αβ(ω)− �∗
αβ(ω)]. (G7)

Going back to the Schrödingerr scenario, there will only
be one relevant frequency, ω, so the evolution is

dρ(t)
dt

= −i[Ĥ1 + ĤLS, ρ(t)]

+
∑

k

γk

[
L̂kρ(t)L̂

†
k−

1
2
{L̂†

kL̂k, ρ(t)}
]

, (G8)

where L̂k = Okβ = Âβ , O is a unitary operator, OγO† is
a diagonal matrix, and ĤLS = �

∑
αβ �αβ Â†

αÂβ is called a

Lamb shift. It will cause a shift in the position of the energy
levels, and its impact on the Hamiltonian of the system can
generally be ignored [119].

Then, the effective Hamiltonian of a system can be
approximated in its simplest form [120] as

Ĥη1 =

⎛
⎜⎝ 0

|�eff|
2

eiϕ

|�eff|
2

e−iϕ −i(1 + η)2
γ

2

⎞
⎟⎠ , (G9)

where the decay rating of our system is assumed to be
(γ /2) = |�eff|/100 (reasonable and can simplify calcu-
lations). Using Fη = (Tr[U†Uη]/Tr[U†U]) to solve the
fidelity of the interaction strength varies with the system
environment, where Uη(τ ) = T e(−i

∫ τ
0 Ĥ ′

1(t) dt). From Fig. 8,
we can see that the fidelity curves of CDD and PDDs are
almost parallel to the curve without DD; the impact of the
environment on system fidelity is almost the same in the
presence or absence of DD. Here, we take the phase gate
as an example, so the Hamiltonian of each segment can
be written as (the Hamiltonian of each segment is time
independent)

Ĥp1 =
(

0 �eff/2
�eff/2 −i(1 + η)2�eff/100

)
, Ûp1 = e−iĤp1T/2, t ∈ [0, T/2],

Ĥp2 =
(

0 eiπ/4�eff/2
e−iπ/4�eff/2 −i(1 + η)2�eff/100

)
, Ûp2 = e−iĤp2T/2, t ∈ (T/2, T].

(G10)

The total evolution operator of the phase gate constructed by DQC with the fluctuation of the environment, ε, is

Ûη = Ûhd2 · Ûhd1. (G11)

Then, we have

Fη1 = 1
2x

([
−η−e− πη−

200 + η+e− πη+
200

] [
i

2x
√

x exp
(
−πη+

200

)]

+ 1
8 (ix)3/2

[√
x
{[

−η− exp
(
−πη+

200

)
+ η+ exp

(η−π
200

)] √
2

[
(1 + i)

{
2
√

x exp
(
−πη+

200

)}]]

−2500
(

i
(ix)3/2

+ 1
) (

−1 + e
−π√

x
100

) (
e
π

√
x

100 − 1
)

exp
(

−πη
2
1

100

)})
, (G12)

where η1 = η + 1, x = η4
1 − 10000, η+ = η2

1 + √
x, and

η− = η2
1 − √

x. By expanding Eq. (G12) to the second
order of η1 and using numerical fitting, we can obtain
Fη = 1 − 0.01η1 − 0.0225η2

1 + O(η3
1). The fidelity can be

improved by minimizing the impact of η1 on the system as

much as possible. The DD used in the manuscript is one of
the methods.

The fidelity, Fη, of the phase gate varies with η, as
shown in Fig. 11, and the consistency with the values in
Fig. 8 is very high. It is obvious that, as η increases, the
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FIG. 11. Fidelity, Fη, variation with the fluctuation of the effect
of environment, η, of the phase gate.

fidelity will decrease. The slight deviation comes from
different solving methods of fidelity.
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