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Nonadiabatic geometric quantum gates with on-demand trajectories
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High-fidelity quantum gates are an essential prerequisite for large-scale quantum computation. When
manipulating practical quantum systems, environmentally and operationally induced errors are inevitable,
and thus, in addition to being fast, it is preferable that operations should be intrinsically robust against
different errors. Here, we propose a general protocol for constructing geometric quantum gates with on-
demand trajectories by modulating the applied pulse shapes that define the system’s evolution trajectory.
Our scheme adopts reverse engineering of the target Hamiltonian using smooth pulses, which also elim-
inates the difficulty of calculating geometric phases for an arbitrary trajectory. Furthermore, because a
particular geometric gate can be induced by various different trajectories, we can further optimize the gate
performance under different scenarios; the results of numerical simulations indicate that this optimization
can greatly enhance the quality of the gate. In addition, we present an implementation of our proposal
using superconducting circuits, showcasing substantial enhancements in gate performance compared with
conventional schemes. Our protocol thus presents a promising approach for high-fidelity and strong-robust
geometric quantum gates for large-scale quantum computation.
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I. INTRODUCTION

Quantum computation is an emerging technology that
can succeed in dealing with problems that are hard for
classical computers [1]. During recent decades, there has
been tremendous progress toward practical quantum com-
putation on various physical platforms [2–6]. A recent
milestone in this field is that the quantum computational
advantage of quantum computers has been successfully
demonstrated [7–10]; however, it is still difficult to build
a practical quantum computer. This is due to the high
overhead of quantum error correction, as gates errors can
accumulate and propagate [11], and this will quickly cause
the quantum computation process to fail. Current efforts
are devoted to successfully extending the lifetimes of log-
ical qubits beyond those of their corresponding physical
qubits [12,13], and it has been demonstrated that quantum
error correction codes can benefit quantum information
storage and processing. Furthermore, it is well known that
fewer resources are needed for quantum error correction

*Contact author: zyxue83@163.com

when the quantum gates used have higher fidelity; there-
fore, high-fidelity quantum gates are essential for building
a practical quantum computer.

It is also well known that geometric phases are intrinsi-
cally robust against operational errors [14–16], and quan-
tum gates induced by geometric phases thus have built-in
fault tolerance. In addition, to decrease the time that quan-
tum systems are exposed to the environment, fast nonadi-
abatic geometric quantum gates (NGQGs) are preferable
[17–19]. During the last two decades, we have seen great
progress in this field [20–35]; however, due to the difficulty
of calculating geometric phases for arbitrary trajectories,
only specific loops [20–27], usually constructed from lon-
gitude and latitude lines on the Bloch sphere, are proposed
for implementing NGQGs, and these result in sudden
changes of the Hamiltonian parameters. These settings
introduce more experimental requirements for implement-
ing geometric quantum gates, and more unacceptably, they
will smear the intrinsic robustness of geometric phases.

Here, we address the above obstacles by presenting
a general protocol to construct NGQGs with on-demand
trajectories by modulating the applied pulse shapes. Our
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scheme adopts a reverse engineering [36–39] of the target
Hamiltonian using only smooth pulses, avoiding sudden
changes in the system’s Hamiltonian, which also removes
the difficulty of calculating geometric phases. We can
also further optimize the gate performance among dif-
ferent trajectories under various scenarios, and numer-
ical simulations verify the enhancement in the gate
quality. In addition, we present an implementation of our
scheme with superconducting circuits and show that it
has improved gate performance. Our protocol therefore
presents a promising approach for high-fidelity and strong-
robust NGQGs for large-scale quantum computation.

II. GATE CONSTRUCTION

We first proceed to present our scheme for construct-
ing an NGQG using the reverse engineering of the tar-
get Hamiltonian. To induce target gates for a quan-
tum two-level system, we choose a set of evolution
states |ψk(t)〉 = eiγk(t)|μk(t)〉 (k = 1, 2) that satisfy the
Schrödinger equation i|ψ̇k(t)〉 = H(t)|ψk(t)〉, where we set
� = 1 hereafter, γk(0) = 0 and γk(t) are the accumulated
total phase, and

|μ1(t)〉 = cos
θ(t)

2
|0〉 + sin

θ(t)
2

eiϕ(t)|1〉,

|μ2(t)〉 = sin
θ(t)

2
e−iϕ(t)|0〉 − cos

θ(t)
2

|1〉, (1)

are a set of orthogonal auxiliary basis vectors with θ(t)
and ϕ(t) being the time-dependent parameters. We fur-
ther assume that the quantum system is governed by the
following general form of Hamiltonian [38]:

H(t) = i
∑

k �=l∈{1,2}
〈μl(t)|μ̇k(t)〉|μl(t)〉〈μk(t)|

= �(t)(|0〉〈0| − |1〉〈1|)+ [�(t)|1〉〈0| + H.c.], (2)

where �(t) = sin2 θ(t)ϕ̇(t)/2 and �(t) = ieiϕ(t)[θ̇ (t)+
i sin θ(t) cos θ(t)ϕ̇(t)]/2. In our scheme, we choose a
time-dependent detuning �(t) to more precisely con-
struct on-demand trajectories and optimize the perfor-
mance of geometric quantum gates, which is within
current state-of-the-art technologies [40–43]. Because
〈ψk(t)|H(t)|ψk(t)〉 = 0, the evolution states |ψk(t)〉 will
only accumulate geometric phases, i.e., γk(t) = i

∫ t
0〈μk(t′)

|μ̇k(t′)〉 dt′. When the auxiliary vectors meet the cyclic
evolution for a duration of τ , i.e., |μk(τ )〉 = |μk(0)〉 =
|ψk(0)〉, the corresponding evolution operator will be

U(τ ) =
2∑

k=1

|ψk(τ )〉〈ψk(0)| =
2∑

k=1

eiγk(τ )|μk(0)〉〈μk(0)|.

(3)

By setting θ0 = θ(0) and ϕ0 = ϕ(0), the evolution oper-
ator, in the computational space spanned by {|0〉, |1〉}, will
reduce to

U(τ ) = exp
(
−i
γ

2
n · σ

)
, (4)

where n = (sin θ0 cosϕ0, sin θ0 sinϕ0, cos θ0) is a unit
directional vector and σ = (σx, σy , σz) is a vector of Pauli
operators. Clearly, the operator U(τ ) represents an arbi-
trary rotation gate around the axis n by an angle γ , with
the geometric phase being

γ =
∫ τ

0
[1 − cos θ(t)]ϕ̇(t) dt. (5)

Since (θ(t),ϕ(t)) defines a point on the Bloch sphere, this
trajectory forms a closed path C on the Bloch sphere during
the construction of a geometric quantum gate. In particu-
lar, for a given γ , different choices of θ(t) and ϕ(t) will
determine different trajectories of the geometric evolution.
Thus, generally, there are infinite options for implementing
a certain geometric gate. In addition, to be experimentally
friendly, i.e., the time dependence of the amplitude of a
pulse is set to change from zero to zero during the gate’s
implementation, generally, ν(t) ∈ {θ(t),ϕ(t)} can be set as

ν(t) = Dν +
N∑

n=1

aνn sin
(

bνnπ t
τ

)cνn
, (6)

where aνn, bνn, and cνn are the free parameters, and Dν is a
free function that determines the initial values and shapes
of θ(t) and ϕ(t). As shown in Eq. (4), the type of geometric
quantum gate is determined by the initial values of θ(t) and
ϕ(t). Since different quantum gates require different initial
values for θ(t) and ϕ(t), the corresponding free parame-
ter D also varies. With θ(t) and ϕ(t) being set, we can
calculate the obtained geometric phase. In our construc-
tion, typical quantum gates can be obtained with smooth
pulses instead of being divided into segments as in conven-
tional single-loop schemes [22,25,26]. Furthermore, since
only the area of the trajectory influences specific geometric
quantum gates, we have the flexibility to alter the geo-
metric shape of the trajectory in different scenarios. This
eliminates the need to divide the evolution process into
orange-slice paths, as illustrated in Figs. 1(a) and 1(b),
in the conventional single-loop NGQG scheme (see the
Appendix for the implementation details).

In the following, taking the T and Hadamard (H ) gates
as examples, we optimize geometric quantum gates under
various scenarios. The initial parameters (θ0,ϕ0, γ ) for the
T and H gates correspond to (0, 0,π/8) and (π/4, 0,π/2),
respectively. To expedite the numerical search process for
the parameters in Eq. (6), we set the parameters Dν , bνn, and
cνn in a fixed configuration. Specifically, when construct-
ing the T gate, these parameters are set to Dν = 0, bθn = n,
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(a) (c) (e) (g) (i)

(b) (d) (f) (h) (j)

FIG. 1. Evolution paths of T and H gates, with the upper row depicting the T gate and the lower row showcasing the H gate. (a),(b)
Evolution paths of T and H gates of the conventional NGQG scheme. Panels (c),(d), (e),(f), and (g),(h) respectively illustrate the
evolution paths for the T and H gates corresponding to Case 1, Case 2, and Case 3 in the ONGQG scheme. (i) Evolution paths of T
gate, with the red line representing Case 4 and the black line representing Case 5. (j) Evolution paths of H gate, with the blue line
representing Case 4 and the purple line representing Case 5.

bϕn = 1/2, cθn = 2, and cϕn = n + 1. For the construction
of the H gate, we configure them as Dθ = π/4, Dϕ =
2π sin2[π t/(2τ)], bνn = n, cνn = 2. Consequently, our pri-
mary focus is on optimizing the parameters aνn, and the cor-
responding optimized parameters are detailed in Table I.
In addition, we truncate at n = 4 here; this is arbitrary, but
this setting is accurate enough for our purpose.

III. GATE OPTIMIZATION

In this section, we illustrate the flexibility of our scheme
by optimizing it under different practical scenarios.

A. Fidelity optimization

The main drawback of the conventional single-loop
NGQG schemes is that the pulse areas required for con-
structing different geometric quantum gates are the same,
and this area is usually at least twice that of the correspond-
ing dynamical quantum gates. Thus, geometric quantum

gates are usually more time and energy consuming, which
will lead to lower gate fidelity due to the decoherence
effect, despite their enhancement in terms of gate robust-
ness. Therefore, our first example, which we term as
Case 1, is to optimize the pulse area for geometric quantum
gates by trajectory design, i.e., optimizing the parameters
in ν(t). Here, we define the pulse area as

S =
∫ τ

0
�′(t) dt

=
∫ τ

0

1
2

√
[ϕ̇(t) sin θ(t) cos θ(t)]2 + θ̇2(t) dt, (7)

where �′(t) =
√

[ϕ̇(t) sin θ(t) cos θ(t)]2 + θ̇2(t)/2 repre-
sents the amplitude part of the Rabi frequency�(t) defined
in Eq. (2). Our target is then to minimize S for a certain
geometric gate.

In Fig. 2(a), we plot the minimized pulse area S for
a Z-rotation gate with a geometric phase of γ ; for a

TABLE I. Optimized parameters that determine pulse shapes for ONGQG scheme under different scenarios.

Case Gate aθ1 aθ2 aθ3 aθ4 aϕ1 aϕ2 aϕ3 aϕ4 S/π

1 T −1.03 −0.11 0.02 0.01 2.16 0.59 0.61 −0.69 0.404
H 0.44 −0.064 −0.01 0.01 0 0 0 0 0.441

2 T 0.91 0.1 0.03 0.016 −2.76 4.83 10 −9.65 0.408
H 0.41 0.01 −0.03 −0.01 0 0 0 0 0.444

3 T −1.87 0.57 0.1 −0.12 0.24 −0.15 0.33 1.1 0.569
H 1.164 −0.46 −0.524 −0.17 0 0 0 0 0.754

4 T −4.61 0 −0.23 0 −2.14 2.345 5.84 −5.58 1.541
H 0.413 0.02 −0.035 −0.017 0 0 0 0 0.445

5 T −4.62 −0.02 −0.25 −0.01 6.305 −8.85 −2.23 5.57 1.551
H 0.38 0.02 −0.012 0 0 0 0 0 0.445
CP −1.265 −0.178 −0.09 −0.027 4.388 2.738 0.154 −1.079 . . .
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FIG. 2. Results for the pulse-area optimization of our scheme.
(a) Pulse area of Z rotation with different angles γ of our scheme
and the single-loop NGQG scheme. (b),(c) Pulse shapes with
minimal pulse area for the T and H gates, respectively.

conventional single-loop NGQG, S is a fixed value of π ,
no matter how small γ is. In contrast, in our optimized
NGQG (ONGQG) scheme, the pulse areas for the Z-axis
rotation gates Sz ≤ π/2, and Sz decreases as γ decreases.
As an example, for the T gate, its pulse area ST ≈ 0.404π ;
the corresponding trajectories are plotted in Fig. 1(c). This
shows that our construction can greatly minimize time and
energy consumption, leading to higher-quality geometric
gates. We find that for an H gate, which has the maximum
rotation angle, SH is still less than π/2, as listed in Table I.
The corresponding trajectory is plotted in Fig. 1(d), and
this is approximately a circle. Under the optimized pulse
area, the smooth pulse shapes for the T and H gates are
plotted in Figs. 2(b) and 2(c), respectively. Here, �R =
[−ϕ̇(t) sin θ(t) cos θ(t) cosϕ(t)− θ̇ (t) sinϕ(t)]/2 and �I =
[−ϕ̇(t) sin θ(t) cos θ(t) sinϕ(t)+ θ̇ (t) cosϕ(t)]/2 are the
respective real and imaginary parts of �(t) in Eq. (2), and
�m is the maximum value of �(t). Due to the decrease
of the pulse area, the infidelity of the two gates will also
be decreased compared with that of the single-loop NGQG
scheme, as shown in Figs. 3(a) and 3(b).

For Case 2, to fully evaluate the detrimental effect of
the decoherence in constructing an NGQG, we use the
Lindblad master equation of Ref. [44]

ρ̇(t) = −i[H(t), ρ(t)] + 1
2

∑

j =−,z,q


j L(σj ), (8)
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FIG. 3. Results of the fidelity optimization. Comparison of
performance under decoherence in different schemes for (a) T
gate and (b) H gate, in which the red solid, blue dashed, and
black dotted lines represent the fidelity-optimized, pulse-area
optimized, and single-loop NGQG schemes, respectively. (c),(d)
Real and imaginary parts of the pulses for the T and H gates at
the highest fidelity.

where ρ(t) is the density matrix of the quantum system,
L(A) = 2AρA − A†Aρ − ρA†A is the Lindbladian operator
with σ− = |0〉〈1| and σz = (|1〉〈1| − |0〉〈0|)/2, 
− and 
z
represent the decay and dephasing rates, respectively, and
we set 
− = 
z = 
 for demonstration purposes. The gate
fidelity is defined as

F = 1
6

6∑

l=1

〈�l(0)|U(τ )†ρU(τ )|�l(0)〉, (9)

where the six initial states |�l(0)〉 are |0〉, |1〉, (|0〉 +
|1〉)/√2, (|0〉 − |1〉)/√2, (|0〉 + i|1〉)/√2, and (|0〉 −
i|1〉)/√2; these have been used to evaluate the perfor-
mance of quantum gates [45–47]. Under the optimized
parameters, as listed in Table I, we find that the resistance
of T and H gates to decoherence in our scheme is con-
siderately improved in comparison with the single-loop
NGQG scheme; this is shown in Figs. 3(a) and 3(b), and
the corresponding pulse shapes are presented in Figs. 3(c)
and 3(d), respectively. The corresponding optimized tra-
jectories are shown in Figs. 1(e) and 1(f), respectively.
The gate fidelity is over 99.99% for decoherence rates
lower than�m/10 000, which is now achievable in various
quantum systems [48–50]. In addition, this also indicates
that minimizing the pulse area does not correspond to
achieving the maximum fidelity.
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B. Robustness optimization

The other key indicator of the quality of a quantum oper-
ation is its robustness. For a quantum system described
by the Hamiltonian H(t) in Eq. (2), the gate robust-
ness can be evaluated by the gate fidelity under opera-
tional errors V(t) = ε�(t)(|0〉〈1| + H.c.)+ η�m(|0〉〈0| −
|1〉〈1|)/2, where ε and η represent the Rabi frequency error
and the detuning error, which are induced by various errors
in the σx and σz directions. The gate fidelity is defined as
[51]

F = |Tr[U†
ε(τ )U(τ )]|

|Tr[U†(τ )U(τ )]| ,

≈ 1 − 1
2

∣∣∣∣
∫ τ

0
e(t) dt

∣∣∣∣
2

− 1
2

∣∣∣∣
∫ τ

0
g(t) dt

∣∣∣∣
2

, (10)

where U(τ ) (as shown in Eq. (3)) and Uε(τ ) =∑2
i=1 |ψε

i (τ )〉〈ψi(0)| are the corresponding evolution oper-
ator in the absence and presence of the quantum error V(t),
respectively, with |ψε

i (t) being the evolution state under
the Hamiltonian Hε(t) = H(t)+ V(t). In addition, [52]

g(t) = 〈ψ1(t)|V(t)|ψ2(t)〉 = gε(t)+ gη(t), (11a)

e(t) = 〈ψ1(t)|V(t)|ψ1(t)〉 = eε(t)+ eη(t), (11b)

with gε(t)= ε[ϕ̇(t) sin θ(t) cos2 θ(t)+iθ̇ (t)] exp{−i[ϕ(t)+
2γ (t)]}/2, gη(t) = η�m sin θ(t) exp{−i[ϕ(t)+ 2γ (t)]}/2,
eε(t) = −εϕ̇(t) sin2 θ(t) cos θ(t)/2, and eη(t) = η�m
cos θ(t)/2. For a certain gate with geometric phase γ , we
define the cost function, i.e., the gate infidelity, as

F ξ (aνn) =
∣∣∣∣
∫ τ

0
eξ (t) dt

∣∣∣∣ +
∣∣∣∣
∫ τ

0
Re(gξ (t)) dt

∣∣∣∣

+
∣∣∣∣
∫ τ

0
Im(gξ (t)) dt

∣∣∣∣ , (12)

for ξ (ξ = ε, η) error, where Re(gξ (t)) and Im(gξ (t)) are
the real and imaginary parts of gξ (t), respectively.

Next, we optimize the gate robustness in the presence
of different quantum errors, i.e., the ε or/and η errors,
under the decoherence effect, with the unified decoherence
rate being 
 = �m/2000, for demonstration purposes. We
numerically find the parameters aνn to minimize the cost
function, as listed in Table I. For Case 3, i.e., the ε error
case, the results are shown in Figs. 4(a) and 4(b) for
the T and H gates, respectively. For Case 4, i.e., the η
error cases, the results are shown in Figs. 4(c) and 4(d)
for the T and H gate, respectively. The corresponding
optimized trajectories are shown in Figs. 1(g)–1(j), respec-
tively, and the corresponding pulse shapes are plotted in
Fig. 5. In both cases, our ONGQG scheme demonstrates
considerable enhancement in terms of gate robustness. In
Fig. 4, we also compare the results of our scheme with the

0.996

0.997

0.998

0.999

F
id
el
it
y

(a)

ONGQG

NGQG
0.980

0.985

0.990

0.995

1.000

(b)

0.992

0.994

0.996

0.998

1.000

F
id
el
it
y

(c)

ONGQG

NGQG
0.994

0.996

0.998

1.000

(d)
0.100.05–0.05 0.00–0.10

–0.05 0.00 0.05 0.10–0.10

–0.10 –0.05 0.00 0.05 0.10

–0.10 –0.05 0.00 0.05 0.10

FIG. 4. Gate performance with errors and under decoherence
rate 
 = �m/2000: (a) T and (b) H gates with ε error; (c) T and
(d) H gates with η error.

conventional single-loop NGQG scheme; this comparison
indicates that the gate robustness in our ONGQG scheme
is superior to that in the single-loop scheme.

Furthermore, for Case 5, we consider both types of error
under the decoherence effect by using the cost function

F ε,η(aνn) = F ε(aνn)+ Fη(aνn).
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FIG. 5. Optimized pulse shapes. (a),(b) Real and imaginary
parts of the pulses for the T and H gates in Case 3, respectively.
(c),(d) Real and imaginary parts of the pulse shapes for the T and
H gates, with solid lines representing Case 4 and dashed lines
representing Case 5.
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FIG. 6. Gate performance with both ε and η errors and under
decoherence rate 
 = �m/2000. (a),(b) Results for T gates with
our scheme and the single-loop NGQG scheme, respectively.
(c),(d) Results for H gates with our scheme and the single-loop
NGQG scheme, respectively.

In this case, the optimized trajectories are shown in
Figs. 1(i) and 1(j), and the corresponding pulse shapes are
plotted in Figs. 5(c) and 5(d). As shown in Fig. 6, we can
still find optimized parameters that can strengthen the gate
robustness against both types of error, indicating that it is
a promising protocol for practical quantum computation.

IV. PHYSICAL IMPLEMENTATION

In this section, we describe the implementation of our
ONGQG scheme in a superconducting quantum circuit
consisting of capacitively coupled transmon qubits, and
we evaluate the performance of geometric single-qubit and
nontrivial two-qubit gates under current state-of-the-art
experimental parameters.

A. Universal single-qubit gate

We first implement the single-qubit gates. The two low-
est energy levels of a transmon qubit, denoted as {|0〉, |1〉},
are employed as our computational subspace; however,
due to the weak anharmonicity of the transmon qubit,
driving the computational subspace inevitably induces
simultaneous coupling to higher energy states, leading to
information leakage into |2〉 or higher levels. Here, we
only take into account the qubit-state leakage to the state
|2〉, which represents the primary leakage error for trans-
mon qubits. To suppress this leakage, we implement the
“derivative removal by adiabatic gate” (DRAG) technique
[53,54]. The Hamiltonian of the quantum system, modified

using the DRAG technique, can be expressed as

HD(t) = 1
2

[B0(t)+ Bd(t)] · S − α|2〉〈2|, (13)

where α is the anharmonicity of the transmon qubit, and
B0(t) and Bd(t) represent the original microwave drive and
the DRAG-corrected microwave drive, respectively. The
specific expressions are given by

B0(t) =

⎧
⎪⎨

⎪⎩

Bx(t) = �R(t),
By(t) = �I (t),
Bz(t) = −�(t),

(14)

Bd(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Bdx(t) = 1
2α

(
Ḃy(t)− Bz(t)Bx(t)

)
,

Bdy(t) = − 1
2α

(
Ḃx(t)+ Bz(t)By(t)

)
,

Bdz(t) = 0,

(15)

where �R(t) and �I (t) correspond to the real and imagi-
nary parts of the driving field �(t), respectively. In addi-
tion, the components of the vector S in the x, y, and z
directions are

S =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Sx = ∑
b=1,2

√
b (|b〉〈b − 1| + |b − 1〉〈b|) ,

Sy = ∑
b=1,2

√
b (i|b〉〈b − 1| − i|b − 1〉〈b|) ,

Sz = ∑
b=1,2,3

(3 − 2b)|b − 1〉〈b − 1|.
(16)

Next, we continue to assess the performance of quantum
gates in a superconducting transmon qubit system, using
the H and T gates as illustrative examples. In this context,
the decoherence operators in the master equation take the
form σ− = |0〉〈1| + √

2|1〉〈2| and σz = |1〉〈1| + 2|2〉〈2|,
with the decoherence rates being 
− = 
z = 2π × 2 kHz.
In our simulations, we set the maximum amplitude to
�m = 2π × 10 MHz and choose an anharmonicity of α =
2π × 300 MHz, which is within experimentally achiev-
able limits. The Rabi error is modeled as �(t) → (1 +
ε)�(t), and the detuning error is η�m(|1〉〈1| + 2|2〉〈2|)/2.
Using the optimized parameters from Case 5 in Table I,
we depict the comprehensive performance of the H and
T gates in Figs. 7(a) and 7(c), respectively. When com-
pared with the conventional NGQG approach, depicted in
Figs. 7(b) and 7(d), our method demonstrates significant
improvement.

B. Nontrivial two-qubit geometric gate

We next proceed to implement nontrivial two-qubit
geometric gates with two capacitively coupled transmon
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FIG. 7. Performance of quantum gates implemented in super-
conducting quantum systems with both Rabi and detuning errors
and under decoherence rates 
− = 
z = 2π × 2 kHz, showing:
the T gate in the (a) ONGQG and (b) NGQG schemes; the H gate
in the (c) ONGQG and (d) NGQG schemes; and the CP gate in
the (e) ONGQG and (f) NGQG schemes.

qubits. The Hamiltonian is

H12 =
2∑

i=1

∞∑

j =1

[
iωi − j (j − 1)

2
αi

]
|j 〉i〈j |

+ g12

⎡

⎣

⎛

⎝
∞∑

p=0

√
p + 1|p〉1〈p + 1|

⊗
∞∑

q=0

√
q + 1|q〉2〈q + 1|

⎞

⎠ + H.c.

⎤

⎦ , (17)

where g12 represents the fixed coupling strength between
the two transmon qubits, and ωi and αi are the
inherent frequency and anharmonicity of qubit i. To
achieve tunable coupling [42,43,55], an ac frequency
drive is applied to transmon qubit 2 to modulate its
qubit frequency, i.e., ω2(t) = ω2 + ḟ (t), where f (t) =
β sin

[∫ t
0 ν(t

′) dt′ + χ(t)
]
. In the interaction picture, trun-

cating the Hamiltonian to the single- and double-excitation

subspaces, Eq. (17) reduces to

H′
12(t) = g12{[|10〉〈01|ei�12t +

√
2|11〉〈02|ei(�12+α2)t

+
√

2|20〉〈11|ei(�12−α1)t]e−iβ sin[
∫ t

0 ν(t
′) dt′+χ(t)]}

+ H.c., (18)

where �12 = ω1 − ω2. This truncation is ensured by
the fact that |2〉 is the main leakage source for
the qubit states. Utilizing the Jacobi-Anger identity
exp(iβ cos θ) = ∑+∞

n=−∞ inJn(β)exp(inθ) and making a
representation transformation with unitary operator U�′ =
exp

[
−i

∫ t
0 dt′�′(t′)(|02〉〈02| − |11〉〈11|)/2

]
, we obtain,

after setting ν(t) = �12 +�′(t)+ α2 and neglecting high-
frequency oscillatory terms, the Hamiltonian in the two-
qubit subspace {|02〉, |11〉} as

He(t) = 1
2

(
�′ �12(t)

�∗
12(t) −�′

)
, (19)

where �12(t) = 2
√

2g12J1(β)e−iχ(t) and J1(β) is the first
order Bessel function; therefore, the coupling strength can
be adjusted through the parameter β. Clearly, Eq. (19)
exhibits the same structure as Eq. (2), suggesting that the
state |11〉 can accrue a geometric phase via evolution, i.e.,
|11〉 → eiγ |11〉. Consequently, within the two-qubit sub-
space {|00〉, |01〉, |10〉, |11〉}, we can realize a nontrivial
two-qubit geometric controlled-phase (CP) gate, i.e.,

U12 = |00〉〈00| + |01〉〈01| + |10〉〈10| + eiγ |11〉〈11|.
(20)

Next, as a representative example, we optimize the per-
formance of the CP gate with γ = π/2. The parame-
ter settings are g12 = 2π × 4.5 MHz, 
i

− = 
i
z = 2π × 2

kHz (i = 1, 2), �12 = 2π × 700 MHz, α1 = 2π × 300
MHz, and α2 = 2π × 200 MHz. Accounting for decoher-
ence, the Rabi error g′

12 = (1 + ε)g12, and detuning error
ηg12(|11〉〈11| + |22〉〈22|)/2, we derive the optimal param-
eter settings to enhance the performance of the CP gate; the
obtained optimal parameters are listed in Case 5 of Table I.
With these parameters, the fidelity of the geometric CP
gate in the ONGQG scheme surpasses 99.5% across almost
the entire error range, far exceeding that of the single-loop
NGQG scheme, as depicted in Figs. 7(e) and 7(f).

V. CONCLUSIONS

In summary, we present a general protocol for construct-
ing geometric quantum gates with on-demand trajecto-
ries using a single smooth pulse. This general approach
successfully overcomes the inherent limitations found in
conventional NGQG schemes. Furthermore, our approach
allows for further optimization under different scenarios,
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significantly enhancing the performance of the quantum
gate, including its fidelity and robustness. Moreover, our
scheme can readily extend to other quantum systems, such
as trapped ions, nitrogen-vacancy centers in diamond, and
Rydberg atoms. This adaptability reinforces the potential
of our protocol as a promising avenue for realizing high-
fidelity and strong-robust geometric quantum gates, offer-
ing valuable insights for the advancement of large-scale
quantum computation.
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APPENDIX: THE SINGLE-LOOP NGQG SCHEME

In this section, we detail the construction of nona-
diabatic geometric gates using the conventional NGQG
scheme [25,26]. For a resonant driven two-level quan-
tum system, in the interaction picture, the interacting
Hamiltonian is given by

Hc(t) =
(

0 �c(t)e−iφc

�c(t)eiφc 0

)
, (A1)

where �c(t) = �msin2(π t/T) and φc denote the amplitude
and phase of the driving field, respectively. For the con-
ventional NGQG scheme, the entire evolution time T is
divided into three segments to ensure a geometric evolu-
tion. At the intermediate times T1 and T2, the pulse area
and relative phase φc satisfy

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∫ T1

0
�c(t) dt = θc, φc = φ − π

2
, t ∈ [0, T1],

∫ T2

T1

�c(t) dt = π , φc = φ + γ + π

2
, t ∈ [T1, T2],

∫ T

T2

�c(t) dt = π − θc, φc = φ − π

2
, t ∈ [T2, T].

(A2)

Thus, the evolution operator at the final time is

Uc(T) = Uc(T, T2)Uc(T2, T1)Uc(T1, 0)

= cos γ + i sin γ
(

cos θc sin θce−iφ

sin θceiφ − cos θc

)

= eiγn·σ , (A3)

where n = (sin θc cosφ, sin θc sinφ, cos θc) is a unit direc-
tional vector and σ = (σx, σy , σz) is a vector of Pauli

operators. The evolution operator at the final time can also
be denoted as

Uc(T) = eiγ |μ+〉〈μ+| + e−iγ |μ−〉〈μ−|, (A4)

where |μ+〉 = cos(θc/2)|0〉 + exp (iφ) sin(θc/2)|1〉 and
|μ−〉 = exp (−iφ) sin(θc/2)|0〉 − cos(θc/2)|1〉 are the
eigenstates of n · σ . Clearly, the operator Uc(T) represents
a rotational gate with the rotational axis n and rotational
angle γ . Since the parallel-transport condition is satisfied,
i.e., 〈μ±|U†

c(t)Hc(t)Uc(t)|μ±〉 = 0, Uc(T) is a geometric
gate; therefore, any single-qubit geometric gate can be
realized by selecting appropriate parameters {θc, φ, γ }.
For instance, the T gate and H gate correspond to the
parameters {0, 0, π/8} and {π/4, 0, π/2}, respectively.
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