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Cavity magnonics, which studies the interaction of light with magnetic systems in a cavity, is a promis-
ing platform for quantum transducers and quantum memories. At microwave frequencies, the coupling
between a cavity photon and a magnon, the quasiparticle of a spin-wave excitation, is a consequence of
the Zeeman interaction between the cavity’s magnetic field and the magnet’s macroscopic spin. For each
photon-magnon interaction, a coupling phase factor exists, and this is often neglected in simple systems;
however, in “loop-coupled” systems, where there are at least as many couplings as modes, the coupling
phases become relevant for the physics and lead to synthetic gauge fields. We present experimental evi-
dence of the existence of such coupling phases by considering two spheres made of yttrium-iron-garnet
and two different re-entrant cavities. We predict numerically the values of the coupling phases, and we
find good agreement between the theory and the experimental data. These results show that in cavity
magnonics, one can engineer synthetic gauge fields, which can be useful for cavity-mediated coupling and

engineering dark-mode physics.
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I. INTRODUCTION

Magnons are the quasiparticles associated with the ele-
mentary excitation of a spin wave in a magnetically
ordered material, such as the ferrimagnet yttrium-iron-
garnet (YIG). The field of cavity magnonics, or spin
cavitronics, aims to use the interactions of photons in a
cavity with magnons for both classical technologies (e.g.,
radio-frequency circulators or isolators, and spintronics
[1-10]) and quantum technologies [11—13]. Magnons are
notably promising for quantum transduction [14] due to
their capability to couple to phonons [15], optical and
microwave photons, and superconducting qubits [16—19].
The coupling with microwave photons has been partic-
ularly fruitful, and there have been demonstrations of
coherent coupling [20], indirect coupling [21,22], ultra-
strong coherent coupling [23—27], dissipative coupling
[28-36], the tuning between level repulsion and attraction
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[37,38], a dark-mode memory [39], and nonreciprocal
effects [36,40-42].

Physically, all of these results involve the photon-
magnon coupling, which originates from the Zeeman inter-
action between the magnetic dipole moment of a magnet
and a magnetic field. This interaction is characterized by
a coupling strength and a coupling phase, which can both
be chosen to be real positive numbers. As recently shown
in Ref. [43], in most simple systems, the coupling phases
can be ignored since they do not affect the physics; how-
ever, in “loop-coupled” systems [42,44—49], where there
are at least as many couplings as modes, neglecting the
coupling phases can lead to an erroneous description of
the physics. Notably, in the context of cavity magnonics, it
has been theoretically shown that the coupling phases can
steer the system toward either dark-mode physics (which
is useful for quantum memories [39]) or the enhance-
ment of cavity-mediated coupling by taking advantage of
several cavity modes [43] (which is useful for quantum
information transduction).

© 2024 American Physical Society
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However, so far, no experimental evidence of the cou-
pling phases has been reported, despite their striking
impact on cavity-magnonics applications. To bridge this
gap, we propose two re-entrant three-post cavities, in
which multiple cavity modes simultaneously couple to two
magnon modes, creating loop-coupled systems. We exper-
imentally measure a first cavity in which the physics is
characterized by a single physical phase 6 = 7, which
makes it fall within the theoretical analysis of a previous
work [43]. In contrast, in the second cavity, the physics
is determined by two physical phases 8; = 0 and 6, = 7.
In both cavities, we predict theoretically the values of
the physical phases and find good agreement with our
experiments.

In Sec. II, we introduce the coupling phases, and
how one can reduce them to the so-called physical
phases characterizing the physics using unitary transfor-
mations. Importantly, we interpret these physical phases
as parametrizing a synthetic U(1) gauge field (or synthetic
magnetic field), allowing our work to be connected to the
wider literature. Next, in Sec. III, we introduce a cavity
with a physical phase & = m, which is supported by both
theory and experiment. In Sec. IV, we perform a similar
analysis, but this time on a cavity leading to the physical
phases 6; = 7 and 8, = 0. We conclude in Sec. V.

II. INTRODUCTION TO THE MAGNON-PHOTON
COUPLING PHASE

We adopt a second-quantized formalism for the descrip-
tion of the cavity (annihilation operator c¢;) and magnon
modes (annihilation operator m; after performing the
Holstein-Primakoff transformation [50] on the macrospin
operator [51]). The ferromagnetic resonance frequency
of the magnons is tuned by a static applied magnetic
field Hy = Hyz. The coupling between the cavity mode ¢
and the magnon mode my; is characterized by a coupling
strength g, /27 and a coupling phase ¢ defined as [43,51]
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where y /2n = 28 GHz/T is the gyromagnetic ratio, u =
S is the magnetic moment of a unit cell of YIG, w3 is the
Bohr magneton, w( is the magnetic permeability of vac-
uum, g; = 2 is the Landé g-factor, n, = 4.22 x 102 m~3
is the spin density of YIG [52], h; is the magnetic field
vector of the cavity mode k, V), is the volume of the YIG

spheres, and
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is the filling factor, in which ¥, is the volume of the cavity.
The interaction Hamiltonian between the cavity mode ¢y
and the magnon mode m; reads [43]

H; = hgy (e""” ckmlT+e_i“”f’ ch;) , 4

in which we used the rotating-wave approximation, which
is valid provided (gx/wi) < 10% [53,54]. Note that the
interaction Hamiltonian (4) is Hermitian and results from
the coherent coupling between photons and magnons. This
is in stark contrast with dissipative couplings [11,12], in
which the interaction is non-Hermitian and results from
an indirect coupling [55] of the magnons and photons
through a strongly dissipative mode [28,29], or traveling
wave reservoir [30-36].

Formally, recall that the unitary transformation U =

¢ transforms the operator ¢ as ¢ — e, and that uni-
tary transformations amount to a change of basis. Thus, the

transformations U, = ei“’klczck and U, = e"'“’k””;’”l can
both remove the coupling phase from Eq. (4). Physically,
this means that there exists a basis in which the coupling
phase vanishes, so we might as well set it to zero to sim-
plify the study of the physics. In other words, this amounts
to changing the reference phase.

The situation is more complicated when one consid-
ers several simultaneous couplings. Naturally, any isolated
bosonic mode has a local phase degree of freedom [cor-
responding to a U(1) symmetry] since, for example, the
mapping ¢ — e~ ¥c does not change its Hamiltonian; how-
ever, couplings between modes constrain these local phase
choices, which can break this symmetry. For instance, the
coupling of Eq. (4) “locks” the local phase choices of ¢
and m; together, but we are still free to rotate either ¢,
(using U,, ) or m; (using U,,) to remove the coupling phase.
In other words, we have two phase degrees of freedom,
but there is only one constraint between them; however,
when the number of couplings (constraints) is greater than
or equal to the number of modes (degrees of freedom), we
cannot remove all the coupling phases, and they become
relevant for the physics.

To illustrate this concept, let us consider the example
of two magnon modes simultaneously coupling to three
cavity modes, as illustrated in Fig. 1. We can eliminate
the coupling phases between m and the cavity modes in
Fig. 1(a) using
kef{l1,2,3}, 5)
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(c)

FIG. 1.

Simplification of the physics of a system composed of two magnon modes m; and m; (in blue) coupling equally and simul-

taneously to three cavity modes cj, ¢2, and ¢3 (in red). (a) The system in which all the coupling phases remain. (b) After unitarily
transforming the cavity modes using Eq. (5), the physics is determined only by three phases ¢y = ¢ — @x1, accounting for the
difference in coupling for each cavity mode k € {1,2,3}. (c) After rotating m, using Eq. (6), we are left with two physical phases

0 =¢1 — ¢rand 6, = ¢3 — .

and we obtain Fig. 1(b). Next, we rotate m, with
U, = &P, (©)

and we finally obtain two physical phases 6; and 6,
characterizing the physics [see Fig. 1(c)].

Therefore, in the system of Fig. 1, we have six couplings
and five modes, leading to two physical phases. If the two
magnons couple to only two cavity modes (e.g., by setting
g3 = 0), we have as many constraints as degrees of free-
dom, and the system is characterized by a single physical
phase.

To conclude this section, we would like to mention that
a physical phase effectively parametrizes an artificial (or
synthetic) U(1) gauge field. Indeed, Eq. (4) can be inter-
preted as the interaction Hamiltonian of a charged particle
on a lattice in the presence of a static magnetic field (see
Refs. [46,56] for instance). These artificial gauge fields
have been proposed for several physical systems, such as
neutral atoms [57,58], circuit QED [46,55,59], and cav-
ity optomechanics [47—49]. Electrodynamics is naturally
a U(1) gauge theory, and therefore, by analogy, an artifi-
cial U(1) gauge field leads to synthetic electromagnetism.
Notably, an artificial magnetic field can be used to break
time-reversal symmetry in systems where the presence of
a “natural” magnetic field is problematic, such as in cir-
cuit QED [46]. In turn, synthetic gauge fields can be used
to create nonreciprocal behaviors by balancing coherent
and dissipative couplings through reservoir engineering
[55,56,60], and there have been proposals for circuit QED
[46,55,59] and cavity optomechanics [47—49]. Framing the
effect of the coupling phases in cavity magnonics in terms
of synthetic gauge fields allows a connection to be made
with all the aforementioned works; however, it is worth
noting that the associated applications may not be so rele-
vant for cavity magnonics, because a static magnetic field
is already present. Still, as shown in Ref. [43], the coupling
phases, or the associated synthetic gauge field, can lead to

distinct physics in cavity magnonics; therefore, their study
remains of practical interest.

I11. A SINGLE PHYSICAL PHASE
A. Cavity design

The first cavity we consider, called cavity 7, is pictured
in Fig. 2(a) and contains three posts. It is based on the
design of a two-post re-entrant cavity from Refs. [23,24],
and it possesses similar eigenmodes. The distributions of
the magnetic fields of the two cavity eigenmodes of inter-
est were simulated using COMSOL Multiphysics® [see
Figs. 2(c) and 2(e)]. The magnetic fields of these two cav-
ity eigenmodes are concentrated between the posts, where
we place two identical YIG spheres of diameter 470 pm.
Importantly, the magnetic fields of the eigenmodes are
either in the same or opposite directions at the sphere loca-
tions, which leads to different coupling phases. This dif-
ference can also be understood by considering the strength
and direction of the electric field, which is concentrated
between the tops of the posts and the lid [see Figs. 2(b)
and 2(d)]. For instance, the electric field of the first cav-
ity eigenmode [see Fig. 2(b)] is localized only on the left
and right posts, but with opposing directions [which, by the
right-hand rule, agrees with the circulation of the magnetic
field shown in Fig. 2(c)]. Conversely, for the second cav-
ity eigenmode, the electric field is nonzero on top of each
post, albeit with different intensities and orientations, and
this leads to the magnetic field of Fig. 2(e).

B. Prediction of the physical phase

The numerical evaluation of the coupling strengths and
coupling phases [given by Egs. (1) and (2)] can be per-
formed using eigenmode analysis in COMSOL Multi-
physics, the results of which are summarized in Table 1.
Recall that the first index corresponds to the cavity mode,
while the second is for the magnon mode. For the magnon
modes, / =1 (/ = 2) corresponds to the left (right) YIG
sphere. We first note that the coupling phases indeed follow
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(a) Three-post re-entrant cavity 7 used in the experiment. The lid of the cavity is not shown. (b),(c) Electric and magnetic

field norms, simulated using COMSOL Multiphysics, of the first eigenmode c; (frequency w, /2w = 4.524 GHz) of cavity . (d),(e)
Electric and magnetic field distributions, simulated using COMSOL, of the second eigenmode c; (frequency w.,/2m = 6.378 GHz)
of cavity m. For each mode, the magnetic field is maximal between the posts, where the YIG spheres are placed, while the electric field
is concentrated between the top of the posts and the lid of the cavity. The vectors are only shown for the magnetic field.

the directions of the two cavity eigenmodes’ magnetic
fields shown in Fig. 2. Furthermore, we observe that both
YIG spheres couple with the same coupling strength to
each cavity mode, as can be expected from the symme-
try of the problem. Hence, from now on, we set g;; =
212 = g1 and g3 = g2 = g». Assuming both YIG spheres
to be perfectly identical, the Hamiltonian of the system is
Hﬂ = Hfree + H], with

2 2
Hie = Y hocicicr+ Y hayum]m, (7
k=1 =1

where w,, = yHy is the ferromagnetic resonance fre-
quency of the lowest-order magnon modes (Kittel mode)
and

H; = hgle_’% clmI—}—hgle_’%clm;

+ hgze’% cszlr-i-ﬁgze*’%czm;-l-H.c., 8®)

in which H.c. indicates the Hermitian conjugate terms.
This system falls within the example of Fig. 1 by setting
g3 = 0, from which we deduce that after the unitary trans-
formations, the interaction Hamiltonian can be written as

H; = hglclmJ{+hglei0‘clmZ

+ hgzczmi(—f—hgzczm;—i—H.c., 9)

with 0; = @1 — @11 — (@22 — @21) = 7; hence the name
“cavity m” for the cavity.

The values of the coupling strengths and of the phys-
ical phase can be verified by the transmission ampli-
tude |S,;| through the cavity. Hence, in Appendix A, we
present a frequency-domain simulation using COMSOL

Multiphysics to numerically compute |S;;| as a function
of the magnon resonance frequency w, /2w, and the
results have good agreement with the eigenmode results
of Table L.

C. Experimental results

The three-post cavity 7 design was 3D printed and then
metallized. Using a vector network analyzer, we measured
the transmission through the cavity when the static mag-
netic field Hy was swept to tune w,,, and we obtained
the data shown in Fig. 3. The hybridized photon-magnon
polariton frequencies are predicted by the spectrum of
H, = Hgee + Hy, with Hgee given by Eq. (7) and H;
given by Eq. (9), and these are plotted on top of the
color map with 8, = 7 as suggested by Table I, but with
the adjusted parameters g,/2w = 81 MHz and g,/27 =
120 MHz instead. We attribute the difference between
theory and experiment for the coupling strengths to the
imperfection of the 3D printing and metallization pro-
cesses. In particular, the three posts of cavity w are not
completely cylindrical, which changes the focusing of the
magnetic field between them.

TABLE I. Numerical calculation of the coupling strengths gy
and coupling phases ¢y of cavity 7 using COMSOL Multi-
physics.

Coupling strength (MHz) Coupling phase (rad)
Qu/2m 139 o -2
gn/2n 139 P12 —%
gn/2n 207 @21 +%
gn/2n 207 o —%
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(a) Experimental transmission amplitude |Sy;| of cavity m, along with the theoretical spectrum in dashed lines. The fit

parameters are .1 /2w = 4.527 GHz, w., /2w = 6.19 GHz, g,;/27w = 81 MHz, g,/2m = 120 MHz, and 6, = m. Inset: enlargement
of 5.1 < w,, /2w < 5.62 GHz,and 5.02 < w/27w < 5.7 GHz, showing that the hybridized photon-magnon polariton frequencies w, /27w
and w3 /27 do not cross. The ticks on the base of the inset indicate the w,, /27 cuts plotted in (b). (b) Line cuts for different values
of w,, /27 of the transmission amplitude |S,;| with the spectrum in dashed lines. The width of w,27 and w3 /27 show the uncertainty
+2.5 MHz in frequency. For each line cut, the average value of the transmission is used to define the horizontal line from which the
coloring begins: this allows resonances and antiresonances to be distinguished. All the transmission-line cuts are separated by 45 dB.

The legend for the spectrum is common to (a) and (b).

Nevertheless, we note that while the observed coupling
strengths are lower than the theoretical values, the predic-
tion for 6, remains valid. Indeed, as shown in Ref. [43], the
frequencies w,/2m and w;/2m cross for 8; = 0, whereas
they do not for 6; = w. Figure 3(b) and the inset of
Fig. 3(a) confirm the existence of a frequency gap between
wy/2m and ws/2m, which is the signature of the indirect
coupling between both magnons, simultaneously mediated
by the two cavity modes [43]. In other words, this spec-
tral feature demonstrates the coherent coupling between
two spatially distant YIG spheres mediated by the two cav-
ity modes, despite the relatively high-frequency detuning.
Note that if we instead had 6; = 0, the indirect magnon-
magnon coupling induced by each cavity mode would
interfere destructively.

The coherent coupling of a cavity mode to two YIG
spheres leads to an enhancement of the frequency gap at
the anticrossings by +/2; i.e., the gap is given by 2+/2g
instead of 2g [43,61], which we verify in Appendix B by
comparison with measurements with a single YIG sphere.
In addition, by examining the linewidths, we measured
k1/2m =15+ 2.5MHzand «, /27 = 22.5 £ 2.5 MHz for
the linewidths of the cavity modes, and «,,/27 =5+
2.5 MHz for the YIG spheres.

IV. ANALYSIS OF TWO PHYSICAL PHASES
A. Cavity 70 design

Using cavity 7, we showed the existence of a single
physical phase 6; = 7. In this section, we examine the
possibility of obtaining a different value for the physical

phase. In the previous cavity, the origin of the difference
in circulation of the magnetic field between the posts can
be understood by examining the distribution of the elec-
tric field. Following this principle, we engineered another
three-post re-entrant cavity to obtain two different values
68 = 0 and 6 = 7z for the physical phases in a unique cav-
ity. This is achieved by making the radius of the center
post (0.75 mm) larger than that of the other two posts
(0.5 mm), as shown in Fig. 4. As a result of this differ-
ence in the radii, the electric field intensity is stronger
on the center post than on the other two [see Fig. 4(a)].
This leads to the appearance of another cavity eigen-
mode of frequency /2w = 7.525 GHz, in which the
magnetic field distribution rotates solely around the cen-
ter post, as shown in Fig. 4(b). Interestingly, the other
two cavity eigenmodes observed for cavity 7 remain, but
their frequencies are modified as w. /27w = w1 /27 =
6.544 GHz and w. /27 +— w.3/27 = 8.567 GHz.

B. Prediction of the physical phases

The resulting system consists of three cavity eigen-
modes, each coupling to the two YIG spheres. The cou-
pling strengths and coupling phases were computed using
COMSOL Multiphysics, and the results are listed in
Table II. Once again, given the symmetry of the prob-
lem, both YIG spheres couple with almost equal coupling
strength to each cavity eigenmode, so we set g1} = g2 =
g1 =130 MHz, g = g»» = g, = 150 MHz, and g3 =
23 = g3 = 104 MHz. The system thus obtained is that
described in Sec. II, and using Fig. 1, we deduce that the
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FIG. 4. (a) Electric and (b) magnetic field distributions, sim-
ulated using COMSOL Multiphysics, of the second eigenmode
¢, of cavity 0. The two eigenmodes of cavity 7 still exist but
have different frequencies. (c) Three-post re-entrant cavity 0. In
contrast to cavity m, the three posts do not have the same radius,
leading to the creation of an additional cavity mode, as shown in

(2),(b).

physics is characterized by two coupling phases 6, and 6.
Using Table 11, we predict 6; = @15 — @11 — (@22 — @21) =
m and 6, = @35 — @31 — (922 — @21) = 0; hence the name

TABLE II. Numerical calculation of the coupling strengths gy
and coupling phases ¢y of cavity w0 using COMSOL Multi-
physics.

Coupling strength (MHz) Coupling phase (rad)
T
g1 /271’ 130 D11 — 5
b4
gn/2m 127 P12 —3
b4
21 /27T 148 ¥21 + E
b4
gn/2m 150 2 —3
b4
g31/27m 103 ®31 + )
T
g32/27 104 ©32 —3

“cavity 70.” The results of the frequency-domain simula-
tion are presented in Appendix A, and they agree with the
eigenmode analysis of Table II.

C. Experimental results

For cavity w of Sec. III, we did not have precise qual-
itative agreement with the theoretical predictions due to
the additive manufacturing process of the cavity. Thus, we
adopted a different strategy for cavity w0: we used brass
cylinders with a calibrated height to create the posts, and
we machined the rest of the cavity from brass. In re-entrant
cavities, the eigenmodes are very sensitive to the distance
between the top of the posts and the lid. Hence, by using
posts with identical heights, we ensured that the potential
errors in the distance between the posts and the lid are
uniform.

(b)

Wm/2n=7.40 GHz

—_ —————

wml2m=17.30 GHz

wWmi2n= 7.20\GHz

()

o
al
N ]
= a
o 8
S g E 2
3 S wmf2m=7.10 GHz \ W2 =8, 5
o) R Il \ £
% -7 50 dB 50 dB
g = @nizn=1.00.G \ W S
g W21 =6.90 GH2 \ ! \wa/2m 7
Qo
i | @nf2m=17.85 Gz 1N T
Wml2m = 6.80 GHz' \ 1 N 2
©
_ &
Wm2M=16.70 GHz | w3/27r\ \ Wmf2n=11 | /2 SN .
w: us
wnl2n= 6.60 GHz 1\ W2/27 Wml21=1.65 GHz 2
10 —-200 -150 —100 -50 50 100 150 200 -100 -50 0 50 100 150

Magnon resonance frequency wpm,/2m (GHz)

FIG. 5.

Frequency detuning (w — wm)/2m (MHz)

Frequency detuning (w — wm)/2m (MHz)

(a) Experimental transmission amplitude (|S;|) of cavity 70, with the theoretical spectrum in dashed lines. The two rect-

angles show the data ranges used in (b),(c), with the ticks on the bottom indicating the w,,/27 cuts. (b),(c) Transmission-amplitude
cuts for different w,,/27 values, with the spectrum in dashed lines. As in Fig. 3(b), the average value of the transmission is used
to define the horizontal line from which the coloring begins. The fit parameters are indicated in Table II with the cavity resonances
We,1/2m = 6.594 GHz, w.» /2w = 7.562 GHz, and w.3/27 = 8.619 GHz. The legend is common to all three subfigures, and the curves

are all offset by 50 dB.
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The experimental data, along with the polariton spec-
trum, are plotted in Fig. 5. This time, the fit parame-
ters exactly correspond to those given in Table II, which
indicates that the construction of the cavity matches very
well with the COMSOL design. As for cavity r, the physi-
cal phase 0; = & suggests that the eigenfrequencies do not
cross between the first two anticrossings, which is indeed
confirmed by Fig. 5(b). On the other hand, having 6, = 0
should lead to a crossing of the eigenfrequencies between
the second and third anticrossings [43]; however, when
6, = 0, one of the polaritons is a magnonic dark mode
[39,43], which does not lead to a resonance in the transmis-
sion amplitude [61]. Thus, as seen in Fig. 5(c), we merely
observe a single resonance peak moving as w,, /2w is var-
ied. This is verified using the input-output formalism [62]
in Appendix C.

Compared with cavity 7, we notice the appearance of
higher-order magnon modes, which manifest as anticross-
ings located away from the magnon resonance w,,/27. The
excitation of these higher-order magnonic modes can be
explained by the fact that the spheres used in this exper-
iment are larger (radius of 0.5 mm, similar to the radius
of the left and right posts; see Fig. 4), and thus the cav-
ity modes’ magnetic fields of Fig. 4(b) are less uniform
over the spheres. The presence of a higher-order magnon
mode can be verified by placing a single YIG sphere in
cavity 70 (see Fig. 9 in Appendix B). Finally, as shown
in Appendix B, we also observe the +/2 enhancement of
the frequency gap at the anticrossings due to the coherent
coupling of the two distant spin ensembles. The mea-
sured linewidths of the cavity modes are «;/27 = 17 £
0.5 MHz, «;/2m =42.5+ 0.5 MHz, and «3/27 =20+
0.5 MHz. For the YIG spheres, we found the linewidths
Kpm/2m =5 +£0.5 MHz.

V. CONCLUSION

To summarize our results, we have proposed using
three-post re-entrant cavities to engineer the coupling
phases, and this leads to the engineering of synthetic
gauge fields. The experimental data were shown to match
with numerical predictions based on the theory devel-
oped in Ref. [43]. Depending on the value of the physical
phase 6, which parametrizes the physics, we observe either
a cavity-mediated magnon-magnon coupling (6 = ) or
dark-mode physics (6 = 0). These findings are relevant
for indirect coupling applications [14,21,22], dark-mode
memories [39], and the creation of nonreciprocal behav-
iors [55,56,60]. While we focused on the the two cases
0 € {0, 7}, intermediate values of 6 can be engineered
using additional posts, as theoretically demonstrated in
Appendix D.

Concerning indirect coupling, we verified the V2
enhancement of the coupling strength due to having two
distant macroscopic spin ensembles coherently coupling

with the cavity mode. In the case of § = 7, the magnon-
magnon coupling extends in the dispersive regime, where
both magnons are strongly detuned from the cavity modes.
As shown in Ref. [43], this results from the constructive
interference of the cavity-mediated coupling by both cav-
ity modes (while for 8 = 0, the cavity-mediated couplings
interfere destructively). It was shown that the dispersive
regime is advantageous for sensing applications based on
magnons (i.e., magnetometry [63] or dark-matter detection
[64]), so these schemes could benefit from engineering of
the coupling phases.

This flexibility in the cavity-mediated coupling can also
be useful for coupling magnons with superconducting
transmon qubits through the cavity modes, which has so
far only been demonstrated in rectangular cavities [16—19].
Indeed, such qubits couple to the electric field of the cav-
ity modes, which in re-entrant cavities is focused on top
of the posts [see Figs. 2(b), 2(d), and 4(a)]. The existence
of several cavity modes, which may or may not couple to
the magnons, is thus interesting for developing quantum
information processing.

Finally, note that here the gauge-invariant phase 6
parametrizing the synthetic gauge field is fixed by the cou-
pling phases, which are themselves uniquely determined
by the geometry of the cavity; nonetheless, tunability
could be achieved by modulating the frequencies of one
or more magnons [56], for instance by directly driving
a YIG sphere using a loop generating a magnetic field
parallel to the static magnetic field. Hence, in principle,
re-entrant cavities can be used to engineer a loop-coupled
system, and by tuning the gauge-invariant phases, either
through cavity engineering or driving the YIG spheres, we

7.0
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FIG. 6. Frequency-domain simulation, using COMSOL Mul-
tiphysics, of the transmission through cavity w. The spectra
predicted using the eigenmode analysis of COMSOL Multi-
physics are plotted on top, with the eigenfrequencies given in
Fig. 2 and the other parameters given by Table 1.
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FIG. 7. Frequency-domain simulation, using COMSOL Mul-
tiphysics, of the transmission through cavity w0. The spectra
predicted using the eigenmode analysis of COMSOL Multi-
physics are plotted on top, with the eigenfrequencies given in
Sec. IV of the main text and the other parameters given by
Table II.

could steer the system toward either cavity-mediated or
dark-mode memory applications on demand.
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FIG. 10. Experimental transmission amplitude |S,;| of cav-
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single YIG sphere present in the cavity, while in the right
column we show the case of two YIG spheres. From bot-
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CE200100008. The scientific color map oslo [65] is used
in this study to prevent visual distortion of the data and
exclusion of readers with color-vision deficiencies [66].

APPENDIX A: SIMULATION RESULTS

In this appendix, we compare the simulation results of
the eigenmode and frequency-domain analyses of COM-
SOL Multiphysics. The eigenmode simulations give the
values of the coupling strengths and physical phases pre-
sented in Tables I and II, while the frequency-domain
simulations give the transmission coefficient S>;. We use
the results of the eigenmode analysis to plot the spectrum
on top of the frequency-domain simulations, and we obtain
good agreement, as shown in Fig. 6 for cavity = and Fig. 7
for cavity 0.

Importantly, the frequency-domain COMSOL Multi-
physics simulations only include the Kittel mode for the
magnons and not higher-order modes; therefore, the pres-
ence of crossings (anticrossings) of the polaritonic fre-
quencies for 8 = 0 (¢ = m) observed cannot be due to the
presence of higher-order modes.
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FIG. 11. Experimental transmission amplitude |Sy;| of cavity
70 for (a),(b) the first anticrossing, (c),(d) the second anticross-
ing, and (e),(f) the third anticrossing. The line cuts are identical
to those of Fig. 10.

APPENDIX B: COHERENT COUPLING OF TWO
DISTANT SPHERES

The coherent coupling of N YIG spheres to a cavity
mode leads to an enhancement by /N of the frequency
gap when the magnons are on resonance with the cavity
mode [39]. To check that this was indeed the case, we
removed one of the YIG spheres and measured cavities
and 7 0 again. The experimental results are given in Fig. 8
for cavity 7 and in Fig. 9 for cavity w0. We can notice the
presence of higher-order magnon modes in both figures,
which are characterized by diagonal lines parallel to the
Kittel mode’s frequency w/27m.

In Fig. 10, we compare the anticrossings for cav-
ity m when a single YIG sphere is loaded in the cav-
ity [Figs. 10(a) and 10(c)], versus two YIG spheres

[S21] (dB)
-100 -80 —-60 —-40 -20

Frequency w/2m (GHz)

6.0 6.5 7.0 7.5 8.0 8.5 9.0
Resonance frequency wp/2m (GHz)

R~ . N—

= wn /2w = 8.5 GHz

N

N

+100 MHz step S
wy/2m
/____‘__//\\
n—a \
-100 -50 0 50 100 150
Frequency detuning (w — wm,)/2n (MHz)

Transmission amplitude |S;|

FIG. 12. Input-output modeling of the transmission amplitude
|S>1| through cavity 7 0. (a) Transmission amplitude reproducing
the experimental results of Fig. 5(a). (b) Cuts from w,,/27 =
7.5 GHz (bottom) up to w,,/2w = 8.5 GHz, in steps of 100
MHz, of the transmission amplitude |S,;|. These results mir-
ror the experimental data of Fig. 5(c) and show the crossing of
eigenvalues characteristic of 8; = 0.
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[Figs. 10(b) and 10(d)]. The dashed colored lines track the
polariton frequencies, and these are seen to follow the res-
onance peaks. In particular, the third line cut corresponds
to the magnon(s) being on resonance with the cavity mode,
for which the anticrossing frequency gap is minimum. We
see that in the case of a single YIG sphere, this frequency
gap is given by 2g;/2m (first column), whereas for two
YIG spheres, the gap is 2+/2g;/27 (second column).

We carried out the same analysis for cavity 7 0, as shown
in Fig. 11, and the +/2 enhancement was also verified. In
Fig. 11(f), the vertical lines indicating iﬁg3 seem to be
offset to the left. Note that if a YIG sphere is removed, the
system is no longer loop coupled, and thus the effects of
the coupling phases disappear.

APPENDIX C: INPUT-OUTPUT THEORY

The main objective of this appendix is to show that the
dark mode arising for 8, = 0 in cavity 70 does not lead
to a resonance in the transmission spectrum. To model the
transmission amplitude |S,;| through the cavity, we use the
input-output formalism [62], for which there is abundant
literature (see Refs. [11—13] for instance). The derivation
is rather lengthy [43], and we therefore only describe the
main steps here and refer the reader to Ref. [67] for more
details.

To model the intrinsic dissipation of the magnon modes
in the YIG spheres, we couple each of them to a bosonic
bath with a real-valued and frequency-independent cou-
pling rate «,,/2m =5 MHz (assumed to be identical for
both YIG spheres). For the cavity modes, we only need
to consider the two ports of the cavity, from which the
S parameters are measured; therefore, we assume that
the cavity mode ¢; couples to two bosonic baths with
frequency-independent coupling rates i;;e'® /27, where
J €1{1,2} indexes the bath. Note that the phases ¢; are

FIG. 13.

necessary to reproduce the antiresonance behaviors, as
recently shown in Ref. [67].

We use «y;/2mr =1 MHz, «y/2mr =3 MHz, and
k3;/21=2MHzforj € {1,2}. The values of the phases ¢
can be obtained by examining the direction of the magnetic
field (for instance, using an eigenmode analysis in COM-
SOL Multiphysics) coupled to the probes used to inject
and measure the microwaves inside the cavity [67]. We set
¢ =m3; =m forj € {1,2} n ¢y = and ¢ = 0. Fur-
thermore, the features of antiresonances depend on several
cavity modes, and to properly model the lowest-frequency
antiresonance, we included a lower-frequency cavity mode
with frequency wo/2m = 3 GHz and the negative coupling
rates kg1/2m = ko /2m = —5 MHz to the ports. For the
cavity resonance frequencies and coupling strengths, we
use the same values as for Fig. 5.

The results are plotted in Fig. 12, and we note, in par-
ticular, that Fig. 12(a) successfully reproduces Fig. 5(a). In
Fig. 12(b), we reproduce Fig. 5(¢c) in the absence of higher-
order magnon modes. As a consequence, the tracking of
the polaritonic frequencies is simplified, and we verify the
crossing of the eigenvalues. Notably, w3 /27 does not lead
to a resonance near the crossing, since it corresponds to a
magnon dark mode, as theoretically predicted in Ref. [43].

APPENDIX D: ENGINEERING ARBITRARY
PHYSICAL PHASES

The objective of this investigation was to design a cavity
capable of introducing a nontrivial phase between con-
secutive modes while operating in the strong-coupling
regime. To that effect, we developed a re-entrant cavity
with five posts, which additionally ensures uniform cou-
pling strength across multiple YIG spheres. Furthermore,
the phase relationship between the two modes is contin-
gent upon the positioning of four posts within the cavity,

Representation of the proposed re-entrant cavity (a) in three dimensions, (b) in the (z, x) plane enlarged to view the gap d

between the tops of the posts and the lid, (¢) in the (x, y) plane with the directions €,, €, represented, where €,/ is the mirror symmetry
of €, with respect to the (y,z) plane, and (d) in the (x, y) plane with the direction €, making an angle o with respect to the x axis. The

two YIG spheres are represented in blue.
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FIG. 14. Representation of the |H| field of the first three cavity modes in the (x, y) plane at the z coordinate of the center of the YIG

spheres.

as demonstrated in our analysis. By manipulating the posi-
tions of these posts, it is feasible to fine-tune the coupling
phase by adjusting the gap between the top of the post and
the cavity lid.

The cavity dimensions were optimized to maximize the
coupling strength for each YIG sphere and to ensure that
the phase falls within the range [n(mw/4), (n + 1)(7r/4)]
with n € Z by tuning an angle «, as detailed in the fol-
lowing. As depicted in Fig. 13, the cavity is cylindrical
and features five cylindrical posts. The cavity has a radius
of 14 mm and a height of 2.25 mm. All posts have the
same height, which depends on the value of the gap d; thus,
the post height is 2.25 — d. Positioned at the center of the
cavity is a fixed post with a radius of 0.7 mm. The two
YIG spheres are located on either side of the center post
along the x axis, with a spacing of 0.1 mm from the center
post. Four additional posts are situated at the periphery of
each YIG sphere, spaced 0.1 mm from the spheres. These
peripheral posts are symmetrically positioned with respect
to the y axis, which passes through the center of the cavity.
The radius of the peripheral posts is 0.6 mm. Relative to
the direction é,, the two peripheral posts on the right-hand
side of the cavity are positioned at £45°. In addition, the
direction &, forms an angle o with the x axis, ranging from
0° to 45°, allowing the tuning of the coupling phases.

The norms of the cavity modes’ magnetic fields are
depicted in Fig. 14 for the first three modes of the cav-
ity. We focus on the second and third modes due to their
high filling factor n [see Eq. (3)], which are quite similar
for both modes and spheres, as illustrated in Table I11. This
table presents the eigenfrequencies w/2m of the first three
modes of the cavity, along with the filling factors n; and

TABLE III. Characteristics of the first three cavity modes for
d =50 pm.

Mode  w/27 (GHz) U R gL/w  gr/®
0 4.02 0.018  0.019 0.011 0.012
1 8.29 0.125  0.123  0.055 0.056
2 12.03 0.144  0.145 0.055 0.055

ng for the YIG spheres on the left- and right-hand sides,
respectively. In addition, the associated coupling strengths
g, and gp are provided. The values are given for an angle
o =0°andagapd =50 um.

Table IV presents similar characteristics for the two
modes of interest, along with the averaged H-field direc-
tion inside each YIG sphere and the coupling phase. It is
observed that the coupling strength slightly decreases from
a =0° to o =45°, whereas the difference in coupling
strength between mode 1 and mode 2 slightly increases;
however, the coupling strength remains relatively constant,
ranging from 4.2% to 5.7%. The coupling phase varies
between 129° and 180° for o ranging from 45° to 0°, allow-
ing for measurements with a nontrivial physical phase
between 135° and 180°.

TABLE IV. Characteristics of the cavity modes versus « for
d =50 um.

w/2m

a(®) (GHz) n nr  gu/o gr/ow ¢L(°) ¢r(°) 0(°)

0 8.29 0.125 0.123 0.057 0.056 90 90 180
12.03 0.144 0.145 0.055 0.055 —90 90

5 8.29 0.125 0.122 0.057 0.056 —91 —88 170
12.09 0.141 0.142 0.053 0.053 —86 87

10 8.27 0.125 0.122 0.057 0.055 —92 —-87 160
12.07 0.139 0.140 0.053 0.053 —82 83

15 8.33 0.124 0.122 0.056 0.055 86 95 151
12.09 0.134 0.134 0.050 0.051 —79 80

20 8.38 0.124 0.120 0.056 0.055 85 96 144
12.07 0.130 0.130 0.049 0.049 —76 78

25 8.48 0.122 0.121 0.055 0.054 —97 -83 139
12.05 0.126 0.125 0.047 0.047 —76 77

30 8.54 0.122 0.119 0.055 0.054 83 98 133
12.03 0.121 0.121 0.046 0.046 —74 75

35 8.62 0.121 0.119 0.054 0.053 —98 —81 131
11.99 0.119 0.119 0.045 0.045 106 —105

40 8.74 0.121 0.118 0.054 0.052 81 99 130
11.97 0.115 0.115 0.044 0.044 —73 74

45 8.90 0.120 0.118 0.053 0.052 —99 —80 128
11.96 0.112 0.112 0.042 0.042 —74 74
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TABLE V. Characteristics of the cavity modes versus d for
a =45°.

d w/2n
(wm) (GHz) nL R gu/o gr/iw ¢L(?) R () 0(°)
5 3.34 0.123 0.116 0.088 0.083 80 102 146

4.67 0.154 0.157 0.093 0.095 97 95

10 4.63 0.124 0.115 0.075 0.070 —=100 —-78 147
6.45 0.155 0.158 0.080 0.082 97 —94

25 6.88 0.122 0.118 0.061 0.059 —100 =79 144
9.61 0.156 0.158 0.066 0.067 98 97

50 890 0.120 0.118 0.053 0.052 -99 —-80 129
11.95 0.112 0.112 0.043 0.043 —-74 74

100 10.84 0.112 0.110 0.045 0.044 82 98 90
12.77 0.051 0.051 0.019 0.019 —53 53

Table V presents the same information for a fixed angle
of 45° while varying the gap d from 100 to 5 wm. This
demonstrates that measurements with a nontrivial phase
can be conducted within the range 90° to 135°.
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