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Object detection and range finding with quantum states using simple detection
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The task of sensing the presence of a target object using a weak light source is challenging when the
object is embedded in a noisy environment. One possibility is to use quantum illumination to do this,
as it can outperform classical illumination in determining the object presence and range. This advantage
persists even when both classical and quantum illumination are restricted to identical suboptimal object-
detection measurements based on nonsimultaneous, phase-insensitive coincidence counts. Motivated by
realistic experimental protocols, we present a theoretical framework for analyzing coincident multishot
data with simple detectors. This approach allows for the often-overlooked noncoincidence data to be
included, as well as providing a calibration-free threshold for inferring an object’s presence and range,
enabling a fair comparison between different detection regimes. Our results quantify the advantage of
quantum over classical illumination when performing target discrimination in a noisy thermal environ-
ment, including estimating the number of shots required to detect a target with a given confidence level.
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I. INTRODUCTION

Quantum illumination (QI) describes the process of
using a nonclassical light source to perform optical range
finding and object detection. The light state is often chosen
to be a two-mode squeezed state generated from sponta-
neous parametric down-conversion (SPDC). It offers an
intrinsic advantage over classical illumination (CI) when
the emitted signal is weak but there is strong environmen-
tal noise [1]. Ideally entanglement in the QI source can
be used to obtain up to a 6-dB enhancement over CI via
optimal joint measurements [2], however the requirement
for phase-sensitive measurements is technically challeng-
ing [3–22] or the measurement may not even be known
[23,24]. Instead, it is possible to exploit not the entan-
glement but the strong correlations of the photon pairs
generated in the weak limit of the SPDC process to obtain
a quantum advantage with a simpler detection protocol.
These photon pairs have several possible correlations,
including photon number, temporal and spectral. There-
fore, in essence, object detection via quantum illumination
entails sending a probe state of the light field (conven-
tionally the signal) towards a possible target object and
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recording the light that reaches the detection system, which
may include some signal reflected off the target. The tar-
get, if it is present, sits in a noise bath of classical light,
which is detected by the signal detector whether or not the
target is there. When the the other mode (the idler) is mea-
sured, the nonclassical correlations with the signal mode
can be used to enhance the sensitivity of the signal mode
measurement. An object’s presence, for both QI and CI,
is revealed by returned signal, otherwise that light is lost
to the environment and the object’s absence results in a
return of solely noise. QI allows us to pick out returned
signal photons from this noise more easily and so provides
more information per photon sent to the target.

More generally QI (and CI) can be framed as a quantum
state discrimination problem, due to the binary situation of
the object present (H1) or absent (H0) hypotheses [25]. It is
well known that illumination with an entangled source can
improve the distinguishability between two returned quan-
tum states, even in entanglement-breaking conditions [26].
Furthermore, while not optimal, analysis of systems with
independent quadrature measurements on the signal and
idler show that QI retains an advantage over CI, while
not necessarily being better than the best possible classi-
cal source [27–29]. Analysis from another approach for
QI with independent quadrature measurements, which uses
heterodyne measurement on the signal channel to con-
dition the idler channel with a phase shift for the idler-
channel homodyne measurement, demonstrates a 3-dB
enhancement in the error-probability exponent compared
to the optimal classical system [30–32]. Furthermore, it
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has been shown that QI with photon counting and second-
order correlation measurements retains advantage over CI
[33–38]. Recently, a QI-based target-detection method
using nonlocal cancelation of dispersion has been devel-
oped [39,40]. More pertinently however, QI with simple
photocounting by click detectors has also been shown
to provide a quantum enhancement [41–47]. A protocol
for achieving Heisenberg-limited velocity estimation using
photon counting based on the Doppler effect has also been
developed [48,49]. The quantum advantage of QI with
simple photocounting by click detectors is smaller than the
previously discussed enhancements because such simple
detection is suboptimal in the sense that it does not saturate
the Helstrom bound and so reveals less information about
the quantum state than ideal measurement would [50].
However, QI with photon counting using click detectors
is the easiest to implement experimentally, which suggests
that it is suitable as an approach for developing a practical
quantum-enhanced LIDAR.

Object detection and range finding in a realistic noise
and loss environment is challenging. A heralded quantum
illumination scheme can provide signal states to interro-
gate the object that are very different, depending on the
result of the heralding measurement, which provides a
quantum advantage. However, as we shall see, with noise
and loss this quantum advantage disappears almost com-
pletely by the time the light gets to the detectors. We
show that the detectors themselves result in suboptimal
measurements, all of which means that we need a frame-
work that can work with the tiny remaining advantage over
multiple experimental shots. This paper presents such a
model for object detection and range finding with quantum
states using simple detection with Geiger-mode click pho-
todetectors. While range finding in a QI-based detection
scheme has been demonstrated before [51–54], the method
that we present treats detector data differently in that mul-
tiple detector data channels are condensed into a single
metric. This approach means the often-overlooked infor-
mation from noncoincidence events can also be included to
enhance state discrimination. The method facilitates com-
parison between different detection schemes, for example,
CI and QI, for inference of an object’s presence and range
via a metric whose interpretation depends on the like-
lihood of an object’s presence. Our results quantify the
advantage of quantum over classical illumination when
performing target discrimination in a noisy thermal envi-
ronment. We provide an operator-friendly approach to
quantifying system performance via estimation of the time
required to detect a target with a given confidence level.
Our experimentally motivated theoretical framework has
been applied to demonstrate the jamming resilience of
quantum range finding [55].

The paper is organized as follows. In Sec. II an
overview of the model system for CI and QI is given.
It provides a description of the heralding effect that QI

exploits and why, after interaction with the target, this
effect is tiny. This provides a justification for our model.
Section III describes object detection without timing infor-
mation, detailing quantum hypothesis testing and the log-
likelihood value (LLV) framework for interpreting detec-
tor data. We compare it with more familiar state distin-
guishability error bounds to give a comparison with the
best possible measurement scheme. We also compare our
scheme with a classical illumination scheme that uses the
same Geiger-mode detectors and show that there is a sig-
nificant quantum advantage. In Sec. IV we explore the
effect of target distance on the object-detection protocol.
Section IV B describes the range-finding protocol, incorpo-
rating expected delay and click stream matching. Finally,
Sec. V provides a discussion and outlook.

II. SYSTEM OVERVIEW

A. Schematic of classical and quantum illumination

An overview of the system for performing optical detec-
tion of a target object immersed in a thermal background
using simple detection is shown schematically in Fig. 1
for both classical and quantum illumination regimes. For
the CI case, a thermal beam is used to interrogate the tar-
get and data provided by recording click counts on the
signal detector. We consider a QI source produced by a
pulsed pump laser with repetition rate frep. Each pump
pulse produces, via parametric down-conversion [56,57],
a QI source state located centrally within a single-pulse
temporal window of duration 1/frep. The mechanism for
state production is a close-to simultaneous photon pair pro-
duction from one pump photon. The quasisimultaneous
nature of the pair production provides effective short-term
temporal correlations that are exploited to enable target
detection and range finding via coincident detection. Out-
side this very short timescale the two beams are effectively
uncorrelated. Each state is described mathematically by the
two-mode squeezed vacuum state (TMSV), and we assume
that the pump is of a strength that it produces a TMSV
with a mean photon number much smaller than one. This
state is distributed over two spatially separated modes: the
signal beam and the idler beam. Within the short correla-
tion timescale the TMSV has nonclassical photon-number
interbeam correlations; outside it the two beams are uncor-
related. Note that for QI we do not necessarily require
a pulsed pump. The intrinsic correlations of the SPDC
source enable this same framework to be applied to a cw
pump with the corresponding time window of a single shot
equal to a coincidence detection window duration τc. Note
that there are other nonclassical correlations in the SPDC
output that could be exploited, such as spectral correla-
tions [52], or polarization, but we do not use these in this
work.

For CI we assume that the signal is a pulsed thermal
source with repetition rate frep, but filtered to have the the
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(a) (b)

(c) (d)

FIG. 1. Schematic of optical LIDAR for a target of finite
reflectivity ξ in a thermal background ρ̂B,S. In the CI regime with
target (a) present or (b) absent, a thermal signal beam is used to
interrogate the target with a single signal detector used to mea-
sure the return field mode. In the QI regime with target (c) present
or (d) absent, a photon pair source is used to illuminate the tar-
get, with an additional detector used to directly measure the idler
mode (accounting for idler background noise ρ̂B,I ) providing a
coincident detection channel.

same frequency and mean photon number as the signal.
We use its statistics to derive the single-shot click prob-
abilities associated with a single-pulse window duration
1/frep. Such a modulated temporal reference is essential for
performing range finding in the classical system.

The detectors assumed by our model are Geiger-mode
avalanche photodiodes, insensitive to phase and which reg-
ister a click or a no-click event for each experimental shot
of the system, hence the term “simple detection” [58]. As
the signal is produced near the single-photon level the
detectors are thresholded such that they can be triggered
by single-photon events. This makes them appropriate for
use in realistic low-signal strength-sensing environments.

Losses incurred during the full target identification pro-
cess are included in the model. Both system loss (includes
detector quantum efficiency) and signal attenuation from
the process of probing a target object are modeled by
beam-splitter transformations [59,60]. The two input states
of the beam splitter are the background noise (or, for
a detector, the source of dark counts) and the probe-
mode signal state. Therefore, the two beam-splitter output
states are the reflected mode destined for the detector
and a traced-out mode, which is discarded. This partially
traced beam-splitter transformation facilitates the mixing
of signal and noise, while also modeling signal loss. The

(a) (b)

FIG. 2. Simplified detection model using beam-splitter trans-
formations. (a) In the CI regime a beam splitter is used to mix
the thermal signal beam ρth with the thermal background ρ̂B,S
using parameters ξ and η to account for finite target reflectivity
when the object is present and system loss. (b) For QI the light
source is a two-mode correlated thermal state ρ̂SI , with a second
beam splitter in the idler path to account for idler background
noise ρ̂B,I and system loss η.

mathematical beam-splitter models for QI and CI are illus-
trated in Fig. 2. It is valid to think of CI with single-photon
detectors and low mean photon numbers as a quantum
scheme. When a detector fires it measures something very
close to a single-photon state. However, we make the dis-
tinction that the overall statistics of the counts will not
be nonclassical, hence CI, while recognizing that this is a
choice with a degree of arbitrariness. For QI the difference
photon statistics are nonclassical.

B. Quantum state descriptions

There are two easily produced signal states typically
considered for CI, the single-mode thermal state and the
single-mode coherent state [61]. The density matrix for the
single-mode thermal state is

ρ̂th = 1
n̄ + 1

∞∑

n=0

(
n̄

n̄ + 1

)n

|n〉〈n|, (1)

where n̄ is the mean photon number of the state and |n〉 is
a photon-number state in the relevant mode. The thermal
state has no off-diagonal density-matrix elements. This is
not true for the coherent state, which is characterized by a
complex number α.

If we write the coherent state in density operator form
and disregard the off-diagonal elements

ρ̂coh = e−|α|2
∞∑

n=0

|α|2
n!

|n〉〈n|. (2)

This is valid as the detectors are insensitive to off-diagonal
elements of the density matrix. This state has Poisso-
nian photon statistics, compared with the superpoissonian
photon statistics of the thermal state, which causes the
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coherent state to perform slightly better than the thermal
state at target detection, at the expense of a little covert-
ness. This relative reduction in covertness occurs because
an intruder could measure the second-order correlation
function g2(0) of the coherent state, which is distinct from
that of the thermal background. Furthermore, its spectral
linewidth will probably be far smaller than the background
noise, which is intrinsically multimode. Throughout this
paper only the single-mode thermal state for CI will be
considered in the results and discussion. Consideration of
CI as a protocol allows for performance comparison rel-
ative to QI, in order to seek out a quantum advantage.
Despite the fact that the CI presented here is not at its
full potential due to the exclusion of the coherent state, the
differences in results presented are small in the low mean
photon-number regime.

The state used in the QI simple detection system is a
two-mode squeezed vacuum (TMSV),

|ψ〉 = 1√
n̄ + 1

∞∑

n=0

(
−eiθ

√
n̄

n̄ + 1

)n

|n, n〉, (3)

where the first and second components of the state are,
respectively, the signal and idler photon number, which are
constrained to be identical. The quantum theory of gener-
ating the TMSV is based on using a strong pulsed coher-
ent pump field driving a nonlinear material, as described
in Sec. II A. This causes spontaneous parametric down-
conversion, which results in the TMSV. The density matrix
of the signal and idler modes is simply the projector based
on this state,

ρ̂SI = |ψ〉〈ψ |, (4)

where S and I denote the signal and idler mode, respec-
tively. However, our detectors are insensitive to off-
diagonal elements of this state so we could disregard them
with no detriment to our calculations, effectively providing
the two-mode correlated thermal state

ρ̂SI = 1
n̄ + 1

∞∑

n=0

(
n̄

n̄ + 1

)n

|n〉I 〈n| ⊗ |n〉S〈n|. (5)

In any case, the state has nonclassical photon-number cor-
relations and approximates the real state for an appropriate
correlation timescale. The mean photon number depends
on the second-order nonlinearity of the material χ(2) and
the pump-field mean photon number [62]. If we trace over
the idler mode, the signal light ρ̂SI has the unconditioned
measurable properties of a single-mode thermal state. This
facilitates covertness as an intruder who does not have
access to the idler beam is ill poised to identify this state
as it has the photon-number statistics and coherence of the
same form as a weak thermal background [52]. This trac-
ing of the QI state reduces it to a single-mode CI state and

means that QI will always perform better than this state.
The purpose of CI in this paper is to provide the means for
a quantum advantage to be quantified, for the two proto-
cols that use the same amount of light directed towards a
possible target and which are practical for implementation
outside of laboratory environments.

The background-noise system is modeled by a single-
mode thermal state. We will assume that the thermal state
has the same spectral properties of the signal state, or that
we can spectrally filter it to do so. The CI and the QI sig-
nal detector dark counts are assumed thermal with a mean
photon number n̄B,S. The QI idler detector dark counts
background noise has a mean photon number n̄B,I .

C. Detector modeling and measurements

The detectors register, for a single experimental shot,
either a click or a no-click event. The probability of a click
event, which is the expectation value of the product of the
signal state and the click event measurement operator, or
positive operator-valued measure (POVM) element [63],
is calculated. An increase in mean photon number incident
on the detector raises the probability of a click event. The
no-click POVM element is denoted π̂× and the click event
POVM element π̂� = 1̂ − π̂×. Beam-splitter transforma-
tions and tracing out of unobserved modes, as in Fig. 2
provide the POVM elements, as derived in Appendix A,
where Eq. (A12) defines the generic click POVM element.
In this simplified treatment, the deleterious effects of detec-
tor dead time, after pulsing, and timing jitter are assumed
negligible due to the performance of technology avail-
able and the low mean photon numbers considered. Their
effects are relatively simple to include, but complicate the
theory. Then the signal detector click POVM element is

π̂S = 1̂ − 1
1 + n̄B,S

∞∑

n=0

(
1 − ηSξ

1 + n̄B,S

)n

|n〉〈n|, (6)

where 0 ≤ ξ ≤ 1 is the signal attenuation factor, which
accounts for all loss from the process of probing a tar-
get. When denoting a POVM element the � subscript has
been suppressed, and will be for the rest of the paper.
The system loss parameter in the signal detector channel
is signified by ηS, where 0 ≤ ηS ≤ 1, and includes detec-
tor quantum efficiency and coupling losses, for example.
The signal detector background noise n̄B,S is included in
the POVM element too. The inclusion of noise and ineffi-
ciencies causes the effect of click measurement to effect the
projection of the state onto a mixed state, the complement
of a probability-weighted thermal state rather than onto the
complement of the vacuum.

In line with the above, the CI object present click
probability is

PrH1:CI = Tr
(
π̂Sρ̂th

)
. (7)
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On the other hand, if the target is absent, the signal state
at the detector is the environment state, which is strictly a
thermal state. In our model this is included in the detector
POVM element, so the signal state at the detector becomes
the single-mode vacuum, as the signal is lost to the envi-
ronment. Therefore for CI, the click probability when the
target is absent is

PrH0:CI = Tr
(
π̂S|0〉〈0|). (8)

For QI there is another detector, the idler, which has its
own POVM. The idler POVM element is

π̂I = 1̂ − 1
1 + n̄B,I

∞∑

n=0

(
1 − ηI

1 + n̄B,I

)n

|n〉〈n|. (9)

This POVM element includes the system loss of the
idler detector channel ηI and the measured idler detector
background noise n̄B,I .

The probability of an idler-click event is

PrI = Tr
(
π̂I ρ̂SI

)
. (10)

Such a click event on the idler detector conditions the sig-
nal state, which is then measured by the signal detector. In
a noiseless and perfect efficiency system this conditioning
heralds the presence of at least one photon in the signal
mode, as measurement of an idler click conditions the sig-
nal state to have a mean photon number of n̄ + 1. This
conditioning also shows that the heralding gain, 1 + 1/n̄,
is largest when n̄ � 1, such that a single signal photon is
produced by an idler click. The reason for this is clear if
we examine the photon-number probability distributions
of the conditioned states. If the idler detector does not fire
the photon-number probability distribution of the signal is
conditioned to be the vacuum state. If the idler fires the sig-
nal state becomes a thermal distribution shifted upwards by
one photon. This is illustrated in Fig. 3(a), which shows the
photon-number distributions of the unconditioned state ρ̂S,
the idler-click conditioned state ρ̂S|I ,1 and the idler no-click
conditioned state ρ̂S|I ,0, all incident upon the signal detec-
tor in the case of no noise and no system loss. The two
states have disjoint photon number distributions. There
would be some overlap between the two conditioned dis-
tributions if the idler detector did not have unit quantum
efficiency, but they would still be clearly different.

In a more realistic quantum LIDAR scenario, however,
noise, system loss and high signal attenuation cause the
conditioned signal photon-number distributions to become
much less clear cut in their differences. Figure 3(b) illus-
trates this. For the parameters shown the unconditioned,
no-click conditioned, and click-conditioned signal photon-
number distributions are hardly different. We can see
the size of the conditioning effect if we take the dif-
ference in the two conditioned probability distributions,

(a)

(b)

FIG. 3. Photon-number distributions in the case of no noise
or loss and perfect detection (a) and the case with noise, sys-
tem loss, and signal attenuation (b). Plotted are the unconditioned
state (black dots), idler-click conditioned state (orange bars), and
idler no-click conditioned state (thin blue bars). Inset in (b), the
difference of the idler conditioned states’ photon-number dis-
tributions �P(n). Mean photon number of the signal state n̄ =
0.5, system loss of all detectors ηS/I = 0.5, signal attenuation
factor ξ = 8.84 × 10−3, mean photon number of background
and dark counts for signal detector n̄B,S = 0.5, and mean pho-
ton number of background and dark counts for idler detector
n̄B,I = 4.49 × 10−4.

�P(n) = P(n)I ,1 − P(n)I ,0, which is plotted as an inset.
This difference shows the small residual conditioning
effect. It is clear from Fig. 3 that the effect of an idler
click is to suppress (or reduce) the vacuum contribution
in the conditioned state incident upon the signal detector.
Appendix B provides a derivation of the photon-number
distributions in Fig. 3(b). It seems clear that conditioning
in a realistic system with multiple shots of the experiment
will cause only a tiny change in the number of counts
at the signal detector when the idler fires. Hence a well-
developed statistical framework is required to extract the
information. It should also be noted that the parameters
used in Fig. 3(b) understate the difficulty when using real-
istic parameters encountered experimentally. Of course,
most detectors are not photon-number resolving, so it
is not possible to use all of the information from the
photon-number distributions, adding further credence to
the demand for a powerful statistical framework.

There are two possible types of click events for the
signal detector, the coincidence click and noncoincidence
click. The probability of a coincidence click and noncoin-
cidence click (or alternatively the probability of a signal
click given an idler click or no click) when an object is
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present, are, respectively,

PrS|I ,1 = Tr
(
π̂S

TrI (π̂I ρ̂SI )

PrI

)
, (11)

PrS|I ,0 = Tr

(
π̂S

TrI ((1̂ − π̂I )ρ̂SI )

1 − PrI

)
. (12)

The object-absent click probabilities for QI are now
described. The idler-click probability PrI is not affected
by the object and the coincidence and noncoincidence
probabilities are now both equivalent to

PrH0 ≡ PrH0:CI. (13)

These probabilities underpin the theory for target object
detection.

III. OBJECT DETECTION

A single-shot measurement with simple click detectors
cannot effectively distinguish between the two cases of
object present and absent. This is because when back-
ground noise is present a click in a single-shot system
can either originate from the reflected signal beam or from
background noise. Hence, multishot quantum hypothesis
testing is required [64–67].

Each shot of the experiment at each detector corre-
sponds to a Bernoulli trial. A click or no-click event occurs
according to a click probability and generates a corre-
sponding binomial click-count distribution [68]. In order
to infer an object’s presence or absence, comparison of the
relevant click-probability distributions is required [69]. In
the limit of many shots, the binomial click distributions
can be approximated as Gaussian, under the assumption
that the criterion detailed in Appendix C is satisfied. This
valid approximation greatly simplifies the analysis and
computational demands and is used henceforth.

Each set of system parameters gives rise to an idler-click
distribution PI , and each value in PI has a corresponding
object present PH1 and absent PH0 signal click distribution.
Figure 4 shows the coincidence and noncoincidence click
distributions for both object present and absent cases, after
a set number of idler-click events k = 1.98 × 104.

Existing literature often overlooks noncoincidence sig-
nal clicks events as a source of useful information.
Equation (25) quantifies the advantage provided by the
inclusion of noncoincidence clicks, followed by a discus-
sion of the regimes where this advantage is more pro-
nounced. In addition, the recording of all types of clicks
is required for the range-finding protocol discussed later in
this paper. The rest of this paper will focus on QI as it is
straightforward to reduce the QI theory to CI only. The pro-
tocol is explained without CI explicitly mentioned unless a
performance comparison between CI and QI is made.

FIG. 4. Quantum illumination probability distribution display-
ing coincidence click counts and noncoincidence click counts
for both object present (colored blue) and absent (colored red)
cases. Mean photon number of the signal state n̄ = 2.19 × 10−2,
system loss of all detectors ηS/I = 0.5, signal attenuation fac-
tor ξ = 8.84 × 10−3, mean photon number of background and
dark counts for signal detector n̄B,S = 5.06 × 10−2, and mean
photon number of background and dark counts for idler detec-
tor n̄B,I = 4.49 × 10−4. The number of shots is 1.76 × 106 and
the number of idler-click events displayed is 1.98 × 104.

The make up of a shot is a topic that has been already
considered briefly in Sec. II A. Our model assumes a
perfect one-to-one mapping of pulses to shots (with a rep-
etition rate set by frep). This is perfectly fine in the low
detector timing jitter regime and where count rates are slow
enough that detector dead times are negligible. While it is
easy to set the temporal duration of a shot for a pulsed
source, as the reciprocal of the source repetition rate, it is
not the case for cw systems, which require frep to be arti-
ficially set through the choice of the coincidence window
duration frep = 1/τc. However, the second-order coherence
function g2(τ ) can instruct what temporal duration for a
shot is sensible, for both cw and pulsed. Due to the sponta-
neous and stimulated aspects of the nonlinear process there
could be many modes within one shot temporal window
size, however it suffices to model each shot to only have
one mode of the source due to the nature of the detectors
and the low mean photon number. As such, the click prob-
abilities are easily found via the method presented earlier.
It is clear that the mean photon numbers for the source and
background are dependent on the temporal window size of
a shot. Henceforth this paper focuses on a pulsed pump
source, noting that extension to idler-detector-gated cw is
relatively straightforward.

A. Log-likelihood value

A click-count value might infer an object’s presence in
one parameter regime or an object’s absence in another.
Hence, a framework is desired that allows for fair compar-
ison of incoming click data between different situations.
The log-likelihood value (LLV) forms the basis of this

064008-6



OBJECT DETECTION AND RANGE FINDING... . . PHYS. REV. APPLIED 21, 064008 (2024)

framework. The LLV is also appropriate for use in deal-
ing with multichannel detector data, as it reduces multiple
channels of data pertaining to two simple hypotheses into
a single value. This value also provides a simple test, in
this context commonly known as the likelihood ratio test.
The use of the LLV for hypothesis testing is justified by
the Neyman-Pearson lemma, which states that it provides
the most powerful test for a set statistical significance
level [70].

The object present PH1 and absent PH0 click distribu-
tions in their binomial form after N shots and k idler-click
events define the LLV after k idler clicks, which converts
click data x into a LLV

�(x, k) = ln
(

PH1(x, k)
PH0(x, k)

)
, (14)

where x = (x, y) with x the coincidence click count and
y the noncoincidence click count. It can be seen from the
definition that�(x, k) > 0 means that an object’s presence
is more likely, that �(x, k) = 0 means that both regimes
are equally as likely, and�(x, k) < 0 infers that an object’s
absence is more likely. An advantage of using the LLV as
a test is that it can be self-calibrating to a LLV detection
threshold dLLV = 0, as the detection decision will auto-
matically be set according to the likelihood of an object’s
presence. We will consider later in Sec. III C the effect
of setting LLV decision levels on false-alarm probabilities
and their extension to receiver operator curves.

As the click probabilities, click data, and number of
shots are all real and positive Eq. (14) can be stated as a
linear equation

�(x, k) = (M1x + kC1)+ (M2y + (N − k)C2). (15)

In Appendix D this transformation is formulated in linear
equation form and constants M1, M2, C1, C2 are defined.

We express the statistical moments of the LLV dis-
tributions when there has been a mean number of idler
clicks k = μI = NPrI in the following analysis. The object
present PH1:�(x,μI ) and absent PH0:�(x,μI ) LLV distributions
for idler clicks k = μI are shown in Fig. 5. For our analytic
treatment of the LLV distributions, we condition solely
off the mean number of idler clicks μI , which is rea-
sonable as the standard deviation of the number of idler
clicks σI is sufficiently small compared to the mean μI .
For the parameters in Fig. 5 the variance in the number of
idler clicks is σ 2

I = 1.96 × 104. As the click-count distri-
butions originate from a binomial distribution, the variance
is always less than the mean, which ensures that condition-
ing off the number of expected idler clicks is appropriate.
Furthermore, the click-count distributions differ from the
photon-number distributions as they do not infer the pho-
ton statistics of the state of light in question. Assuming
that the click distributions are well approximated by a

Gaussian, all of the LLV distributions are Gaussian too,
as linear transformations and combinations preserve nor-
mality [71]. The reason for the discrepancy of the maximal
value between the object present and absent LLV distri-
bution in Fig. 5 is due to the object present distribution
having a larger variance for these parameters. The differ-
ence of variance, if there is any, is in that the idler-click
conditioned click events affect the signal click-probability
distribution, whereas the idler clicks are decoupled from
the signal click-probability distribution when there is no
target. The results below show the object present case, but
the analysis is similar for object absent. The mean and stan-
dard deviation for the object present LLV distribution after
mean idler clicks as derived in Appendix E is

μH1:�(x,μI ) = N
(
PrI (M1PrS|I ,1 + C1 − M2PrS|I ,0 − C2)

+ M2PrS|I ,0 + C2
)
, (16)

σH1:�(x,μI ) = (
N (PrI (M 2

1 PrS|I ,1(1 − PrS|I ,1)

− M 2
2 PrS|I ,0(1 − PrS|I ,0))

+ M 2
2 PrS|I ,0(1 − PrS|I ,0)

)0.5. (17)

The LLV framework is used to discriminate between the
presence or absence of an object, hence it is worthwhile
to compare the performance of this method to optimal dis-
crimination set by the Helstrom bound [50]. The Helstrom
bound does not provide the experimental detection scheme
that would perform the optimal discrimination, but reveals
the optimum POVM, which ensures the minimum proba-
bility of error. A single-shot click measurement does not
saturate the Helstrom bound for the parameter regime set
in Fig. 4. Nor does the Helstrom bound provide accurate
discrimination with an optimal single-shot measurement
for the parameter regime set. A multishot Helstrom bound
should be used instead, where N copies of a state are equiv-
alent to N shots of the system. The multishot minimum
probability of error between two states when there are N
trials, only two states to discriminate and equal priors for
either state [72] is

Pmin
err,N = 1

2

(
1 −

∥∥∥∥
1
2
(ρ̂⊗N

1 − ρ̂⊗N
0 )

∥∥∥∥

)
, (18)

where ||Â|| = Tr(
√

Â†Â) is the trace norm for a matrix
Â. Focusing on the idler-click conditioned states only,
the states upon the signal detector for when the object is
present state ρ̂1 = ρ̂S|I ,1 and absent ρ̂0 = ρ̂th(n̄B,S). How-
ever, calculation of Eq. (18) is intractable due to the
Hilbert-space dimensionality increasing dramatically with
measurement trials N . Fortunately, the quantum Chernoff
bound allows for easy calculation of the upper bound of
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FIG. 5. Quantum illumination LLV probability distribution for
both object present (colored blue) and absent (colored red) cases.
n̄ = 2.19 × 10−2, ηS/I = 0.5, ξ = 8.84 × 10−3, n̄B,S = 5.06 ×
10−2, n̄B,I = 4.49 × 10−4. The number of shots is 1.76 × 106 and
the number of idler-click events displayed is 1.98 × 104.

the minimum error probability [2] via

Pmin
err,N ∝ 1

2
e−NζQCB, (19)

where ζQCB = −ln
(

min
0≤s≤1

Tr
(
ρ̂s

0ρ̂
1−s
1

))
. We can compare

this to the probability of error for the LLV framework when
the detection decision threshold is set as LLV = 0,

PLLV:err = 1
2

(∫ ∞

z=0
PH0:�(x,μI )(z)+

+
∫ 0

z=−∞
PH1:�(x,μI )(z)

)
, (20)

where z is a LLV, and PH1/0:�(x,μI ) is the object present
or absent LLV distribution when there has been mean
idler clicks μI . Figure 6 shows the comparison of Perr for
the LLV framework and the quantum Chernoff bound as
a function of shots. We calculate the quantum Chernoff
bound for QI (coincidence clicks only) using the number of
trials �PrI × N�, this approach means we can fairly com-
pare the quantum Chernoff bound for QI and CI, as CI has
N trials. Here, we define �x� as the floor function, which
outputs the greatest integer less than or equal to x. A simi-
lar approach follows for setting the number of trials when
discriminating between the idler no-click conditioned and
object absent state. For the parameter regime in Fig. 6 there
is only a negligible advantage to the inclusion of noncoin-
cidence counts. This advantage is quantified by Eq. (25).
In the multishot case, the LLV framework does not saturate
the Helstrom bound. There is a simple reason for this. Click
measurements at separate Geiger-mode detectors are not
near optimal for the required task. They are, however, more
resilient in difficult and realistic sensing environments.

The lack of explicit calculation of an optimal perfor-
mance bound for our multishot system can be solved

(b)

(a)

FIG. 6. Comparison of the quantum Chernoff bound and the
probability of error of the LLV framework (for QI and CI). We
also plot the probability of error of the QI LLV framework, which
has the noncoincidence counts included too: LLV: I ,0. Proba-
bility of error Perr on the y axis and shots N on the x axis. We
have a log-log plot for (a) with Perr for LLV: QI, LLV: I,0 and
LLV: CI plotted. For (b) the y axis is not a log plot but the x
axis is. In (b) we plot Perr for LLV: QI, LLV: I,0, LLV: CI and
Chernoff for QI and CI. The object present and absent states are
being discriminated between. Mean photon number of the signal
state n̄ = 2.19 × 10−2, system loss of all detectors ηS/I = 0.5,
signal attenuation factor ξ = 8.84 × 10−3, mean photon num-
ber of background and dark counts for signal detector n̄B,S =
5.06 × 10−2, and mean photon number of background and dark
counts for idler detector n̄B,I = 4.49 × 10−4. Monte Carlo sim-
ulation generated the earlier portion of this figure and analytic
calculation in the Gaussian regime generated the remainder.

by first acknowledging that our system belongs to a
generalized class of sensing problems: quantum sens-
ing in auxiliary-assisted phase-covariant optical chan-
nels [73]. The results in Ref. [73] have provided probe and
measurement-independent ultimate performance bounds
(expressed in the quantum Fisher information) for this
class of sensing problems, subject to energy and mode-
number constraints [74]. These performance bounds differ
from the Helstrom bound discussed earlier as it makes
no assumption about the probe state used. In particular,
for phase-covariant Gaussian channels, N independent and
identically distributed TMSV probes tends towards being
the optimal probe as the mean photon number n̄ → 0.
For QI we do not discriminate using the TMSV, as we
instead discriminate against the object absent state using
the idler-click (no-click) conditioned states. These states
are not the optimal probes. The optimality of CI is also
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discussed in Ref. [73]. Furthermore, while not optimal, our
CI system can be enhanced by the use of threshold detec-
tion with photon-number-resolving detectors as explored
in Ref. [75]. However, this enhancement is negligible for
the parameter regimes we are concerned with weak signal
strength n̄ << 1 and a low SNR n̄ < n̄B,S.

B. Distinguishability measure

The distinguishability measure used here describes how
much overlap there is between the object present and
absent LLV distributions—effectively how much confi-
dence can be ascribed to a decision of object present
or absent given an LLV. Therefore, the distinguishability
measure is a figure of merit (FOM), which characterizes
system performance in confident detection decision mak-
ing. The use of this FOM is in contrast with other FOMs,
such as the SNR and the Cramér-Rao lower bound (CRLB)
for signal loss estimation, which are not directly based on
decision making. A qualitative comparison of FOMs is
expanded upon in Appendix F. The Q function for a Gaus-
sian distribution with LLV detection threshold dLLV, mean
μ, and standard deviation σ is

Q(dLLV,μ, σ) = 1√
2πσ

∫ ∞

dLLV

e
−

(
z−μ√

2σ

)2

dz. (21)

We define the probability of detection and probability of
false alarm, respectively, as

PD(dLLV) = Q(dLLV,μH1:�(x,k), σH1:�(x,k)) (22)

and

PFA(dLLV) = Q(dLLV,μH0:�(x,k), σH0:�(x,k)). (23)

The definitions in Eqs. (22) and (23) lead onto the distin-
guishability

φ = 1 − [(1 − PD(0))+ PFA(0)] . (24)

If we compare the distinguishability for a QI system
that does φI ,0 and does not φI ,1 include noncoincidence
clicks we can quantify the benefit of considering non-
coincidence clicks. We quantify this benefit by defining a
relative difference of distinguishabilities

�φI ,0 = φI ,0 − φI ,1

φI ,1
× 100. (25)

For the system parameters in Fig. 4, the noncoincidence
relative advantage is�φI ,0 = 0.3%. This is small, but there
are regimes where the inclusion of noncoincidence clicks
improves system performance significantly. For example,
the benefit increases as the idler channel system loss
parameter ηI decreases. The reduction of ηI means that

the upsurge of signal clicks when an object is present is
registered as a coincidence click less often, due to the low
efficiency of registering idler clicks. To demonstrate that
noncoincidence clicks are more useful in such regimes,
we alter two parameters in Fig. 4. The new number of
shots N = 5 × 107 and idler loss parameter ηI = 0.02.
With these values the noncoincidence relative advantage
is �φI ,0 = 24.47%, which is a significant benefit.

A threshold distinguishability φt is set to ensure that
the effectiveness of the LLV test is consistent in differ-
ent regimes. The threshold distinguishability uses the LLV
distributions when there has been a mean number of idler
clicks. An assumption is made that the underlying com-
ponents of the distinguishability φ, PD, and PFA, are also
consistent between regimes. Moreover, for a single regime
each object present and absent LLV distribution distin-
guishability differs slightly according to the number of
idler clicks k, hence the effectiveness of the LLV test dif-
fers with the number of idler clicks recorded. We ignore
this discrepancy if it does not exceed the bound placed in
Appendix G, and consider all likely LLV distributions for
a regime to have a distinguishability set by the one cal-
culated for the mean number of idler clicks. Clearly, the
higher φt is, the more confident the detection decision. In
this paper, threshold distinguishability is set to be φt = 0.8
in line with convention [46].

We define the number of shots required for threshold
distinguishability

Nt = int
(

F−1(φt)

PrI

)
, (26)

where F−1(φt) is the inverse of the function φt, as derived
in Appendix H. Nt allows for different parameter regimes
to be compared fairly, as increasing the number of shots N
increases φ, when φ < 1.

While the system is running the return click rate can
change. Hence, in order to analyze dynamically changing
incoming data, a rolling window method is applied. We
define the cumulative coincidence clicks after z time bins
T(z) and cumulative idler clicks TI (z), where z time bins
is the number of shots that have been recorded. There is an
initialization stage while z < Nt. We have a LLV R(z) for
each time bin z defined as

R(z) = �(T(z)− T(z − Nt), TI (z)− TI (z − Nt)) , (27)

for every time bin z ≥ Nt.
Figure 7 illustrates the change in LLV statistics between

the object absent regime and the object present regime.
The object suddenly appears at the time bin denoted
by the vertical dashed line. The system fully updates
from object absent to present regime over z = Nt time
bins. Here, both regimes are separated by the threshold
distinguishability φt.
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FIG. 7. Rolling window trajectory of QI mean LLV (solid line
colored red) with a red shaded region limited by a standard devi-
ation of error plus and minus the mean. Regime changes from
object absent to present suddenly at time bin z = 2Nt marked
by the vertical dashed line (colored gray). Nt = 1.76 × 106, n̄ =
2.19 × 10−2, ηS/I = 0.5, ξ = 8.84 × 10−3, n̄B,S = 5.06 × 10−2,
n̄B,I = 4.49 × 10−4.

Hence Fig. 7 illustrates what φt means for the dis-
tinctness of the object present and absent distributions.
However, the duration of a shot is too short to process
data practically in a rolling-window shot by shot. Instead
a rolling window based on LLV samples every Nt shots
is employed. This is elaborated upon in Sec. IV F with
Eq. (35). The purpose of defining Eq. (27) is to visually
show in Fig. 7 how our LLV framework can be applied
to dynamic scenarios, whether it be shot by shot or LLV
sample by sample for its refresh rate as shown in Eq. (35).

C. Comparing quantum illumination and classical
illumination

System performance comparison of QI and CI using
click counts directly is problematic as coincidence clicks
and signal clicks are not the same, making it challenging
to use click counts as a performance metric. Our frame-
work addresses this problem by recasting click counts of
any type into a LLV. For any system parameter regime,
the object present and absent statistics for QI have a
larger distinguishability than CI. We also define a quan-
tum advantage QA as the ratio of the number of shots
required for CI and QI to reach threshold distinguisha-
bility. Therefore, quantum advantage QA = (Nt:CI/Nt:QI),
where Nt:QI is Nt shots required for threshold distinguisha-
bility for QI, and similarly for CI. In a physical system this
quantity gives a reasonable approximation to the relative
amount of time it would take for each system to deter-
mine the presence or otherwise of a target object under
the same conditions. Figure 8 demonstrates that QI per-
forms significantly better for all of the shown parameters.
This advantage increases for low signal strength and high
background-noise regimes.

On the other hand, a common-place approach for system
performance is via a receiver operator curve (ROC). The

FIG. 8. Contour plot of quantum advantage QA =
(Nt:CI/Nt:QI) for varied background noise and signal strength.
ηS/I = 0.5, ξ = 1.99 × 10−2, and n̄B,I = 4.49 × 10−4.

ROC can be found by varying the LLV detection threshold
dLLV from −∞ < dLLV < ∞ and calculating PD(dLLV) and
PFA(dLLV) accordingly.

Figure 9 compares two ROCs, one for CI and one for QI;
clearly QI performs better than CI for the given parame-
ters. To summarize, we have a method to assess system
performance, which is self-calibrating, and if we relax the
detection threshold dLLV we have system performance in
terms of a ROC.

IV. RANGE FINDING

A. Signal attenuation from distance

The process of interrogating a target object almost
always results in attenuation of the signal strength. This
attenuation is dependent on inclusion of realistic effects
and object properties.

An object can be modeled as a Lambertian scatterer or
a specular reflector. In this paper the Lambertian case is

FIG. 9. Receiver operator curve for probability of detection
PD and probability of false alarm PFA for QI and CI. The blue
dot represents where the detection threshold for QI is set to
LLV = 0 and the orange dots represent where the detection
threshold for CI is set to LLV = 0. n̄ = 2.19 × 10−2, ηS/I = 0.5,
ξ = 8.84 × 10−3, n̄B,S = 5.06 × 10−2, n̄B,I = 4.49 × 10−4, and
N = 1.76 × 106.
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focused upon as the signal is scattered by the target into
a large solid angle and the small solid angle subtended by
the distant signal detector at the target provides a naturally
dominant attenuation factor [76]. There are other possi-
ble attenuation effects such as beam divergence and any
scattering or absorption from the medium between detec-
tor and object and these can be treated similarly. If instead
we were to concentrate on a cooperative specular reflector
beam divergence would be the dominant attenuation that is
not intrinsic to the detectors.

The signal attenuation factor ξ , previously introduced in
this paper, is now written in terms of interaction with a
Lambertian scatterer. A model for signal attenuation using
the averaged Lambert’s cosine law, equal hemisphere of
diffusion, and the inverse square law gives

ξ = ξobjAd

4πD2 , (28)

where ξobj is the intrinsic reflectivity of the object, with
ξobj = 1 as the case of a perfect reflector. The area of the
detector is Ad and distance of object from the detector is D.

B. Expected click count and LLV as a function of
distance

We would expect the number of shots to reach threshold
Nt to increase with detector distance D. The change of sig-
nal attenuation with distance requires that a specific LLV
after k idler clicks is defined for each distance D

�D(x, k) = ln
(

PH1,D(x, k)
PH0,D(x, k)

)
, (29)

with PH{1,0},D defined as the click-probability distribu-
tion for an object present and absent at distance D after
Nt shots, respectively. Consequently, for any distance we
can process data such that the effectiveness of the LLV
test remains consistent. Assuming the requirement of pro-
cessing Nt(D) shots for each distance D is satisfied, the
expected mean coincidence click count μD:I,1 increases
with distance due to the increased Nt(D). The mean LLV
�D(μD:I,1,μI ) will stay approximately constant for all
inspected distances, as the LLV test effectiveness is con-
sistent. Hence, the different distances can have their data
streams directly compared, which is a valuable feature for
a range-finding protocol.

C. Delay and distance

Light takes time to travel, therefore there will be a
temporal mismatch between the idler and signal beams
returning to the detectors due to the different path lengths
traveled. In order to retrieve the light source’s temporal
correlations this mismatch must be accounted for, in the
form of the expected delay. The incoming binary stream
of click events at the detector is henceforth referred to

as the idler or signal stream. The idler stream is set to
have zero delay, as it is locally measured with a known
path length. For simplicity the system we assume is
monostatic. Therefore, the detectors and light source are
located approximately at the same location, which sim-
plifies the relation for the expected delay. The extension
to bistatic is straightforward. The expected time delay for
the signal beam when an object is at distance D from the
detector is therefore

t(D) = 2D
c

, (30)

where c is the speed of light.

D. Discretizing the delay

As the model considers the idler and signal beam data
streams to be in discrete time bins the expected delay must
be discretized in order to match the signal stream with
idler. The expected delay in shots for an object at distance
D from the detector is

Mdelay(D) = �(t(D)frep
)�. (31)

Therefore, the idler stream is matched with the signal
stream shifted back Mdelay(D) shots, for an inspected dis-
tance of D. The optimal spatial resolution of the system is
set by the source repetition rate frep

Dp = c
2frep

. (32)

Some error can occur due to the discretized delay not prop-
erly matching with object distances that are not integer val-
ues of the spatial resolution. This protocol’s range-finding
abilities will also be tempered by the misbinning stem-
ming from timing jitter, but this effect is neglected here, as
mentioned earlier. Previous literature for simple detection-
based QI range finding describes timing jitter correspond-
ing to approximately equal to 10 cm range uncertainty [77],
which is smaller than the range resolution we specify. The
temporal analogue of the optimal spatial resolution is the
optimal temporal resolution toptimal(D), which determines
how quickly our system can make a confident measure-
ment for a distance D. This depends on the source rep-
etition rate frep and the threshold distinguishability φt as
defined in

toptimal(D) = Nt(D)
frep

. (33)

E. LLV range-finding statistics

In a range-finding scenario the distance of a possible tar-
get object is unknown, and hence the expected delay is also
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TABLE I. Shots required Nt for threshold distinguishability
φt = 0.8 and return signal delay in shots for target object dis-
tance D from detector Mdelay(D). Lambertian scatterer. Source
pulse repetition rate frep = 0.5 GHz. n̄ = 2.19 × 10−2, ηS/I =
0.5, ξobj = 1, n̄B,S = 5.06 × 10−2, n̄B,I = 4.49 × 10−4.

Distance (m) Nt Mdelay(D) ξ

1.2 5.29 × 104 4 5.53 × 10−2

3 1. 76 × 106 10 8.84 × 10−3

3.3 2.56 × 106 11 7.31 × 10−3

6 2.73 × 107 20 2.21 × 10−3

CI: 3 3.91 × 107 10 8.84 × 10−3

unknown. We systematically work through different possi-
ble distances from near to far. Other than the set of model
parameters, which determine the expected object statistics,
there are two pieces of information that the operator can
control when searching for an object: how long does it take
to acquire confident statistics Nt and what delay should be
used to match streams correctly Mdelay(D). Table I shows
Nt and Mdelay(D) for a set of inspected distances.

In the parameter regime set, for all inspected distances,
the expected object present mean LLV is μE ≈ 3.36,
knowledge of this value helps consideration towards which
searched distance is correct. Simulated incoming data is
processed into the LLV for that inspected distance�D(x, k)
with the corresponding delay Mdelay(D). Figure 10 displays
the mean LLV for each inspected distance distribution μG,
for both cases of an object absent and a stationary object
set to be at a distance of 3 m. An error bar of one standard
deviation is also plotted. These statistics have been gen-
erated from many Monte Carlo simulation runs and each
simulation run uses the same seed click data to process all
inspected distances. Although it is worthwhile to note that
this is not what would be seen in a real-time range-finding
protocol, as the statistics for the far distance take longer
to acquire than the near distance, therefore some near-
distance statistics have been discarded in order to match
the quantity of simulation results. In Fig. 10 for the object
present case, the correctly inspected distance 3 m shows
a strong signature, due to the correct coincidence match-
ing. However, all of the falsely inspected distances display
varying levels of a shifted LLV from H0, this is due to the
mismatch caused by the incoming data not adhering to the
H1 or H0 statistics for that inspected distance. Whereas,
for an object absent, all inspected distance statistics match
their respective object absent statistical outcome.

The results from Fig. 10 can be interpreted as fol-
lows. The closer μG − μE → 0, the closer that particular
inspected distance infers that an object is actually situ-
ated at that distance. This interpretation comes with the
caveat that a nearer and correct distance has not been over-
looked, as a sufficiently far searched distance can also
tend μG − μE → 0 due to the LLV shift. The searched

(a)

(b)

FIG. 10. LLV of simulated range-finding statistics (a) when
an object is situated at a distance 3 m and (b) when an object
is absent. Mean and one standard deviation error bar plus and
minus the mean plotted. The correct distance 3 m is shown as
a blue dot and error bar. The shots required for threshold dis-
tinguishability Nt, signal stream delay in shots Mdelay(D) for
each object distance, and ξ is given in Table I. The horizon-
tal (black) dashed line is when the LLV = 0 n̄ = 2.19 × 10−2,
ηS/I = 0.5, signal attenuation is modelled by the reflection of a
perfect Lambertian scatterer at distance D, n̄B,S = 5.06 × 10−2,
and n̄B,I = 4.49 × 10−4. Results of 104 simulations.

distances are relatively near for LIDAR standards, this is
because we are using an uncooperative Lambertian tar-
get in the simulation, a cooperative specular target would
allow for ranging to perform well at considerably longer
distances.

F. Simulated example of a range-finding detection
scenario

Now that the LLV dynamics for different inspected
distances have been shown, a real-time range-finding pro-
tocol is described. In order to compare LLV measurements
fairly from different inspected distances we must ensure
that each measurement is formed from its correspond-
ing shots required for threshold distinguishability Nt(D).
Hence, for each inspected distance D a LLV sample is
taken every Nt(D) shots. We define a set of K LLV mea-
surements as {�1, . . . ,�K}, with each sample separated
temporally by Nt(D) shots. After accumulating a number S
of LLV samples it is possible to calculate the sample mean,
μS = ((�S

i=1�i)/S).
Plotted in Fig. 11 is the mean LLV μS(D) of a simulated

signal for an accumulated number of S LLV samples every
Nt(D) shots. The number of samples that comprise μS(D)
increases with the elapsed time Melapsed in shots. In Fig. 11
the trajectory for each inspected distance D has a different
length as each one has a different total number of samples
within the elapsed time. Each sample needs Nt(D) shots
so until this number of shots is reached the trajectory does

064008-12



OBJECT DETECTION AND RANGE FINDING... . . PHYS. REV. APPLIED 21, 064008 (2024)

FIG. 11. Real-time signal trajectory of μS for the near (1.2 m),
correct (3 m), one delay bin after correct (3.3 m), and far (6 m)
inspected distances. With μS on the y axis and elapsed time in
shots Melapsed on the x axis. The horizontal (black) dashed line is
when the LLV = 0. The total elapsed time in shots is Nt(CI:3 m).
The object situated at a distance 3 m. Nt, Mdelay(D), and ξ

given in Table I. frep = 0.5 GHz, n̄ = 2.19 × 10−2, ηS/I = 0.5,
signal attenuation is modeled by the reflection off a perfect
Lambertian scatterer at distance D, n̄B,S = 5.06 × 10−2, and
n̄B,I = 4.49 × 10−4.

not start. In Fig. 11 each inspected distance trajectory has
its first six samples plotted as a cross. Furthermore, for the
sake of clarity we omit plotting a cross for sample numbers
greater than six. A 3-m inspected distance stream for CI is
also plotted, QI’s advantage is clear as the first LLV sample
occurs well before CI’s first sample, this means that detec-
tion decisions can be made sooner for QI than CI, which
corresponds to a more responsive object-detection system.
A false decision is made for the near inspected distance
(1.2 m) around Melapsed ≈ 5 × 104 shots; however, it can
also be seen that this inspected distance later converges
to the correct decision with μG(1.2 m) = −3.08 relatively
quickly. Consequently, confident detection decisions are
made sooner for distances searched nearest to the detec-
tor, as there is a larger number of samples for convergence
to occur. The search for an object is executed by scanning
from near to far. The range-finding protocol stops scanning
outwards once there is a signature of an object at a distance
D. Useful to note, is that samples can be made sooner for
any inspected distance, at the expense of detection deci-
sion error and comparability of LLV between inspected
distances. Recording a sample sooner would mean that the
shots N < Nt(D), this would cause PD to decrease and
PFA to increase due to the larger overlap with a smaller
integration time.

An object-detection decision is made when the near-
est inspected distance any μs > 0. Conversely, if μs ≤ 0
a decision is made that an object is not present at that
distance. Many simulation runs of an incoming signal are
performed to generate a distribution of detection decisions

FIG. 12. Real-time trajectory of Pcorrect for the near (1.2 m),
correct (3 m), one delay bin after correct 3.3 m, and far
(6 m) inspected distance. With Pcorrect on the y axis and elapsed
time Melapsed on the x axis. The total elapsed time in shots is
Nt(CI:3 m). The object situated at a distance 3 m. Nt, Mdelay(D),
and ξ given in Table I. frep = 0.5 GHz, n̄ = 2.19 × 10−2, ηS/I =
0.5, signal attenuation is modeled by the reflection off a per-
fect Lambertian scatterer at distance D, n̄B,S = 5.06 × 10−2,
and n̄B,I = 4.492 × 10−4. This figure displays the statistics of
103 different simulation runs, in order to generate the Pcorrect
distribution.

along elapsed time Melapsed in shots. For the inspected dis-
tances, excluding the furthermost, as time progresses the
probability of a correct decision Pcorrect improves. This is
displayed in Fig. 12. Moreover, Fig. 12 shows the number
of samples required S for Pcorrect to reach an acceptable
threshold Pcorrect:t = 0.95. In Fig. 12, similar to Fig. 11,
each inspected distance trajectory has its first six samples
plotted as a cross. As follows, the realistic temporal resolu-
tion for a distance D when the target object is at a distance
Dcorrect is

trealistic(D; Dcorrect) = S × toptimal(D). (34)

This trend of an improvement of Pcorrect with time fails for
inspected distances too far from the correct location. As the
mean of a sufficiently far searched distance D μG(D) ≥ 0.
However, this situation is avoided as the correct inspected
distance is decided upon before enough far away searches
reach its realistic temporal resolution.

Monitoring a set of inspected distances of mean LLVs
for an accumulated sample number of S samples μS, with
a rolling window refresh rate of S allows the operator
to exclude the presence of an object at near distances
while searching outwards to hone in on its true location.
The rolling window allows for dynamic monitoring of the
range of the object. Hence, the sample rolling window is
defined as

R(s̃) = 1
S

s̃∑

i=s̃−S+1

�i, (35)
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for any sample number s̃ such that S ≤ s̃ ≤ K . This moving
average rolling window defined in Eq. (35) is what is prac-
tically used when analyzing real data, as signal processing
with the rolling window defined by shots in Eq. (27) is
unfeasible due to the very short temporal duration of a shot.
An incoming signal is more easily processed with the sam-
ple rolling window applied. This leads to the definition of
the average distinguishability, which is the distinguisha-
bility of object present and absent LLV distributions with
a moving average of S samples applied,

φaverage(S) = 1 −
(

−�

(
0,μH1:�(x,μI ),

σH1:�(x,μI )√
S

)
+

+�

(
0,μH0:�(x,μI ),

σH0:�(x,μI )√
S

))
. (36)

Clearly when S = 1 this equation reduces to the distin-
guishability defined in Eq. (24) after mean idler clicks.

V. DISCUSSION

In this paper a theory for target object detection and
range finding using pulsed two-mode quantum states with
Geiger-mode click detectors has been provided. We have
provided a physical justification for the use of our model,
based on the fact that after interaction with the object
the two states at the signal detector are only marginally
different. Not only this, but the measurements that we
envisage, although practical, are far from optimal for the
discrimination of a target. This makes the use of a sim-
ple, powerful statistical tool necessary to detect objects for
reasonable values of noise and loss parameters. Our model
uses the log-likelihood value to do this. It also facilitates
comparison of quantum and classical illumination (with
thermal statistics) to demonstrate which values of system
parameters ensure a quantum advantage in a particular
object-detection scenario.

Our model of the source state of light and detectors is
written in the Fock basis formalism, because detector click
probabilities are naturally expressed in this basis. These
probabilities are based on different heralded signal states
being produced by idler detector measurements. After
many shots, from these click probabilities, click-count
probability distributions are generated. The distributions
can be used to form a log-likelihood value, which provides
information about the relative sizes of the probabilities that
the target is present and absent. This turns out to be a more
useful measure for inference of a target object’s presence
than the click-count data by itself. Each click count has
a corresponding log-likelihood value, therefore the click-
count distributions are transformed into log-likelihood
value distributions. Ease of, and confidence in, detecting
an object is determined by the distinguishability of the
object present and absent log-likelihood distributions. This

log-likelihood value framework can allow for multichan-
nel detector click data to be transformed into a single
value. Therefore, this approach includes noncoincidence
clicks, which are often overlooked by other quantum illu-
mination object detection protocols. Inference using this
metric also facilitates different inspected distances of the
system parameters to be compared fairly for effectiveness
of the log-likelihood value test, comparison of different
inspected distances is required for the range-finding aspect
of the protocol. Consideration for fair comparison is partic-
ularly desired for a Lambertian reflecting target, as system
parameters differ for each inspected distance. Moreover,
this theory is also frequency independent, allowing for
extension beyond LIDAR in the optical frequency regime.

Simulation results using the protocol reinforce the
knowledge that quantum illumination with click detec-
tors performs better than classical illumination in low
signal strength and high background-noise regimes. This
quantum advantage persists even in lossy and noisy sit-
uations with simple click detectors capable of operating
in free space. The origin of the quantum advantage is
in the photon-number correlations between the two spa-
tially separated beams of the source state. Hence, any click
measurement at the idler detector conditions the probabil-
ity of a click event at the signal detector to increase. In
this QI-based protocol the driving force of the quantum
advantage is the incidence of coincidence clicks. These
occur when both the idler and the signal detectors record
a click. The idler and signal detector provides a binary
data stream each of a click or a no-click event. Photons
from our light source will have a delay in the signal stream
compared to the idler stream, whereby this delay is accord-
ing to a possible target object distance. A chosen delay is
set and coincidence (and noncoincidence) click counts are
accumulated from these detector data streams, to which
they are processed into log-likelihood values. Searching
through different delays and processing detector data into
log-likelihood values is how we perform range finding of a
target object. The correctly inspected distance, and hence
delay, will return statistics that are distinguishable from the
false inspected distances. This is due to the reflected light
from the object that causes a signal click being properly
matched with its counterpart idler click, thus recovering
the nonclassical photon-number correlations between the
two beams.

This experimentally motivated theoretical framework
has recently been applied to demonstrate the functionality
of a quantum-enhanced LIDAR protocol for performing
range finding robust to classical jamming [55]. Further
work will involve extension to multimode quantum illumi-
nation, such as modes based on spectral information. This
will improve quantum illumination’s performance. Work
will also be undertaken to recognize and remove jamming
attempts, which will improve the versatility of this protocol
in dynamic and perhaps hostile situations.
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APPENDIX A: POVM DERIVATION

Deriving the generic no-click POVM element for a
given mode. The parameter ζ is used to represent a generic
factor, which accounts for all factors of loss of the sig-
nal state. Additionally, a generic background-noise mean
photon number n̄B is used here. Here, the mode labeling is
mode 0 for the background-noise port, mode 1 for the light-
source state port, mode 2 for the neglected port, and mode
3 for the click-detector port. The probability of a no-click
event is given by

Prx = Tr
(

Tr2(Ûρ̂th ⊗ ρ̂Û†)|0〉3〈0|
)

, (A1)

where the beam-splitter operator is defined as

Û = e−i arccos(
√
ζ )(â†

0â1+â0â†
1). (A2)

The probability of no click can also be defined by using a
POVM element

Prx = Tr
(
ρ̂π̂×,3

)
. (A3)

Rearranging Eq. (A1) to find the no-click POVM element
for mode 3

π̂×,3 = Tr0

(
(ρ̂th ⊗ 1̂)Û†(1̂ ⊗ |0〉〈0|)Û

)
. (A4)

The following derivation finds a closed-form summation
over the Fock basis for Eq. (A4). The use of the coherent
state basis throughout this derivation will be of great use.
Firstly,

Û†(1̂ ⊗ |0〉〈0|)Û = 1
π

Û†
∫

d2α|α〉2〈α| ⊗ |0〉3〈0|Û.

= 1
π

∫
d2α|t∗α〉0〈t∗α| ⊗ |r∗α〉1〈r∗α|,

(A5)

and

ρ̂th ⊗ 1̂ = 1
π n̄B

∫
d2β|β〉0〈β| ⊗ 1̂1. (A6)

Hence, with substitution of Eqs. (A5) and (A6) into
Eq. (A4) yields

π̂×,3 = 1
π3n̄B

∫
d2βd2αd2γ e

−|β|2
n̄B

× 〈γ |β〉〈β|t∗α〉〈t∗α|γ 〉 ⊗ |r∗α〉3〈r∗α|, (A7)

= 1
π2n̄B|r|2

∫
e
−|β|2 n̄B+1

n̄B
− |t|2

|r|2 |α̃|2+β∗ t∗
r∗ α̃

× eβ
t
r α̃

∗
d2α̃d2β|α̃〉3〈α̃|. (A8)

In the above derivation a change of variable is employed
α̃ = r∗α, hence d2α = (d2α̃/|r|2), and thus γ = γr + iγi
is decomposed into real and imaginary parts to compute
this integral as d2γ = dR(γ )dI(γ ), which allows each
component to be expressed as a well-known Gaussian inte-
gral for an analytic solution. Similarly, the d2β integral is
solved by this real and complex decomposition.

π̂×,3 = 1
π |r|2(n̄B + 1)

∫
d2α̃e

−|α̃|2 |t|2
|r|2

1
n̄B+1 |α̃〉3〈α̃|. (A9)

Setting b̄ = (|r|2/|t|2)(n̄B + 1) displays Eq. (A9) in the P
representation of a single-mode thermal state with mean
photon number b̄ with a factor of |t|−2 in front [79]

π̂×,3 = 1
π |t|2b̄

∫
d2α̃e

−|α̃|2
b̄ |α̃〉〈α̃|. (A10)

As the measured background-noise thermal-state mean
photon number n̄

′
B is to be unaffected by the reflection

parameter of the beam splitter the scaled background-
noise thermal-state mean photon number is thus defined as
n̄B = ((n̄

′
B)/|r|2). The transmission and reflection parame-

ters of the beam splitter adhere to |t|2 + |r|2 = 1, therefore
the transmission magnitude |t|2 = ζ and reflection mag-
nitude |r|2 = 1 − ζ . Converting Eq. (A10) into the Fock
basis and substituting in the mean photon number scal-
ing, the generic no-click POVM element with measured
background noise n̄

′
B unaffected by the POVM element for

mode A is

π̂×,A(ζ , n̄′
B) = 1

n̄′
B + 1

∞∑

n=0

(
n̄′

B + 1 − ζ

n̄′
B + 1

)n

|n〉A〈n|.

(A11)

Consequently, the generic click POVM element for mode
A is

π̂�,A(ζ , n̄′
B) = 1̂A − π̂×,A(ζ , n̄′

B). (A12)

064008-15



MURCHIE, PRITCHARD, and JEFFERS PHYS. REV. APPLIED 21, 064008 (2024)

APPENDIX B: PHOTON-NUMBER
DISTRIBUTION DERIVATION

The photon-number distributions of the states incident
upon the signal detector, when in the presence of noise,
system loss, and signal attenuation are derived in this
Appendix. Use of the coherent-state basis in these deriva-
tions is wise, due to the beam splitters required to model
the mixing of states of light and the inclusion of parame-
ters such as system loss and signal attenuation. The density
matrix of the unconditioned state is

ρ̂S = Tr3

(
ÛTrI (ρ̂TMSV)⊗ ρ̂B,S

(
n̄B,S

1 − ξη

)
Û†

)
, (B1)

= ρ̂th(ξηSn̄ + n̄B,S), (B2)

where mode 3 is the neglected output of the beam splitter,
and the beam splitter has a transmission parameter |t|2 =
ξηS. Therefore, the unconditioned-state photon-number
distribution is

P(n)S = (ξηSn̄ + n̄B,S)
n

(ξηSn̄ + n̄B,S + 1)(n+1) . (B3)

The density matrix of the idler no click conditioned state
before it is incident on the signal detector is

ρ̂I|X = TrI (ρ̂TMSV(1̂ − π̂I ))

1 − PrI
, (B4)

= ρ̂th(n̄X), (B5)

where n̄X = n̄((1 + n̄B,I − ηI )/(1 + n̄B,I + n̄ηI )). Follow-
ing a similar process as earlier with beam splitters in
Eq. (B1), the idler no-click conditioned state is

ρ̂S|I ,0 = ρ̂th(ξηSn̄X + n̄B,S), (B6)

with its photon-number distribution as

P(n)S|I ,0 = (ξηSn̄X + n̄B,S)
n

(ξηSn̄X + n̄B,S + 1)(n+1) . (B7)

Ease of calculation afforded by considering the idler-click
conditioned state as a thermal-difference state [80]. The
idler-click conditioned-state density matrix before it is
incident on the signal detector is

ρ̂I|� = 1
PrI

(
ρ̂th(n̄)− (1 − PrI )ρ̂th(n̄X)

)
. (B8)

The idler-click conditioned-state density matrix is there-
fore

ρ̂S|I ,1 = 1
PrI

(
ρ̂th(ξηSn̄ + n̄B,S)−

− (1 − PrI )ρ̂th(ξηSn̄X + n̄B,S)

)
, (B9)

hence its photon-number distribution is

P(n)I ,1 = 1
PrI

(
(ξηSn̄ + n̄B,S)

n

(ξηSn̄ + n̄B,S + 1)(n+1)−

− (1 − PrI )
(ξηSn̄X + n̄B,S)

n

(ξηSn̄X + n̄B,S + 1)(n+1)

)
. (B10)

Closed-form representations of the coincident (and
noncoincident) click probabilities can also be found from
the complement of P(n)I ,1 [and P(n)I ,0] by setting n = 0.

APPENDIX C: GAUSSIAN APPROXIMATION

Analytic simplicity and computational speed is afforded
by operating in the Gaussian regime. This regime is the
system parameters such that the binomial click-count dis-
tributions can be approximated as Gaussian distributions,
with negligible error produced. The following criteria is
applied to ensure the Gaussian approximation is valid for
the system parameter set. The criteria is that all binomial
distributions for the system parameters in question must
not be too skewed. In other words, this inequality must be
satisfied

1 − 2p√
Np(1 − p)

< 0.3. (C1)

Here p is the probability that underlies the binomial distri-
bution and N is the number of shots. In practice not all
binomial distributions need to be checked, instead only
the binomial distribution that is most prone to failing the
criteria to be in the Gaussian regime are checked. In the
case of low signal strength in a noisy and lossy environ-
ment, the weakest distribution is the object absent signal
coincidence click-count distribution after a thresholded
minimum of idler clicks. The mean and standard deviation
of the idler-click distribution is μI and σI , respectively.
These statistical moments for the idler distribution are
derived from the probability of an idler click PrI and num-
ber of shots N . The thresholded minimum of idler clicks
is Imin = �(μI − 4σI )�. Hence the weakest distribution has
the form

Pmin(x) =
(

Imin

x

)
px

min(1 − pmin)
Imin−x, (C2)

where pmin is the least likely type of signal click event in
the analyzed system when the object is absent. The least
likely type of signal click event for the system is the coin-
cidence click. If this distribution satisfies Eq. (C1) then
the Gaussian approximation is valid for the given system
parameters. Once it has been demonstrated that the Gaus-
sian regime can be operated in, any binomial distribution
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pertaining to those system parameters is transformed from

P(x, N , p) =
(

N
x

)
px(1 − p)N−x. (C3)

to

P(x, N , p) ≈ 1

σ
√

2π
e−0.5

(
x−μ
σ

)2

, (C4)

where μ = Np and σ = √
Np(1 − p).

APPENDIX D: DERIVING THE LINEAR FORM OF
THE LLV

The generic LLV in its ratio of click-probability distri-
butions form

�(x, k) = ln
(

PH1(x, k)
PH0(x, k)

)
, (D1)

x is the vector of the click counts by type of click event,
k is the relevant number of shots (CI total shots and QI
number of idler clicks), and PH{1,0}(x, k) is the probability
for object present or absent, respectively. The probability
distribution for click events is originally binomial, due to
the Bernoulli trials undertaken. For the remainder of the
Appendices, we use shorthand notation for the click prob-
abilities PrH1:CI ≡ pH1, PrH0:CI ≡ pH0, PrI ≡ pI , PrS|I ,1 ≡
pS|I ,1, PrS|I ,0 ≡ pS|I ,0, and PrH0 ≡ pH0. The simpler CI case
is focused on first, as there is only one element in x ≡ x.
The object present and absent probability density functions
in its binomial form, respectively,

PH1(x, N ) =
(

N
x

)
px

H1(1 − pH1)
N−x, (D2)

PH0(x, N ) =
(

N
x

)
px

H0(1 − pH0)
N−x. (D3)

As N , x, and all the click probabilities are all real and posi-
tive Eq. (D1) can be expressed as a linear equation. Hence,
for CI, Eq. (D1) is

�(x, N ) = Mx + NC, (D4)

where M = ln
(

pH1(1−pH0)
pH0(1−pH1)

)
and C = ln ((1 − pH1/

1 − pH0)). The LLV transformation for QI easily extends
to include idler not firing events in the linear equation. The
signal click count x after k idler-click events and signal
click count y after N − k idler no-firing events in the QI

protocol is transformed by the LLV defined as

�(x, k) = M Tx + NCT, (D5)

where M T = (M1 M2), x = (x y), CT = (C1 C2), and
N = ( k

N−k

)
. Here

M1 = ln
(

pS|I ,1(1 − pH0)

pH0(1 − pS|I ,1)

)
, (D6)

M2 = ln
(

pS|I ,0(1 − pH0)

pH0(1 − pS|I ,0)

)
, (D7)

C1 = ln
(

1 − pS|I ,1

1 − pH0

)
, (D8)

C2 = ln
(

1 − pS|I ,0

1 − pH0

)
. (D9)

APPENDIX E: CLICK TO LLV DISTRIBUTION

The condition that the Gaussian regime is valid ensures
that all click-count distributions can easily be transformed
into its LLV form. This ease is afforded by the LLV for CI
Eq. (D4) and QI Eq. (D5) being linear, this property pre-
serves normality. The first two statistical moments of any
click-count distribution are transformed such that the first
two statistical moments are yielded for the LLV distribu-
tions. The following analysis is presented for the object
present case. Deriving for the object absent case instead
requires replacing the relevant click probabilities. Shown
below is the transformation for the mean μH1:CI = NpH1
and standard deviation σH1:CI = √

NpH1(1 − pH1) for CI

μH1:CI:� = �(μH1:CI, N ), (E1)

= MμH1:CI + NC (E2)

and

σH1:CI:� = MσH1:CI. (E3)

However, it is not as simple for QI. Equation (D5) encodes
both coincidence clicks and noncoincidence click-count
distributions into the one LLV distribution. Equation (D5)
amounts to a linear combination, therefore normality is
preserved for the resulting LLV distribution. If there has
been k idler-click events, a click-count distribution’s sta-
tistical moments (μH1:k, σH1:k) are transformed into its
respective LLV statistical moments as

μH1:�(x,k) = M1kpS|I,1 + C1k + M2
(
(N − k)pS|I ,0

) +
+ (N − k)C2 (E4)

for the mean and

σH1:�(x,k) = (
M 2

1 kpS|I ,1(1 − pS|I ,1)+
+ M 2

2 (N − k)pS|I ,0(1 − pS|I ,0)
)0.5 (E5)
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for the standard deviation. Much of the characterization of
system performance is oriented around the LLV distribu-
tions after mean idler clicks μI = NpI , rather than for k
idler clicks. Therefore, the mean of the object present LLV
distribution after mean idler clicks is defined as

μH1:�(x,μI ) = N
(
pI (M1pS|I ,1 + C1 − M2pS|I ,0 − C2)+

+ M2pS|I ,0 + C2
)
. (E6)

The standard deviation of the object present LLV distribu-
tion after mean idler clicks is

σH1:�(x,μI ) = (
N

(
pI (M 2

1 pS|I ,1(1 − pS|I ,1)+
− M 2

2 pS|I ,0(1 − pS|I ,0))+
+ M 2

2 pS|I ,0(1 − pS|I ,0)
))0.5

. (E7)

APPENDIX F: FOM COMPARISON

The FOMs, distinguishability φ, SNR, and CRLB for
signal loss estimation, when compared illustrates why the
distinguishability φ is suitable in the detection-decision
orientated theory. Comparing performance of QI and CI
as a ratio of their respective distinguishabilities in certain
regimes is vulnerable to the issues of divergence (φt:CI =
0) or saturation (φt:QI,CI = 1). Instead, the ratio of the QI
and CI shots required Nt for a distinguishability φ is used
in this paper. Shots required for threshold distinguishabil-
ity Nt frames performance as a ratio of time required for
confident detection, which is intuitive. Regardless, com-
paring the values of the QI and CI distinguishabilities still
functions as a method of comparing system performance.

The SNR can yield the same result for multiple different
regimes, hence it has no uniqueness, therefore it is insuffi-
cient for characterizing detection-decision performance.

Moreover, the CRLB for signal attenuation estimation,
while well grounded in estimation theory and developed
for the context of quantum illumination photocounting in
Ref. [51], it does not directly instruct whether a confident
decision can be made or not.

This Appendix focuses on QI for the FOMs, as it is
straightforward to apply these approaches to CI. The SNR
is defined as

SNR = Ncoincidences

Nnoise
, (F1)

where Ncoincidences is the number of coincidence clicks
(without noise in the system) and Nnoise is the number of
coincidence clicks from noise (when the pump beam is
switched off). Signal attenuation is estimated with ξ . The
following analysis can proceed assuming that the signal
attenuation estimation is greater than the uncertainty of
the signal attenuation estimation. The CRLB instructs sys-
tem performance by stating how easy an object’s presence

can be discerned, subject to noise and the variance of the
underlying distribution. It is defined, for an estimator of
signal attenuation ξ̂ , that the CRLB is

�2ξ̂ = E

(−∂2lnPH1(ξ)

∂(ξ)2

)−1

. (F2)

Following from this, the FOM is given with respect to the
estimated signal attenuation and in decibels as

�2ξ̂ (dB) = 10log10

(
�2ξ̂

ξ̂

)
. (F3)

APPENDIX G: DISTINGUISHABILITY
DISCREPANCY

The LLV after k idler clicks processes coincidence (and
possibly noncoincidence) click data, which has had k idler
clicks, once this processing has occurred the knowledge
of the underlying click data is obscured and only a LLV
is known. Neglecting our knowledge of how many idler
clicks there has been simplifies the postprocessing of LLV
data. Therefore, for any LLV after k idler clicks this LLV
can be processed with any other LLV with k̃ �= k idler
clicks. In other words, each LLV after any number of
idler clicks are equivalent to each other in postprocessing.
Hence, the discrepancy in the effectiveness of each LLV
test after k idler clicks is limited is key. Otherwise this
equivalency is erroneous.

Given a single regime, QI has object present and absent
LLV distributions for each k idler clicks. This corresponds
to a distinguishability for each LLV after k idler clicks,
which is denoted as φk. The system performance is char-
acterized in terms of the threshold distinguishability φt,
which is calculated from the LLV distributions after mean
idler clicks. Consequently, there must be only a limited dis-
crepancy between any φk and φt, for LLV equivalency to
be valid.

Bounds are placed on what is considered to be extremal
numbers of k idler clicks. With the minimum and maxi-
mum k idler clicks being set as Imin = �(μI − 4σI )� and
Imax = �(μI + 4σI )�, respectively. With μI as the mean
and σI as the standard deviation of the idler-click distri-
bution.

The condition for limited discrepancy is arbitrarily set as
Tφ = 0.05. Therefore, a regime has an acceptable amount
of distinguishability discrepancy if both criterion

|φt − φImin |
φt

≤ Tφ and
|φt − φImax |

φt
≤ Tφ (G1)

are satisfied.
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APPENDIX H: SOLVING DISTINGUISHABILITY
EQUATION

The distinguishability measure for the LLV distributions
after mean idler clicks is defined as

φ = 1 − (
(1 − Q(0,μH1:�(x,μI ), σH1:�(x,μI )))+

+ Q(0,μH0:�(x,μI ), σH0:�(x,μI ))
)
, (H1)

where Q(dLLV,μ, σ) is the Gaussian Q function. The sta-
tistical moments μ�(x,μI ) and σ�(x,μI ) are from the LLV
distributions for object present or absent. The Gaussian
Q function can be approximated by the error function
Erf(dLLV) as

Q(dLLV,μ, σ) = 0.5
(

1 − Erf
(

dLLV − μ

σ
√

2

))
. (H2)

Hence, the definition of φ is restated as

φ = 0.5
(

Erf
( −μH0:�

σH0:�
√

2

)
+ Erf

(
μH1:�

σH1:�
√

2

))
. (H3)

The signage for above is dictated by the need for a positive
argument in the error function. Solving Eq. (H3) to find
the parameters required for φ = φt needs the shots required
for threshold distinguishability Nt to be found. Firstly, for
QI the shots required is decomposed into Nt = NI1 + NI0
and Nt = (NI1/pI ), where NI1 and NI0 are shots when the
idler does and does not fire, respectively. From the
prior definitions it is clear that NI0 = NI1((1/(pI ))− 1).
Equation (H3) framed in terms of the variable NI1 when
φ = φt is expressed as

φt = 0.5
(

Erf(−G0
√

NI1)+ Erf(G1
√

NI1)
)

, (H4)

where

G =
M1pI1 + C1 +

(
1
pI

− 1
)
(M2pI0 + C2)

√
2

(
M 2

1 pI1(1 − pI1)+ M 2
2

(
1
pI

− 1
)

pI0(1 − pI0)
)0.5 .

Replacing object present and absent click probabilities to
yield G1 and G0, respectively. Therefore, NI1 is numeri-
cally solved with the inverse function of φt

NI1 = F−1(φt). (H5)

Following this, the shots required for threshold distin-
guishability is

Nt =
⌊(

NI1

pI

)⌋
. (H6)
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