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Spin-wave confinement in a hybrid superconductor-ferrimagnet nanostructure
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Eddy currents in a superconductor shield the magnetic field in its interior and are responsible for the for-
mation of a magnetic stray field outside of the superconducting structure. The stray field can be controlled
by the external magnetic field and affect the magnetization dynamics in the magnetic system placed in its
range. In the case of a hybrid system consisting of a superconducting strip placed over a magnetic layer,
we theoretically predict the confinement of spin waves in the well of the static stray field. The number of
bound states and their frequencies can be controlled by an external magnetic field. We present the results
of semianalytical calculations complemented by numerical modeling.
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I. INTRODUCTION

The states of superconductivity and ferromagnetism are
very rarely observed in a single material. Their intrinsic
coexistence (i.e., in one uniform phase for the same elec-
trons) was found for triplet pairing in a proximity to a
magnetic quantum critical point (e.g., for UGe2) [1,2]. The
other possibility, known for a long time and more conven-
tional [3,4], is the coexistence of two phases where large
and localized moments of 4f electrons (Er, Gd) provide
long-range strong ferromagnetism whereas 3d conduction
electrons are responsible for superconductivity.

The hybrid systems [5–8], where the superconductor
and ferromagnet are part of the same structure and inter-
act with each other, usually offer much more flexibility
both in the design and implementation of new features.
Superconductor-ferromagnet hybrids can be divided into
two categories: both subsystems are in direct contact [9]
or separated by a nonmagnetic, nonconducting material. In
the latter case, the coupling at a distance results from the
fact that both the eddy currents in the superconductor and
the magnetic moments in the ferromagnet generate a mag-
netic field. The coupling provided by the magnetic field
can be controlled by the external magnetic field and can be
tailored by the geometry, since both the distribution of the
eddy currents and the magnetization configuration depend
on these factors.

In electromagnetically coupled hybrids, the ferromagnet
can modify the properties of the superconductor, e.g., the
magnetic screening can increase the value of the critical
current density in the superconductor [10], or the presence
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of the stray field produced by ferromagnetic nanoelements
can affect the nucleation of vortices [11] or pin and guide
the vortices in the superconductor [12]. Similarly, the pres-
ence of the superconductor can influence the ferromagnet,
e.g., by controlling the magnetization dynamics [13,14].
In this research field, we can find reports about induction
of magnonic crystals and nonreciprocal spin-wave (SW)
transmission in uniform magnetic layers due to the screen-
ing of the dynamic demagnetizing field by a superconduc-
tor [15,16], magnon-phonon interaction [17,18], the gating
of magnons induced by a superconducting current [19,20],
enhancement of nonlinear SW dynamics [21], Bragg scat-
tering of SWs on the field produced by the Abrikosov
vortex lattice [22,23], or SW generation by moving vor-
tices [24–26]. Undoubtedly, superconductor-ferromagnet
hybrids offer many possibilities for controlling the dynam-
ics of SWs. One of the topics not fully explored is the
problem of localization of SWs in these systems.

In this study, we conduct a theoretical and numerical
investigation of the SW confinement induced in a uniform
ferrimagnetic (FM) layer by the stray field of a supercon-
ducting (SC) strip. We demonstrate that by adjusting the
applied field, we can control the depth of the stray field
to modify the number of confined SW modes and their
frequencies.

II. MODEL

The considered hybrid system consists of an FM
gallium-doped yttrium iron garnet (Ga:YIG) thin film and
an SC Nb strip in the Meissner state, electrically isolated
from each other by a thin nonmagnetic spacer (see Fig. 1).
According to the Meissner effect, an SC strip expels a
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FIG. 1. (a) A thin FM film (a = 20 nm) is exposed to the stray
field of a rectangular SC strip (w = 400 nm, t = 100 nm). The
ferrimagnet (Ga:YIG) and the superconductor (Nb) are separated
by a small gap (g = 10 nm). The magnetic film has low Ms and
exhibits PMA, so it is magnetized out of plane in the absence
of the external magnetic field. Sketches (b) and (c) illustrate the
mechanism of SW localization. (b) The internal static magnetic
field is lowered in the region of the ferrimagnet underneath the
SC strip. This leads to the confinement of SW modes (c), which
are quantized in the quasiparabolic well of the internal field.

magnetic field from its volume by means of eddy cur-
rents. These currents create a nonuniform distribution of
the magnetic field throughout the entire space, including
the FM film. Such a geometry enables the investigation
of the coupling between FM and SC subsystems as purely
classical, where the stray magnetic field from the eddy cur-
rents in the SC strip impacts the magnetization in the FM
layer.

The system is placed in an external magnetic field
perpendicular to the FM layer. In Ga:YIG, the shape
anisotropy is overcome by the perpendicular magnetic
anisotropy (PMA), leading to the magnetization being
directed out of plane even in the absence of an external
magnetic field. Operating with the relatively small exter-
nal field, we can sustain the Meissner state in a confined
geometry of the strip, and observe the impact of the stray
field of the SC strip on the magnetization dynamics in the

FM layer. Then, the stray field of the SC strip is tuned by
the external field and induces the well of the static effec-
tive field of controllable depth in the FM layer. The well
can confine the SWs of frequencies lower than the ferro-
magnetic resonance (FMR) frequency of the FM layer in
the absence of an SC strip.

Any static stray field is not produced outside a uniformly
magnetized infinite FM layer—only the internal demagne-
tizing field (−Msŷ) is present. However, the stray field of
the SC strip induces a weak magnetization texture in the
FM layer, close to the SC-strip edges. It can produce a
static stray field, although it is small and can be neglected;
see Appendix A. The dynamic stray field coming from the
SW modes in the FM layer can also be considered neg-
ligible. For the FM layer magnetized in the out-of-plane
direction, the dynamic components of magnetization are
tangential to the surfaces and do not produce any surface
magnetic charges. On the other hand, the dynamic stray
field can be generated by the volume magnetic charges,
but it requires a strong nonuniformity of the SW profile,
which is observed for the higher SW modes (not investi-
gated here). Therefore, we assume that eddy currents are
unaffected by SWs and remain constant. To sum up, both
static and dynamic stray fields induced in the FM layer are
negligible for the SC strip. Therefore, there is no need to
solve the self-consistent problem for our system and take
into account the mutual interaction between the FM layer
and the SC strip. For the considered magnetization config-
uration in the FM layer (i.e., out-of-plane saturation), the
system is in the forward volume geometry, so any change
in the dynamic stray field resulting from the presence
of the SC strip will not induce the nonreciprocity effect
observed in superconductor-ferromagnet hybrids [16].
Therefore, the time-reversal symmetry remains unbro-
ken and the confined SWs have the form of standing
modes.

Taking these assumptions into account, our studies were
carried out in two stages. We first calculated the static
stray field generated by the SC strip. It was determined
from the distribution of SC currents, which was found by a
semianalytical solution of the London equations. The static
field generated by the SC strip was then included as a cor-
rection to the effective field in the Landau-Lifshitz (LL)
equation. The LL equation was solved both semianalyti-
cally and numerically and was used to find the confined
SW modes.

A. Static magnetic field produced by a
superconducting strip

The London equation has been solved analytically for
a number of geometries, such as a film [27], a cylindri-
cal wire [28], and an infinitely thin cylindrical dot [29].
However, the analytical solution of the London equation
presents difficulties, even for such a simple structure as a
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strip, due to the impossibility of variable separation. We
have therefore used the semianalytical method developed
by Brandt [30,31]. For the SC strip in an external field
applied along the y direction B0 = B0ŷ, the Meissner effect
induces a current of density J = J (x, y)ẑ flowing along the
z axis and generating a stray field Bsc(x, y), which lacks a z
component; see Fig. 1(b). According to Ampère’s law, we
can relate the current density to the total field B and vector
potential A as

μ0J = ∇ × B = ∇ × ∇ × A = −�A, (1)

where we have used the Coulomb gauge (∇ · A = 0), and
μ0 denotes the permeability of vacuum. Equation (1) can
be interpreted as a two-dimensional Poisson equation for
vector potential A = A(x, y)ẑ with a current J = J (x, y)ẑ
being a source:

�A(x, y) = −μ0J (x, y) (2)

where � is a two-dimensional Laplacian. Let us decom-
pose the vector potential A = [xB0 + Asc(x, y)]ẑ into the
contribution related to the uniform external field, μ0xH0,
and the field produced by the SC, Asc(x, y), and then relate
the latter inside the SC to a current J (x, y) using the
London equation with Coulomb gauge:

Asc(x, y) = −μ0λ
2J (x, y) (3)

with λ the London penetration depth. Then, using Eq. (3),
we can write Eq. (2) in the integral form

λ2J (x, y) =
∫∫

S
dx′ dy ′Q(x, y, x′, y ′)J (x′, y ′)+ xH0, (4)

where S is the cross section of the SC strip in x-y plane
and the function Q = ln[

√
(x − x′)2 + (y − y ′)2]/2π is

the integral kernel for the two-dimensional Laplace
operator.

Equation (4) can be integrated numerically by sam-
pling the function J (x, y) on a square grid of equidis-
tant points (xi, yj ): xi = [(i − 1

2 )/Nx − 1
2 ]w, yj = [(j −

1
2 )/Ny − 1

2 ]t, i = 1, . . . , Nx, j = 1, . . . , Ny . Here w and t
are the strip width and thickness, respectively (see Fig. 1),
and Nx and Ny are number of points in the x and y
directions, where Nx/w ≈ Ny/t. By marking the points
rl = (xi, yj ) with an index l = 1, . . . , N = NxNy , the func-
tion J (x, y) becomes a vector Jl with N components,
and the integral kernel is transformed into the N × N
matrix Ql,l′ . Note that Ql,l′ diverges for l = l′, which
should be avoided. Equation (4) for the distribution of
the current density J (x, y) can then be rewritten in matrix
form:

λ2Jl =
∑

l′
Q̃l,l′Jl′ + 1

μ0
xl′B0 (5)

with Q̃l,l′ = Ql,l′(w/Nx)(t/Ny). The solution of Eq. (5)
for Jl can be found when we invert the matrix
Pl,l′ = λ2δl,l′ − Q̃l,l′ :

Jl = 1
μ0

B0

∑
l′
(P−1)l,l′xl′ . (6)

Finally, the distribution of field Bsc produced by eddy
currents can be determined using the Biot-Savart law:

Bsc,x(x, y) = μ0

2π

∫∫
S

dx′ dy ′ J (x′, y ′)(y ′ − y)
(x′ − x)2 + (y ′ − y)2

, (7a)

Bsc,y(x, y) = −μ0

2π

∫∫
S

dx′ dy ′ J (x′, y ′)(x′ − x)
(x′ − x)2 + (y ′ − y)2

.

(7b)

The integrals in Eqs. (7) can be calculated numerically by
sampling the current density J on the cross section S of the
SC strip.

B. Spin-wave modes confined in the well of the
magnetic field induced by a superconducting strip

After calculating the stray field generated by the SC
strip, the next step is to investigate the SW localization in
the FM layer placed under the strip. Two assumptions were
made in our theoretical model: (i) our calculations have
shown that the magnetic field generated by the SC strip
does not vary significantly across the thin FM layer, so we
assume that the SC field does not depend on the y coordi-
nate and is equal to the value at the film center; (ii) we have
neglected the tangential component of the SC field and,
consequently, the deviation of the magnetization from the
film normal, so we have included only the normal compo-
nent of the SC field, which is responsible for the formation
of the well for localized SW modes, and thus considered
the uniform magnetization directed perpendicular to the
film plane.

The magnetization dynamics in the continuous medium
is described semiclassically by the LL equation:

∂M(r, t)
∂t

= −|γ |μ0M(r, t)× Heff(r, t). (8)

Here γ is the gyromagnetic ratio and Heff is the effective
magnetic field, calculated from the free energy density [32]

F = −(B0 + Bsc) · M + Aex

M 2
s
(∇M)2

− 1
2
μ0Hd · M − Ku

M 2
s
(M · n̂)2 (9)

with respect to magnetization:

Heff = − 1
μ0

δF
δM

.
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Also, in Eq. (8), we neglected damping. The material
parameters in Eq. (9), Ms, Aex, and Ku, denote the sat-
uration magnetization, exchange-stiffness constant, and
uniaxial anisotropy, respectively. In our case, the magne-
tocrystalline anisotropy is easy-axis anisotropy (Ku > 0),
oriented in the out-of-plane direction (n̂ = ŷ) that over-
comes the shape anisotropy (Ku > μ0M 2

s /2). The demag-
netizing field is nonlocal [which means that Hd(r, t) at
specific point r depends on the magnetization distribution
in the whole magnetic body]. We use the linear approx-
imation, where the magnetization precesses harmonically
around the equilibrium position M0(r) = Msŷ with ampli-
tude m(r) = mxx̂ + mz ẑ much smaller than the static
magnetization component [|m(r)| � Ms], giving the total
magnetization vector M(r, t) ≈ M0(r)+ m(r)eiωt. Then,
we can decompose the demagnetizing field into a static and
dynamic component Hd(r, t) ≈ −Msŷ + hd(r)eiωt, where
the dynamic component hd = hd,xx̂ + hd,z ẑ can be written
in general form:

hd(r) = −∇
∫

V
dv′m(r′) · ∇′ 1

4π |r − r′| . (10)

The LL equation (8) can then be written in linearized form:

iωmx(x) = |γ |
[(

B0 − μ0Ms + 2Ku

Ms
+ Bsc,y(x)

)
mz(x)

− 2Aex

Ms

d2

dx2 mz(x)− μ0Mshd,z(x)
]

, (11a)

−iωmz(x) = |γ |
[(

B0 − μ0Ms + 2Ku

Ms
+ Bsc,y(x)

)
mx(x)

− 2Aex

Ms

d2

dx2 mx(x)− μ0Mshd,x(x)
]

. (11b)

Here we have used the assumption that inside the thin FM
layer both the magnetization and field are constant in an
out-of-plane direction, i.e., they do not depend on the y
coordinate, and the tangential component of the stray field
of the SC can be neglected: Bsc,x ≈ 0.

In most cases, it is impossible to obtain a rigorous
analytical solution of the LL equation for SWs in nanos-
tructures. Usually, the eigenfunctions of the exchange-field
operator, which, however, are not eigenfunctions of the
operator for the demagnetizing field, are used as trial func-
tions in the Ritz method. Such an approach, when applied
to planar nanoelements with relatively uniform magne-
tization distribution, allows one to obtain solutions that
are close to the exact ones [33–36]. In these systems, the
demagnetizing field is almost constant in the whole volume
(due to the small magnetic volume charges), except in
the vicinity of the edges (where surface magnetic charges
play a role). However, such an approach does not work
in the case of nanoelements with strongly inhomogeneous

demagnetizing or external fields. In such cases, it is nec-
essary to consider trial solutions being the eigenfunctions
of the operator, which is a sum of the exchange operator
and the operators that express the impact of demagnetizing
effects or external fields. For instance, the SW localiza-
tion in a tangentially magnetized thin layer induced by the
dipolar stray field of the magnetic sphere was considered
in Ref. [37]. In this system, the static stray field of the
sphere, perceptible by the SW in the FM layer, was approx-
imated by parabolic functions. In the framework of this
approximation, the linearized LL equation was reduced
to a system of coupled Schrödinger-like equations for a
quantum harmonic oscillator with the dynamic demagne-
tizing field of the FM layer considered as a perturbation
[37–39]. Therefore, the eigenfunctions in the form of Her-
mite polynomials could be chosen as trial solutions for SW
modes.

Considering the assumptions made at the beginning of
Sec. II, we can use the approach proposed in Ref. [37] for
investigating superconductor-ferrimagnet hybrid systems.
The linearized LL equation can then be written in compact
form:

iωmx(x) = |γ |[	(x)mz(x)− μ0Mshd,z(x)], (12a)

−iωmz(x) = |γ |[	(x)mx(x)− μ0Mshd,x(x)]. (12b)

The operator

	(x) = −2Aex

Ms

d2

dx2 + By(x)

describes the impact of the dynamic exchange field and the
total static field,

By(x) = B0 − μ0Ms + 2Ku

Ms
+ B0[β0 + β2x2 + O(x2)]︸ ︷︷ ︸

Bsc,y (x)

,

(13)

on magnetization dynamics. It is worth noting that, accord-
ing to Eqs. (6) and (7), the stray field Bsc,y(x) is linearly
scaled by the external field B0.

By introducing circular polarization for the dynamic
component of magnetization, m = mz + imx, and neglect-
ing the dynamic demagnetizing field hd, we can transform
the set of equations (12) into a form equivalent to the
stationary Schrödinger equation:

	(x)mn(x) = 1
|γ |ω0,nmn(x). (14)

Equation (14) can be solved analytically after neglect-
ing higher-order terms in the expansion in Eq. (13). The
problem is then reduced to the magnonic counterpart
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of the quantum harmonic oscillator with equidis-
tant eigenfrequencies ω0,n and corresponding eigen-
functions mn(x) expressed by Hermite polynomials
Hn(ξ) = (−1)n exp(ξ 2) dn exp(−ξ 2)/dξ n:

mn(ξ = Kx) = CMs
1√

2nn!
√
π

exp(−ξ 2)Hn(ξ)

︸ ︷︷ ︸
ψn(ξ)

(15)

for every nth SW mode. The scaling factor K =
4
√

B0β2Ms/2Aex expresses the interplay between the
strength of the exchange interaction and the curvature
(strength) of the well of the SC stray field, in which the
SW modes are confined. The real function ψn(ξ) is nor-
malized,

∫ ∞
−∞ ψn(ξ) = 1, and the dimensionless constant

C expresses the complex SW amplitude.
The approximation Bsc,y(x) ≈ B0(β0 + β2x2) is not

valid for wide SC strips, w � λ [where the well Bsc,y(x)
becomes relatively flat at the bottom], and narrow strips,
w < λ, or small B0 (where the well is shallow and distor-
tion of its parabolic shape, related to the presence of the
barriers on its sides, affects the mode of the lowest fre-
quency). Therefore, we solve Eq. (14) numerically for the
stray field Bsc,y in its full form given by Eqs. (7)—this
task is relatively simple and does not demand exten-
sive computations. The obtained frequencies ω̃0,n 	= ω0,n
of the bound SW modes were calculated for a realistic
(i.e., nonparabolic) stray field of the SC strip, but with
dynamic dipolar interaction neglected. However, we used
the approximated (by Hermite polynomials) profiles of the
eigenmodes from Eq. (15) to include the role of dynamic
dipolar interactions.

The next step in our computational procedure is to
include the impact of the dynamic demagnetizing field hd
and correct the frequencies of individual modes ω̃0,n cal-
culated in the absence of hd. We are going to limit our
calculations to the so-called diagonal approximation [39],
which was satisfactory for many similar cases [37,38],
where the difference between successive frequencies ω̃0,n is
large with respect to the frequency shift due to the dynamic
dipolar interaction. This approximation also neglects the
intermode dipolar coupling. According to Eq. (10), the
dynamic demagnetizing field produced by a single mode
can be written in the form

hd,p ,n(x) = −
∫

V
dv′ ∑

q

mq,n(x′)
d2

dp dq′
1

4π |r − r′| , (16)

where the indices p and q run over the coordinates x and
z, and the derivative d/dq′ means d/dx′ (or d/dz′) for
q = x (or q = z). We denote by mq,n(x) the components
of dynamic magnetization for the nth mode.

The spectrum of eigenmodes, which includes the cor-
rection resulting from the presence of the dynamic dipolar

interaction, has the form (see Appendix B for a derivation)

ωn =
√
(ω̃0,n − |γ |μ0Ms〈h̃d,x〉n)(ω̃0,n − |γ |μ0Ms〈h̃d,z〉n),

(17)

where the 〈h̃d,p〉n are averaged and normalized (dimen-
sionless) components of hd. The averaged field 〈h̃d,z〉n is
equal to zero in the considered system, whereas 〈h̃d,x〉n can
be expressed by the compact formula (see Ref. [37] and
Appendix C)

〈h̃d,x〉n ≈ − 1
K

∫ ∞

−∞
dkx

(
1 − 1 − e−kxa

kxa

)
ψ̃n

(
kx

K

)
, (18)

where ψ̃n(K) = (1/
√

2π)
∫ ∞
−∞ e−iKξψn(ξ)dξ is the Fourier

transform of ψ(ξ). The one-dimensional integral in
Eq. (18) is relatively simple to compute compared to the
calculations of 〈h̃d,u〉n directly from Eq. (16). It is worth
noting that we approximate mp ,n(x) by taking mp ,n(x) ≈
CpMsψn(Kx), where the ψn(Kx) are eigenfunctions of
	(x). The amplitudes Cp are canceled during normaliza-
tion; see Appendix C.

1. Micromagnetic simulations

To perform micromagnetic simulations, we used the
open-source environment MUMAX3 [40] that solves the LL
equation using the finite-difference method in the time
domain. We discretized the system with a regular mesh
with unit cell 2 × 20 × 20 nm3 (along the x, y, and z
axes, respectively). The system was placed in an inhomo-
geneous external magnetic field B0 + Bsc(r) that includes
the full contribution of the stray field of the SC strip.
The field profile was imported from an external file con-
taining the results of semianalytic calculations of Bsc(r).
We applied the periodic boundary conditions along the z
axis (1024 repetitions) to simulate an infinitely long strip.
We increased the damping constant close to the edges
of the domain perpendicular to x axis from αedge = 0
to 0.5 in order to eliminate the reflections along x-axis
edges. The SWs in the system were numerically excited
by a rectangular model antenna of width 12 nm, placed
in the center of the film. The antenna generated a local
dynamic magnetic field described by the function Hant(t) =
H0 sinc[2π fcut(t − t0)]x̂, where μ0H0 = 0.024B0 and fcut is
a cutoff frequency that varies in the simulations depend-
ing on the depth of the well of the stray field �Bsc,y ; see
Fig. 2(a). For each�Bsc,y , the simulation was run for a time
span of 1000/fcut. The results of the simulations were saved
continuously as snapshots of the magnetic configuration
with time sampling tsample = 0.5/(1.5fcut). In the post-
processing, all saved magnetic configurations were used
to calculate the spectra by employing the Fourier trans-
form. The visualizations of particular modes in the system
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(a)

(b)

(c)

FIG. 2. The profiles of the magnetic field components (a) Bsc,y
and (b) Bsc,x produced by the SC strip, calculated using Eqs. (7)
(solid lines) and using numerical simulations (open squares).
(c) The deflection θM of the magnetization from the direction of
the external field B0 = B0ŷ. The inset plot shows the evolution
of the maximum angle deviation with the external magnetic field
value. Profiles (a)–(c) are plotted along the line y = −70 nm,
passing through the center of the film. Dashed vertical lines mark
the edges of the SC strip. Black and red lines correspond to the
external field B0 equal to 30 and 90 mT, respectively. Note that,
to calculate the total magnetic field, we have to sum B0 and Bsc.

were done by calculating the inverse Fourier transform of
frequencies corresponding to the modes.

Micromagnetic simulations were also used to calculate
the stray field produced by magnetization texture in the FM
layer resulting from the action of a stray field from the SC
strip; see Appendix A.

2. Finite-element method

Numerical simulations were performed in COMSOL
Multiphysics® using the finite-element method (FEM) in

order to calculate the stray field coming from the SC strip
subjected to the external magnetic field. To be consistent
with the semianalytical calculations, we used the London
equation

�A = 1
λ2 A (19)

inside the SC material and Ampère’s law

�A = 0 (20)

outside of the SC material, both modified to the form for
magnetic vector potential A. We investigated the system in
the two-dimensional model in the x-y plane. In this case,
the Coulomb gauge ∇ · A = 0 and the condition on the SC
boundary A · n = 0 are automatically fulfilled. The exter-
nal magnetic field B0 was applied as a boundary condition
−∂xA = B0 far away from the SC material. Here, the SC
strip was placed in the center of a 100-µm square-shaped
cell, on which boundary this condition is applied.

We checked the validity of the London model for the
considered SC structure by the FEM calculation of the
stray field based on the Ginzburg-Landau model; see
Appendix D.

III. RESULTS

We considered an SC strip of thickness t = 100 nm and
width w = 400 nm (or 800 nm for comparison). The strip
was made of Nb, for which we took the London penetra-
tion depth λ = 50 nm. The assumed value is close to the
experimental one determined for bulk Nb (47 nm) [41],
but in the layer λ is increased [42]. However, these changes
are not significant for layers thicker than 100 nm. The
SC strip was placed over the FM layer of thickness a =
20 nm and separated from its top surface by the non-
magnetic, nonconducting spacer of thickness g = 10 nm;
see Fig. 1. The FM layer, made of Ga:YIG, was char-
acterized by the following values of material parameters:
saturation magnetization Ms = 16 kA/m, exchange stiff-
ness Aex = 1.37 pJ/m, and gyromagnetic ratio γ =
179 GHz/T. The Ga:YIG layer can have a strong
PMA [43]. We assumed the realistic value of the uniax-
ial anisotropy Ku = 756 J/m3, which ensures the out-of-
plane orientation of magnetization even in the absence
of an external magnetic field. For micromagnetic simu-
lations, we included the magnetization damping constant
for Ga:YIG α = 0.001. For semianalytical calculations,
damping was neglected.

A. Stray field of the superconducting strip

Figures 2(a) and 2(b) present the profiles of the y com-
ponent [Fig. 2(a)] and x component [Fig. 2(b)] of the stray
field Bsc produced by an SC strip of width w = 400 nm
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for two selected values of the out-of-plane applied field:
B0 = 30 mT (black lines) and 90 mT (red lines). The pro-
files are the x-coordinate dependencies calculated for fixed
y = y0 = −(t/2 + g + a/2) = −70 nm, i.e., in the mid-
dle of the FM film. The dependencies Bsc,y(x), Bsc,x(x)
are consistent with the expected onionlike shape of the
field around the SC strip [see Fig. 1(b)]. The well of
Bsc,y(x) is a signature of the screening of the external field
B0 = B0ŷ by the cost of the increase of the field close
to the edges of the strip (vertical dashed lines in Fig. 2).
On the other hand, the in-plane component of the stray
field Bsc,x reflects the deflection of the magnetic field lines
bypassing the SC strip. This effect is strongest in the prox-
imity of the strip edges. The stray field was calculated
semianalytically using Eqs. (7) [red and black lines in
Figs. 2(a) and 2(b)], and the obtained results were suc-
cessfully cross-checked using FEM calculations [red and
black open squares in Figs. 2(a) and 2(b)]. Equations (7)
and the plots in Figs. 2(a) and 2(b) show that the stray field
scales linearly with the external field B0. As we increase B0
from 30 to 90 mT, the magnitudes of the profiles Bsc,y(x),
Bsc,x(x) are increase by a factor of 3 times; see Eqs. (6)
and (7).

In the absence of the SC strip, the static magnetization
is oriented out of plane due to the PMA in the Ga:YIG
layer, but the in-plane component Bsc,x tilts the magne-
tization from the layer’s normal; see Fig. 2(c). Surpris-
ingly, the angle between the magnetization and the applied
field’s direction increases with increasing magnitude of the
applied field. However, it is understandable if we keep in
mind that the in-plane component of the stray field, which
is responsible for the magnetization tilting, increases with
the applied field: Bsc,x ∝ B0; see Fig. 2(b). The angle, at
which magnetization is deflected from the out-of-plane
direction θM (x) [Fig. 2(c)], can be calculated by finding
the minimum of the free energy density (9) for successive
positions x. Our calculations have shown that the inho-
mogeneous exchange interaction caused by noncollinear
magnetization texture does not significantly influence the
value of the magnetization deviation angle. Therefore, to
estimate angle θM , we considered the free magnetic energy
density of the film in an external magnetic field applied at
an angle θB, neglecting the exchange interaction:

F(θ) = −BMs cos(θ − θB)

+ 1
2μ0Ms cos2(θ)− Ku cos2(θ) (21)

where angle θ is the trial orientation of the magnetization
for which we look for a minimum of F(θ) at every position
x independently. The angle θ = θM corresponding to the
minimum Fmin = F(θM ) determines the equilibrium ori-
entation of the magnetization. The first term in Eq. (21)
corresponds to the Zeeman interaction with total magnetic
field, the second term describes the demagnetizing energy
(shape anisotropy), and the third term corresponds to the

energy related to the out-of-plane uniaxial anisotropy. It is
worth noting that both the magnitude B(x) = |B0 + Bsc(x)|
and the angle θB(x) = arctan{Bsc,x(x)/[B0 + Bsc,y(x)]} of
the total static magnetic field are position dependent.

The minimization of Eq. (21) results in an equation for
the local magnetization angle θM (x) as a function of the x
coordinate. For relatively small values of the angles θ −
θB and θ , the trigonometric functions in Eq. (21) can be
expanded in a Taylor series that results in a polynomial
equation for θM ,

1
μ0

B
[
(θM − θB)− 1

6
(θM − θB)

3
]

+
(

2Ku

Ms
− Ms

)[
θM − 2

3
θ3

]
= 0, (22)

which is relatively easy to solve. For larger values of the
applied field B0 and related deflection angles, the equilib-
rium orientation θM (x) must be found numerically. The
inset plot of Fig. 2(c) shows the evolution of the maxi-
mum angle deviation θM ,max with the value of the applied
magnetic field B0.

It should be noted that the formation of noncollinear
magnetization texture allows SW excitation by an alter-
nating magnetic field applied along the external static field
B0. In this case, the SW modes will only be excited in the
regions below the edges of the SC strip, where the static
magnetization is tilted. The texture in the FM layer can be
modified not only by the strength of the external field B0,
but also by geometrical parameters such as the size and
aspect ratio w/t of the SC strip and its separation g from
the FM layer.

The London penetration depth λ is a crucial parameter
that determines efficiency of the magnetic field screen-
ing by the SC material. To understand how λ influences
the condition for SW localization, we have calculated the
depth of the well Bsc,y(x) [see Fig. 2(a)] as a function of
λ for the SC strip width w = 400 nm and two selected
values of the external field: B0 = 30 mT (black lines and
open squares) and 90 mT (red line and open squares);
see Fig. 3. Semianalytical calculations performed with the
help of Eqs. (7) (solid lines) are in perfect agreement
with the results of numerical simulations (open squares)
for λ > 20 nm, while for smaller values of λ, semian-
alytical computations face difficulties. The dependencies
�Bsc,y(λ) are presented in Fig. 3. It is evident that the
decrease in �Bsc,y with increasing λ is a manifestation
of the gradual disappearance of SC properties, which is
revealed as a weakening stray field that allows the exter-
nal field to penetrate deeper into the SC strip. However,
this picture becomes more complicated when we consider
the more general theory of superconductivity described
by the Ginzburg-Landau model that allows phase transi-
tions to mixed and normal phases at the critical fields BC1
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FIG. 3. The depth of the well of the SC field �Bsc,y [see
Fig. 2(a)] as a function of the London penetration depth λ calcu-
lated using Eqs. (7) (solid lines) and numerical simulations (open
squares). The black and red lines correspond to two different val-
ues of the external field B0 = 30 and 90 mT, respectively. Dashed
vertical lines show the critical values of the London penetration
depth, λC and λC2, corresponding to the case when the thermody-
namic critical field is equal to the external field, BC = B0, and the
transition to the normal state BC2 = B0 for B0 = 30 mT (black
lines) and 90 mT (red lines), assuming the Ginzburg-Landau
parameter κ = 1.

and BC2, respectively, for type-II superconductors like Nb.
Taking into account the dependencies of the critical fields
on material parameters (penetration depth λ and correla-
tion length ξ ), we should look for the critical values of
the material parameters for which the Meissner state or
superconductivity is destroyed. To estimate critical values
of λ, we have used the general relations between critical
fields in a bulk superconductor [44]: BC2 = �0/(2πξ 2)

and BC2/BC = κ
√

2, BC1/BC < 1 with �0 the magnetic
flux quantum and BC the thermodynamic critical field.
Since giving an approximate analytical formula for BC1
is in principle possible for κ � 1 (for Nb, κ = λ/

ξ ≈ 1 [45]), we can only determine λC corresponding to
the case BC = B0, which is an upper estimate for λC1—i.e.,
the critical London penetration depth at which BC1 = B0.
For B0 = 30 mT, λC1 < λC = 74 nm and λC2 = 105 nm
(black dashed lines in Fig. 3). This suggests the exis-
tence of the Meissner state and the validity of London’s
theory for λ = ξ = 50 nm at the field B0 = 30 mT. How-
ever, for B0 = 90 mT, we obtain λC1 < λC = 51 nm and
λC2 = 60 nm (red dashed lines in Fig. 3), which indicates
the possible appearance of a mixed state with vortices.
We confirmed this prediction by FEM simulation of the
Ginzburg-Landau model (see Appendix D), where we
numerically determined BC1 = 53 mT (32 mT) for the
strip of width 400 nm (800 nm) and thickness 100 nm,
made of Nb where λ = ξ = 50 nm. Despite the fact that
the system under consideration is in a mixed state for the
field B0 = 90 mT, our results will be qualitatively valid
for the case of other materials and structures that are able
to sustain the Meissner state.

It is also worth noting that the London penetration depth
increases with temperature. However, in helium temper-
atures, this change is less that 3.5% for Nd, where the
critical temperature is TC = 9.2 K [45]; see Appendix E
for more details.

B. Spin-wave modes confined in the well of the
magnetic field induced by a superconducting strip

Figure 4 presents profiles of the SW modes localized
in the well of the effective field produced by the SC strip
for the external fields B0 = 10 mT [Fig. 4(c)], 30 mT
[Figs. 4(a) and 4(d)], and 90 mT [Figs. 4(b) and 4(e)].
The profiles were computed numerically with the help of
MUMAX3 software (red solid lines) and calculated using
the semianalytical model (red dashed lines). The blue lines
show the FMR frequency of the homogeneous film at cer-
tain B0 fields in the absence of the SC strip. The left and
right columns of Fig. 4 correspond to SC strip widths of
w = 400 nm [Figs. 4(a) and 4(b)] and 800 nm [Figs. 4(c),
4(d), and 4(e)], respectively. For larger values of the exter-
nal field B0, the well Bsc,y(x) is deeper [see Fig. 2(a)] and
can accommodate more SW modes. However, there is an
upper limit for B0 caused by the phase transition at BC1.
Our model, based on London’s theory, does not include the
existence of a mixed state, which can appear in the consid-
ered range of the external field B0. The presence of vortices
will modify the stray field produced by the SC strip that
will be important in the experimental implementation of
the investigated system. However, the ultimate limit is
given by BC2 [46]. On the other hand, the field B0 = 10 mT
is too small for the strip of width 400 nm to create a well
that is deep enough to confine SW modes. For the external
field B0 = 30 mT [Fig. 4(a)] or 90 mT [Fig. 4(b)], the well
is sufficiently deep to bind one or two SW modes (solid
and dashed lines) of the frequencies lower than the FMR
frequency of the homogeneous film (horizontal blue line).
Another strategy for SW binding is to widen the SC strip
and thus widen the related well of the stray field.

In Figs. 4(c)–4(e), for w = 800 nm, we observe a larger
number of localized SW modes, which is the result of
two factors: (i) the frequency difference between SW-mode
energy levels becomes smaller due to the widening of
the well (the main factor) and (ii) the depth of the well
is slightly increased with the widening of the SC strip
(e.g., for w = 800 nm,�Bsc,y is about 1.4 times larger than
for w = 400 nm). Thus, for w = 800 nm, there are one,
two, and four localized modes for B0 = 10 mT [Fig. 4(c)],
30 mT [Fig. 4(d)], and 90 mT [Fig. 4(e)], respectively. It
should be noted that the approximation of the well Bsc,y(x)
by a parabolic well (13) is valid in the considered system
only for a finite range of widths w (around 350 nm), while
for much smaller or larger widths, the terms higher than
quadratic must be included in expansion (13). For exam-
ple, for w = 400 nm and 800 nm, the approximation of
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FIG. 4. The profiles of the SW modes localized in the effec-
tive field well produced by the SC strip for external field values
B0 = 10 mT (c), 30 mT (a),(d), and 90 mT (b),(e) obtained
from micromagnetic simulations using the MUMAX3 environment
(red solid lines) and the results of the semianalytical model (red
dashed lines). The blue lines show the FMR frequency of a
homogeneous film for a given external magnetic field B0 value
in the absence of the SC strip. The left and right columns cor-
respond to SC widths w = 400 nm and 800 nm, respectively.
Vertical black dashed lines indicate the position of the SC strip
edges. All plots share the same frequency and space scales and
the amplitude of the modes is normalized to enhance readabil-
ity of the plot (the difference between the results obtained by
the semianalytical approach and micromagnetic simulations is
shown by the offset in the plot).

Bsc,y requires including up to fourth- and sixth-order terms,
respectively. The semianalytical results (dashed lines) are
in relatively good agreement with the numerical solution of
the LL equation obtained using the MUMAX3 environment
(solid lines). Because of the presence of higher-order terms
in Bsc,y , the SW modes are not equidistant, in contrast to

the eigenfunctions of the quantum harmonic oscillator, i.e.,
Hermitian functions. However, our mode profiles can be
approximated by Hermitian functions with fitting param-
eter β2 in Eq. (15). This trick allowed us to simplify the
averaged demagnetizing field to a compact form (18) (see
Appendix C) and easily find the eigenfrequencies (17).

The dependence of the frequencies of the localized SW
modes on the external magnetic field is presented in Fig. 5
for SC strip widths w = 400 nm [Fig. 5(a)] and 800 nm
[Fig. 5(b)]. The results of the semianalytical calculations
and micromagnetic simulations are marked by solid lines
and open symbols, respectively. As mentioned in the pre-
vious paragraph, the number of localized modes increases
with increasing external field value and the width of the SC
strip. In general, the results of the theoretical calculations
and micromagnetic simulations are in good agreement. The
discrepancies are larger for the strip width w = 800 nm
than for 400 nm and they increase with increasing external
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FIG. 5. The dependence of the localized SW modes on the
external magnetic field B0 for systems with SC strip widths
w = 400 nm (a) and w = 800 nm (b). The solid lines and open
symbols correspond to the semianalytical calculations and micro-
magnetic simulations, respectively. Dashed lines show the FMR
frequency of the uniformly magnetized film.
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magnetic field. This can be related to the simplifications
underlying our theoretical model, according to which we
have neglected the tangential component of the field pro-
duced by the SC strip Bsc,x, which slightly deflects the
static magnetization from the normal to the FM layer and
forms a noncollinear magnetization structure in the vicinity
of the SC-strip edges [see Fig. 2(c)]. In our model, we have
considered the uniform magnetization ground state where
the FM layer is magnetized out of plane. This assumption
is reasonable because the magnetization deviation angle
θM is relatively small for a narrow strip, while for a wider
strip, the deviation angle is larger and increases signifi-
cantly for large external field values. To prove that this is
the main reason for the discrepancies between the micro-
magnetic simulations and the semianalytical model, we
have performed micromagnetic simulations with Bsc,x = 0,
which showed results much closer to the theoretical calcu-
lations. Small differences can also be caused by the use
of the diagonal approximation in our theory. However, the
diagonal elements of the dynamical demagnetization field
are quite small, which means that nondiagonal elements
can be really neglected because they are usually smaller
than diagonal elements.

IV. CONCLUSIONS

We examined a superconductor-ferrimagnet hybrid pla-
nar nanostructure wherein a flat SC strip is situated above
a uniform FM layer, while the external field is applied out
of plane. In this configuration, the flat SC strip, being in
a Meissner state, produces a stray field that reduces the
static effective field inside the thin FM layer placed below.
When the FM layer is made of soft magnetic material with
PMA, the SW modes can be confined within the region of
lowered field (i.e., in the well of the internal field). These
modes have frequencies lower than the FMR frequency of
the FM layer, which explains their exponential decay out-
side the region of the well. By adjusting the value of the
uniform external field, we can control the depth of the well
and modify the number and frequencies of the confined
SW modes. This outcome is difficult to achieve in the con-
ventional magnonic nanostructures where the stray field, as
a result of demagnetization, depends on the geometry and
magnetic configuration. The first is determined at the fab-
rication stage and the latter can be modified by an external
field, but its full control requires strong fields due to large
demagnetization effects in planar structures.

Our work integrates the numerical and semianalyti-
cal studies. The analytical approach is computationally
undemanding and provides deep insight into the magne-
tization dynamics and the mechanism of SW localization
in dipolarly coupled superconductor-ferrimagnet systems.
The presented ideas can be used to design superconductor-
ferrimagnet hybrid devices for on-demand control of SW
localization and propagation.

Data supporting this study are openly available from
Zenodo [47].
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APPENDIX A: STRAY FIELD GENERATED BY
MAGNETIZATION TEXTURE IN THE FM

LAYER—MICROMAGNETIC STUDIES

The stray field generated by SC eddy currents influences
the FM layer, which is also manifested by the formation
of a weak magnetization texture. We calculated the stray
field produced by this texture to assess its impact on the
SC strip. The calculations were done using micromagnetic
simulations in the MUMAX3 environment, with the external
field B0 = 90 mT applied along the y axis. The stray field
distributions are presented in Fig. 6 for strips of widths (a)
400 nm and (b) 800 nm. In both cases, the magnitude of the
stray field is smaller than 1% of the external field value;
thus, its influence on the SC system can be neglected and,
therefore, the complicated self-consistent problem can be
reduced to necessity to take into account only the impact
of the SC strip on the FM layer.

(a) (b)

FIG. 6. The micromagnetic simulations of the stray field gen-
erated by the magnetization texture in the FM layer of thickness
20 nm. The texture is induced by infinitely long SC strips of
thickness 100 nm and widths (a) 400 nm and (b) 800 nm (sep-
arated from the FM film by the 10-nm air gap), placed in the
external field B0 = 90 mT applied in the y direction. The black
rectangle indicates the position of the SC strip and the dashed
black line marks the center of the FM film. In both (a) and (b) the
magnitude of the stray field is less than 1% of the external field
value, so its influence on the system can be neglected. The mate-
rial parameters for the FM film are the same as in the main text.
The London penetration depth for the SC strip is λ = 50 nm.
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APPENDIX B: DISPERSION
RELATION—DERIVATION

The dispersion relation can be derived from Eqs. (12)
after introducing the average of the dipolar field (dipolar
operator) in a way similar to the approach known in quan-
tum mechanics. Let us express each SW mode by a func-
tion from the orthonormal base, mp ,n(x) ≈ CpMsψn(Kx),
as in Eq. (15). When we introduce the norm 〈ψ2

n 〉 :=∫
V dv|ψn(Kx)|2 = ab/K , and then multiply both Eqs. (12)

by ψ∗
n (Kx) and integrate them over the whole volume of

the magnetic system, we obtain

iωCx〈ψ2
n 〉 = Cz〈ψn|	(x)|ψn〉 − |γ |μ0〈hd,z〉n, (B1a)

−iωCz〈ψ2
n 〉 = Cx〈ψn|	(x)|ψn〉 − |γ |μ0〈hd,x〉n, (B1b)

where 〈hd,p〉n := ∫
V dvψ∗

n (Kx)hd,p(x) for p = {x, y} can
be considered as an averaged component of the dynamic
demagnetizing field. This definition is clear when we note
that the field hd,p ,n is the result of an action of the integral
operator on ψn(Kx) [strictly related to the magnetization
mp ,n(x)]; see Eq. (16). Taking into account the fact that the
ψn(Kx) are eigenfunctions of the operator	(x)with eigen-
values ω0,n, but not of the dynamical demagnetizing field
operator, Eqs. (B1) can be rewritten as

iωCx = Cz(ω0,n − |γ |μ0Ms〈h̃d,z〉n), (B2a)

−iωCz = Cx(ω0,n − |γ |μ0Ms〈h̃d,x〉n), (B2b)

where 〈h̃d,p〉n = 1/(CpMs)〈hd,p〉 is a dimensionless aver-
aged field (see Appendix C). The homogeneous set of
equations (B2) gives nontrivial solution for the resonance
frequency ωn when

∣∣∣∣∣
iω ω0,n − |γ |μ0Ms〈h̃d,z〉n

ω0,n − |γ |μ0Ms〈h̃d,x〉n −iω

∣∣∣∣∣ = 0,

(B3)

which leads to the dispersion relation shown in Eq. (17).

APPENDIX C: AVERAGED DIPOLAR
FIELD—DERIVATION

For every nth SW mode mn(x) (confined in the well of
the stray field), the dynamical demagnetizing field hd,n(x)
[related to own dynamics of mn(x)] is given by Eq. (16).
The field hd,n(x) can be considered as a result of the action
of the integral operator on magnetization mn. When we
approximate mn by function ψn(Kx) from the orthonormal
set, mp ,n(x) ≈ CpMsψn(Kx) [see Eq. (15)], and integrate
hd,n(x) over the whole volume with ψn(Kx), we obtain the

average value of the dipolar field operator:

〈hd,p〉n = −Ms

∑
q

Cq

∫
V

∫
V′

dv dv′ψn(Kx)ψn(Kx′)

× d2

dp dq′
1

4π |r − r′| . (C1)

Here the indices p and q run over the coordinates x and
z, and the derivative d/dq′ means d/dx′ (or d/dz′) for
q = x (or q = z). Each of the integrals in (C1) is actually
a threefold integral:

∫ ∞
−∞ dx

∫ y0+a/2
y0−a/2 dy

∫ b/2
−b/2 dz with y0 =

−(t/2 + g + a/2). This problem can be simplified when
we express the function 1/4π |r − r′| in Fourier space for
the wave vector k = kxx̂ + kz ẑ [48], i.e.,

1
4π |r − r′| = 1

2π

∫ ∞

−∞

∫ ∞

−∞
dkx dkz

1
k

e−k|y−y ′|

× eikx(x−x′)eikz(z−z′), (C2)

where k =
√

k2
x + k2

y , and then use the identities

∫ y0+a/2

y0−a/2

∫ y0+a/2

y0−a/2
dy dy ′ 1

k
e−k|y−y ′| = 2a

k

(
1 − 1 − e−ka

ka

)
,

∫ b/2

−b/2

∫ b/2

−b/2
dz dz′eikz(z−z′) = 2πbδ(kz) for b → ∞.

This allows us to express Eq. (C1) in the form

〈hd,p〉n = −Ms
ab
K2

∑
q

Cq

∫
dkx

[ ∫
dkz

kpkq

k2

×
(

1 − 1 − eka

ka

)
δ(kz) ψ̃

2
n

(
kx

K

)]
. (C3)

One can note that 〈hd,z〉n = 0 and 〈hd,x〉n contains only
the term for p = x. In the linear regime, the dynamic
demagnetizing field scales linearly with the SW ampli-
tude; therefore, it is useful to introduce the normalized
dimensionless average field

〈h̃d,x〉n = 1
CxMs

〈hd,x〉n, (C4)

where CxMs is an SW amplitude in A/m. Finally, Eqs. (C3)
and (C4) lead to Eq. (18).

APPENDIX D: STRAY FIELD GENERATED BY
THE SC STRIP: THE LONDON VERSUS

GINZBURG-LANDAU THEORY—FEM STUDIES

The Ginzburg-Landau (GL) theory is a generalization
of the London theory of superconductivity. The use of
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the London theory in this paper is justified by its rela-
tive simplicity, which allows semianalytical calculations.
However, the London theory does not predict the existence
of the critical fields BC1 and BC2, which are associated
with the emergence of a mixed state (with magnetic vor-
tices) and the complete disappearance of superconductiv-
ity, respectively. Therefore, we should investigate whether
it is rational to consider the Meissner state in our system
for the assumed value of the London penetration depth
λ = 50 nm.

We used COMSOL Multiphysics® solve dimensionless
time-dependent GL equations in the SC domain [49–51]:

η
∂�

∂t
= −

(
i
κ

∇ + A
)2

� + (1−|�|2)�, (D1a)

σ
∂A
∂t

= 1
2iκ

(�∗∇� −�∇�∗)−|�|2A − ∇ × ∇ × A.

(D1b)

Here � = �(r, t) is the order parameter, σ represents the
electric conductivity of the normal (non-SC) state, while η

denotes the normalized friction coefficient. Since we have
focused on the steady state of the system (t → ∞) rather
than its dynamics, the choice of specific values of σ and η
for the dimensionless GL equation is not relevant once we
are able to reach the same steady state. Outside the SC strip
(in the vacuum) � = 0, σ = 0, and the vector potential
was determined from the equation

∇ × ∇ × A = 0. (D2)

To ensure that the GL equations are well defined, the gauge
must be fixed. We have chosen the gauge with zero electric
potential, which turns out to be the most convenient choice
for Eqs. (D1).

We set the boundary conditions at the interface between
the SC and vacuum as ∇� · n = 0 and A · n = 0 [49]. The
vacuum domain is large in size but finite. We assumed that
the SC stray field on its boundaries equals zero and that the
total field B = B0ŷ, which leads to the boundary condition
∇ × A = B0ŷ [49]. We solved Eqs. (D1) and (D2) using
a 2D model, i.e., assuming that A(x, y) and �(x, y) are

(a) (b) (c) (d)

FIG. 7. The FEM solutions of the GL and London equations for an infinitely long SC strip of thickness 100 nm and width 400 nm.
The calculations were performed for different penetration depths λ = 20, 50, and 90 nm. For simplicity, we assumed a correlation
length of ξ = λ, which leads to κ = 1. The value of the external field B0 = B0ŷ has been set to 30 mT. (a) The London model: the y
component of the stray field Bsc,y on the x-y plane inside the SC strip and in the surrounding nonmagnetic and nonconducting domain.
The dashed black line indicates the center of the FM layer. (b) The y component of the stray field Bsc,y(x) obtained from the London
and GL models in the center of the FM layer (y = −70 nm). (c) The GL model: Bsc,y on the x-y plane inside the SC strip and in the
surrounding nonmagnetic and nonconducting domain. The dashed black line indicates the center of the FM layer. (d) The GL model:
the modulus of the order parameter |�| in the SC domain.
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homogeneous along the strip. The transitions from dimen-
sionless to realistic quantities are described by the trans-
formations (x, y, z) → (x/λ, y/λ, z/λ), t → t/(μ0λσ), and
A → 2eξA/�.

In this paper, we consider a 2D system and assume its
homogeneity in the z direction. This assumption is not
valid in the mixed state with the field applied in the y direc-
tion, where the induced vortices disturb the mentioned
homogeneity. For this reason, the first critical field must
be estimated numerically using a 3D model. This gives
us the range of the applied field in which we are still in
the Meissner state for a given value of λ (assuming that
we are working with a κ ≈ 1 superconductor), and we can
investigate the system using London’s model.

1. Two-dimensional simulations

We start with 2D simulations based on the GL model,
which should give an insight into the reduction of the
stray field associated with the change in the density of the
Cooper pairs, which is not included in the London model.

Figure 7 shows the difference between the 2D GL and
London models for fixed external field B0 = 30 mT and
three selected penetration depths, λ = 20, 50, 90 nm. In
our studies, we fixed the GL parameter κ = λ/ξ = 1,
which is equivalent to ξ = λ (this choice is in the range
of κ for bulk Nb). For small values of λ (and ξ ), both mod-
els give consistent results. For λ = 20 nm, the difference
between the models is negligible. For λ = 50 nm, used
in the manuscript for the studies of confined SW modes,
the differences in the stray field (calculated from the GL
and London models) are still barely distinguishable; see
the middle plot of Fig. 7(b). For λ = 50 nm, |�| ≈ 1 in
the whole volume of the SC strip except for a small reduc-
tion near its lateral edges [see the middle plot of Fig. 7(c)],
which means that we are still in the Meissner state, i.e., the
external field is still below the first critical field: B0 < BC1.
For λ = 90 nm, the discrepancy between the London and
GL models becomes significant. The stray field produced
by the SC is about 2 times smaller in the GL model, see the
bottom plot of Fig. 7(b). At the same time, |�| is strongly
reduced; see the bottom plot of Fig. 7(d).

Figure 8 is analogical to Fig. 3 in the main part of the
manuscript. It shows the depth of the well of the SC field
for the London and GL models at 30 mT. For compari-
son, we used two values of κ: 1 and 10. Up to λ ≈ 50 nm,
the well depth for all systems is almost the same. For
λ > 50 nm, it starts to decrease much stronger for the GL
model with κ = 1, reaching zero at the critical value of
λ = ξ = 115 nm. Such an effect is understandable if we
note that, as the second critical magnetic field BC2 ∝ 1/ξ 2,
the increase in λ (for constant κ) leads to a reduction in
BC2. At B = BC2, the order parameter goes to zero, leading
to the disappearance of superconductivity. Such a phase
transition is not observed in the London model, which

London model
GL model 

GL model (

FIG. 8. The depth of the well of the SC field �Bsc,y (at the
external field B0 = 30 mT) as a function of the penetration length
λ calculated using the London model (solid green line) and GL
model for κ = 1 (dashed red line) and κ = 10 (dash-dot black
line).

lacks any kind of critical field. Interestingly, if we increase
κ to 10, the results are in agreement with the London
model, showing that, for large values of κ , it gives reliable
results for a wide range of λ.

(a)

(b)

(c)

(d)

FIG. 9. FEM simulations of the GL model of the nucleation of
magnetic vortices in the finite SC strip with length 4000 nm and
thickness 100 nm. We investigated strips of two different widths:
(a),(b) 400 nm and (c),(d) 800 nm. For the narrower (wider) strip,
the transition to a mixed state is observed at BC1 ≈ 53 mT (BC1 ≈
32 mT). The modulus of the order parameter |�| is plotted in the
x-z plane in the centers of the strips (y = 0) for the external field
value slightly below (a),(c) and slightly above (b),(d) BC1. We
assume that λ = ξ = 50 nm.
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2. Three-dimensional simulations

To observe the nucleation of vortices, we solved the
GL equations using FEM simulations for the SC strips
of finite length (4000 nm), which differ in width (400
and 800 nm) and have the same thickness (100 nm).
Figure 9 presents the distribution of the modulus of the
order parameter |�| along the strips and across their widths
(i.e., in the x-z plane). We can see the transition from
the Meissner state [Figs. 9(a) and 9(c)] to the mixed state
[Figs. 9(b) and 9(d)], where a single row of Abrikosov vor-
tices appears in the center of the nanowire at higher fields.
The numerically estimated value of the first critical field
BC1 is larger for the narrower strip (53 mT) than for the
wider one (32 mT).

The appearance of vortices allows the external field
to penetrate into the superconductor, which significantly
reduces the stray field produced by the SC strip. It makes
the SW binding much more difficult. Since vortices gener-
ate inhomogeneity along the strip axis, the problem cannot
be treated as quasi-one-dimensional for SWs, which may
be the subject of a new study.

APPENDIX E: TEMPERATURE AND FIELD
DEPENDENCE OF THE LONDON PENETRATION

DEPTH

For practical reasons, it is also worth studying how the
London penetration depth changes with temperature T and
external field B0. For a rough estimation of the λ(T) depen-
dence, the general formula based on a two-fluid model

FIG. 10. The temperature dependence of the inverse of the
London penetration depth 1/λ(T). We used Eq. (E1) for three
(considered in Fig. 7) values of London penetration depths at
T = 0, λ(0) = 20, 50, 90 nm, and for a fixed critical temperature
TC = 9.2 K, characteristic for Nb. In the wide temperature range
T < TC/2, λ(T) changes less than 3.3%.

[44,52] can be used:

λ(T) = λ(0)
1

1 − (T/TC)4
. (E1)

In the wide range of temperatures 0 < T < TC/2, the rela-
tive change [λ(T)− λ(0)]/λ(0) is about 3.3%; see Fig. 10.
It is worth noting that, for Nb (TC = 9.2 K), TC/2 is close
to the helium boiling temperature.

The London penetration depth depends weakly on the
applied field B0 for low temperature T < TC/2. For most
of the superconductors [53,54], the dependence λ(B0)

exhibits an slight increase, quadratic in B0, which can be
ignored in our study.
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