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Perfect splitting in rectangular-waveguide junctions for analog computing
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It has recently been shown how computing operations such as high-speed switching, routing, and solv-
ing partial differential equations can be performed by exploiting perfect splitting of electromagnetic waves
in networks of waveguides from microwaves to the optical regime. Here we propose a technique to achieve
perfect splitting of electromagnetic waves using junctions of rectangular waveguides. The structure con-
sists of N air-filled rectangular waveguides interconnected at a junction. They are designed to have their
cutoff frequency above the cutoff frequency of a further N waveguides used as inputs. The proposed
structure is studied theoretically with use of transmission-line models, and it is demonstrated that perfect
splitting can occur at frequencies below the cutoff frequency of the interconnected waveguides (evanescent
coupling). Numerical results are used to validate the designs, and it is demonstrated that the theoretical
model fits the numerical data well. As examples of computing operations, it is shown how the proposed
structure can be used to compare the amplitude of two incident signals (comparison operation) and also for
routing of information to different output ports by exploiting the linear superposition of scattered waves
excited at the junction of rectangular waveguides, opening new opportunities and possibilities for future
exploration and exploitation of electromagnetic waves for high-speed computing.
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I. INTRODUCTION

The increasing need for powerful and faster computing
systems has pushed the field of computing to evolve at an
unprecedented speed. However, challenges in the perfor-
mance and manufacturing of integrated-circuit chips (e.g.,
chips are approaching physical size limits [1,2]) need to
be tackled to fulfill demands [3]. Classical computing sys-
tems, such as digital electronics, rely on a large number of
transistors as switching devices. However, inherent to such
devices are unavoidable parasitic capacitances that appear
at their gate. The charging and discharging of these capac-
itances during switching introduce delays and can cause
energy dissipation, reducing the overall performance of the
computing system [4]. While there is ongoing research to
address these challenges, there is growing interest in the
development of alternative computing paradigms, giving
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rise to interesting examples such as quantum [5], biological
[6] and photonic [7–15] computing approaches.

Within the realm of photonic computing, recent exam-
ples in this field include methods for solving quadratic
optimization problems and multivariate equations [7,16],
differentiation and integration [8–12], optical neural net-
works [13,17–19], and the solving of partial differen-
tial equations with interconnected-waveguide junctions
[20,21]. Moreover, optical logic gates and circuits have
been demonstrated using inverse design [22] and plas-
monic structures [23]. We have also seen work demon-
strating how this paradigm may offer opportunities for
low-power, high-speed digital and analog computations
[24–33]. Recently, a technique that has been used for
computational purposes is perfect splitting of electromag-
netic (EM) waves within junctions of waveguides. In
this technique, EM waves split following the scattering
matrix represented by interconnected ideal transmission
lines (TLs) for an N -port junction considering waveg-
uides of equal impedance [34,35]. Perfect splitting differs
from typical power splitting because reflections are present
at the incident port, which is a result of the structures
emulating ideal interconnected TLs. Interestingly, these
reflections are needed for computing within larger net-
work of waveguides. In this context, we have recently
shown how ideal splitting of EM signals between a
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junction of four-port parallel-plate waveguides can be used
for elementary computing operations such as informa-
tion routing and comparison operations [34,36], which
provides a fundamental pathway for elementary decision-
making computations. A similar approach using plasmonic
junctions at optical frequencies has also been demonstrated
[37]. Further examples include the calculation of temporal
derivatives and solutions for partial differential equations
using interconnected-waveguide junctions [18,19] as well
as emulation of Kirchhoff’s law in photonics [38]. Perfect
splitting in a four-port waveguide junction, as an exam-
ple, requires an incoming signal applied from one of the
waveguides to be split into four signals after passing the
junction. Each signal (traveling within each of the waveg-
uides) will have the same magnitude with phase difference
π between the reflected signal (traveling towards the inci-
dent port) and the transmitted signals (traveling towards
the other three ports) [35] (full details about such per-
fect splitting in N-port-waveguide networks are given in
the following sections). Such waveguide junctions require
a large incident-wavelength-to-waveguide-width ratio for
them to be considered as perfect (ideal) TLs, and this
is the reason why they have been implemented mainly
via parallel-plate waveguides [34,36,39,40]. Parallel-plate
waveguides allow operation at incident wavelengths much
longer than the width of the waveguide. However, a main
drawback of parallel-plate waveguides is that, when one
is considering realistic waveguides with finite dimensions
along the transverse axis, fringing fields at the edge of
the parallel plates can appear, affecting their performance
as ideal TLs, as shown in Ref. [41]. Alternative efforts
to achieve perfect splitting of EM waves include the use
of scattering particles at the center of a junction or the
use of plasmonic waveguides and dielectric structures
[37,40]. Here we build upon these studies to enable ele-
mentary computing operations by implementing arrays of
rectangular waveguides as realistic and technologically
relevant structures. As in the ideal configurations, our work
also relies on perfect splitting of EM waves at a waveg-
uide junction. The challenge, however, is that the large
wavelength-to-waveguide-width ratio, required to mimic
ideal TLs for perfect splitting [26], is limited when one
is working with rectangular waveguides. This is due to
their width (along the direction perpendicular to the elec-
tric field) being linked to the cutoff wavelength of the
fundamental TE10 mode, meaning that small cross sec-
tions cannot be achieved [35]. Hence, when one is simply
interconnecting rectangular waveguides to create a junc-
tion, perfect splitting cannot occur (as discussed below).
However, this could be addressed using alternative waveg-
uide junctions with rectangular waveguides of carefully
designed cross sections.

Inspired by the importance of photonic computing
and the need for perfect splitting in arrays of intercon-
nected waveguides, here we present our efforts to achieve

perfect splitting of incident EM signals within a four-port
network of rectangular waveguides operating below their
fundamental TE10 mode. The structure consists of four
vacuum-filled rectangular waveguides designed to have
their cutoff frequency at fcw (called “outer waveguides”).
These waveguides are interconnected via a cross-junction
comprising four vacuum-filled rectangular waveguides
having a higher cutoff frequency, fcx > fcw (called “junc-
tion waveguides”). In so doing, we show how perfect
splitting of EM waves can be achieved at frequencies that
fall above the cutoff frequency of the outer waveguides
but below the cutoff frequency of the junction waveguides
(i.e., evanescent coupling). The mechanisms enabling such
perfect splitting are presented and studied via numerical
simulations with CST Studio Suite®. To understand this
performance, in-depth analytical studies using TL theory
are presented. It is shown how the reactive field at the
junction can be modeled via a reactive element, demon-
strating how there are frequencies where perfect splitting
is achieved even below the cutoff frequency of the junc-
tion waveguides, leading to a model that closely fits the
numerical simulations. For completeness, we show how
the proposed configuration using rectangular waveguides
can be exploited for N -port perfect splitting. Finally, we
implement the proposed structure to perform some com-
puting operations, including elementary signal routing and
amplitude-comparison operations.

II. PRINCIPLES OF PERFECT SPLITTING AND
PROPOSED STRUCTURE

A. Definition of perfect splitting

As mentioned in Sec. I, perfect splitting of EM sig-
nals has recently been used for fundamental computing
operations such as routing of information [34,36,42]. A
detailed explanation of the implications of perfect splitting
using interconnected TLs can be found in Ref. [34], but a
summary is provided here for completeness. A schematic
representation of the concept of perfect splitting of EM sig-
nals considered in this work is presented in Fig. 1, where
it is shown how an incident signal applied from port 1 is
split into N signals, each of them traveling towards each of
the ports connected to the ideal splitter. Note that the con-
cept of perfect splitting considered here is different from
that of multiport power dividers, where the incident sig-
nal is equally divided and delivered to the N − 1 output
ports of a network without reflection [43]. Here, however,
a reflected signal travelling towards port 1 will also be nec-
essary for consideration as perfect splitting. Interestingly,
while reflections are usually unwanted in devices from
microwave to photonic applications, it has been shown
that perfect splitters that use both transmitted and reflected
signals can be applied to computing processes such as
routing of information, calculation of derivatives in the
time domain, emulation of Kirchhoff’s law in photonics,
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FIG. 1. An ideal splitter in a N -port device.

and the calculation of the solution of partial differential
equations [20,34,36,38], to name a few. A perfect split-
ter can be designed by use of ideal TLs interconnected at
a junction either in series or in parallel [36,42]. From TL
theory [35], if all the interconnected TLs have the same
impedance, Z1 = Z2 = Z3, . . . , ZN = Z, the incident sig-
nal applied from port 1 (TL with impedance Z1) will see
a change of impedance from Z1 = Z to Zout = (N − 1)Z
or Zout = [(N − 1)/Z]−1 if the TLs are interconnected in
series or in parallel, respectively. In this way, transmitted
and reflected signals will be travelling towards the output
and input ports, respectively, with a transmission coeffi-
cient and a reflection coefficient (for each port) defined
as γ = −2N−1 and ρ = (N − 2)N−1, respectively, if
the TLs are interconnected in series, or γ = 2N−1 and
ρ = (2 − N )N−1, respectively, if they are connected in
parallel (the latter case is depicted in Fig. 1).

Note that the signs of γ and ρ have been written to
directly account for the change of phase of the transmitted
and reflected signals [34]. Importantly, for the case when
four TLs are interconnected in a parallel configuration (as
it is the case in the next section), the reflected signal has
the same amplitude, but it is 180° (π ) out of phase with the
transmitted signals.

If multiple signals are applied from different ports, one
can simply exploit the linearity of the system and consider
that the output signals transmitted towards each port will
be the superposition of the scattered signals excited after
each of the input EM signals has passed the junction, i.e.,
for an input vector of EM signals x = [x1, x2, . . . , xN ], with
the subscript indicating the port number, an output vector
of EM signals y = [y1, y2, . . . , yN ]T can be defined. This
means that for the case of N TLs interconnected in series or
in parallel, y can be simply calculated by one multiplying
an N × N scattering matrix with diagonal and off-diagonal
terms representing the reflection coefficient and the trans-
mission coefficient of the junction, respectively, and the

input vector of signals as

y =

⎛
⎜⎜⎝

ρ γ γ · · ·
γ ρ γ . . .

γ γ ρ γ
...

... γ
. . .

⎞
⎟⎟⎠ xT , (1)

with T as the transpose operator. To implement the perfect-
splitting theory described above and to use it for computing
operations, one can use waveguides as TLs [35]. How-
ever, for them to behave as ideal TLs (without exciting
fringing fields at the junction), it is required to have a
much greater incident wavelength of the EM signal com-
pared with the cross section of the waveguide. It has been
shown that when this ratio exceeds approximately 8:1,
interconnected waveguides can mimic ideal interconnected
TLs [39]. This is possible with, for instance, parallel-
plate waveguides, where the distance between the metallic
plates can be reduced to fulfill this condition. However,
parallel-plate waveguides interconnected at a junction are
ideal structures that require—for instance, when connected
in series—infinitely long plates along the direction orthog-
onal to the propagation of the EM signals. This is to
avoid fringing fields at the edges of the waveguides and at
the junction (i.e., ideal two-dimensional structures). One
may ask whether there is a way to emulate perfect split-
ting using rectangular waveguides instead, as examples
of technologically relevant structures. At first glance, one
can envision that this can become a challenge provided
that the dimensions of the rectangular waveguides are on
the order of the cutoff wavelength λc of the fundamen-
tal TE10 mode. TE modes exist only when the incident
signal wavelength, λ, is less than λc. The cutoff wave-
length (and hence frequency) of the first TE10 mode, λc, is
defined by the width a of the waveguide (dimension trans-
verse to the direction of the electric field) as λc = 2a [35].
Subsequently, the cutoff wavelength limits the maximum
wavelength-to-waveguide-width ratio to 2:1 when one is
working near the cutoff. To demonstrate this, an exam-
ple showing four interconnected waveguides at a junction
is shown as Supplemental Material [44], demonstrating
how there are no frequencies above the cutoff frequency
of the fundamental mode where perfect splitting can be
achieved, as expected. On this basis, is there a possibility
to overcome this using rectangular waveguides? In the fol-
lowing section, we address this question by proposing an
alternative configuration for interconnected waveguides.

B. Perfect splitting: interconnected rectangular
waveguides

The proposed structure to enable perfect splitting of
EM signals using interconnected rectangular waveguides
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is shown in Fig. 2(a). Here we first focus on a four-
port configuration; further examples using N intercon-
nected waveguides are presented in the following sections.
As observed in Fig. 2(a), the structure is composed of
four outer waveguides, interconnected by four waveguides
forming a junction (junction waveguides as defined in
Sec. I). All the rectangular waveguides (outer and junc-
tion waveguides) are filled with a vacuum (μr = εr =
1) and are surrounded by a perfect electric conductor
(PEC). The width of the waveguides is chosen to be
the same as in Ref. [45] to have the cutoff frequencies
for the outer waveguides and the junction waveguides as
fcw ≈ 1.043 GHz and fcx ≈ 1.475 GHz, respectively, with
fcw < fcx . The widths of the outer and junction waveguides
(direction perpendicular to the electric field) are given by
aw = λcw/2 and ax = λcx/2, respectively, where w and x
refer to the outer waveguides and the junction waveguides,
respectively, and λc is the cutoff wavelength of the respec-
tive waveguide. The heights (in the direction parallel to
the electric field) are given by bw = aw/2 and bx = ax�h,
respectively, initially with �h = 1/64, again in line with
Ref. [45]. The length of the outer waveguides is given
by �w = 2aw (an arbitrary value as waveguide ports will
perfectly absorb the incoming waves), while the length
of junction waveguides is given by �x = 1.2303λcx . It is
important to note that this is the total length of the junc-
tion waveguides measured from outer waveguide to outer
waveguide [see Fig. 2(a)]. As mentioned in Sec. I and

described below, perfect splitting in the proposed structure
relies on an evanescent coupling between the outer waveg-
uides and those at the junction. Because of this, the length
lx is a significant parameter that impacts the splitting ability
of the structure. Larger values will reduce the evanescent
field inside the junction, meaning that no perfect splitting
will occur. A detailed discussion of this is provided later.

With this configuration, the proposed structure in
Fig. 2(a) was numerically evaluated with use of the
frequency-domain solver from CST Studio Suite®. To do
this, four rectangular-waveguide ports were added to the
outer waveguides. A tetrahedral mesh with adaptive refine-
ment was implemented with a maximum cell density of
13 cells per wavelength inside and outside the model.
Electric boundary conditions were set on all model bound-
aries to consider a PEC. For the regions that cannot
touch the boundaries (e.g., around the junction waveguides
as their dimensions are smaller than those of the outer
waveguides) PEC was used as the background medium
to ensure that all the waveguides are covered with PEC.
Finally, the frequency-domain solver was configured with
a third-order accuracy and the scattering parameters were
calculated for a maximum of 100 001 frequency samples
within the f /fcx range from approximately 0.67 to approxi-
mately 1.35.

The numerical results for the scattering parameters
for the proposed four-port structure are presented in
Figs. 2(b)(i)–2(b)(iv) for ports 1–4, respectively. The

(a)
(i) (i) (v)

(vii) (viii)

(vi)

(ii)

(iii)

(iv)

(ii)

(iii)

(b)

FIG. 2. Proposed idea for perfect splitting using interconnected rectangular waveguides: (a) (i)–(iii) Proposed structure (top, side,
and front views, respectively) for perfect splitting of EM waves. The structure consists of outer waveguides with cutoff frequency
fcw ≈ 1.043 GHz (with height bw = aw/2 and width aw = 0.1016

√
2) connected to a junction of waveguides having cutoff frequency

fcx ≈ 1.475 GHz (with height bx = aw�h, width ax = aw/
√

2, and length �x ≈ 1.2303λcx ). (b) (i)–(iv) Scattering parameters for ports
1, 2, 3, and 4, respectively, for an input signal from port 1 calculated with CST Studio Suite®. (b) (v)–(viii) Ey distribution on the x-z
plane (H plane) at each of the resonances shown in (i)–(iv) [see labels in panel (ii)].
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scattering spectra have been normalized with respect to
the cutoff frequency of the junction waveguides fcx , and
the results are plotted for the normalized frequencies 0.7 ≤
f /fcx ≤ 1.3 to account for incident frequencies above
and below the cutoff frequency of the fundamental mode
(TE10) and higher-order mode (TE20), respectively, of
the outer waveguides. As observed, there are clear res-
onant frequencies where the amplitude at each port is
approximately 0.5 (at normalized frequencies f /fcx of
approximately 0.7967, approximately 1.1155, and approx-
imately 1.2404), which is a condition for perfect split-
ting, as described in the previous section and in Eq.
(1). Interestingly, there is a resonant frequency (f /fcx =
1.0626) where most of the incident signal is transmit-
ted towards port 3, i.e., transmission of approximately
1 straight through. This latter resonance, while not used
here for perfect splitting, may be attributed to the junc-
tion waveguides working as effective media emulating
ε-near-zero metamaterials [45–50]. To further study the
resonances shown in Figs. 2(b)(i)–2(b)(iv), the out-of-
plane Ey distributions were extracted, and the results are
shown in Figs. 2(b)(v)–2(b)(viii) [to guide the eye, see also
labels v–viii in Fig. 2(b)(ii) for each resonant frequency].
As observed, the field distribution inside the junction
waveguides resembles a line source along the out-of-plane
direction for the first resonance [Fig. 2(b)(v)]. For the res-
onant frequencies where the amplitude of the transmitted
and reflected signals is approximately 0.5 [Figs. 2(b)(v),
2(b)(vii), and 2(b)(viii)], the phase difference between the
transmitted signal and the reflected signals is approxi-
mately π for the first and fourth resonances [Figs. 2(b)(v)
and 2(b)(viii), respectively], with �φ21 values of approx-
imately 0.999π and approximately 1.006π , respectively,
when it is calculated for port 2 and port 1. However, this is
not the case for the third resonance [Fig. 2(b)(vii)], where
a phase difference of approximately π is achieved only
between port 2 and the rest of the ports (i.e., nonideal
splitting). See Supplemental Material [44] for more details
about the phase at each port for each of the resonances
from Fig. 2. In this work, while the resonance appearing
at a higher frequency [fourth resonance, Fig. 2(b)(viii)]
also enables perfect splitting, we focus our attention on the
first resonance [Fig. 2(b)(v)] as it appears at a lower fre-
quency, enabling the implementation of a more-compact
computing structure relative to the wavelength at the
operational frequency. Notably, the first resonance that
enables perfect splitting of EM signals appears at fre-
quency fcw < f < fcx , (i.e., below the cutoff frequency of
the junction waveguides), meaning that this resonance is
the result of the coupling of an evanescent field to the
junction waveguides. In the next section, we provide a
theoretical analysis of the structure shown in Fig. 2(a)
based on TL theory to understand how the reactive
evanescent field can be modeled with equivalent-circuit
models.

III. THEORETICAL ANALYSIS

In the previous section, it was shown how perfect split-
ting of EM signals can be achieved with interconnected
rectangular waveguides as proposed in Fig. 2(a). This
section focuses on the theoretical analysis of the proposed
structure using TL theory, and the expansion of the struc-
ture to N ports. It is organized as follows: First, in Sec.
III A, an equivalent two-port TL model for the structure
shown in Fig. 2(a) is considered, where three of the four
arms [here “arm” refers to an outer waveguide plus a junc-
tion waveguide connected at the junction, i.e., the device
in Fig. 2(a) has a total of four arms] are grouped as an
equivalent impedance. In this model, as shown later, an
interface admittance and a junction admittance are consid-
ered to model the reactive fields at the interface between
an outer waveguide and a junction waveguide and the
reactive field at the junction between waveguides, respec-
tively. The effect of these parallel admittances is discussed
in detail in Sec. 4 in Supplemental Material [44]. Using
this model, we present a fitting technique to calculate the
parallel admittance modeling the reactive field at the junc-
tion waveguides. This is done by our combining a fitting
algorithm with the TL model of the proposed structure. It is
shown how such admittance can be calculated with use of
a combination of numerical results (simulation) and ana-
lytical calculations via TL models and the ABCD-matrix
method. In Sec. III B, it is shown how the proposed struc-
ture from Fig. 2(a) can be also used for perfect splitting
using N = 3, 5, and 6 interconnected waveguides.

A. Effect of parallel interface and junction
admittances: Equivalent-circuit model

The equivalent circuit for the proposed structure shown
in Fig. 2(a) is presented in Fig. 3(a) and the desired
response for this model is show in Fig. 3(b) (numer-
ically calculated values). S′

21 in Fig. 3(b) is given by

S′
21 =

√
S2

21 + S2
31 + S2

41, where S′
21 is the scattering param-

eter considering all the output ports. In the TL model
shown in Fig. 3(a), the outer and junction waveg-
uides (all filled with air, μr = εr = 1) are modeled as
TLs having impedance Zw = (ω/βw)(bw/aw) or Zx =
(ω/βx)(bx/ax), respectively, propagation constant βw =
k0

√
1 − (π/k0aw)2 or βx = k0

√
1 − (π/k0ax)

2, respec-
tively, and length �w or �x/2, respectively, with ω the angu-
lar frequency and k0 = 2π f

√
μ0ε0 the free-space wave

number, where f is the incident frequency, ε0 is the per-
mittivity, and μ0 is the permeability of free space. In the
TL model, the length of each junction waveguide is con-
sidered to be �x/2 to account for their length from the outer
waveguides to the center of the junction [�x is measured
from outer waveguide to outer waveguide, as described in
Fig. 2(a)]. Finally, the time convention e−iωt is used. As
mentioned in the previous section, �w can have an arbitrary
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value as the outer waveguides are finished with absorbing
ports in the numerical analysis; hence, in the TL model,
they are simple impedances connected to the circuit [35].
The structure shown in Fig. 2(a) has two discontinuities
where reactive fields can be considered [45]: (i) one at the
interface between each of the outer waveguides and the
junction waveguides [where the dimensions change from
aw to ax along the z axis and from bw to bx along the y
axis (considering the left waveguide)] and (ii) another at
the center of the junction waveguides. To model the reac-
tive fields at the interface between the outer and junction
waveguides, one can place a parallel admittance between
the two TLs modeling these waveguides. This is repre-
sented in Fig. 3(a), where a parallel admittance YI = −i�I
(interface admittance, with �I representing the coefficient

of the admittance) is placed between Zw and Zx for each
of the four arms in the TL model. The nature of YI can be
explained by considering the theory of waveguide disconti-
nuities where a change of width and height at the interface
between the waveguides can be modeled as an equivalent
LC parallel circuit [38]. Similarly, a parallel admittance
YJ = −i�J (junction admittance, with �J as the coeffi-
cient of the admittance) is also placed at the junction of
the waveguides connecting the four arms to account for
the reactive fields at the center of the junction, noting that
such admittance could represent, for instance, a parallel
capacitance [35,51].

To analyze the equivalent circuit from Fig. 3(a), for
simplicity, the three output arms and YJ from Fig. 3(a)
(right panel) can be combined into a single impedance Ztot1

(a)

(c)

(b)

FIG. 3. TL model of the proposed four-port waveguide junction for perfect splitting: lumped-element representation of output arms.
(a) A four-port perfect splitter [same structure as in Fig. 2(a)] and an equivalent TL model, consisting of three arms (highlighted in the
green box) with outer-waveguide impedance Zw, outer-waveguide length �w, interface admittance YI , junction-waveguide impedance
Zx, propagation constant βx and junction-waveguide length �x/2. The arms are connected to a parallel admittance YJ . (b) Numerical
results for the scattering spectra, S11 (top) and S′

21 (bottom), calculated with CST Studio Suite®. (c) Scattering parameters [|S11| (top
row) and |S′

21| (bottom row)] for a narrow frequency window around each resonance calculated numerically (blue) and theoretically
(dashed orange and green lines).
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[see the schematic representation in the bottom panel in
Fig. 3(a)] as follows [35]:

Ztot1 =
(

YJ + 3
Zin

)−1

, (2)

where Zin is the input impedance seen from the center of
the junction towards an output port. From TL theory, Zin
can be expressed as [44]

Zin = Zx
Zpar1 − iZxcos(βx�x/2)

Zx − iZpar1cos(βx�x/2)
, (3)

with Zpar1 = (YI + (1/Zw))−1. With these simplifications,
the resulting circuit model is reduced to [see the bot-
tom panel in Fig. 3(a)] an input arm (consisting of a TL
modeling the single outer waveguide connected to port 1,
a parallel admittance representing the interface between
the outer waveguide and the junction waveguide YI , and
a TL representing the junction waveguide for this arm)
connected to the load impedance, Ztot1 . To extract the scat-
tering parameters of this simplified two-port TL circuit, the
ABCD-matrix method is used [35]. On the basis of this, the
TL representing the junction waveguide of the input arm
and the interface admittance YI from the bottom panel in
Fig. 3(a) can be defined by the following 2 × 2 matrices
[35]:

ABCDx =
[

cos(βxlx/2) −iZx sin(βxlx/2)

−i 1
Zx

sin(βxlx/2) cos(βxlx/2)

]
, (4a)

ABCDYI =
[

1 0
YI 1

]
. (4b)

An overall total ABCD matrix defining the circuit in
Fig. 3(a) (bottom panel) can then be obtained by sim-
ply multiplying the two matrices described above. i.e.,
ABCDeq = ABCDYI · ABCDx. The scattering parameters
for the reflection and transmission coefficients, S11 and
S21, for the two-port equivalent circuit in Fig. 3(a) (bottom
panel) can then be calculated as [52]

S11 = AeqZtot1 + Beq − Ceq ZwZtot1 − DeqZw

AeqZtot1 + Beq + CeqZwZtot1 + DeqZw
, (5a)

S21 = 2
√

Re{Zw}Re{Ztot1}
AeqZtot1 + Beq + CeqZwZtot1 + DeqZw

, (5b)

where Zw denotes the complex conjugate operator,
Aeq, Beq, Ceq, and Deq are the components of the ABCDeq
matrix, and Re{ } denotes the real component [45].

Once a circuit model has been defined, the main chal-
lenges are now to calculate YI and YJ and to understand
how they affect the overall response of the equivalent cir-
cuit. Results for the influence of these two admittances

are presented in Fig. S3 in Supplemental Material [44],
showing that varying the value of YI has a negligible effect
on enabling the model to accurately represent the structure;
therefore, we focus our efforts on calculating YJ . More-
over, as shown in Fig. S3(c), a constant value of admit-
tance enables the TL model to match only the first peak
from the numerical results, as expected, indicating that a
frequency-dependent �J (f /fcx ) [i.e., YJ (f /fcx )] is neces-
sary to model the full spectral response of the proposed
structure. Because of the complexity of the calculation of
the frequency-dependent admittance via closed-form solu-
tions, we developed an algorithm that uses the TL model
from Fig. 3(a) and allows us to calculate the admittance
within the frequency range under study by considering the
numerically calculated transmission and reflection spectra,
i.e., a quasianalytical or inversion-based fitting technique
[35,53]. From these results, agreement between the numer-
ical and theoretical values for |S′

21| is expected. As shown
in Fig. 3(c), the theoretical results for |S11| fit the numerical
results well for all resonances except the second reso-
nance, where there is a missing set of values that extend
below |S11| = 0.5. For the transmitted spectra towards
port 2, |S21|, the numerical results for the first resonance
reach |S21| = 0.5 at the resonant frequency, the condi-
tion for perfect splitting [as shown in Fig. 2(b)]. With the
lumped-element representation [shown in Fig. 3(a)], we
should expect a perfect-splitting transmission of |S′

21| =√
0.75 ≈ 0.8660 because all output ports have now been

combined into a single parallel impedance. Similarly, the
value of |S′

21| from the numerical solutions should also
agree with this value. This can be seen in Fig. 3(b),
where |S′

21| has a value of 0.8655 for the first resonance,
for instance. With our theoretical approach, the analyti-
cally calculated values of |S′

21| for the three resonances
shown in Fig. 3(c) (first, third, and fourth columns) are
0.8657, 0.8660, and 0.8660, respectively, with all three
values demonstrating a close fit to the numerical solutions
[also shown in Fig. 3(c)]. However, because of the unequal
splitting nature of the second resonance (where straight-
through transmission of approximately 1 is obtained, as
discussed in Fig. 2), a different circuit model would be
required to fit the transmission spectrum around this reso-
nance. This could be done, for instance, by one considering
series impedances (one per arm) connected to the junction
parallel admittance YJ . In this context, each of these series
impedances could be different to account for nonequal
splitting between all the arms. However, this is beyond the
scope of the present work as our aim is to use the proposed
structure for perfect splitting of EM signals. As discussed,
this method of implementing a conic section enables us to
calculate values of YJ (or its coefficient �J ) that satisfy the
numerically calculated scattering parameters. However,
as this is done with only the perfect-splitting magnitude
requirement, one cannot assume that the phase condition
for perfect splitting will also be satisfied. In Supplemental
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Material [44], we explore an alternative technique to
retrieve YJ for the first resonant frequency where the
perfect splitting constraints are directly taken into account,
such as the phase difference between output and input ports
and voltages at each port.

B. Perfect splitting: N-port configurations

The previous sections focused on the study of the struc-
ture in Fig. 2(a) using a four-port configuration of intercon-
nected rectangular waveguides for perfect splitting. The
aim in this subsection is to demonstrate how the proposed
structure can also be used for an arbitrary number of ports
N. To do this, one should consider the following: (i) As
discussed in Figs. 1–3, an incident signal applied from an
input port will see a different impedance at the center of
the junction waveguides, an impedance that will depend
on the number of arms N − 1 connected to the junction
(see Fig. 1). Because of this, it would be expected that if
N is changed, the resonant frequency at which the perfect
splitting occurs will also shift. (ii) Moreover, the role of
the dimensions of the cross section and the length of the
outer waveguides and the junction waveguides should also

be taken into account as, for instance, the latter waveguides
will limit the number of arms that one can connect at the
center. Initial numerical studies were performed with the
structure in Fig. 2(a) for three-, four-, and five-port con-
figurations. From this, an increase in the number of ports
caused a redshifted perfect-splitting frequency (i.e., a shift
towards the cutoff frequency of the outer waveguides fcw ,
not shown). On the basis of this, to be able to increase the
number of arms (and hence ports) connected at the junc-
tion and to prevent the perfect-splitting frequency from
falling below fcw (which would prevent perfect splitting
from occurring as all outer and junction waveguides would
be operating below the cutoff frequency of their funda-
mental mode), in this subsection both the outer-waveguide
and the junction-waveguide cutoff frequencies are modi-
fied to fcw = 1.0 GHz and fcx = 1.8 GHz, respectively. As
observed, fcx has now been increased compared with the
frequency for the structure discussed in Figs. 1–3; this is
to enable the redshifting of the perfect-splitting frequency
when N is increased to be greater than fcw and less than
fcx , as mentioned before, without excitation of higher-order
modes in the outer waveguide (i.e., fcx < 2fcw in our case).

(a)

(b)

(c)

FIG. 4. Perfect splitting with N -port interconnected rectangular waveguides. (a)–(c) Left: Ey distribution on the x-z plane (H plane)
for the three-, five, and six-port structures, respectively. Middle: Scattering parameters for the full spectral window. Right: Scattering
parameters for a narrow frequency range around each perfect-splitting resonance from the middle plot. The reflection (towards port
1) and transmission (towards each of the output ports, ports 2 to N ) coefficients |ρ| and |γ | for the three-, five, and six-port struc-
tures are 0.3313 and 0.6669, respectively, 0.5929 and 0.4025, respectively, and 0.6599 and 0.3357 respectively. These results are in
good agreement with the expected values of perfect splitting in ideal TLs as discussed in Sec. II A with |ρ| = |(2 − N )N−1| and
|γ | = |2N−1|.
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Next, we can consider the length of the junction
waveguides as a key parameter to be able to physically
fit an increased number of arms connected to the junc-
tion. As the frequency at which perfect splitting occurs will
be less than fcx , it is the evanescent field inside the junc-
tion waveguides (working below their cutoff frequency
fcx ) that enables perfect splitting. Extending the length
�x will reduce the evanescent field that reaches the cen-
ter of the junction waveguides, meaning that this length
should be carefully chosen such that evanescent coupling
to the junction still exists. A detailed numerical study of
the influence of the length and height of the cross section
of the hollow for the junction waveguides (dimensions �x
and bx = ax�h, respectively) is presented in Supplemental
Material [44], where the results of a parameter sweep of the
height for two junction lengths of the channel are shown.
From those results, increasing �x causes the response of
the structure to be more narrowband, a response that can
be overcome by, for instance, increasing �h (see also
Appendix A, where the spectral response when �x is mod-
ified for a fixed �h is presented). Interestingly, this means
that narrow hollow waveguides are not required in our case
to enable perfect splitting of EM signals. From now on, to
evaluate the perfect-splitting response using N-port struc-
tures and to apply them for computing processes in the
next section, the dimensions �x = 3λcx and �h = 0.5 are
used, with waveguide cross sections modified as explained
above in this section.

The numerical results for the out-of-plane Ey distribu-
tion obtained for the proposed interconnected rectangular
waveguides for N = 3, 5, and 6 arms are shown on the left
panels in Figs. 4(a)–(c). These results are calculated at the
frequency where perfect splitting occurs for each value of
N, respectively. As observed, the field distributions resem-
ble the one shown for N = 4 in Fig. 2, as expected. Scat-
tering parameters for each of the N ports are presented in
the middle in Figs. 4(a)–(c), with additional enlarged plots
around the perfect-splitting resonance shown on the right
panels in Figs. 4(a)–(c). As expected, the perfect-splitting
frequency is redshifted when N is increased, as dis-
cussed above. Moreover, the splitting ratios (|S11|/|SN1|)
for the structures with N = 3, 5, and 6 are approximately
1:2, approximately 3:2, and approximately 2:1, respec-
tively (see the exact values in the caption for Fig. 4).
These results are in agreement with the theoretical val-
ues from Eq. (1), demonstrating how perfect splitting can
be achieved with the proposed structure for N ports. As
shown in Fig. 4, here we have considered N = 6 as the
maximum value. This could be increased by, for instance,
carefully increasing the length of the junction waveguides
to fit more arms while ensuring that the coupled evanes-
cent field still reaches the junction. However, increasing
N will redshift even more the perfect-splitting resonance,
meaning that the dimensions of the outer-waveguide
and junction-waveguide cross sections may need to be

modified (this is beyond the scope of the present work).
The proposed structure for perfect splitting of EM sig-
nals is used in the next section for fundamental computing
processes, including routing of information.

IV. USE OF PERFECT SPLITTING FOR
COMPUTING: EXAMPLES

In the previous sections, perfect splitting of EM signals
was achieved with interconnected rectangular waveguides.
Here it is shown how this performance can be used in fun-
damental computing operations such as routing of informa-
tion and linear comparators. We recently showed how such
operations can be performed with arrays of parallel-plate
waveguides as ideal TLs [34,36]. Here we demonstrate that
it is also possible to use rectangular waveguides, which
are technologically important devices. Interestingly, while
here we focus on two fundamental computing processes,
perfect splitting of EM signals has been shown to be an
interesting mechanism to design, for instance, photonic
structures to calculate temporal derivatives or the solution
of partial differential equations [20,39,41,54]. We envision
that our proposed structures from the previous sections
could also be used in this realm, a study that is currently
under development and that will be presented elsewhere.

A. Routing of EM signals

For this scenario, a four-port (N = 4) configuration of
interconnected rectangular waveguides is used [as dis-
cussed in Fig. 2(a)]. The dimensions of the outer and
junction waveguides are the same as those shown in Fig. 4
(for fcw = 1.0 GHz and fcx = 1.8 GHz). To enable rout-
ing of information from one port to another port, we make
use of the linear interaction between two incident signals
applied from two different ports. Different scenarios con-
sidering input signals from ports 1 and 2 and from ports 1
and 3 are shown in Figs. 5(a) and 5(b) and Figs. 5(c) and
5(d), respectively, with use of different phases between the
two incident signals.

We first focus on the case shown in Fig. 5(a), where
two incident signals are applied (one from port 1 and one
from port 2). These two signals are in phase, as represented
in Fig. 5(a)(i) as solid red and blue waves, respectively.
When we are working at the perfect-splitting resonance,
as described in the previous sections, each incident sig-
nal will split into four signals (eight in total). Each of
the new generated signals is depicted as a dashed line in
Fig. 5(a)(i). All these scattered waves will have the same
magnitude, with a phase difference between the transmit-
ted and reflected signals of π . The final output will simply
be defined by Eq. (1), i.e., the signals traveling towards
ports 1–4 after both incident signals have passed the junc-
tion will be the linear superposition of all the scattered
signals. As a result, some signals will constructively or
destructively interfere due to being in phase or out of
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(a) (b) (c) (d)

(ii)

(i)

(iii)

(ii)

(i)

(iii)

(ii)

(i)

(iii)

(ii)

(i)

(iii)

FIG. 5. Demonstration of routing of information using a four-port interconnected-rectangular-waveguide structure. (a),(b) Input sig-
nals from ports 1 and 2 and (c),(d) input signals at ports 1 and 3 for the in-phase condition and the out-of-phase condition, respectively.
(i) The resulting interference of all the scattered signals generated after the input signals are perfectly split when passing the junction.
(ii) Ey distribution on the x-z plane (H plane). (iii) F parameters for the full spectral window, for each respective input and phase
combination. For completeness, see Appendix B for the full analytical values at the output ports for inputs from ports 1 and 2 with
different phase difference between the incident signals.

phase. This is schematically shown in Fig. 5(a)(i). As
observed, no output signals traveling towards ports 1 and
2 are obtained, while clear output signals exist traveling
towards ports 3 and 4. This behavior is also demonstrated
in Fig. 5(a)(ii), where the numerical results for the Ey
distribution are presented at the perfect-splitting resonant
frequency. Finally, the combined scattering parameters for
two input signals (i.e., the F parameters, representing the
output spectra at a port when the two incident signals
are considered as a simultaneous excitation [55,56]) are
presented in Fig. 5(a)(iii), where it can be seen how full
transmission (value of approximately 1) is obtained at
ports 3 and 4 when working at the first resonance (f /fcx ≈
0.8125). To verify these results, one can apply Eq. (1) with
an input vector of signals x = [1, 1, 0, 0], resulting in the
following output vector of signals y:

y =

⎡
⎢⎣

−0.5 0.5 0.5 0.5
0.5 −0.5 0.5 0.5
0.5 0.5 −0.5 0.5
0.5 0.5 0.5 −0.5

⎤
⎥⎦

⎡
⎢⎣

1
1
0
0

⎤
⎥⎦ =

⎡
⎢⎣

0
0
1
1

⎤
⎥⎦ , (6)

which is in agreement with the values from Fig. 5(a)(iii).
Conversely, consider now two input signals applied
from ports 1 and 2 with a phase difference of π , x =
[1, −1, 0, 0]. This scenario is schematically shown in
Fig. 5(b). Following the same process as in Fig. 5(a)(i), the
final signal transmitted towards each of the ports will be the
linear superposition of all the scattered signals produced
by each of the applied inputs. In this way, the two signals
scattered towards ports 3 and 4 are out of phase, while the
signals scattered towards ports 1 and 2 are in phase. As a
result, output signals are observed only at ports 1 and 2.
This is again in line with Eq. (1), which predicts an out-
put vector of signals y = [−1, 1, 0, 0]T . The numerical
results for this case are shown in Figs. 5(b)(ii) and 5(b)(iii)
for the Ey distribution at the perfect-splitting frequency
and the full spectral response of the F parameters, respec-
tively. Further examples are shown in Figs. 5(c) and 5(d)
for input signals applied from ports 1 and 3 being in phase
or out of phase, respectively. For these two cases, in-phase
input signals [Fig. 5(c)] x = [1, 0, 1, 0] and out-of-phase
input signals [Fig. 5(d)] x = [1, 0, −1, 0], the output
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vector of signals is y = [0, 1, 0, 1]T and y = [−1, 0, 1, 0]T,
respectively, after use of Eq. (1). These results are again
in agreement with numerical calculations, as shown in
Figs. 5(c)(ii) and 5(c)(iii) and Figs. 5(d)(ii) and 5(d)(iii),
respectively.

B. Linear comparator

An interesting application of perfect splitting is that
it can be used to perform the comparison between the
amplitudes of two inputs [36]. Here we demonstrate that
such computing operation can also be achieved with
the proposed perfect splitters via interconnected rect-
angular waveguides. This amplitude-comparison oper-
ation is performed by use of the phase interaction
in a three-port perfect-splitting structure. Consider an
N = 3 interconnected-rectangular-waveguide junction
where ports 1 and 2 are used as inputs, while port 3 is

considered an output port. The amplitude and phase of
the incident and output signals at each port are ai/o

1 and
φ

i/o
1 , ai/o

2 and φ
i/o
2 , and ai/o

3 and φ
i/o
3 , respectively, with

superscripts i and o representing “input” and “output”,
respectively. If the signals from ports 1 and 2 are simulta-
neously applied to the structure with ai

1 = ai
2 but different

phases such that φi
1 − φi

2 = π , and following Eq. (1), ports
1 and 2 will see a reflected signal of opposite phase (or
polarity), while port 3 will see no signal. Such perfor-
mance can then be exploited to compare the amplitude
of two incident signals. Note that a phase difference of
π between the incident signals is necessary to facilitate
destructive interference between them, enabling the output
phase to be dominated by the phase of the larger incident
signal (see Appendix C for the effect of using different
phases of the input signals). As shown in Ref. [36] using
ideal parallel-plate waveguides, a comparator operation

(a) (b)(i)

(ii)

(i)

(ii)

FIG. 6. Demonstration of a N = 3 interconnected-rectangular-waveguide-junction amplitude comparator. (a) Case 1, ai
1 > ai

2.
(b) Case 2, ai

1 < ai
2. (i) Ey distribution on the x-z plane (H plane) at the resonant frequency shown as a vertical dashed line in

(ii). The signals shown as insets represent how the scatterings produced by the two incident signals interact. This enables a compari-
son operation through their superposition when they are propagating along the third waveguide (output waveguide, green signal). (ii)
F-parameter phase for a narrow spectral window around the first resonance where perfect splitting occurs (f /fcx ≈ 0.9269).
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can be done by one considering two square pulses with
opposite polarities applied to ports 1 and 2 in an N = 3
network of ideal waveguides. Then one can look at the
phase (polarity) of the output pulse towards port 3 and
determine which input pulse had the largest amplitude. A
demonstration of this scenario using our approach is shown
in Fig. 6. First, we can consider the two incident signals
defined by the input vector x = [−1, 0.7, 0] (noting that
both incident signals have different amplitude and oppo-
site phase). Following Eq. (1), the output vector of signals
is as follows:

y =
⎡
⎣

−1/3 2/3 2/3
2/3 −1/3 2/3
2/3 2/3 −1/3

⎤
⎦

⎡
⎣

−1
0.7
0

⎤
⎦ =

⎡
⎣

0.8
−0.9
−0.2

⎤
⎦ , (7)

which demonstrates that the phase of the output signal at
port 3 is dominated by the phase of the input signal at port 1
(the larger-amplitude input) since both values are negative.
These results are in agreement with Fig. 6(a)(i), where the
Ey distribution on the x-z plane is plotted. As observed, the
phase of the output signal at port 3 is the same as the phase
of the output signal at port 2 but opposite that of the output
signal at port 1, in agreement with Eq. (7).

For completeness, the output-signal phase spectra are
shown in Fig. 6(a)(ii), where it is also seen how the phases
are in agreement with Eq. (7). Finally, the opposite con-
dition is also demonstrated in Fig. 6(b), where now the
amplitude of the incident signal from port 2 is larger than
that from port 1. Here x = [−1, 1.3, 0], resulting in an out-
put vector y = [1.2, − 1.1, 0.2]T from Eq. (1). Note that
now the phase (polarity) of the signal at port 3 is the same
as the phase of the input signal from port 2, which is the
opposite of what happened in the example in Fig. 6(a),
corroborating that now the incident signal from port 2
has higher amplitude than the incident signal from port 1.

The corresponding numerical results for the Ey distribu-
tion at the resonant frequency along with the F-parameter
phase are shown in Figs. 6(b)(i) and 6(b)(ii), respectively,
demonstrating good agreement with the theoretical val-
ues. The results presented here may also be scaled to
higher frequencies such as the optical regime via plas-
monic waveguides modeled via TL and equivalent-circuit
techniques [57,58].

V. CONCLUSION

A structure to achieve perfect splitting of EM waves
has been proposed and evaluated both theoretically and
numerically. The proposed structure consists of N inter-
connected rectangular waveguides. It was demonstrated
that perfect splitting cannot occur when one considers
just the junction of waveguides given that their width
(in the direction perpendicular to the electric field) is on
the order of the wavelength at the operational frequency.
To tackle this, additional outer waveguides, with a cut-
off frequency below that of the junction waveguides, were
considered. Thus, it was shown that it is possible to achieve
perfect splitting of EM waves when working below the
cutoff frequency of the junction waveguides, i.e., there is
an evanescent field coupled to the junction waveguides,
exciting a junction resonance. The proposed structure was
then evaluated theoretically with use of TL models, and it
was demonstrated how the evanescent coupling and junc-
tion resonant frequency can be approximately modeled
via parallel admittances in the equivalent circuit. Dif-
ferent scenarios of perfect splitting were demonstrated,
including N = 3, 4, 5, and 6 interconnected waveguides,
showing excellent agreement with the theory of perfect
splitters. Finally, the proposed structure was used to per-
form fundamental computing operations, such as routing
of information and comparison operations. We envision

(a) (b)

FIG. 7. (a) Numerical results for S11 as a function of f /fcx and �x/λcx . (b) FWHM (blue) and frequency shift �f (red). �f represents
the change in center frequency of the first resonance from its frequency at �x/λcx = 1.04. These parameters were obtained by our
considering the waveguide cross sections as those in Fig. 2(a).
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FIG. 8. Full output of a four-port perfect splitter with two
inputs of equal magnitude at port 1 and port 2 when the
input phase is varied analytically calculated with the perfect-
splitter scattering matrix defined in Eq. (1) and input vector
x = [1, 1eiφ , 0, 0], where φ is the phase difference between port 2
and port 1, with the phase of the signal at the latter port as zero
(used as a reference).

that the proposed mechanism for perfect splitting of EM
waves could be implemented in large networks to perform,
for instance, the solution of partial differential equations
of derivatives in both the time domain and the frequency
domain, opening up further opportunities for computing
with waves.

The datasets generated and analyzed during the current
study are available from the corresponding author upon
reasonable request.
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APPENDIX A

The effect of changing the dimension �x using a four-
port junction of rectangular waveguides as proposed in
Fig. 2(a) is shown in Fig. 7, where a contour plot of the
reflection spectra as a function of �x for the first reso-
nant frequency is presented. Figure 7 shows the effect of
increasing the channel length on the FWHM and the posi-
tion of the first resonance. Larger values of �x will reduce
the evanescent field coupled to the junction waveguides,
meaning that perfect splitting will eventually disappear.

APPENDIX B

In Fig. 5 it is shown how routing of information can
be achieved with a four-port interconnected-rectangular-
waveguide structure when two ports are excited either in
phase or out of phase. For completeness, Fig. 8 presents
the full set of output signals theoretically calculated with
Eq. (1) for ideal interconnected transmission lines.

APPENDIX C

In Sec. IV B, a phase difference of π between the
input signals is used, the reasoning behind this is that
with a phase difference of π , the phase of the output sig-
nal is equals to the phase of the input signal with larger

(a) (b) (c)

FIG. 9. Output phases of a three-port perfect splitter for two input cases xa and xb. Phase of the signal at the output port (port 3) for
three different input magnitude ratios—(a) 1.01:1, (b) 1.5:1, and (c) 10:1—for the cases where the magnitudes of port 1 (|port 1|) and
port 2 (|port 2|) are: |port 1|>|port 2| (blue lines) and |port 1|<|port 2| (orange lines).
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magnitude. However, diverging from this condition, the
output phase is not equal to the phase of either input signal.
This is highlighted in Fig. 9. When the magnitude of the
two input signals are almost equal, it can be seen that the
output phase diverges from either input phase as the phase
difference diverges from π . Comparatively, as we increase
the difference between the magnitudes of the incident sig-
nals in Figs. 9(b) and 9(c), the output phase is close to the
phase of the larger input signal. However, the output phase
is only exactly equal to the phase of the larger magnitude
when the input phase difference is π .
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