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Harnessing thermal waves for heat pumping
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Based on the nonlinear propagation of thermal diffusion waves, we demonstrate the existence of a net
heat current even in the absence of a mean temperature gradient. Unlike the steady-state heat current, this
current of thermal waves is not driven by the material thermal conductivity, but rather by its temperature
derivative. The heat current propagates outward or inward of its excitation source when the thermal con-
ductivity increases or decreases with temperature, respectively. The modulation of the heat flux direction
can thus be achieved by varying the material temperature around the thermal conductivity peak exhib-
ited by various dielectrics. For a silicon plate with a thermal conductivity peak at 40 K that supports the
propagation of thermal waves with an excitation amplitude of 10 K, we observe a net heat flux exceeding
60 W cm−2 at 20 K and falling below −20 W cm−2 at 65 K. Larger excitation amplitudes allow higher or
lower heat fluxes to be achieved, which makes them easy to observe and potentially apply for harvesting
or evacuating thermal energy in systems undergoing natural temperature fluctuations on earth and in outer
space.
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I. INTRODUCTION

Thermal diffusion waves are temperature fluctuations
that drive many physical phenomena, including heat con-
duction and thermal imaging in solids, liquids, and gases.
These temperature oscillations form the basis for prob-
ing the properties of materials via several measurement
techniques [1–8]. The propagation of these peculiar waves
is determined by a first-order time derivative of tem-
perature only and they are generated by the transfer of
kinetic energy from hot to cold regions through atomic
collisions. These waves are usually excited with thermal,
optical, and electrical sources periodically modulated in
time with a given frequency. As this modulation frequency
increases, the waves’ propagation distance decreases [9],
which allows materials to be probed at different depth
positions. However, the average heat flux of the thermal
waves over one oscillation period is zero, as established
by Fourier’s law of heat diffusion [10]. Therefore, unlike
electromagnetic or acoustic waves, the thermal waves do
not carry energy, which avoids their application as effec-
tive heat carriers. This zero-energy propagation arises in
materials with constant thermal properties and could be
overcome in nonlinear media [11].

*Corresponding author: jose.ordonez@cnrs.fr,
ordonez@iis.u-tokyo.ac.jp

Nonlinear heat conduction driven by a temperature-
dependent thermal conductivity is of primary importance
to efficiently control heat currents [12–14]. Given that the
generation, transport, and utilization of the global energy
involves the loss of around 70% in the form of waste
heat that is mainly released into the environment [15], this
heat control can help optimize the energy consumption
[16]. The temperature dependence of the thermal con-
ductivity generates an asymmetric material response that
has been used to develop thermal analogs of electronic
devices, such as thermal diodes [4,17–21], thermal tran-
sistors [22,23], thermal logic gates [24], thermal memories
[25], and thermal memristors [26,27]. Based on the asym-
metric temperature variations of the thermal conductivities
of two materials, Shen et al. [28] developed a temperature-
trapping theory and proposed an energy-free thermostat
able to self-maintain a desired constant temperature with-
out consuming energy. More recently, Wang et al. [29]
introduced thermoelectric effects in this theory and pro-
posed a negative-energy thermostat capable of generating
electricity from a constant ambient temperature. These
conceptions of thermal devices thus capitalize on the non-
linear heat conduction under steady-state conditions and do
not consider the natural and daily temperature fluctuations
of the environment. In fact, until now, very few works have
tackled the nonlinear heat conduction periodically modu-
lated in time [30–32]. By exciting a nonlinear asymmetric
lattice with a temperature difference oscillating with time,
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the appearance of a net heat current was predicted in the
absence of an average thermal bias [33–35]. This net heat
flux was also obtained by exploiting the metal-insulator
transition of a VO2 ribbon supporting the propagation of
thermal diffusion waves [11,36,37]. The temperature oscil-
lations have also been applied to generate exotic effects,
such as the reciprocity of thermal diffusion [38], the config-
urable phase transitions of a topological material [39], and
the rectification of thermal-wave heat currents [40]. Such
fine-tuning of dynamical heat fluxes in idealized micro-
scopic nonlinear lattices or phase-change materials with a
narrow transition temperature range is also expected to be
possible with common and abundant dielectric materials
exhibiting significant variations of their thermal conduc-
tivity in a wide enough temperature interval. In particular,
the competing effects of different scattering mechanisms
of phonons in these materials often result in a thermal con-
ductivity peak at a certain temperature. For instance, unlike
the monotonic variation of the VO2 thermal conductivity
mainly from 340 to 345 K [11], the thermal conductivity
of silicon (Si) peaks at 40 K and exhibits sizable changes
for temperatures between 20 and 400 K. As the sign of this
thermal conductivity slope changes in the vicinity of its
peak, the excitation and propagation of thermal waves in Si
and similar dielectrics could lead to the harvesting (pump
in) or evacuation (pump out) of heat currents. However,
this thermal conductivity peak of various dielectrics has
not yet been exploited to tune the magnitude and direction
of the net heat flux of thermal waves.

In this work, we theoretically demonstrate the existence
of a net heat current generated by thermal waves propagat-
ing in a dielectric, even in the absence of a mean tempera-
ture gradient. In contrast to the usual steady-state heat con-
duction, the intensity and direction of this thermal-wave
heat current are no longer driven by thermal conductivity,
but rather by its temperature derivative. Our quantitative
results for a Si plate uncover a nonlinear mechanism of
modulated heat diffusion that could be useful to harvest
thermal energy from the temperature fluctuations of the
environment or systems out of equilibrium.

II. THEORY

Let us consider two thermal baths exchanging heat
through conduction via a material of length l, due to their
temperature difference Th − Tc + �T cos(ωt) periodically
modulated in time t, as shown in Fig. 1. To ensure the mate-
rial thermalization, we suppose that the modulation period
2π/ω is much longer than the material thermalization
time (the time required to reach the thermal equilibrium
among the material phonons), which is typically shorter
than 100 µs, for a broad variety of dielectrics [42]. The
thermal conductivity k(T) and volumetric heat capacity
C(T) of the material depend strongly on temperature T, as
is the case for Si [Fig. 1(b)] and most materials in a large
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FIG. 1. (a) Scheme of a solid plate supporting heat conduction
between two thermal baths due to their temperature difference
Th − Tc + �T cos(ωt) periodically modulated in time. The non-
symmetric oscillations of the heat flux q around its steady-state
value (dashed white line) generate a net heat flux of thermal
waves, whose intensity and direction are represented by the wavy
arrows. (b) Si thermal conductivity and its temperature derivative
as functions of temperature. The black points on top of the red
curve represent experimental values of the thermal conductivity
of bulk Si [41].

enough interval of temperatures. Assuming that the system
sides at x = 0 and l are uniformly heated up by the thermal
baths, the one-dimensional heat conduction is character-
ized by the spatiotemporal distribution of the temperature
T(x, t) and heat flux q(x, t) given by the following diffusion
equation and Fourier’s law, respectively:

∂

∂x

(
k(T)

∂T
∂x

)
= C(T)

∂T
∂t

, (1a)

q = −k(T)
∂T
∂x

. (1b)

As illustrated in Fig. 1(a), the temperature is subjected
to the boundary conditions T(0, t) = Th + �T cos(ωt) and
T(l, t) = Tc, with �T being the amplitude of the periodic
modulation at frequency ω. Equation (1a) does not have
an analytical solution for general temperature functions
of k(T) and C(T), and therefore its solution should be
obtained numerically. However, when the modulation fre-
quency ω is low enough and/or the length l is sufficiently

054037-2



HARNESSING THERMAL WAVES FOR HEAT PUMPING PHYS. REV. APPLIED 21, 054037 (2024)

small, the transient effects can be neglected (∂T/∂t → 0)
and Eq. (1a) becomes independent of the heat capacity.
In this quasisteady regime, the heat flux becomes inde-
pendent of the position, as established by Eq. (1a). For a
material with constant thermal properties (independent of
temperature and position), this regime is reached for ω �
2k/Cl2 (thermally thin material) [11]. Considering that the
Si thermal diffusivity α = k/C = 0.8 and 278.6 cm2/s at
300 and 40 K [41,43], the quasisteady-state regime in a
5-mm-long Si plate at these temperatures is expected to
appear for ω � 6.4 and 2230 rad/s, respectively. Under
this thermally thin condition used throughout this work,
the analytical integration of Eq. (1a) yields

ql =
∫ Th+�T cos(ωt)

Tc

k(T)dT. (2)

The heat flux is thus driven by the temperature depen-
dence of the thermal conductivity inside the interval
[Tc; Th + �T cos(ωt)] modulated in time. Considering that
the modulation amplitude �T is much smaller than its
steady-state counterpart (�T � Th), the right-hand side
of Eq. (2) can be expanded in a Taylor series as fol-
lows:

ql =
∫ Th

Tc

k(T)dT + �T cos(ωt)k(Th)

+ [�T cos(ωt)]2

2!
k′(Th)

+ [�T cos(ωt)]3

3!
k′′(Th) + . . . . (3)

The average heat flux q̄ = τ−1
∫ τ

0 q(t)dt over one period
τ = 2π/ω then becomes independent of frequency ω and
is given by

q̄l =
∫ Th

Tc

k(T)dT +
(

�T
2

)2

k′(Th)

+
(

�T

2
√

2

)4

k′′′(Th) + . . . . (4)

The first term on the right-hand side of Eq. (4) represents
the steady-state heat flux qss, which reduces to its usual
value qss → k(Th − Tc)/l for a temperature-independent
thermal conductivity (k = constant), as expected. When
k does depend on temperature, on the other hand, the
periodic excitation �T cos(ωt) generates an additional net
contribution that increases with the temperature deriva-
tives of odd order of k(Th) and even powers of �T, as
established by Eq. (4). This thermal-wave heat flux appears
even in the absence of the steady-state one (Th = Tc = T)
and its leading contribution is driven by the slope of k(T).
In this case (qss = 0), the relation q̄l ≈ k′(T) (�T/2)2, for

an approximation up to (�T/T)3, provides an effective
way to control the intensity and direction of the net heat
flux. If the thermal conductivity increases with temper-
ature (k′(T) > 0), the thermal-wave heat flux propagates
from the thermal bath with a modulated temperature to
that with a steady-state temperature, reversing its direction
for k′(T) < 0. The sign of k′(T) thus drives the direc-
tion of the modulated heat flux, which disappears for
any temperature satisfying the relation k′(T) = 0. As the
thermal conductivity of most materials depends on tem-
perature, this net heat flux of thermal waves is expected
to appear and disappear in practically any solid material,
even in the absence of a mean temperature gradient, and
is analogous to the enhanced thermal convection observed
in fluids subjected to temporally oscillating temperatures
[3,44].

According to the mean value theorem applied to the inte-
gral in Eq. (2), the effective thermal conductivity of the
material exposed to a dynamical temperature difference is
given by

keff = ql
Th − Tc + �T cos(ωt)

. (5)

The values of keff thus exhibit a strong nonlinear depen-
dence on time due to the oscillations of its numerator
and denominator. After inserting Eq. (3) into Eq. (5) and
expanding its denominator in powers of �T/(Th − Tc),
one obtains the following average of keff over one period
τ = 2π/ω:

k̄eff = q̄l
U

− 1
2

(
�T
U

)2
[

k(Th) +
(

�T

2
√

2

)2

k′′(Th)

]
+ . . . ,

(6)

where the average heat flux q̄ is defined in Eq. (4) and we
assumed that �T � U = Th − Tc. For a linear approxima-
tion on �T/U, Eqs. (4) and (6) predict that the average heat
flux and average effective thermal conductivity are related
by Fourier’s law q̄ = k̄eff (Th − Tc) /l, as is the case for
their temporal counterparts in Eq. (5). On the other hand,
for an approximation up to (�T/U)2, the values of k̄eff are
driven not only by q̄ but also by k and its second-order
temperature derivative, due to the propagation of thermal
waves. The thermal response of the material is therefore
determined by the coupling of the steady-state and mod-
ulated effects, such that its effective thermal conductivity
can be higher and lower than its steady-state counterpart k̄,
depending on ρ and k′(Th). For Th = Tc = T, on the other
hand, Eqs. (3) and (5) establish that the effective thermal
conductivity is given by

k̄eff = k(T) + �T 2

12
k′′(T) + . . . . (7)
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In contrast to the average heat flux q̄, the contribution of
the thermal waves to k̄eff is driven by the second-order
temperature derivative of k. The dependence on k and
k′′ arises from the definition of keff = ql/ [�T cos(ωt)] in
Eq. (5), which keeps the average contribution of k and
k′′, and cancels out that of k′, for Th = Tc. The differ-
ence between Eqs. (6) and (7) thus establishes that the
material thermal response is driven by the temperature
difference Th − Tc. In any case (Th > Tc or Th = Tc), the
excitation and propagation of thermal waves are expected
to increase or decrease the effective thermal conductiv-
ity of nonlinear materials. Therefore, these waves could
be used as effective heat carriers to harvest or evac-
uate thermal energy via the environmental temperature
fluctuations.

III. RESULTS

The thermal energy harvesting or evacuation in a
dynamical system without and with a mean temperature
gradient will now be quantified for a Si plate, a common
dielectric with a thermal conductivity exhibiting a peak at
40 K, as shown in Fig. 1(b).

Figure 2 shows the time oscillations of the heat flux q,
temperature difference δT = �T cos(ωt), and thermal con-
ductivity driving the propagation of thermal waves in a Si
plate, for three representative temperatures T = Th = Tc
around the peak temperature of its thermal conductivity.
Since there is no steady-state temperature difference and
the average of δT vanishes, over one period τ = 2π/ω, q
represents the heat flux of thermal waves only and hence
oscillates around zero. These q oscillations, predicted by
Eq. (2), are accurately confirmed by the numerical solu-
tion (points) of Eq. (1a) and follow those of δT. Both q and
δT take positive values for 0 < ωt < π/2 and 3π/2 < ωt
< 2π (green zones), and negative ones for π/2 < ωt <

3π/2 (yellow zone). The positive and negative values of
q are thus determined by δT, while the shape of the tempo-
ral q profile is driven by that of the thermal conductivity.
For T < 40 K [Fig. 2(a)], the temperature of the modu-
lated thermal bath oscillates between T − �T = 5 K and
T + �T = 35 K, for which the temperature derivative of k
is positive and q exhibits asymmetric oscillations taking
positive values higher than its negative ones (in magni-
tude). This asymmetry over one period generates a positive
average heat flux (q̄ > 0) and hence it flows from the mod-
ulated thermal bath to that with a steady-state temperature
[from left to right in Fig. 1(a)]. For T = 40 K [Fig. 2(b)],
on the other hand, the q oscillations become symmetrical
around zero and therefore their average vanishes (q̄ = 0).
This symmetry is induced by that of k, whose temperature
derivative takes positive and negative values for the mod-
ulated thermal bath temperatures from T − �T = 25 K to
40 K and from 40 K to T + �T = 55 K, respectively.
By contrast, for T > 40 K [Fig. 2(c)], the temperature of
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FIG. 2. Time evolution of the heat flux, temperature differ-
ence δT = �T cos(ωt), and Si thermal conductivity driving the
heat conduction along a Si plate excited with Th = Tc = T and
(a) T = 20 K, (b) T = 40 K, and (c) T = 60 K. The green and
yellow zones represent positive and negative heat fluxes, respec-
tively. Calculations were done for l = 5 mm, ω = 1 rad/s and
�T = 15 K. Points represent the numerical predictions of finite-
element method (FEM) simulations.

the modulated thermal bath oscillates between T − �T =
45 K and T + �T = 75 K, for which the temperature
derivative of k is negative and q exhibits asymmetric
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FIG. 3. Temperature evolution of the averaged heat flux in a
Si plate subjected to T = Th = Tc, l = 5 mm, and ω = 1 rad/s.
Points represent the predictions of FEM simulations.

oscillations dominated by negative values. Therefore, the
average of q is expected to be negative (q̄ < 0) and flows
from the thermal bath with constant temperature to that
with a modulated one [from right to left in Fig. 1(a)].

The average heat flux q̄ of thermal waves propagat-
ing along a Si plate is shown in Fig. 3 as a function of
the temperature T = Th = Tc. The analytical predictions
(solid lines) of Eq. (4) are in very good agreement with
the numerical ones (points) predicted by the finite-element
method implemented in Comsol Multiphysics 6.2. Note
that q̄ increases with �T and vanishes at the Si peak tem-
perature of 40 K, for the three values of �T. According
to Fig. 1(b), this disappearance of the net heat flux arises
from the vanishing temperature derivative of the thermal
conductivity (k′(T) = 0 for T = 40 K), as predicted by
Eq. (4). Further, q̄ takes positive and negative values for
T < 40 K (k′(T) > 0) and T > 40 K (k′(T) < 0), respec-
tively. This behavior of q̄ indicates that the approximation
q̄l ≈ k′(T) (�T/2)2 of Eq. (4) is sufficiently accurate for
the three relatively small values of the temperature ampli-
tude �T. Further, the negative minimum of q̄ at T = 64.9 K
is generated by the dip of k′(T) shown in Fig. 1(b). The
Si plate excited with a temperature difference periodically
modulated in time can thus be used as a modulator of
the intensity and direction of the net heat flux of thermal
waves.

In presence of a temperature difference U = Th −
Tc �= 0, the heat conduction in the Si plate is driven not
only by thermal waves, but also by the standard steady-
state diffusion, as predicted by Eq. (3). The heat flux q
and its average q̄ over one period are shown in Fig. 4
as functions of time and temperature Th �= Tc = 40 K. In
contrast to the heat flux obtained for Th = Tc = T [see
Fig. 2 and the red line in Fig. 4(a)], q only oscillates
through negative or positive values, for Th = 20 K (U =
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FIG. 4. (a) Time evolution of the heat flux and (b) its averaged
counterpart as a function of temperature Th �= Tc = 40 K, for two
amplitudes of the periodic excitation. The dashed lines in (a), (b)
stand for the difference of temperature and heat flux specified in
their right-hand-side vertical axes, respectively. Points represent
the FEM numerical predictions. Calculations were done for l =
5 mm, ω = 1 rad/s, and �T = 15 K in (a).

−20 K) and Th = 60 K (U = +20 K), respectively. The
direction of q is thus mainly determined by the sign of
the steady-state temperate difference U, while its time
evolution is asymmetric with respect to the temperature
difference oscillations (dashed lines) that generate it. This
asymmetry results from the nonlinear dependence of q on
Th − Tc + �T cos(ωt) [see Eq. (2)] and yields an average
heat flux that increases monotonically with Th, as shown in
Fig. 4(b). The magnitude of q̄ also increases with |U|, but
it is nearly independent of the modulation amplitude �T.
This fact indicates that the values of q̄ are driven by its
steady-state component (qss), as confirmed by the heat flux
difference q̄ − qss (dashed lines), which is about one order
of magnitude smaller than q̄, for a given Th. Therefore, the
thermal waves do not contribute significantly to the heat
conduction in a Si plate excited with relatively small values
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FIG. 5. (a) Time evolution of the effective thermal conductiv-
ity and (b) its averaged counterpart as a function of temperature
Th > Tc = 40 K, for two amplitudes of the periodic excitation.
The dashed lines in (a) stand for the temperature difference spec-
ified in its right-hand-side vertical axes, while the black line in (b)
represents the Si thermal conductivity. Calculations were done
for l = 5 mm and ω = 1 rad/s.

of �T ≤ 15 K. However, higher thermal-wave heat fluxes
are expected for larger modulation amplitudes.

The asymmetry of the heat flux variation with time is
also exhibited by the effective thermal conductivity keff,
as shown in Fig. 5(a). For Th = 20 K, keff opens upward
and changes significantly over one period of time. These
changes reduce for Th = 60 K, for which keff opens down-
ward. By contrast, for Th = 40 K, the oscillations of keff
shrink through values that are relatively higher than those
obtained for Th = 20 and 60 K. This fact indicates that the
average effective thermal conductivity k̄eff is expected to
take its maximum at the peak temperature (40 K) of the
Si thermal conductivity, as confirmed by Fig. 5(b). For a
given temperature in the vicinity of Th = 40 K, the val-
ues of k̄eff are smaller than its corresponding steady-state
counterpart k̄. The relatively small increase of the thermal

conductivity difference k̄ − k̄eff with the modulation ampli-
tude �T is consistent with the heat flux behavior shown in
Fig. 4(b) and could be enhanced for �T > 15 K.

IV. DISCUSSION

Assuming that the Si plate separates an outdoor environ-
ment (left thermal bath) from an indoor one (right thermal
bath) at nearly the same mean temperature, the proposed
heat modulator could be used to harvest or evacuate ther-
mal energy via the outdoor temperature fluctuations. If
the environment is at low temperature (T < 40 K), the
net heat flux flows from outdoors to indoors and hence
the modulator harvests thermal energy. By contrast, if the
environment is at high temperature (T > 40 K), the net
heat flux flows from indoors to outdoors and therefore the
modulator evacuates thermal energy. As the outer space
temperature may fluctuate in the vicinity of the peak tem-
perature (40 K) of the Si thermal conductivity, the Si plate
could be used as a harvester or evacuator of thermal energy
in spatial missions close to the edges of our solar system.
The proposed heat flux modulator could, of course, also be
applied on earth; however, its operation requires the devel-
opment of materials with a thermal conductivity peak close
to 300 K. These materials could be based on (Pb1−xSnx)Se,
a solid made up of cubic lead selenide (PbSe) and layered
tin selenide (SnSe), whose thermal conductivity exhibits a
peak at 373 K [45].

The fact that both k̄eff and k̄ are significantly higher than
the Si thermal conductivity [Fig. 5(b)], for temperatures
outside the neighborhood of Th = Tc = 40 K, shows that
silicon becomes a better thermal conductor, when exposed
to large temperature gradients, as predicted by Eq. (6). The
steady-state temperature difference Th − Tc and the modu-
lation amplitude �T thus represent two degrees of freedom
to modulate the effective thermal conductivity and total
heat flux in silicon. This modulation of key thermal param-
eters could also be obtained with other materials whose
thermal conductivity significantly changes with tempera-
ture. As these changes are typically present for tempera-
tures around the thermal conductivity peak of dielectrics,
the proposed thermal modulation paves the way to harvest-
ing or evacuating heat through temperature fluctuations
propagating in a great variety of materials.

The net heat flux of thermal waves could be measured
by placing a Si plate between two Peltier cells, which typ-
ically control temperatures with a resolution better than
0.1 K and modulation frequencies from 0.1 to 100 Hz [46].
The modulated temperature of the left-hand-side surface
of the Si plate can be set with a Peltier cell, while its right-
hand-side surface is kept at constant temperature with a
second Peltier cell. The heat flux in the cell–Si–cell system
could then be recorded through a heat flux sensor in contact
with the left-hand-side Peltier cell, as was experimentally
done for other systems [47].
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Although this work is limited to quantifying the net
heat flux of thermal waves for a sinusoidal thermal exci-
tation only, we anticipate that this thermal energy could
also be harvested or evacuated for an external tempera-
ture excitation with an arbitrary dependence on time. By
expressing this latter excitation as a superposition of sines
and cosines via its Fourier series, Fourier’s law estab-
lishes that the average heat flux of thermal waves is still
driven by the temperature derivative of the thermal con-
ductivity, as shown in our previous work [11]. Further, the
harvesting or evacuation of the thermal-wave heat currents
is also expected to be present for non-quasisteady-state
regimes, for which the heat capacity effects become impor-
tant. These high-frequency effects will generally change
the spatial distribution of the temperature profile (for
Th �= Tc) and therefore the net heat flux of thermal waves
will be driven not only by the temperature dependence of
the thermal conductivity, but also by that of heat capacity,
as established by Fourier’s law of heat conduction.

V. CONCLUSIONS

We have demonstrated the existence of a net heat flux
driven by the nonlinear propagation of thermal diffusion
waves in a material with a periodically oscillating tem-
perature. This thermal-wave heat flux is determined by
the temperature derivative of the material thermal con-
ductivity and exists even in the absence of an average
temperature difference. In the presence of a net temper-
ature difference, this heat flux amplifies or weakens its
steady-state counterpart depending on the positive or neg-
ative sign of the thermal conductivity slope, respectively.
The total heat flux can thus be tuned by adjusting the mate-
rial’s temperature around its thermal conductivity peak,
common in dielectrics. Further, we have found that the
heat flux increases proportionally to the square of the exci-
tation temperature amplitude. This finding is expected to
facilitate the observation and application of the thermal-
wave heat flux to harvest and dissipate energy in systems
experiencing temperature fluctuations.
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