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In this paper, we present an ab initio methodology to account for electron-phonon interactions in
two-dimensional (2D) materials, focusing on transition-metal dichalcogenides (TMDCs). It combines
density functional theory and maximally localized Wannier functions to acquire material data and relies on
the linearized Boltzmann transport equation (LBTE) and the nonequilibrium Green’s functions (NEGF)
method to determine the transport properties of materials and devices, respectively. It is shown that both
the LBTE and NEGF methods return very close mobility values, without the need to adjust any param-
eters. The excellent agreement between the two approaches results from the inclusion of nondiagonal
entries in the electron-phonon scattering self-energies. The NEGF solver is then used to shed light on the
“current versus voltage” characteristics of a monolayer MoS2 transistor, highlighting how the interactions
with phonons impact both the current magnitude and its distribution. The mobility of other TMDCs is
considered as well, demonstrating the capabilities of the proposed technique to assess the potential of 2D
channel materials in next-generation logic applications.
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I. INTRODUCTION

More than 60 years of electronic device miniaturiza-
tion have pushed silicon, the semiconductor of reference,
toward its intrinsic limit, thus calling for the emergence of
alternative channel materials. Two-dimensional (2D) com-
pounds such as transition-metal dichalcogenides (TMDCs)
are seen as promising candidates to equip future elec-
tronic products due to their unique electronic [1], thermal
[2], and mechanical [3] properties. The first demonstration
of a single-layer molybdenum disulfide (MoS2) transis-
tor [4] moved the focus of the device community toward
single- and few-layer TMDCs as channel of logic switches.
Since then, motivated by technological advancements in
the growth and exfoliation of 2D semiconductors [5,6],
transistors based on a wide range of TMDCs, such as WSe2
[7], WS2 [8], MoTe2 [9], MoSe2 [10], ReS2 [11], HfSe2,
or ZrSe2 [12], have been reported. Notably, a recent work
demonstrated a nanosheet field-effect transistor (FET) in
a gate-all-around configuration with a monolayer MoS2
channel [13]. Despite the progress that has been made in
the fabrication of 2D FETs, these components remain far
from reaching their ultimate potential in terms of carrier
transport. The limits of the latter properties are very often
assessed through theoretical investigations, which allows
for the elimination of nonintrinsic factors, e.g., impuri-
ties or interface defects. What remains are carrier-phonon
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interactions, which play an important role at room temper-
ature [14]. They therefore require a special treatment.

Ab initio methods—in particular, density functional the-
ory (DFT)—have proven invaluable to predict the carrier-
transport properties of solids in the presence of interactions
with phonons. These models involve combining electronic
band structures [15,16] with phonon dispersions [17,18] to
obtain the required electron-phonon (e-ph) interaction ele-
ments [19–22]. The success of these ab initio techniques at
predicting intrinsic carrier transport in bulk materials has
motivated the exploration of phonon-limited mobility in a
variety of 2D semiconductors [23–34]. It should be empha-
sized that these studies on 2D materials often report a broad
spectrum of mobility values, revealing a lack of consensus
and frequent discrepancies with experimental data. Sev-
eral factors can explain the large range of mobility values,
the different DFT settings that are used being probably the
most important one.

The knowledge of the phonon-limited mobility provides
insight into the potential of a given material as a transis-
tor channel but it only tells one side of the story. To assess
the suitability of integrating a material into next-generation
logic devices, the scope of inquiry must be broadened.
Ultimately, what matters is the influence of carrier-phonon
interactions on the current that flows through the transis-
tor, which requires full device simulations. While previ-
ous 2D device simulations have included electron-phonon
interactions [35–37], they have often relied on simplified
models where only a limited portion of these interactions is
retained. The absence of a unified model that allows for the
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inclusion of electron-phonon scattering both in materials
and device calculations motivated the current study. It aims
to link the materials and device properties within a single
framework to enable realistic investigations of transistors
with a 2D channel material.

We introduce a fully atomistic approach to compute
electron-phonon interactions that facilitates the incorpora-
tion of materials properties into device calculations with
focus on 2D materials [38]. The method exploits DFT
and maximally localized Wannier functions (MLWFs) to
extract material data that can be fed either to a lin-
earized Boltzmann transport equation (LBTE) or to a
nonequilibrium Green’s function (NEGF) solver, deliv-
ering a holistic perspective on phonon-limited transport
properties. Through the deployment of this approach, the
impact of electron-phonon scattering on the functionality
of 2D devices can be accurately determined, enhancing
our understanding of the mechanisms limiting the perfor-
mance of these compounds. Furthermore, mobility serves
as a benchmark to validate and cross correlate the results
obtained with the LBTE and NEGF methods. Such com-
parisons ensure the robustness and reliability of the derived
insights.

The paper is organized as follows. In Sec. II, we
present the developed modeling techniques, starting with
the approach to calculate electron-phonon coupling ele-
ments. This section also outlines the electronic structure
method that we have adopted and elaborates on how
electron-phonon scattering is treated within the LBTE and
NEGF frameworks. Section III concentrates on the results
of our research. First, electronic and phononic disper-
sions are reported for various TMDCs, before the mobility
values obtained via both the LBTE and NEGF method-
ologies are compared with each other. Finally, the capa-
bility of the developed simulation framework is demon-
strated through device simulations, highlighting the role
of electron-phonon scattering in influencing both the cur-
rent magnitude and its spectral distribution in a single-gate
MoS2 transistor. The paper is summarized and conclusions
are drawn in Sec. IV.

II. METHODS

In this section, the theoretical basis and computational
frameworks pivotal to this study are laid out. We start
by constructing an atomistic electron-phonon scattering
model, specifically tailored for electronic transport cal-
culations. A transformation from a plane-wave basis to
localized electronic states is required for that purpose.
Special attention is paid to the periodicity and confine-
ment of the dimensional degrees of freedom pertinent to
2D materials and devices. Subsequent sections address the
application of the LBTE and NEGF approaches to cal-
culate the transport properties of the considered systems.
The emphasis is set on the integration of the developed

electron-phonon scattering model. The goal here is to pro-
vide detailed explanation of all ingredients entering our
approach, setting the stage for the upcoming discussion on
our findings and their broader implications.

A. Electronic and vibrational structure methods

Our method to compute electron-phonon coupling
elements is outlined here. It relies on the harmonic
approximation, DFT, MLWF [39], and the frozen-phonon
approach [17]. Starting from the Born-Oppenheimer adi-
abatic approximation, which allows for the separation of
electronic and vibrational time scales [40], the total Hamil-
tonian of the system of interest can be decomposed into
three distinct components,

Ĥ = Ĥ
0
e + Ĥ

0
ph + Ĥe-ph. (1)

In Eq. (1), Ĥ
0
e is the single-particle mean-field Hamilto-

nian. It governs the behavior of electrons within a fixed
ionic lattice. Conversely, Ĥ

0
ph is the Hamiltonian describ-

ing independent noninteracting phonons. Finally, Ĥe-ph
denotes the electron-phonon Hamiltonian, which captures
the interaction between these two populations.

1. Electron-phonon coupling

The Hamiltonian encompassing the electron-phonon
interactions in a periodic system can be generally written
as [41,42]

Ĥe-ph =
∑

mnk

∑

λq

Mλ
mn(k, q)ĉ†

mk+qĉnk[b̂
†
λ-q + b̂λq], (2)

where ĉ†
mk+q(ĉnk) and b̂

†
λ-q(b̂λq) are the electron and

phonon creation (annihilation) operators, respectively. The
indices m and n correspond to the basis functions of the
electrons, while λ represents the phonon band index. The
momentum vectors of electrons are indicated by k, while
those of phonons are given by q. To understand the form
of Eq. (2), we should go back to the Hamiltonian of
the electronic system, Ĥe. Because electrons operate on
a far shorter timescale than heavy nuclei, the adiabatic
approximation suggests that the nuclear coordinates have
a parametric influence on the electronic Hamiltonian, i.e.,
Ĥe = Ĥe(Q), where Q = τ − τ 0 is the displacement of an
atom at position τ from its static ionic lattice configura-
tion τ 0. To account for the perturbation Q, the electronic
Hamiltonian can be expanded in a Taylor series around
the equilibrium positions of the atoms. In the harmonic
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approximation, only the first-order terms are retained [19]:

Ĥe ≈ Ĥ
0
e +

∑

Iηγ

〈�̂| ∂Ĥ
0
e

∂QIηγ

|�̂〉 Q̂Iηγ = Ĥ
0
e + Ĥe-ph. (3)

In this expression, the first term corresponds to the equi-
librium electronic Hamiltonian Ĥ

0
e in Eq. (1). The sec-

ond term, which includes the derivative of the electronic
Hamiltonian operator with respect to the displacement of
atom I in unit cell γ along the Cartesian coordinate η, rep-
resents the interaction between electrons and phonons. It is
projected onto a basis made of the wave functions |�̂〉. The
displacement of the atoms from their equilibrium position
due to lattice vibrations is given by the quantum operator
[41,42]

Q̂Iηγ =
∑

λq

√
�

2NqmIωλq
f Iη
λq eiq·Rγ [b̂

†
λ-q + b̂λq], (4)

where Nq represents the number of q points, mI is the mass
of the displaced atom, and f Iη

λq is the ionic displacement
vector of mode (λ, q) with frequency ωλq. It is assumed
that the perturbed ion is located in a unit cell γ that has
been displaced from the reference cell by a lattice vector
Rγ . Next, we expand the wave function |�̂〉 in terms of a
localized basis set,

|�̂〉 = 1√
N

∑

αnk

eik·Rα |n, Rα〉 ĉnk. (5)

Here, |n, Rα〉 is a state localized at position Rα in unit cell
α and N is the number of unit cells. Inserting Eqs. (4) and
(5) into Eq. (3) now gives an expression for the electron-
phonon interaction Hamiltonian:

Ĥe-ph = 1
N

∑

αnk

∑

βmk′

∑

Iηγ λq

e−ik′·Rβ eik·Rα eiq·Rγ ·

〈m, Rβ | ∂Ĥ
0
e

∂QIηγ

|n, Rα〉
√

�

2NqmIωλq
f Iη
λq ĉ†

mk′ ĉnk ·

[b̂
†
λ-q + b̂λq]. (6)

Because of the periodicity of the system, the term contain-
ing the derivative of the Hamiltonian Ĥe can be shifted to
have Rα as the reference unit cell, i.e.,

〈m, Rβ | ∂Ĥ
0
e

∂QIηγ

|n, Rα〉 = 〈m, Rβ−Rα| ∂Ĥ
0
e

∂QIηγ

|n, Rα−Rα〉 .

By defining all lattice vectors relative to Rα , we can rewrite
the phase factors in Eq. (6) as

e−ik′·Rβ eik·Rα eiq·Rγ = ei(k+q−k′)·Rα e−ik′·Rβ0eiq·Rγ 0 ,

where Rβ0 = Rβ − Rα and Rγ 0 = Rγ − Rα are relative
displacements with respect to Rα . The sum over α in
Eq. (6) can now be analytically carried out, giving rise
to a factor

∑
α ei(k+q−k′)·Rα = Nδk′,k+q, which enforces

momentum conservation. By applying these simplifica-
tions to Eq. (6) and comparing the result with Eq. (2), an
expression for the electron-phonon coupling elements can
be derived:

Mλη
mn(k, q) =

∑

β

∑

Iγ

e−i(k+q)·Rβ0eiq·Rγ 0 ·

〈m, Rβ0| ∂Ĥ
0
e

∂QIηγ

|n, 0〉
√

�

2NqmIωλq
f Iη
λq , (7)

where the dependence on the displacement direction (η)
is explicitly retained in the expression for the coupling
elements.

2. Electronic Hamiltonian

The electronic Hamiltonian Ĥ
0
e plays a key role in

electronic transport, both directly and through the electron-
phonon coupling elements. Here, it is calculated from
first principles using plane-wave DFT, as implemented in
the Vienna ab initio simulation package (VASP) [15]. The
resulting Bloch wave functions are then transformed into a
set of MLWFs using the WANNIER90 code [43]:

|n, R〉 = V
(2π)3

∫

BZ
dke−ik·R ∑

l

Unl(k) |l, k〉 . (8)

In Eq. (8), the |l, k〉 are the Bloch wave functions with
band index l and momentum k, whereas V is the volume
of the unit cell. Calculating the MLWFs primarily consists
of finding the unitary transformation matrix Unl(k) repre-
senting a rotation of the Bloch states that minimizes the
quadratic spread of the Wannier functions. This is done
through an iterative process where the electronic Bloch
states projected onto atomic orbitals serve as an initial
guess. Once the Unl(k) matrix has been determined, it can
be used to transform the Bloch Hamiltonian Hij (k) into the
MLWF basis,

Hmn(R) = V
(2π)3

∫

BZ
dke−ik·R ∑

i,j

Umi(k)Hij (k)U†
jn(k),

(9)

where we define Hmn(R) = 〈m, R| Ĥ
0
e |n, 0〉. The localized

nature of the Wannier functions makes the Hamiltonian
matrix sparse; the interactions between Wannier functions
decrease rapidly as the distance between them increases.
This makes the MLWF basis suitable for transport cal-
culations at the unit cell or device level. By associating
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each Wannier function with atoms located on a regular lat-
tice, we can remap the primitive unit cell Hamiltonian into
a larger orthorhombic cell that only includes interactions
with first nearest neighbors (NNs) in R [44]. This remap-
ping is depicted in Fig. 1. By applying this scheme, the
same primitive unit cell DFT Hamiltonian can either be (i)
interpolated onto a dense momentum grid (kx, ky , kz) for
3D or (kx, ky) for 2D materials,

Hmn(k) =
∑

R

Hmn(R)eik·R, (10)

to calculate mobilities with a LBTE solver or (ii) extended
in space to correspond to the device structure consid-
ered. In the latter case, the periodicity along the transport
direction is broken and the resulting system of equa-
tions is solved with the NEGF method. For a 2D device,
with transport along the x axis, confinement along the y
axis, and with the z axis periodic, the device Hamiltonian
becomes kz dependent, Hmn(kz), and Eq. (10) reduces to

Hmn(kz) = H 0
mn + H−

mne−ikzRz + H+
mneikzRz . (11)

Here, orthorhombic unit cells of width Rz along z are
assumed. Interactions within this unit cell are cast into the
matrix H 0, while connections to the NN cell at +z (−z)
form the matrix H+ (H−). As already mentioned, Rz is
chosen large enough so that only NN-cell interactions exist
[35].

3. Hamiltonian derivative

Obtaining the electron-phonon coupling elements in
Eq. (7) requires the computation of expectation values of
the gradient of the Hamiltonian operator. Following the
approach of Ref. [19], one can bypass this direct calcu-
lation by focusing on the derivative of the Hamiltonian
matrix elements and taking into account the change of
basis functions [45]. This results in a compact expression
for the sought derivative,

〈m| ∂Ĥ
0
e

∂QIηγ

|n〉 = ∂ 〈m| Ĥ
0
e |n〉

∂QIηγ

−
(
〈m′| Ĥ

0
e |n〉 + 〈m| Ĥ

0
e |n′〉

)
, (12)

where |n′〉 ≡ ∂|n〉
∂QIηγ

represents the shift in basis orbital |n〉
associated with the displacement QIηγ . The dependence on
R in Eq. (12) has been dropped for simplicity. The first part
of this expression, the gradient of the Hamiltonian matrix
elements, can be evaluated in a straightforward manner by

y
z

H+

H0

H–
Rz

x

FIG. 1. Top view of a MoS2 monolayer constructed by repli-
cating either the primitive cell of MoS2 (green-shaded area on
the left) or the orthorhombic unit cell of width Rz (blue-shaded
area on the right). Electrons are confined along the y axis (out of
plane). The primitive hexagonal unit cell of MoS2 is used to cal-
culate the electronic structure of the material, generate MLWFs,
and solve the LBTE system, while the orthorhombic unit cell is
utilized to construct the full device Hamiltonian that enters the
NEGF equations.

using a finite-difference scheme in the localized basis,

∂ 〈m| Ĥ
0
e |n〉

∂QIηγ

≈ [Hmn(QIηγ ) − Hmn(−QIηγ )]
2QIηγ

. (13)

Here, Hmn(QIηγ ) represents the Hamiltonian matrix ele-

ment 〈m| Ĥ
0
e |n〉, where atom I in unit cell γ has been

displaced by a distance Q along the direction η. To com-
pute this derivative, a supercell is first built by repeating
the primitive unit cell of the considered material along
its periodic lattice vectors. Second, a collection of super-
cells is assembled by individually displacing the atoms
situated within the central primitive unit cell. The size
of the supercell must be chosen in such a way that all
parameter combinations (m, n, I , γ , η) that lead to a
non-negligible derivative in Eq. (13) remain within the
constructed domain. The number of displacements (I , η)
can be reduced by limiting the displaced atoms and direc-
tions to symmetrically independent perturbations. Finally,
a MLWF Hamiltonian is obtained for each displacement,
based on the method previously described. The localized
nature of the MLWFs ensures that the derivative of the
Hamiltonian is nonzero primarily in the vicinity of the
displaced atom, so that the sums over β and γ in Eq.
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(7) is limited to neighboring cells only. Although the
calculations utilize supercells, the transformation of the
Hamiltonian derivatives in Eq. (12)—and consequently
the electron-phonon coupling elements in Eq. (7)—into a
localized basis allows us to map them onto unit (LBTE)
or device (NEGF) transport cells, as for the Hamilto-
nian entries. A key advantage of this approach resides in
its ability to evaluate the derivative of the Hamiltonian
operator regardless of the specificities of the selected elec-
tronic structure code, contrary to the requirements imposed
by density functional perturbation theory (DFPT). Our
method shows enhanced flexibility, making it compatible
with various DFT codes, either through the transforma-
tion of plane waves into Wannier functions or by directly
employing a localized basis set, e.g., linear combination
of atomic orbitals (LCAOs) [46] or Gaussian-type orbitals
(GTOs) [47].

The second part of Eq. (12) can be expanded by intro-
ducing the projection operator

∑

kl

|k〉 (S−1)kl 〈l| = 1, (14)

where S is the orbital overlap matrix. By inserting Eq.
(14) into Eq. (12), we obtain a more practical form of the
Hamiltonian derivative [19]:

〈m| ∂Ĥ
0
e

∂QIηγ

|n〉 = ∂ 〈m| Ĥ
0
e |n〉

∂QIηγ

−
∑

kl

〈m′|k〉 (S−1)kl 〈l| Ĥ
0
e |n〉 + 〈m| Ĥ

0
e |k〉 (S−1)kl 〈l|n′〉 .

(15)

Here, 〈m′|k〉 and 〈l|n′〉 are derivatives of the orbital over-
laps. They can be determined in the same way as the
gradient of the Hamiltonian matrix elements in Eq. (13),
i.e., through finite differences. The overlap matrix is cal-
culated with the MLWFs obtained in Eq. (8). Wannier
function perturbation theory (WFPT) [48] appears as a
potential alternative approach to determine the second
part of Eq. (12). Initially developed to integrate Wannier
functions with linear response via DFPT, WFPT could pos-
sibly be extended to produce the quantities required in our
formalism.

4. Phonon frequency and vibrational modes

The phonon frequencies and modes are critical ingredi-
ents of the electron-phonon coupling in Eq. (7). They can
be obtained from the Hamiltonian Ĥ

0
ph in Eq. (1), known

as the dynamical matrix �(q). Similar to the electronic
Hamiltonian in Eq. (10), �(q) is the Fourier transform of
the real-space dynamical matrix, which is often referred to

as the mass-scaled interatomic force constants CIηJ ξ :

IηJ ξ (q) =
∑

R

CIηJ ξ (R)eiq·R, (16)

where R points to the unit cell in which atom J is located.
CIηJ ξ represents the derivative of the Born-Oppenheimer
total energy surface E(R) with respect to the atomic
displacements QIη and QJ ξ , defined as in Eq. (13) [18],

CIηJ ξ = 1√
MI MJ

∂2E(R)

∂QIη∂QJ ξ

. (17)

Since the force FIη acting on an atom I along η is readily
available as an output of most electronic structure codes
and because ∂2E(R)/

(
∂QIη∂QJ ξ

) = −∂FIη/∂QJ ξ , we can
approximate the force constants as

CIηJ ξ ≈ − 1√
MI MJ

[FIη(QJ ξ ) − FIη(−QJ ξ )]
2QJ ξ

. (18)

This so-called frozen-phonon approach allows for the
simultaneous calculation of the interatomic force constants
and Hamiltonian derivatives, as described in Sec. II A 3. To
avoid numerical inaccuracies related to electronic structure
calculations, we enforce the acoustic sum rule and apply
a numerical symmetrization of CIηJ ξ [49]. The PHONOPY
software package lends itself optimally to the construction
of the displaced supercells and the subsequent calculation
of the interatomic force constants [50]. Although PHONOPY
is capable of incorporating corrections to the produced
dynamical matrix arising from long-range electrostatics,
this feature has not been included here. As for the real-
space MLWF Hamiltonian and the electron-phonon cou-
pling elements, the force constants can be remapped into a
larger device transport cell from the original DFT primitive
unit cell. Finally, the ion displacement vectors f Iη

λq (phonon
mode) and frequency ωλq are calculated by solving the
following eigenvalue problem involving the dynamical
matrix IηJ ξ (q):

∑

J ξ

IηJ ξ (q)f J ξ
λq − ω2

λqf Iη
λq = 0. (19)

B. Electronic transport

This section briefly summarizes the two transport meth-
ods used in this work, LBTE and NEGF. We show how
the electron-phonon coupling elements that were derived
in the previous section can be inserted into both formalisms
to calculate phonon-limited mobility and extract electrical
currents in the case of NEGF.

1. LBTE

In a uniform system, under a constant time-independent
electric field, without any magnetic field, at steady state,
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and in the presence of electron-phonon scattering, the
Boltzmann transport equation (BTE) [51–53] reduces to

−eE
�

∂fik
∂k

=
∑

j k′λq

fj k′ (1 − fik) �
λq
jik′ − fik

(
1 − fj k′

)
�

λq
ij k.

(20)

Here, e stands for the elementary charge, � represents
the reduced Planck’s constant, and E denotes the electric
field. The term fik (fj k′) refers to the electronic distribu-
tion function for a state |ik〉 (|j k′〉) with band index i (j )
and momenta k (k′). The scattering rate, mediated by a
phonon mode λ and wave vector q, is given by �

λq
ij k (�λq

jik′).
In the case of a weak electric field, as considered here,
the solution of fik can be restricted to its linear response:

fik ≈ f 0
ik + ∂f 0

ik
∂Eik

eE · Fik, where f 0
ik is the equilibrium Fermi

distribution function and Fik the carrier mean free displace-
ment vector [54]. It represents the quantity to be calculated.
By applying the linearization of Eq. (20), together with
the conditions of detailed balance [55] and momentum
conservation, we arrive at the LBTE [56]:

vik =
∑

j λq

1 − f 0
j k+q

1 − f 0
ik

�
λq
ij k

(
Fik − Fj k+q

)
, (21)

where vik is the carrier velocity of state |ik〉.
The electronic state |ik〉 with energy Eik is a solution of

the eigenvalue problem involving the Hamiltonian defined
in Eq. (10),

∑

n

Hmn(k)cn
ik − Eikcm

ik = 0, (22)

where the cn
ik are the expansion coefficients for the elec-

tron wave function. The scattering rate �
λq
ij k from an initial

electronic state |ik〉 into a final state |j k ± q〉 caused by
phonon absorption (+) or emission (−) can be calculated
with Fermi’s golden rule [57]:

�
λq
ij k = 2π

�

∣∣∣gλ
ij (k, q)

∣∣∣
2 [

N 0
λqδ

(
Eik + �ωλq − Ej k+q

) +
(

1 + N 0
λ−q

)
δ
(
Eik − �ωλ−q − Ej k+q

)]
. (23)

Here, N 0
λq is the equilibrium Bose-Einstein distribution,

for which it holds that N 0
λ-q = N 0

λq and ωλ-q = ωλq. The
probability amplitude of the scattering process gλ

ij (k, q) is
obtained from the electron-phonon coupling elements in
Eq. (7) as

gλ
ij (k, q) =

∑

mnη

cm†
ik+qMλη

mn(k, q)cn
j k. (24)

Equation (21) forms a linear system of equations the size
of which rapidly explodes as the number of k/q points

increases. Given the necessity for dense Brillouin zone
sampling to ensure precise results, solving the LBTE
becomes a computationally demanding task. To address
this issue, an iterative approach can be employed. We
first consider a simpler solution where we neglect the
Fj k+q term in Eq. (21). This is referred to as the energy-
relaxation-time approximation (ERTA) [51,52], which
leads to a simple solution for Eq. (21), namely, FERTA

ik =
vikτik, with the generalized relaxation time τik defined as
[24,58]

1
τik

= 2π

�

∑

j λq

∣∣∣gλ
ij (k, q)

∣∣∣
2
·

[(
N 0

λq + f 0
j k+q

)
δ

(
Eik + �ωλq − Ej k+q

) +
(

1 + N 0
λ−q − f 0

j k-q

)
δ
(
Eik − �ωλ−q − Ej k+q

)]
.

(25)

The exact solution of Eq. (21) can then be iteratively com-
puted with FERTA

ik as an initial guess, i.e., F0
ik ≡ FERTA

ik [54].
The iterative procedure obeys the following equation:

Fξ+1
ik = F0

ik + τik

∑

j λq

1 − f 0
j k+q

1 − f 0
ik

�
λq
ij kFξ

j k+q. (26)

Convergence is achieved when the low-field conductivity,

σ
ξ
αβ = 2e2

VkBT

∑

ik

f 0
ik

(
1 − f 0

ik

)
Fαξ

ik v
β

ik, (27)

does not change by more than a predefined criterion
between two consecutive iterations, (ξ + 1 and ξ). In Eq.
(27), α and β run over the three Cartesian directions, kB is
Boltzmann’s constant, T is the temperature, and the factor
of 2 accounts for spin degeneracy. Here, we restrict our-
selves to the case in which the transport direction aligns
with the electric field direction η. In this configuration,
the conductivity σ becomes a scalar and it corresponds to
σηη. Finally, once the iterative solution has converged, the
phonon-limited drift mobility μ is given by

μ = σ

en
, (28)

where n is the electron density. It it calculated according to
the equilibrium Fermi distribution function,

n = 2
V

∑

nk

f 0
nk. (29)

While the iterative mobility (IBTE) provides the most
accurate solution of the LBTE, it can also be of interest
to calculate the mobility within the ERTA approximation
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for comparison with NEGF and other published works. To
do this, Fαξ

ik in Eq. (27) is replaced with FαERTA
ik .

The carrier velocity, which enters Eq. (27), is defined as
[56]

vik = 1
�

∑

mn

cm†
ik

[
∂Hmn(k)

∂k

]
cn

ik, (30)

where the k derivative of the Hamiltonian in Eq. (10) can
be carried out analytically [59]:

∂Hmn(k)

∂kη

=
∑

R

iRηeik·RHmn(R). (31)

In Eq. (31), η indicates the direction along which the
derivative is calculated.

Note that the delta function δ
(
Eik ± �ωλ±q − Ej k+q

)
in

Eq. (23) is approximated as the limit of a Gaussian func-
tion whose smearing parameter approaches zero. We use
an adaptive smearing method [24,60] to determine the
best-suited value of this parameter for a given k/q grid.

The LBTE transport solver used in this study has been
implemented as a stand-alone C + + software tool.

2. NEGF

Next, we move beyond material properties under equi-
librium conditions and target device simulation, where a
system is driven out of equilibrium by the application of an
external voltage. For this, the NEGF formalism has estab-
lished itself as a robust computational methodology that is
capable of addressing both coherent and dissipative quan-
tum transport [61–65]. Specifically, this work uses NEGF
to model transistors with a 2D channel material includ-
ing electron-phonon scattering through the self-consistent
Born approximation [35,56,66,67]. In 2D systems, as in the
monolayer MoS2 FET depicted in Fig. 2, electron transport
occurs along one principal axis, designated here as the x
axis. Perpendicular to this, the y axis serves as the direction
of confinement, while the z axis is assumed to be periodic.
In such a configuration, the following system of equations
must be solved to obtain all desired observables:

∑

l

{
[E − V(rm)] δlm − Hml(kz) − �RB

ml (E, kz)−

�RS
ml (E, kz)

}
GR

ln(E, kz) = δmn, (32)

G≷
mn(E, kz) =

∑

l1l2

GR
ml1(E, kz)

[
�

≷B
l1,l2

(E, kz)+

�
≷S
l1,l2

(E, kz)
]

GA
l2n(E, kz). (33)

The indices l, m, and n refer to the atomic positions rl, rm,
and rn, respectively. The diagonal matrices E and V(rm)

FIG. 2. (a) Schematic of a 2D single-gate transistor structure
featuring a MoS2 monolayer as the channel region. The lengths
of the source, drain, and gate are denoted as Ls, Ld, and Lg ,
respectively. (b) Detailed view of the channel region, which is
divided into orthorhombic unit cells. The corresponding Hamil-
tonian blocks are indicated; block b is connected with itself
(Hbb) as well as its next- (Hbb+1) and previous- (Hbb−1) neighbor
blocks.

contain the injection energy E and the self-consistent
electrostatic potential V at position rm. The size of both
matrices is pm × pm, where pm is the number of Wannier
functions located on the mth atom. The block Hamilto-
nian Hmn(kz) is expressed in the MLWF basis constructed
according to Eq. (11). Its entries are the matrix elements
between atoms with index m and n and its size is pm × pn.
The scattering �S

mn(E, kz) and boundary �B
mn(E, kz) self-

energies together with the retarded, GR
mn(E, kz), advanced,

GA
mn(E, kz) = GR†

mn(E, kz), lesser, G<
mn(E, kz), and greater,

G>
mn(E, kz), Green’s functions are also of size pm × pn.

These quantities must be solved for each injection energy
E and transverse momentum kz.

The boundary self-energies [66], which are different
from zero only when atoms m and n are directly con-
nected to the device contacts, can be computed through
decimation techniques [68] or eigenvalue problems [69].
Their scattering counterparts, �S

mn(E, kz), are full matrices
and consist here of electron-phonon interactions. They are
obtained via perturbation theory by expanding the Green’s
function to the second order in the electron-phonon inter-
action Hamiltonian in Eq. (6), applying Wick’s theorem,
and writing down the corresponding Dyson equation [41,
61,70]. The resulting general form of the electron-phonon
scattering self-energy in the time domain is

�e-ph
mn (tt′, kz) = i�

∑

l1l2η1η2

∑

λqz

Mλη1
ml1

(kz − qz, qz) ·

Gl1l2(tt
′, kz − qz) · Mλη2

l2n (kz, −qz)Dλ(tt′, qz).
(34)
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In this expression, the elements of the electron-phonon
coupling blocks Mλη

mn(k, q) are defined as in Eq. (7)
and Dλ(q, tt′) represents the phonon Green’s function.
Applying the Langreth theorem, replacing the phonon
Green’s function by its unperturbed form at equilibrium,
and assuming steady-state conditions (tt′ → t − t′), which
allows us to Fourier transform the time difference into the
energy domain, we obtain the energy-dependent greater
and lesser self-energy expressions [41,71]

�≷e-ph
mn (E, kz) =

∑

l1l2η1η2

∑

λqz

Mλη1
ml1

(kz − qz, qz) ·

{N 0
λqz

G≷
l1l2

(E ± �ωλqz , kz − qz)+
[N 0

λqz
+ 1]G≷

l1l2
(E ∓ �ωλqz , kz − qz)} ·

Mλη2
l2n (kz, −qz), (35)

where N 0
λqz

is the equilibrium Bose-Einstein distribu-
tion of phonons with frequency ωλqz . By employing the
greater and lesser electron-phonon scattering self-energies
�≷e-ph

mn (E, kz), we can derive an expression for the retarded
scattering self-energy, �RS

mn(E, kz), in Eq. (32):

�RS
mn(E, kz) = 1

2
(
�>e-ph

mn (E, kz) − �<e-ph
mn (E, kz)

) +

iP
∫

dE′

2π

(�>e-ph
mn (E, kz) − �<e-ph

mn (E′, kz))

E − E′ ,

(36)

where P denotes the Cauchy principal integral [72].
Because of the interdependence between G≷

mn(E, kz) and
�≷e-ph

mn (E, kz), Eqs. (32)–(33) and Eqs. (35)–(36) must
be solved self-consistently within the Born approxima-
tion. The convergence of the loop between the Green’s
functions and the scattering self-energies is verified by
monitoring the variations of the current Id and carrier den-
sity n(rl) between consecutive iterations [44,67]. The said
current Id, calculated as

Id,b→b+1 =
2e
�

∑

kz

∑

m∈b

∑

n∈b+1

∫
dE
2π

tr
{
Hmn(kz)G<

nm(E, kz)−

G<
mn(E, kz)Hnm(kz)

}
, (37)

represents the flow of electrons from a block of atoms in
the orthorhombic cell b to its neighboring cell b + 1. The
position indices, m and n, therefore encompass all atoms
within the connected cells, as exemplified in Fig. 2. The
trace operator “tr” runs over the orbitals of atoms m and
n. Finally, the factor of 2 accounts for spin. The carrier

density,

n(rl) = −2i
∑

kz

∫
dE
2π

tr
{
G<

ll (E, kz)
}

, (38)

at atomic position rl is the trace of the lesser Green’s
function block corresponding to this atom.

As in the LBTE case, the phonon-limited mobility can
be derived from the electrical conductivity σ through Eq.
(28). This can be done with the dR/dL method [73], where
the conductivity σ is obtained by extracting the channel
resistivity ρ

ρ = dR
dL

= �V
�L

(
1

Id(L + �L)
− 1

Id(L)

)
. (39)

The dR/dL method requires calculation of the drain cur-
rent Id(L) for samples of different lengths L. It is essential
for L to be sufficiently large to guarantee that the trans-
port occurs within the diffusive regime, i.e., L must be
larger than the phonon-limited mean free path for scat-
tering [74]. The simulations are carried out on structures
that have a uniform charge density n, a small bias differ-
ence �V = 1 mV between the contacts, and that include
electron-phonon scattering.

To minimize the computational burden associated with
the investigation of devices containing a large number of
atoms, approximations must be applied to the calculation
of the Green’s functions and scattering self-energies. First,
to obtain the retarded scattering self-energy in Eq. (36),
the Cauchy principal integral term coupling all energies
together is neglected. Since it only contributes to energy
renormalization and not to relaxation or phase breaking
events, leaving it out is not expected to significantly alter
the device behavior, as demonstrated in previous stud-
ies [72,75]. Second, the phonon momentum points q are
restricted to the � point (q = 0) of the orthorhombic trans-
port cell. This simplification allows us to perform the sum
over the displaced atoms (I and γ ), directly in Eq. (7). Con-
sequently, the electron-phonon coupling element “only”
depends on 5 (λ, k, m, n, η) instead of 8 (I , γ , q, λ, k, m,
n, and η) variables, thus significantly reducing the mem-
ory requirements and the time needed to evaluate Eq. (35).
To compensate for the omission of the q dependence, a
large orthorhombic transport cell is chosen (Rz = 2.5 nm
for MoS2 in Fig. 1), so that most band-structure features
are folded back to the � point. Note that while the number
of phonon momentum points is limited, all phonon modes
are taken into account individually, preserving the cou-
pling to all phonon energies �ωλq at the � point. Finally,
it is not possible to treat the scattering self-energies as
full matrices in large structures with thousands of atoms.
A cutoff radius rcut is therefore introduced in Eq. (35) so
that |rn − rm| < rcut, as illustrated in Fig. 3. A conver-
gence analysis with respect to rcut and comparisons with
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FIG. 3. Top view of a MoS2 monolayer, illustrating the inter-
action range considered when constructing the scattering self-
energies �e-ph

mn (E, kz). Interactions between atoms n and m (high-
lighted in red) are included if their distance is smaller than a pre-
defined cutoff radius rcut—i.e., if |rn − rm| < rcut. For distances
exceeding this cutoff radius, the self-energy entries �e-ph

mn (E, kz)

are set to zero.

LBTE (see Sec. III and the Appendix) indicate that such
an approach is sufficient to obtain meaningful results. No
scaling of the electron-phonon interactions is needed, con-
trary to what was done in Ref. [36]. If all scattering events
are treated properly, i.e., rcut is large enough so that all
important interactions are captured and if the unit cell size
is large enough so that �-point sampling is adequate, the
NEGF mobility corresponds to that obtained with the IBTE
approach. Despite all these simplifications and although
the calculation of Eq. (35) has been ported to graphics pro-
cessing units (GPUs), the computational intensity of such
simulations remains gigantic, thus limiting the number of
samples that could be considered.

The electron-phonon coupling approach used in this
study has been implemented in the already existing NEGF
transport solver OMEN [35].

III. SIMULATION RESULTS

In this section, our simulation results are presented,
starting with the lattice and band structure of selected
2D materials and silicon. We then analyze their mobil-
ity, using both LBTE and NEGF (MoS2, WS2, and WSe2).
Finally, we calculate the electrical current flowing through
a MoS2 transistor and assess the importance of employing
an accurate electron-phonon scattering model.

Each electronic structure calculation is performed
within the generalized gradient approximation (GGA) of
Perdew, Burke, and Ernzerhof (PBE) [76], using projec-
tor augmented-wave (PAW) pseudopotentials [77,78], as

implemented in the VASP software [15]. A plane-wave
cutoff energy of 500 eV is applied, while the total-energy-
convergence criterion is set to less than 10−10 eV. The unit
cells are relaxed to ensure that the residual forces acting on
each atom are below 10−8 eV/Å. During this process, both
the lattice constant and atomic positions are allowed to
change. Gaussian smearing with a smearing width of 0.05
eV is employed. For the TMDCs, the electronic structure
calculations are performed on a 27 × 27 × 1 Monkhorst-
Pack k-point grid, while a 15 × 15 × 15 grid is used for
silicon. Spin-orbit coupling (SOC) is neglected. In the case
of TMDCs, a vacuum space of 20 Å is used along the y
axis (the direction of confinement in Fig. 1) to minimize
interactions with periodic images. Displacement calcula-
tions are performed with 9 × 9 × 1 TMDC supercells and
5 × 5 × 5 silicon supercells. A displacement distance of
0.01 Å is employed to calculate all derivatives (Hamilto-
nian and forces). The Wannier Hamiltonians are obtained
from the DFT results by considering 5 d-like orbitals
on the transition-metal atoms and 3 sp3-like orbitals on
each of the chalcogen atoms, while sp3-like orbitals are
retained for each silicon atom as initial guesses for the
minimization procedure. During the Wannier optimization
process, a frozen-energy window [43], located 1 eV above
the conduction-band edge and 1 eV below the valence
band edge, is defined to ensure that all states relevant
for transport calculations are accurately represented by the
tight-binding-like Wannier Hamiltonian.

A. Lattice and electronic band structures

It has been observed that small changes in simula-
tion parameters—in particular, DFT settings—can lead to
significant differences in calculated mobilities [29]. It is
therefore important to precisely report the crystal lattice
and electronic band structures that enter the developed
modeling framework to ensure meaningful comparisons
with other studies.

Starting with the crystal structure, the lattice constants
and the layer thickness of the considered TMDCs, obtained
through lattice relaxation, are summarized in Table I. The
layer thickness is measured as the distance between the
top and bottom chalcogen atoms. For MoS2, our calcu-
lated lattice constant is equal to 3.183 Å, which agrees
well with values reported by other groups utilizing VASP
[79,80] or QUANTUM ESPRESSO [81]. A similar agreement
is observed for the three other TMDCs analyzed here.
It should, however, be noted that several studies based
either on plane-wave or local-orbital methods report some-
what smaller lattice constants, ranging between 3.130 and
3.140 Å for MoS2 [23,25,26,30–32]. The experimentally
determined lattice constant of bulk MoS2 is positioned
in between and is equal to 3.15 Å [82]. For the remain-
ing TMDCs, we calculate lattice constants of 3.318 Å
for MoSe2, 3.182 Å for WS2, and 3.316 Å for WSe2.
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TABLE I. The lattice and band-structure parameters of selected TMDCs and silicon. The typical range of values reported in the
literature is provided in parentheses. The lattice constant and distance between the upper and lower chalcogen atoms in the 2D TMDC
layers are reported in the second and third columns, respectively. The variable EBG refers to the electronic band gap and �EKQ to the
energy separation between the K and Q valleys located in the conduction band of the TMDCs.

Material Lattice constant Layer thickness EBG �EKQ

(Å) (Å) (eV) (meV)

MoS2 3.183 3.127 1.67 269
(3.130–3.187) (3.097–3.177) (1.60–1.89) (70–310)

MoSe2 3.318 3.337 1.44 169
(3.264–3.318) (3.337–3.342) (1.43–1.59) (18–169)

WS2 3.182 3.139 1.81 211
(3.100–3.199) (3.131–3.166) (1.80–1.99) (22–211)

WSe2 3.316 3.354 1.54 131
(3.250–3.317) (3.348–3.365) (1.54–1.71) (16–131)

Si 5.430 · · · 0.57 · · ·
(5.430) · · · · · · · · ·

Similar to MoS2, we find a range of values reported in
the literature, e.g., 3.264-3.318 Å for MoSe2 [30–32,79–
81] and 3.250–3.317 Å for WSe2 [30–32,79–81]. The
range is broadest for WS2, with reported lattice constants
from 3.100 to 3.199 Å [30–32,79–81]. Matching lattice
parameters do not necessarily translate into identical layer
thicknesses, which directly influence the vibrational modes
of the material. For instance, a comparison of our results
with those of Ref. [81] reveals a discrepancy of only
0.13% in the lattice constant of MoS2, whereas the layer
thickness diverges by 1.6%, a one-order-of-magnitude-
larger difference. The reported layer thicknesses include
3.097–3.177 Å for MoS2 [30,31,79–81], 3.337–3.342 Å
for MoSe2 [30,31,79–81], 3.131–3.166 Å for WS2 [30,31,
79–81], and 3.348–3.365 Å for WSe2 [30,31,79–81].

In the case of silicon, our calculations produce a lattice
constant of 5.43 Å. This result is in agreement with the
experimentally measured value of this semiconductor [83]
and in the range of other simulation works; e.g., Ref. [58]
has found values between 5.40 and 5.47 Å, depending on
the exchange and correlation functional used in the DFT
calculations.

Moving on to the electron and phonon dispersion, in
Fig. 4, we plot the electronic and phonon band structures of
the selected monolayer TMDCs, while in Table I, we list
the extracted band gaps (EBG) and the energy separation
between the K and Q valleys (�EKQ). The exact location
of the Q valley is marked along the high-symmetry path of
the electronic band structure. The accuracy of the Wannier
transformations is demonstrated by comparing the MLWF
and DFT band structures. All monolayer TMDCs are found
to be direct-gap semiconductors, as expected, with band
gaps ranging between 1.44 and 1.81 eV. Focusing on
MoS2, we obtain a band gap of 1.67 eV, in agreement
with Refs. [79–81] but slightly below the experimental
band gap of 1.8 eV [84]. Several simulation studies have

reported band gaps closer to that of experimental mea-
surements [20,23,25,26,30–32], but also a smaller lattice
constant. A previous study [35] using the same simula-
tion code, pseudopotentials, and exchange and correlation
functional as here obtained a band-gap value close to that
of the experiments by fixing the lattice constant to that of
bulk MoS2. This trick also resulted in a reduction of �EKQ,
a critical parameter for transport, to 48 meV, far below
the 269 meV of the present study. It should, however, be
noted that the band gap of MoS2 remains an open issue.
The accepted value of 1.8 eV corresponds to the optical
band gap. The latter can be reproduced by DFT simula-
tions when introducing GW corrections and accounting
for excitonic effects [85]. Reported band gaps for the
other TMDCs include 1.43–1.59 eV for MoSe2 [31,79–
81], 1.80–1.99 eV for WS2 [31,79–81], and 1.54–1.71 eV
for WSe2 [31,79–81].

The K-Q valley separation, �EKQ, in contrast to the
band gap, directly influences the mobility of TMDCs
through intervalley scattering. While we will delve deeper
into this effect in Sec. III B, preliminary observations are
made here. As already mentioned, �EKQ is highly sensi-
tive to even small variations in the simulation parameters,
giving rise to a large range of reported values in the lit-
erature: 70–310 meV for MoS2 [23–32,79,81], 18–169
meV for MoSe2 [29,31,32,79,81], 22–211 meV for WS2
[28,29,31,32,79,81], and 16–131 meV for WSe2 [28,29,
31,32,79,81]. It can generally be inferred that methods
employing the local density approximation (LDA) tend
to predict a smaller valley separation than GGA PBE.
Sensitivity to spin-orbit coupling has been shown to be
TMDC dependent. For instance, in WSe2, the value of
�EKQ drops from 117 meV to 41 meV when spin-orbit
coupling is taken into account. For MoSe2, the inclusion
of spin-orbit coupling does not significantly affect �EKQ
[29].
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FIG. 4. Electronic (a)–(d) and phonon (e)–(h) band structure of monolayer MoS2, MoSe2, WS2, and WSe2, respectively. In (a)–(d),
the plane-wave DFT (solid lines) and MLWF (circles) band structures are compared to each other. The position of the second
conduction-band minimum at Q is indicated along the high-symmetry path. The zero energy level is set to the conduction-band
minimum of each material.

When it comes to phonons, our results generally agree
with studies reporting similar lattice parameters and based
on GGA PBE, such as those in Refs. [29,81]. The same
level of agreement remains when different pseudopoten-
tials are used, with and without spin-orbit coupling. The
latter effect is expected to be important for materials with
a net magnetic moment [29]. We do note some small
differences around the � point of the upper optical bands
of WS2 when comparing to calculations performed with
DFPT [29,81].

The calculated electron and phonon band structures
of silicon are depicted in Fig. 5 and the correspond-
ing band gap is given in Table I. As in the case of the
TMDCs, the calculated band gap (0.57 eV) underesti-
mates its experimental counterpart (1.12 eV) [83]. The
silicon band structure is nevertheless consistent with other
theoretical works [58,86,87] and its overall shape is in
good agreement with the experimental measurements [88].
Improving the band-gap accuracy would require applying
hybrid functionals or GW corrections, which is compu-
tationally very expensive and not necessary to extract
mobility values.

B. Phonon-limited mobility

1. LBTE

The mobility calculations were carried out with the
iterative LBTE method, utilizing homogeneous and com-
mensurate k/q-point grids across the entire Brillouin zone.

FIG. 5. (a) Electronic and (b) phonon band structure of silicon.
The same plotting conventions as in Fig. 4 are used.
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TABLE II. Transport properties of the selected TMDCs and silicon. The typical range of values reported in the literature is provided
in parentheses. The intrinsic mobility (μint), the mobility at an electron concentration of 5 × 1013 cm−2 (μ5×1013 ), the effective mass at
the conduction-band minimum (m∗) (longitudinal (l) and transverse (t) components for silicon), the longitudinal effective mass at the
Q valley (m∗l

Q ), and the coefficient representing the temperature dependence of the mobility (γ ) are reported.

Material μint μ5×1013 m∗ m∗l
Q γ

(cm2/Vs) (cm2/Vs) (m0) (m0)

MoS2 221 130 0.46 0.61 1.63
(47–410) (144–265) (0.45–0.51) · · · (1.35–1.69)

MoSe2 89 53 0.53 0.55 1.54
(18–269) · · · (0.52–0.64) · · · · · ·

WS2 335 179 0.31 0.60 1.35
(37–1739) (60) (0.24–0.35) (0.48–0.60) · · ·

WSe2 255 83 0.33 0.51 1.42
(23–1083) (25) (0.31–0.39) · · · · · ·

Si 1452 · · · 0.96l,0.19t · · · 2.28
(1080–1970) · · · (0.98l,0.19t) · · · (2.29)

Convergence has been tested with respect to the grid den-
sity and interaction range, as shown in the Appendix. The
results presented here have been obtained on a 301 ×
301 × 1 k/q-point grid for the TMDCs and on a 201 ×
201 × 201 k/q-point grid for silicon. Scattering states up
to 350 meV above the conduction-band minimum were
included, capturing the entire Fermi tail in case of high car-
rier concentrations. The TMDC mobilities correspond to
transport occurring along the zigzag direction. Their values
at 300 K are reported in Table II for two carrier concentra-
tions, together with the extracted effective masses and the
coefficient γ representing the temperature dependence of
the mobility, i.e., μ(T) ∝ T−γ [23].

We report intrinsic phonon-limited mobilities of 221,
89, 335, and 255 cm2/Vs for MoS2, MoSe2, WS2, and
WSe2, respectively. These results should be put in per-
spective with the large range of values reported in the
literature: 47–410 cm2/Vs for MoS2 [20,23–27,29–32],
18–269 cm2/Vs for MoSe2 [29–32], 37–1739 cm2/Vs
for WS2 [28–32], and 23–1083 cm2/Vs for WSe2 [28–
32]. Although MoS2 has probably been the most-studied
TMDC, there is still no consensus regarding its true
phonon-limited mobility value. A recent study accounting
for the effects of long-range interpolation and includ-
ing SOC narrowed down the range to 120–150 cm2/Vs
[34]. Issues still persist regarding the variability of results
obtained using different pseudopotentials and exchange-
correlation functionals.

The K-Q valley separation has been identified as a
possible source of variability, as it influences interval-
ley scattering. However, attempts to explain the observed
discrepancies solely based on this parameter have led to
contradictory results. In Ref. [25], a decrease in the mobil-
ity of MoS2 from 320 cm2/Vs down to 130 cm2/Vs was
found upon including intervalley scattering between the
K and Q valleys separated by 70 meV, while in Ref.

[29], the mobility did not change when varying both the
pseudopotentials and the exchange and correlation func-
tional, although the valley separation increased from 100
to 270 meV. This indicates that the K-Q valley separation,
though important, is only one piece of a more complex
interplay of parameters. This feature becomes even more
evident when examining WS2, which exhibits the broadest
range of calculated mobility values. Part of this variation
can be attributed to discrepancies in the effective mass.
For example, the study reporting the highest mobility for
WS2 (1739 cm2/Vs) relies on an effective mass of 0.26
m0 [31]. This is nearly 20% lower than the values both
our study and several others have extracted of 0.31 m0
[28,29,32]. In Ref. [29], the effective mass at K varies
from 0.30 m0 to 0.35 m0, depending on the chosen DFT
parameters. The authors also show that the heavier effec-
tive mass of the Q valley can also change between 0.48
m0 and 0.60 m0, which is expected to impact the mobil-
ity. Hence, similarly to the K-Q valley separation, the
effective mass of WS2 shows a high sensitivity to the sim-
ulation setup. Reported effective masses for all the studied
TMDCs include 0.45–0.51 m0 for MoS2 [23,26,27,30–32],
0.52–0.64 m0 for MoSe2 [30–32], 0.24–0.35 m0 for WS2
[28–32], and 0.31–0.39 m0 for WSe2 [28,30–32].

In summary, sometimes even small changes in the calcu-
lated electron and phonon dispersions can have a profound
impact on the mobility values. Yet, even with identical dis-
persions, drastically different mobilities can be obtained. A
compelling example is given by Ref. [29]. Specifically, for
WS2, the authors demonstrated that even with comparable
band structures and phonon dispersions, a tenfold dif-
ference in the electron-phonon matrix-elements can exist
if the pseudopotentials differ. While the derived electron
energies and phonon frequencies, i.e., their eigenvalues,
remain very close, their eigenvectors can be quite dif-
ferent, which has a direct impact on the electron-phonon
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coupling elements. It can thus be concluded that the
selected methodology to determine the scattering rates
(here, the frozen-phonon approach is used as opposed to
DFPT) can lead to different results because of the underly-
ing electron and phonon eigenvectors, among other factors.
Keeping these facts in mind, we believe that our calculated
TMDC mobilities agree well with the literature, especially
when looking at some of the most recent works for MoS2
[27], MoSe2 [29], WS2 [29], and WSe2 [29].

We note that the frozen-phonon approach used here
does not fully capture long-range interactions such as polar
optical phonon scattering (Fröhlich interaction), because it
is limited by the supercell size of the DFT calculations.
Since the Fröhlich interaction is slow to converge with
respect to the supercell size, it cannot be included [20]. The
choice to partly ignore these effects in our mobility calcu-
lations comes from the fact they are difficult to integrate
into a real-space NEGF solver, while they can be readily
accounted for in LBTE. Since our goal consisted of com-
paring the results of both methods, we decided to use the
same level of approximation in both cases.

Several DFPT-based approaches have been developed
to account for the long-range contributions to electron-
phonon interactions [34,89]. We have previously shown
that for MoS2, including the analytical 2D Fröhlich contri-
bution of Ref. [89] has a negligible impact on the mobility
of this material [38]. However, as demonstrated in Ref.
[34], the method of Ref. [89] does not fully capture all
aspects of long-range contributions, resulting in an over-
estimation of the mobility between 20% (IBTE) and 40%
(ERTA). While the Fröhlich interactions may be different
in other TMDCs, we generally observe a good agreement
between our results and those from studies considering
long-range contributions via DFPT [29]. It should, how-
ever, be noted that neither of these works makes use of the
method proposed in Ref. [34].

Next, we place our MoS2 simulation findings in the
context of experimental measurements. The focus is set
on this TMDC because more data are available. The
measured mobility of monolayer MoS2 ranges from 23
to 217 cm2/Vs [6,90–96]. In experiments too, multiple
parameters can influence the mobility, from the samples
themselves to the measurement equipment, the quality
of the data, and the dielectric environment. The stud-
ies reporting the largest mobility values typically involve
high-permittivity gate dielectrics such as HfO2. High-
κ dielectrics can better suppress Coulomb interactions
and, as a consequence, charged impurity scattering (CIS)
[90]. Reducing scattering brings the mobility closer to its
intrinsic phonon-limited value. Our simulations specifi-
cally target the mobility of freestanding monolayers and
consider electron-phonon scattering—and no other mech-
anisms. Additional scattering processes, notably surface
optical phonon (SOPS) and CIS, are known to have a neg-
ative impact on the transport properties of TMDCs [36].

Hence, the calculated MoS2 mobilities accounting for
electron-phonon scattering only should be larger than the
experimental ones, which suffer from these different scat-
tering sources. With a value of 221 cm2/Vs for monolayer
MoS2, we are in a range compatible with the experimental
data, knowing that the inclusion of SOPS and CIS would
decrease the mobility bellow 100 cm2/Vs [36]. This sanity
check gives us confidence in the developed computational
framework.

Another possibility to access the accuracy of our method
consists of simulating materials for which there are less
uncertainty in the mobility value. Silicon emerges as
the ideal candidate to do that and to further validate
our methodology. We obtain a phonon-limited electron
mobility of 1452 cm2/Vs for bulk silicon at 300 K.
This result aligns very well with the experimental val-
ues, which lie between 1300 and 1450 cm2/Vs [83,97,98].
On the modeling side, the range is broader and encom-
passes values between 1080 and 1970 cm2/Vs [24,56,
99,100]. Recent investigations have narrowed this range
down to 1305–1555 cm2/Vs [58]. This latter study has
meticulously analyzed the influence of various simulation
parameters on the mobility. Different exchange and corre-
lation functionals, spin-orbit coupling, and GW quasipar-
ticle corrections have been tested. It has been found that
the most reliable theoretical estimate for the mobility of
bulk silicon is 1366 cm2/Vs. Interestingly, when employ-
ing simulation parameters similar to ours—specifically,
the use of GGA, no spin-orbit coupling, and no crys-
tal relaxation (experimental lattice constant)—the authors
obtained a mobility of 1457 cm2/Vs, a value almost iden-
tical to ours. At lower temperatures of 200 and 100 K,
we calculated mobilities of 3740 and 17831 cm2/Vs,
respectively. In Ref. [58] using their most accurate com-
putational settings, values of ∼3460 and ∼16 890 cm2/Vs
have been found, which aligns relatively well with our
results. Our calculated longitudinal (0.96 m0) and trans-
verse (0.19 m0) effective masses for silicon also closely
match the experimental values of 0.98 and 0.19 m0
[83]. This excellent agreement with both experimental
data and the calculations of Ref. [58] reinforces our
confidence in the accuracy of our modeling approach
and demonstrates its application potential beyond just
TMDCs.

So far, we have considered mobility calculations under
intrinsic carrier concentrations, where the Fermi level is
located in the middle of the TMDC band gap. Given the
fact that semiconductors are doped in most applications,
it is crucial to also explore their transport properties at
higher carrier concentrations. To this end, we have com-
puted with LBTE the phonon-limited electron mobility of
the TMDCs as a function of the carrier density and temper-
ature. Our findings are shown in Fig. 6. The mobilities have
been determined as a function of the Fermi level, which has
been shifted upward, from the middle of the band gap into
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FIG. 6. Phonon-limited mobility of the considered TMDCs—(a) MoS2, (b) MoSe2, (c) WS2, and (d) WSe2—as a function of the
carrier density for a temperature T = 100 K (dashed line with triangles), T = 200 K (dashed line with diamonds), and T = 300 K
(dashed line with squares). All these results have been obtained with LBTE. The stars in subplots (a), (c), and (d) refer to NEGF
calculations.

the conduction band. The corresponding carrier density
has then subsequently been computed with Eq. (29). The
calculated mobilities exhibit the expected behavior: they
initially remain flat as the carrier concentration increases
up to 1012 cm−2. Above this point, higher-energy states
in the conduction band become populated. The electrons
occupying them can relax into low-energy states through
optical phonon emission, which increases the scattering
rate and decreases the mobility. The observed mobility
drop accelerates when the Q valley starts to fill up and
intervalley scattering kicks in.

Turning to the temperature dependence of the mobil-
ity, we observe that the lower this parameter is, the
smaller the phonon population. Hence, the scattering rate
diminishes and the mobility is enhanced. In monolayer
MoS2, the intrinsic phonon-limited mobility rises from
221 cm2/Vs at 300 K to 431 cm2/Vs at 200 K and further
to 1329 cm2/Vs at 100 K. At the same time, the mobil-
ity still drops rapidly at high carrier concentrations, in line
with the predictions of other studies [20,23]. Assuming
that the mobility evolves as μ(T) ∝ T−γ [23], where T
is the temperature, we can extract the decay parameter γ

from our calculations. For MoS2, we find that γ = 1.63,

a value similar to what other computational studies have
reported (between 1.35 and 1.69 [20,22,23]). The calcu-
lated γ values for the other TMDCs considered in this
work are listed in Table II. For silicon, we obtain γ = 2.28,
in good agreement with the value (2.29) extracted from
Ref. [58].

For MoS2, we have also calculated the intrinsic hole
mobility, which comes out to be 19 cm2/Vs. Contrary
to the electron mobility, fewer simulation studies provide
this quantity. For instance, in Ref. [33] a comparable hole
mobility of 26 cm2/Vs has been obtained, whereas a value
of 73 cm2/Vs is reported in Ref. [34] when incorporating
spin-orbit coupling.

2. NEGF

LBTE offers a computationally efficient platform to
determine the mobility of bulk and nanostructured mate-
rials but it does not provide information about electrical
current or device characteristics. This is where the NEGF
formalism can be of great help. Although both approaches
take the same quantities as input, they rely on different sys-
tems of equations. To validate their implementation, it is
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therefore useful to compare physical quantities that can
be computed with both of them. This is the case of the
phonon-limited mobility. In particular, since the scattering
self-energies are truncated in NEGF (�-point calculation
and introduction of a cutoff radius) while no such approx-
imations are made in LBTE, comparisons between the
mobility calculated with both methods allow us to assess
the accuracy of the simplifications we have made to NEGF.

The phonon-limited mobility is computed in NEGF with
the dR/dL method [73], which enables consideration of
different temperatures and carrier concentrations. We first
construct 3 × 1 × 8 supercells comprising 144 atoms that
are derived from the smallest possible orthorhombic cell
made of 6 atoms. These supercells are then replicated along
the transport direction x to give rise to devices of lengths
roughly equal to 10, 17, and 30 nm. The periodic direction
z is modeled via 3 kz-points at low carrier densities (n =
1 × 1012 cm−2) and 5 kz-points at n = 5 × 1013 cm−2. We
have verified that this number of kz points is sufficient to
capture all band-structure features. Such small numbers of
kz points are justified by the large dimension of the trans-
port cell along z (Rz = 2.5 nm for MoS2). The phonon
dispersion and eigenvectors are evaluated at the � point
and include a total of 432 phonon energies. In the calcu-
lation of the scattering self-energies, �≷e-ph

mn , in Eq. (35),
a cutoff radius rcut < 12 Å (13.2 Å) for MoS2 and WS2
(WSe2) is introduced to keep the computational burden and
memory manageable. On average, each atom interacts with
155 neighbors. No larger value could be simulated on the
available machine [101]. A detailed analysis of the rcut-
dependent convergence of the electrical current is provided
in the Appendix. All NEGF-based mobility calculations
are performed under small bias conditions (�V = 1 mV),
assuming a flat electrostatic potential.
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FIG. 7. The channel resistance of monolayer MoS2 as a func-
tion of the sample length, at temperatures of 200 K and 300 K
and for electron concentrations n = 1 × 1012 cm−2 and n = 5 ×
1013 cm−2. The symbols represent simulation results, while the
lines are used as fits and serve as inputs to the dR/dL method
[73].

TABLE III. Phonon-limited mobility of selected TMDCs at
300 K, calculated using LBTE [within the IBTE (ERTA) approx-
imation] and NEGF at different carrier concentrations.

1 × 1012 cm−2 5 × 1013 cm−2

Material LBTE NEGF LBTE NEGF
(cm2/Vs) (cm2/Vs) (cm2/Vs) (cm2/Vs)

MoS2 217 (197) 217 130 (139) 148
WS2 334 (128) · · · 147 (51)b 131b

WSe2 251 (166)a 244a 71 (57)b 60b

a(b) Actual carrier concentration of 1.5 × 1012 cm−2

(5.7 × 1013 cm−2).

Focusing on MoS2, in Fig. 7, we present the obtained
MoS2 channel resistances as a function of the device
length. Due to the high computational intensity associated
with such calculations, we have limited ourselves to two
temperatures, 200 K and 300 K, and two electron con-
centrations, n = 5 × 1013 cm−2 and n = 1 × 1012 cm−2.
Ideally, the sample lengths should be much larger then
the mean free path for scattering, but for the same reason
as already mentioned above, we have not been able to
go beyond 30-nm-long devices. Nonetheless, it is obvi-
ous from the results in Fig. 7 that the resistance increases
linearly with the sample length in all cases, underscor-
ing the diffusive nature of transport. From these data, the
mobility at 300 K and n = 1 × 1012 cm−2 is found to
be 217 cm2/Vs, which is in perfect agreement with our
LBTE finding under the same condition (217 cm2/Vs).
At a reduced temperature of 200 K, the NEGF mobil-
ity rises to 452 cm2/Vs, thus exceeding the LBTE value
of 422 cm2/Vs. Meanwhile, increasing the carrier con-
centration to n = 5 × 1013 cm−2 reduces the mobility to
148 cm2/Vs at 300 K and 254 cm2/Vs at 200 K in case of
NEGF. These results also overestimate the LBTE values,
which are equal to 130 cm2/Vs and 224 cm2/Vs at 300 K
and 200 K, respectively.

To further validate our approach, we have calculated the
mobility of monolayer WS2 and WSe2 with NEGF. Note
that for WS2, only the value at high carrier density could
be obtained, as the maximum sample length that we can
currently simulate (30 nm) is too short to ensure that trans-
port is in the diffusive regime and that the dR/dL approach
is valid. The calculated mobilities, at 300 K, of all consid-
ered TMDC are reported in Table III, including the IBTE
and ERTA values. The NEGF mobilities are also shown as
stars in Fig. 6.

We believe that the relatively good agreement between
LBTE and NEGF (with differences of less than 15% in
all cases and under 3% at low carrier densities and a tem-
perature of 300 K) validates our approximations to calcu-
late the electron-phonon scattering self-energy. Focusing
on MoS2, the remaining discrepancies can possibly be
explained as follows. Considering the lower-temperature
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case first, the higher NEGF mobility can be attributed to
the short sample lengths (10, 17, and 30 nm). From the
calculated mobilities and resistivities (dR/dL), we can esti-
mate the phonon-limited mean free path for carriers [74],
which is equal to 9.8 nm at 300 K and 22.1 nm at 200 K for
low carrier concentrations. Given that the mean free path
at 200 K is almost on par with the maximum sample length
of 30 nm, the channel might not be long enough to let
the electron population fully relax due to phonon emission
or absorption. An underestimation of the scattering rate is
expected to lead to higher mobility values. This reason-
ing does not apply to the high-carrier-concentration case,
where the mean free path is 6.7 nm at 300 K. In this con-
figuration, the difference between LBTE and NEGF may
be due to the lack of kz-point coupling. While the size
of the transport cell ensures that the most relevant states
are projected to the � point, or close to it, this might no
longer be true at high carrier concentrations. For exam-
ple, even in the chosen large cell, not all Q-valley states
are projected to �. However, they start to play an impor-
tant role when the electron density reaches 5 × 1013 cm−2.
Our �-point calculations neglect parts of the coupling to
the Q valley, which might underestimate the scattering rate
and artificially increase the mobility. The error (148 ver-
sus 130 cm2/Vs and 254 versus 224 cm2/Vs) remains
acceptable and indicates that most scattering events are
still accounted for.

C. Device simulation

Next, after demonstrating that the NEGF approach can
reproduce the LBTE mobilities fairly accurately, we move
to full ab initio device simulations. The transfer character-
istics of a single-gate monolayer MoS2 FET, as depicted
in Fig. 2, are investigated, assuming perfectly Ohmic con-
tacts. The gate length, Lg = 11.8 nm, has been chosen
according to the latest International Roadmap for Devices
and Systems (IRDS) for the year 2028 [102]. The source
and drain extensions measure Ls = Ld = 9 nm and are
doped with a donor concentration ND = 5 × 1013 cm−2.
The transistor structure is therefore composed of 2592
atoms. The MoS2 channel is deposited on a SiO2 “sub-
strate” with a top HfO2 dielectric layer of thickness tox =
3 nm and a relative permittivity εox = 20, resulting in an
equivalent oxide thickness (EOT) of 0.58 nm. The OFF-
state current IOFF is set to 0.1 µA/µm by adjusting the
gate work function. The same simulation settings as for the
mobility calculations at n = 5 × 1013 cm−2 and T = 300 K
are used (5 kz-points, an energy resolution of 2 meV).

First, the Id-Vgs transfer characteristics of the MoS2
transistors are simulated in the quasiballistic limit of
transport. The phenomenological electron-phonon scat-
tering model of Ref. [79] is recalled for that purpose
with a phonon frequency �ω = 40 meV and a scattering
strength De-ph = 25 (meV)2. This model ensures that the
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FIG. 8. Transfer characteristics Id-Vgs at Vds = 0.6 V of a
single-gate monolayer MoS2 field-effect transistor in the qua-
siballistic limit of transport (IQB, blue curve with circles). The
ON-state current in the pure ballistic limit (ION,B, green triangle)
and in the presence of electron-phonon interactions according to
Eq. (35) (ION,e-ph, red star) are indicated. Both a linear and a log
scale are provided for IQB.

nonphysical negative differential behavior often observed
in TMDC-based FET is eliminated. The resulting curve
at Vds = 0.6 V is depicted in Fig. 8. It can be seen that
the device exhibits good electrostatic properties with a
subthreshold swing of 69 mV/dec and a decent ON-state
current (Id at Vds = Vgs = 0.6 V) of 613 µA/µm. It is also
found that the considered transistor does not suffer from the
so-called density-of-states bottleneck [103], the extracted
gate capacitance Cg = ∂n/Vgs = 5.6 µF/cm2 approaching
the value of the oxide capacitance (Cox = 5.9 µF/cm2).

As computing the entire Id-Vgs in the presence of
electron-phonon scattering as described in Eq. (35) is
computationally not feasible, we only include the devel-
oped electron-phonon scattering model when calculating
the ON-state current of the transistor and evaluate it with
the same electrostatic potential as in the case of the phe-
nomenological model. As a reference, we have also deter-
mined the value of the pure ballistic current by turning
off all scattering interactions. Both the pure ballistic and
the dissipative currents are displayed in Fig. 8 as a tri-
angle (pure ballistic current, ION,B = 502 µA/µm) and
as a star (current with real electron-phonon scattering,
ION,e-ph = 554 µA/µm). It can be noted that the ION,B is
smaller than the ON-state currents obtained in the pres-
ence of scattering. This phenomenon has been explained in
Ref. [35]: phonons connect electronic bands with a narrow
energy width that cannot carry current in the ballistic limit
of transport. In this case, electron-phonon scattering can
increase the current. There is, however, a competing effect
that manifests itself at high scattering rates: back scattering
or the decrease of the current caused by electron-phonon
interactions. This is exactly what happens when the full
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FIG. 9. Spectral ON-state current (Id as a function of the energy
E and position x) for a single-gate monolayer MoS2 field-effect
transistor in (a) the ballistic limit of transport and (b) when
the proposed electron-phonon scattering model is turned on.
Red indicates high current concentration, while no current flows
through the green regions. The conduction-band edge is marked
by a black dashed line. The Fermi levels of the left (EFL) and right
(EFR) contacts are highlighted in blue. The location at which the
injection velocity is extracted is marked with vinj .

electron-phonon scattering model is turned on: back scat-
tering starts to dominate, so that the current decreases as
compared to the quasiballistic case. It nevertheless remains
higher than in the pure ballistic case. Overall, the differ-
ence in current is rather small, ION,B = 502 µA/µm and
ION,e-ph = 554 µA/µm but the electron behavior differs
significantly.

This is exemplified in Fig. 9, where the energy- and
position-resolved ION,B and ION,e-ph are plotted. In the
ballistic case, the spectral current remains constant from
the left side (source) to the right side (drain): the energy of
the electrons injected into the simulation domain cannot
vary in the absence of a dissipative scattering mecha-
nism. When electron-phonon interactions are introduced,
the electrons lose a substantial amount of their energy
between the source and the drain of the transistor. Most of
the energy relaxation occurs in the region located after the
top of the potential barrier, where the electric field reaches
its maximum.

The effect of back scattering, which causes electrons
flowing from the source to the drain to be scattered back to
their origin, cannot be directly visualized, but its influence
can be indirectly measured when considering the injection
velocity extracted at the top of the barrier. This velocity
decreases from 3.6 × 106 cm/s in the quasiballistic case to
3.2 × 106 cm/s when electron-phonon scattering is fully
accounted for. Note that in ultrascaled devices, the injec-
tion velocity and charge at the top of the potential barrier
are not as clearly defined as in their long-channel counter-
parts. This is due to the absence of a plateau in the center of
the channel. The extracted injection velocity values tend to

vary depending on the interpolation technique that is used
to identify the exact location of the top of the potential
barrier.

IV. CONCLUSIONS AND OUTLOOK

This work has explored the transport properties of
selected TMDCs and bulk silicon based on an ab initio
description of their electron and phonon dispersions and
of the interaction between these particles. The developed
methodology relies on a combination of first-principles
DFT, MLWF, LBTE, and NEGF. Mobility calculations
reveal that the obtained results align very well with
the current literature, despite the myriad of factors that
may impact the calculated quantities. The sensitivity of
the TMDC mobility to factors such as pseudopotentials,
exchange-correlation functionals, and phonon calculation
method has been highlighted. Hence, as a sanity check,
the mobility of silicon, a well-characterized semiconduc-
tor, has been computed and compared to experimental data.
While full inclusion of Fröhlich interactions is lacking in
our model, the agreement between our calculations, mea-
surements, and other computational studies validates our
treatment of electron-phonon scattering within the consid-
ered framework. The latter has therefore been employed
in NEGF to construct electron-phonon scattering self-
energies going beyond the diagonal approximation but
restricted to �-point calculations. Here again, good agree-
ment between LBTE and NEGF indicates that the most
important features of electron-phonon scattering are cap-
tured by our NEGF solver. As a consequence, ab initio
device simulations of TMDC-based FETs incorporating
the real mobility of these materials could be performed.
Being able to precisely account for electron-phonon scat-
tering in the investigation of TMDC devices is essential
to shed light on their intrinsic transport properties. While
the accuracy achieved by our NEGF approach for mobility
calculations and device simulations is promising, further
enhancements are required to make it readily applica-
ble to any system. Its computational efficiency should be
improved so that it can treat larger devices and structures
embedded within a dielectric environment [37]. Such an
extension is key to directly accounting for surface optical
phonon scattering. Significant speed-ups might be possible
by applying the mode-space approximation [104] and by
projecting the Hamiltonian and electron-phonon scattering
self-energies into this basis. As matrices with lower dimen-
sions are obtained when going from real space to mode
space, the gain in processing time and storage require-
ments could be leveraged to increase the cutoff radius
applied to the scattering self-energies and/or to increase
the size of the transport cell. Additionally, the possibility
of going beyond the diagonal approximation for scatter-
ing self-energies can now be used to treat other mecha-
nisms as well; e.g., (charged) impurity scattering, surface
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roughness, or alloy disorder. The inclusion of nondiago-
nal scattering entries ensures a more detailed and accurate
description of carrier interactions with their environment.
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APPENDIX: CONVERGENCE ANALYSIS

To ensure the accuracy of the electrical results presented
in this paper, in this appendix we evaluate the convergence
of the calculated mobility and electrical currents, using
monolayer MoS2 as a representative example, with respect
to the k/q-point grid (LBTE) and interaction range (LBTE
and NEGF).

The implemented LBTE solver enables us to sample the
Brillouin zone with high resolution, extending up to 501 ×
501 × 1 k/q-point grids for TMDCs. The convergence of
the phonon-limited mobility of MoS2 is plotted in Fig. 10
as a function of the k/q-point density used in the LBTE
calculations. It can be seen that a 301 × 301 × 1 k/q-point
grid is sufficient to produce converged results, the mobility
at this grid size only displaying a 0.3% deviation from the
densest grid.

In the case of LBTE, the interaction range used to
construct the electron-phonon coupling elements can be
effectively reduced by constraining the summation over
neighboring cells, (β, γ ) in Eq. (7). In Fig. 11, we show
the resulting mobility as a function of the number of
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FIG. 10. Phonon-limited mobility of monolayer MoS2 as a
function of the k/q-point density. At a 301 × 301 × 1 k/q-point
grid, the phonon-limited mobility shows only a 0.3% deviation
from the value obtained with a denser 501 × 501 × 1 k/q-point
grid.
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FIG. 11. Phonon-limited mobility of monolayer MoS2 as cal-
culated with LBTE (green line with squares), the maximum value
of the Hamiltonian derivative dH/dQ (blue line with triangles),
and the mean value of dH/dQ (red line with diamonds) are
reported as a function of the number of atoms interacting with
an arbitrary point of reference.

interacting atoms included. It can be observed that the
mobility, with interactions limited to 75 atoms, already
approaches its converged value with approximately 6%
difference as compared to the case in which the complete
data set is incorporated. This discrepancy diminishes to
below 3% when interactions with up to 147 atoms are
included. Although the slope of the mobility convergence
with respect to the interaction range might appear linear
when the number of interacting atoms increases from 75
to 243, it is not. The slope between 147 and 243 atoms is
20% smaller than between 75 and 147 atoms. Hence, the
mobility converges, but slowly with respect to the DFT
supercell size, as previously demonstrated [20]. In con-
trast, relatively rapid convergence is also observed in the
localized Hamiltonian derivatives, dH/dQIηγ , in Eq. (7).
Their maximum and mean values are reported in Fig. 11
as a function of the number of interacting atoms. As
expected, these derivatives quickly decrease and remain
small when more than 75 atoms are included. When the
full data are considered, the magnitude of the additional
long-range interactions becomes comparable to the noise
floor of the MLWF calculations, which is defined as all
numerical values below a certain magnitude (usually about
0.00001 eV), where the entries of the Wannier Hamiltonian
are indistinguishable from computational noise. Hence,
removing them has no impact on the resulting eigenvalues
or eigenvectors.

Moving on to the NEGF approach, we have calcu-
lated the electrical current flowing through 10-nm-long
MoS2 and WSe2 samples at charge densities of 1 × 1012

and 5.7 × 1013 cm−2, respectively, as a function of the
interaction range rcut. Our interaction range refers to
the maximum distance between two interacting atomic
orbitals. Although beyond rcut the scattering self-energies
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FIG. 12. Electrical current flowing through 10-nm-long mono-
layer MoS2 and WSe2 samples under a flat-band potential and an
applied voltage of 1 mV as a function of the cutoff radius rcut
applied to Eq. (35). The relative changes of the current between
rcut = 5 and 12 Å (18%), rcut = 11 and 12 Å (6%) for MoS2, and
rcut = 5 and 13.2 Å (2.5%) for WSe2 are indicated.

are assumed to be zero, all available atomic displacements
(Iηγ ) in Eq. (7) are included, regardless of rcut. The con-
vergence behavior is reported in Fig. 12 for rcut between
5 and 13.2 Å, the maximum value that could be reached
on the available hardware. For MoS2, the current changes
by only 18% when rcut increases from 5 to 12 Å, yet it
does not converge toward a fixed value. In contrast, the
change in the WSe2 current is much smaller, less than
2.5%. Currently, we do not have an explanation for the
worse convergence of MoS2. However, the fact that the
mobilities calculated using the largest rcut values align
fairly well with those from LBTE, regardless of the conver-
gence behavior suggests that a sufficiently large number of
nondiagonal entries in the scattering self-energies are con-
sidered in the present calculations. Further investigations
will be conducted after getting access to a larger machine
or after projecting the Hamiltonian and electron-phonon
coupling elements onto a significantly smaller mode-space
basis.
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