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Vortex decomposition and reconfiguration via transformation optics
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The potential of optical orbital angular momentum (OAM) to create boundless dimensional Hilbert
spaces has garnered considerable interest for augmenting the capacity of communication systems. Precise
detection and reconfiguration of optical vortices (OVs) carrying distinct topological charges are crucial
for leveraging their communicative potential. Here, based on transformation optics (TO), we theoretically
propose a straightforward method for OV decomposition and reconfiguration. We first transform spiral
vortices into planar waves with varying refraction angles and subsequently restore the vortices at desig-
nated image points with the aid of coherent perfect absorbers. Employing Hamiltonian optics, we analyze
the trajectory of OV rays at both source and image positions, revealing an efficient reconfiguration of the
OAM field that accounts for the phases of the sources. Our findings demonstrate flexible manipulation of
OAM through TO, offering substantial advancements in communication technologies, including on-chip
signal filtering and demultiplexing.
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I. INTRODUCTION

Optical orbital angular momentum (OAM) [1,2] has
been widely investigated in the last few years, playing
a crucial role in a variety of fields, including plasmon-
ics, quantum computing, and sensing [3–6], and showing
fascinating physical characteristics with promising appli-
cations in optical tweezers, imaging, quantum entangle-
ment, and communications [7–15]. In recent years, OAM
has attracted growing interest for its potential in multi-
plexing degrees of freedom to improve signal capacity
and transmission efficiency [16–18]. Expanding the sig-
nal bandwidth using OAM-carrying signals will be the
dominant method for future communication technologies.

The conventional OAM beams used in communica-
tions mainly include Laguerre-Gaussian beams, Bessel
beams, perfect optical vortices (OVs), and vector vor-
tices [1,19–21], which are described as vortices with
azimuthal-dependent phase dislocation eilθ [l is the topo-
logical charge (TC) determined by the OAM quantum
state, and θ is the azimuthal angle]. The OAMs of dis-
tinct channels are discriminated by different TCs l, which
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correspondingly generate diverse spiral phases [22,23].
The generation of OAM is the first step in multichan-
nel multiplexing communications, providing a foundation
for subsequent signal modulation and demodulation. Con-
siderable research efforts have been devoted to exciting
vortices based on their spiral phase, including spatial light
modulators, metasurfaces, and microlasers [24–27]. The
OAM currently employed in communications features a
helical phase in the out-of-plane direction (z direction),
and it is important to consider the impact of atmospheric
turbulence [28]. Despite great success in exciting vortices,
a bottleneck issue, not overcome in previous studies, is
how to achieve long-distance propagation in the air. The
OAM with an in-plane spiral phase, resembling a vortex,
presents a promising alternative for communications. This
approach represents a prospective solution for overcoming
the challenges associated with atmospheric turbulence in
long-distance OAM communications.

OVs with OAM are essentially electromagnetic waves,
hence the general wave regulation theory can be utilized
to manipulate OAM, such as through using metasurfaces
and transformation optics (TO) [29,30]. TO proposes a
method for designing media with the desired electromag-
netic properties through coordinate transformation from
virtual space to physical space. Various optical devices
based on TO have been proposed, such as cloaks, rota-
tors, and concentrators [31–33]. In particular, there has
been interest in applying TO techniques to manipulate
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optical vortices. For instance, a negative radiation pres-
sure can be generated by transforming OAM to achieve a
long-range optical pulling force beam [34]. TO also allows
us to control OAM, transforming it from directional to
omnidirectional in the horizontal plane [35]. Additionally,
there has been significant research dedicated to the gener-
ation of OAM using TO [36–38]. However, there has been
limited research on the reconfiguration of OVs with the in-
plane spiral phase, whether utilizing TO or metasurfaces.
In this work, we use TO to decompose and reconfigure
OVs with the in-plane spiral phase. Firstly, as depicted in
Fig. 1(a), we decompose the vortices with different TCs
into specific characteristic plane waves. The spiral phases
of OVs are interpreted into varying phases at each tan-
gential point. Subsequently, in Fig. 1(b), we demonstrate
internal-converged OV reconfiguration by the method of
mirrored TO [39]. To reconfigure the OV, it is necessary to
simultaneously map the phase from every azimuthal angle.
Therefore, we arrange the media in a closed configuration
to gather omnidirectional phases and visualize them with
the help of a coherent perfect absorber (CPA). The efficient
vortex decomposition and reconfiguration are theoretically
and numerically validated. We analyze the unique spiral
phase properties of OVs, contributing to the advancement
of OAM-based communication techniques.

II. RESULTS AND DISCUSSION

Compared with a conventional cylindrical wave, the
OV with an in-plane spiral phase carries an additional
azimuthal phase induced by a nonzero TC l. When
the propagating phase of the OV is canceled out, the
azimuthal phase does not vanish, which might provide
us with a method to identify the OAM of the TC. Fol-
lowing this approach, we can design an OV decomposer
using TO, as shown in Fig. 1(a) This decomposer is
created by compressing a fan shape air domain, and
making the corresponding coordinate transformation as
follows:

r′ = h
R0 cos θ − a

(r − R0) + a + h
cos θ

, θ ′ = θ , z′ = z,

for
a

cos θ
<r < R0, −θ0 < θ < θ0. (1)

By keeping the θ unchanged, the arc-shaped emission
boundary [virtual space in Fig. 1(c)] is compressed into the
straight-line boundary [physical space in Fig. 1(d)]. From
TO, the electromagnetic properties of the decomposer in
Cartesian coordinates are

(a) (c)

(b) (d)

FIG. 1. Schematic of OV decomposition (a) and reconfiguration (b) through transformation optics. (c) A sector region bound by red
solid lines in virtual space. The right boundary is r = R0 (|θ | ≤ θ0) and the left one is rcos(θ ) = a. The space is represented by a black
and white rectangular grid referring to the unity refractive index. (d) A trapezoid region bounded by red solid lines in physical space
with a thickness of h. The background grid is compressed to represent transformation and the induced inhomogeneous permittivity and
permeability.
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(2)

where r′ =
√

x2 + y2, θ ′ = arctan(y/x), A = a − R0 cos θ ′,
B = r′ − (a + h/cos θ ′), C = hR0 − AB, D = a(a + h) −
r′R0cos2θ ′. The values of a and h can be adjusted accord-
ingly on demand. Here, we set a = 2𝜆, h = 𝜆, and θ0 =π /4,
where 𝜆 is the working wavelength in air. It is evident that
the trajectories of light in the OV decomposer are refracted,
and light rays will propagate at an angle depending on the
TC l. We use the Hamiltonian optics [40] method to vividly
show the manipulation of rays, and the Hamiltonian is
written as follows:

H = knk − det(n), (3)

where k is the wave vector of the light, and n is the per-
mittivity (or permeability). The results of ray trajectories
are shown in Fig. 2, and the gray area is the decomposer.
It can be found that the light is emitted perpendicular
to the right boundary when l = 0 in Fig. 2(c), which is
consistent with our analysis. The vanishing OV means
no additional azimuthal phase; thus, the right boundary
is the equiphase plane. As l decreases (or increases), the
phase on the right boundary is changed, such that light

is emitted from the interface at different angles, such as
in Fig. 2(a) for l =−3 and Fig. 2(e) for l = 3. In the
numerical calculations, the red solid circle in Figs. 2(a)
and 2(e) represents the OV source, and the rays are emit-
ted in a tangential direction to the circle. The different OV
orders can be achieved by adjusting radius of red solid
circle and distribution of tangential lines [41]. As an exam-
ple, we depict the field pattern at 0.3 GHz for a point
source set near the decomposer, as shown in Figs. 2(b),
2(d), and 2(f), and choose transverse electric polarization
in this article. All the calculations in this article are per-
formed by the commercial software COMSOL Multiphysics.
After passing through the decomposer, the original cylin-
drical wave evolves into a tilted plane wave. Impor-
tantly, the tilted angle (or refraction angle) can be solved
analytically.

Wave compression using TO usually leads to phase mis-
match and significant deflection of light. Here, through our
meticulous design, only a slight deflection is observed on
the left side, and it only affects the right side. The phase
in the right boundary varies along the y direction because
of the additional azimuthal phase carried by the OV in

(a) (b)

(c) (d)

(f)(e)

(g)

Ez

FIG. 2. Optical vortex (OV) decomposition. The Hamiltonian optics analysis for (a) l =−3, (c) l = 0, (e) l = 3. OV rays from a circle
emit diagonally, while the point source emits vertically. Yellow lines are the trajectories of light rays, the gray area is the medium,
black dashed lines indicate the vertical direction of the boundary, and red arrows indicate the exit spirality of the light. The simulated
electric field patterns for (b) l =−3, (d) l = 0, (f) l = 3. The trapezoid region bounded by black solid lines is the medium. (g) The
relationship between refraction angle and emission position [as depicted by the red dashed box in (a)] for different modes.
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virtual space, which can be described as

φ(y) = lθ = l arctan
(

y
a + h

)
. (4)

According to the generalized Snell’s law [25], the refrac-
tive angle can be deduced as follows:

α = arcsin
(

l𝜆
2π

dφ(y)

dy

)
. (5)

By combining Eqs. (4) and (5), the refractive angle of rays
is given as follows:

α = arcsin
(

l𝜆
2π

a + h
(a + h)2 + y2

)
. (6)

To validate Eq. (6), we compare the results calculated by
Hamiltonian optics (lines) with the theoretical y-dependent
α governed by Eq. (6) (dots) in Fig. 2(g), which show
good agreement with each other. Light of OVs with differ-
ent TCs produces different refraction angles after passing
through the medium, and when l < 0, the light refracts
upward, while it refracts downward when l > 0.

To reconfigure the OV, we need to construct the spiral
phase surface of the OV, as depicted in Fig. 1(b). In the pre-
vious discussion, we demonstrate that the OV corresponds
to a plane wave that is emitted obliquely. According to the
principle of reversibility of light paths, when an oblique
incident plane wave strikes the other side of the medium,
it will generate part of the OV. However, during the trans-
formation process, where the output surface is compressed,
phase mismatch occurs between the output surface and the
environment. This phase mismatch causes reflections when
a plane wave is excited from the right side. To overcome
this issue, we employ mirrored TO for phase matching,
which uses a bilayer transformation medium as depicted

in Fig. 3(a), and the mirrored transformation of medium II
is as follows:

x′ = 2(a + h) − x,y ′ = −y,z′ = z. (7)

According to mirrored TO, the incident source will
form an image point at a symmetric position as shown in
Fig. 3(a). First, we trace the light rays based on Hamil-
tonian optics, as depicted in Figs. 3(b)–3(d). When l = 0
[Fig. 3(c)], the initially divergent light rays converge to a
point. When l �= 0, the light rays emitted at a tangent to the
circle return to the tangent trajectory of the circle at a sym-
metric position and produce a corresponding offset in the
y direction. For l < 0, the light rays from the lower half
space converge upward, while for l > 0, the light rays from
the upper half space converge downward. We also conduct
wave simulations, as illustrated in Figs. 3(e)–3(g). After
passing through the bilayer transformation medium, vor-
tices with different TCs are focused on distinct points. The
black dashed line indicates the horizontal position of the
source. When l = 0, the focus and source are on the same
horizontal plane. For l < 0, the focus is above the horizon-
tal line, and for l > 0, it is below the horizontal line. These
results are consistent with those analyzed by Hamiltonian
optics.

The direction of deflection is opposite to the vortex Hall
effect [42] in double-negative refractive index materials.
The image and corresponding source are mirror-symmetric
within double negative refractive index materials, while
they are rotationally symmetric in our design. When a
cylindrical wave is incident, no Hall effect occurs, and
instead it converges at the symmetric focal points. As dis-
cussed in the beginning of this section, a vortex is a cylin-
drical wave with an additional phase. It is precisely this
additional phase that gives rise to these vortex Hall effects.

Despite the mirrored TO, waves emitted from a point
source cannot be reconfigured to the same point source at a
symmetrical position, but produce a light spot. Combining

(a) (b) (c) (d)

(e) (f) (g)

FIG. 3. Imperfect OV reconfiguration. (a) Schematic diagram of mirrored TO. (b)–(d) Hamiltonian optics analysis for l =−3, 0, 3,
respectively. The black dashed line indicates center of the source. (e)–(g) Simulated electric field distributions for l = −3, 0, 3.
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Perfect OV reconfiguration. (a) Schematic diagram of OV reconfiguration, where CPA is a coherent perfect absorber. S1,
S2, S3, and S4 represent four vortex sources around device. (b) OV phase discontinuity. (c) Phase continuity. Q1, Q2, Q3, and Q4
represent four corners of the device. (d) Hamiltonian optics analysis yields the results of OV reconfiguration. Simulation results of
phase distribution in the case of (e) discontinuity and (f) continuity.

the results of Hamiltonian optics, it can be inferred that
the medium has a limited ability to collect rays within a
specific range of angles (2θ0), causing the formation of
a refraction caustic with a half circle and resulting in an
inability to reconfigure the OV. In order to reconfigure the
OV, omnidirectional rays must be collected in geometric
optics and, for waves, the phases at all angles (360°) must
be gathered. As shown in Fig. 4(a), the medium in Fig. 3(a)
is spliced and rotated to form a quadrilateral shape. Four
OV sources are symmetrically positioned at a distance of
d = 2𝜆 from the device’s edge to generate the phase of
each part. The medium gathers the omnidirectional phase
required to reconfigure the OV.

Next, we employ Hamiltonian optics to calculate the
trajectories of light rays, as depicted in Fig. 4(d). The con-
verging surrounding light rays form a image of equal size
at the center, showcasing the potential for OV reconfig-
uration. However, in wave optics, this image can not be
reconfigured by simply placing identical OVs around the
device. In the case of a quadrilateral shape, the designed
medium must collect certain fragments of phase informa-
tion from each source to reconfigure the OV. Given that the
size of the medium has little impact on the results, we can
simplify it as a slice or even a straight line, as illustrated
in Fig. 4(b), when analyzing the phase. As the wave front
of the OV is not circular but spiral, this leads to specific
phase values at each azimuth angle [as shown in the inset in
Fig. 4(b)]. The phase distribution of the spiral phase intro-
duced by the surrounding sources (with l = 1) is presented
in Table I.

At the boundary between each medium, a phase jump
occurs, causing discontinuous phases, as illustrated in
Fig. 4(b) and the simulated phase distribution in Fig. 4(e).
To ensure continuous phases, the reconfigured phases must
be consistent between the adjacent media. Therefore, a
certain initial phase must be introduced between the neigh-
boring sources. For an n-sided polygonal splice, the addi-
tional initial phase for the ith source is �θi = −(4π/n)i.
For quadrilateral splicing, the phase difference between the
sources is �θ = −π , as shown in Fig. 4(c). After assign-
ing the appropriate initial phases to each respective source,
a continuous converged phase is obtained at the center. It
can be clearly observed that the spiral phase of the OV can
be reconfigured at the center of the quadrilateral, as demon-
strated by the simulated phase distribution presented in
Fig. 4(f).

To investigate the generality of OV reconfiguration, dif-
ferent polygons are spliced by changing the angle 2θ0 in

TABLE I. The phase distribution projected onto the center.

Position Phase

Q1 → Q4
3
4
π → 5

4
π

Q4 → Q3
1
4
π → 3

4
π

Q3 → Q2
7
4
π → 1

4
π

Q2 → Q1
5
4
π → 7

4
π
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TABLE II. The electromagnetic parameters corresponding to
various TCs when the radius is set to 0.5𝜆.

TC nCM α

0 0.9877 0.5487π

1 0.2661 0.5552π

2 0.5485 0.5830π

3 0.8915 0.6718π

4 1.1511 0.8653π

5 1.1335 0.9774π

virtual space and the corresponding number of vortices
with initial phases is excited to reconfigure the vortices.
Energy converges towards the center from all directions,
resulting in interference that prevents effective reconfig-
uration of vortices. In practical applications, a receiving
port is typically used to gather signals from all directions
without mutual interference. To simulate this scenario, a
CPA [43,44] is placed at the center to absorb energy from
all directions. A CPA is an infinite conjugate metamate-
rial cylinder, and its electromagnetic parameters are given
as ε = nCM exp(iα), μ = nCMexp(−iα), where nCM and
α, are the amplitude and phase factor of the conjugate
metamaterial (CM), respectively. The values of nCM are

intricately tied to the radial size of the CPA. Here, we set
the radius of the CPA to be 0.5𝜆, and the corresponding
nCM values are presented in Table II.

We showcase the results of OV reconfiguration with
l = 1,2,3 for triangular, quadrilateral, and pentagonal pat-
terns in Figs. 5(a)–5(c). The OV can be reconfigured at the
center regardless of the number of sides on the polygon, as
shown in Video 1, illustrating the wave propagation pro-
cess. However, compared with triangles, pentagons exhibit
results that are less effective due to the increased prox-
imity of sources that leads to interference between them
and consequently produces suboptimal performance at the
center.

Next, let us discuss the realization and material param-
eters of this design. The materials predominantly used in
TO are mostly unattainable in nature and can only be real-
ized through metamaterials [45–48]. The electromagnetic
parameters presented by Eq. (2) are challenging to imple-
ment owing to the inclusion of nondiagonal elements,
but a mitigated version of the effects can be achieved
by reducing the electromagnetic parameters [31,48]. The
electromagnetic parameters in the article can be reduced
through diagonalization to remove nondiagonal elements.
The reduced electromagnetic parameters are as follows:

(a)

(b)

(c)

Ez

FIG. 5. OV reconfiguration in different scenarios: (a) triangle, (b) quadrilateral; (c) pentagon. The left, middle and right columns
represent the situations when l = 1, 2, 3, respectively.
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VIDEO 1. Visualization of the OV reconfiguration with triangle, quadrilateral and pentagon.
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D
C
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0
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h2r

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(a)

(c)

(b)

(d)

FIG. 6. OV reconfiguration with the reduced material properties. The fields shown are (a) triangle with d = 1.8𝜆; (b) quadrilateral
with d = 2.2𝜆. The reconstructed OAM intensity spectra for the OV source excitation with l = 1 for (c) triangle and (d) quadrilateral.
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The OV reconfiguration field obtained by splicing these
materials is shown in Figs. 6(a) and 6(b). Compared
with the nondiagonalized OV reconfiguration in Fig. 5,
materials with reduced parameters can also achieve OV
reconfiguration with patterns featuring some scattering.
As shown in Figs. 6(c) and 6(d), we integrate the recon-
figured field with OVs of different orders to obtain the
intensity spectra of the reconfigured OVs, and they are
normalized to the maximum component of TO. Whether
in the case of a triangle or a square, the OV intensity
spectrum is predominantly characterized by the component
l = 1, in comparison to the parasitic ones both before and
after reduction. This indicates that the reconfigured vortex
primarily consists of an OV with l = 1.

III. CONCLUSION

In summary, we show that TO can be employed for
OV decomposition and reconfiguration. By utilizing care-
fully designed transformation media, the properties of
incident OVs can be manipulated, decomposed into differ-
ent components, and reconfigured as desired. Hamiltonian
optics analysis and simulation results demonstrate that
vortices with distinct TCs can be decomposed into pla-
nar waves with varying refractive angles. The designed
medium is folded using mirrored TO for phase match-
ing and to achieve the results from the point source to
the focal point. However, OVs cannot be reconfigured due
to a lack of phase compensation. After analysis, it is dis-
covered that OV reconfiguration requires the collection of
phase information for each azimuth angle, and this col-
lected information must be continuous. In our work, we
splice designs of TO media to accomplish this task. TO
transcends its application in optics and can be extended
to various other physical fields, including acoustics, water
waves, and elastic waves [49,50]. The decomposition and
reconfiguration of vortices can yield comparable outcomes
in acoustics.

In contrast to a prior study employing metagratings
founded on phase discontinuities [51], our approach lever-
ages TO to realize oblique plane waves as dictated by
TCs. The physics behind the concepts of phase disconti-
nuities and transformation optics are indeed different. The
former refers to abrupt changes in the phase of an electro-
magnetic field across a surface or interface. These phase
jumps can be utilized to manipulate and control the behav-
ior of light, such as steering beams or creating OVs. Phase
discontinuities are typically achieved through the design
and implementation of metasurfaces or structured mate-
rials with carefully engineered properties. The latter is a
mathematical framework that allows for the design of arti-
ficial media with desired electromagnetic properties. TO is
based on the principles of coordinate transformation and
involves modifying the spatial distribution of permittivity
and permeability to achieve the desired transformation of

light, such as bending or cloaking. Our approach not only
offers alternative perspectives for applying OAM in other
classical physical fields, like acoustics and water waves,
but also provides additional insight into and exploration
of the TO and phase discontinuities in metasurfaces and
metagratings.
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