PHYSICAL REVIEW APPLIED 21, 044056 (2024)

Dissipative-coupling-induced steady-state entanglement and one-way steering in a

cavity-magnonics system

Junya Yang, Chengsong Zhao, Da-Wei Wang, Rui Peng, and Ling Zhou
School of Physics, Dalian University of Technology, Dalian 116024, China

™ (Received 13 August 2023; revised 23 February 2024; accepted 5 April 2024; published 30 April 2024)

In the cavity-magnonics system, the coupling between microwave photon and magnon is of beam-
splitter (BS) interaction, which in general does not support steady-state entanglement in a vacuum
environment. We propose a scheme to generate and enhance steady-state magnon-photon entanglement
and one-way steering in cavity-magnonics system. By coupling microwave cavity mode and magnon mode
to a common waveguide, the effective dissipative coupling of the cavity-magnonics system is derived. If
there is only nondegenerate parametric (NP) dissipative coupling, entanglement is negatively affected by
the effective gain of the cavity mode caused by the common waveguide environment. When the coherent
coupling exists, effective gain of cavity mode can cancel the intrinsic dissipation. Consequently, the larger
the intrinsic dissipation of cavity the better the entanglement. When the effective dissipative coupling
with NP and BS coexist, the effective dissipation can be eliminated and the entanglement is significantly
improved. In addition, we find that the asymmetric coupling of the two modes to the common waveg-
uide leads to one-way steering, which means that the cavity mode can guide the magnetic mode, and the
magnetic mode can not affect the cavity mode through local measurements. This property facilitates the

development of the cavity-magnonics system towards quantum information processing.
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L. INTRODUCTION

The concept of entanglement was proposed by
Schrodinger in his replaying to the Einstein-Podolsky-
Rosen (EPR) paradox proposed by Einstein et al. [1,2].
The generation of a high degree of entanglement is a pre-
requisite for quantum communication and information pro-
cessing [3,4]. Therefore, many efforts have been devoted
to exploring how to prepare and enhance this quantum
resource [5—7]. Using quantum entanglement, many pro-
tocols of quantum information, such as quantum telepor-
tation [8], telecloning [9], and quantum cryptography [10]
have been realized.

In recent years, a kind of quantum inseparability,
called EPR steering as a strict subset of entanglement,
has attracted widespread attention [11,12]. EPR steering
refers to the nonclassical correlations in a bipartite sce-
nario in which one party remotely affects another’s state
through local measurements. In general, achieving asym-
metric steering is obtained by introducing different losses
or noises in the subsystem [13,14], many studies based
on different quantum systems have investigated quan-
tum steering, such as atom-mechanical systems [15] and
cavity-magnonics systems [16—19]. Due to the asymmetry,
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it provides additional security, which is useful for var-
ious quantum information protocols [20] and is widely
used in various quantum information protocols, such as
quantum secret sharing [21], one-way quantum computing
[22], and no-cloning quantum teleportation [23], subchan-
nel discrimination [24]. It has been experimentally shown
that under the proper conditions it can produce a unique
asymmetry between two observers [25,26].

Recently, ferrimagnetic systems such as yttrium iron
garnet (YIG) with dimensions approximately 100 pm
prepared in experiments, provides insights into macro-
scopic quantum effects, which have drawn extensive inter-
ests in various branches of physics over the last decade
[27-29]. Magnons can interact with qubits [30,31],
phonons [32,33], microwave and optical photons [34],
forming different hybrid systems. Due to its high spin
density (several orders of magnitude larger than those of
previous spin ensembles) and low dissipation rate (as low
as 0.01 MHz) [35], the strong [36—38] and even ultrastrong
[39,40] coupling between Kittel mode and microwave cav-
ity mode has been achieved. This strong coupling offers the
possibility to realize coherent information transfer between
different information carriers and therefore may develop
potential applications in quantum information processing.
This research has enabled the cavity-magnonics system
to explore numerous interesting phenomena and appli-
cations, such as magnon blockade [41,42], magnetically
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induced transparency [32,37]. Recently, continuous vari-
able entanglement in hybrid magnon-based systems has
made great progress, such as tripartite magnon-photon-
phonon entanglement [33,43,44], magnon-magnon entan-
glement [45,46], magnon-mediated optical entanglement
[47,48], and magnon-photon entanglement [18,19,49,50].

Magnons can be coupled to microwave photons via
magnetic dipoles or the Zeeman effect. Due to the fre-
quency of the microwave photon near to that of magnon,
the beam-splitter (BS) interaction can be obtained through
the rotation-wave approximation [51]. However, the BS
interaction dose not support steady-state entanglement due
to the fact that in a vacuum environment, its steady state
is a vacuum state. Many studies have been developed to
achieve steady-state entanglement by making one of the
modes in a squeezing vacuum environment [52—54]. Dis-
sipative magnon-photon coupling [55-58] provide us an
alternative way to produce steady-state entanglement. In
fact, such indirect interactions mediated by traveling pho-
tons are the main object of study in waveguide quantum
electrodynamics, and have been demonstrated in various
systems, e.g., quantum dots [59,60], atoms [61,62], and
superconducting circuits [63,64]. In cavity-magnonics sys-
tems, by making the cavity and magnon modes to interact
with a common waveguide or damping mode [58], i.e.,
cooperative external damping [65], it is possible to cause
magnon-photon dissipative coupling. Many schemes have
been studied based on this system, such as nonreciprocity
and unidirectional invisibility [57], nonreciprocal magnon
blockade [66], and one-way steering [18,19]. Experimen-
tally, BS dissipative coupling has been realized in cavity-
magnonics systems [57]. Most recently, an experimental
study of gain-driven polaritons coherent microwave emis-
sion has been carried out through the development of a
gain-embedded cavity-magnonics platform in which the
cavity mode has both negative damping and nonlinear
damping [67].

In a closed conserved system, the interactions between
subsystems described by Hamiltonian are called coherent
coupling. If the effective coupling between two subsystems
is obtained by coupling them to a common environment,
then this indirect effective coupling is of Lindblad form
or non-Hermitian form called dissipative coupling. In this
paper, we present a theoretical scheme to prepare and
enhance steady magnon-photon entanglement in a cavity-
magnonics system. By coupling the microwave cavity and
magnon modes to a common waveguide with a time-
dependent coupling, we can derive the master equation
where the effective dissipative coupling between cav-
ity and magnon modes are clearly presented. The terms
¢'m'p + émp contained in Lindblad’s master equation
are nondegenerate parametric (NP) dissipative interaction,
where ¢ (m) is the annihilation operator for the cavity
(magnon) mode. The terms &'ip + pém' are BS dissipa-
tive interaction. Consequently, the steady magnon-photon

entanglement can be generated and enhanced. What is
more, we derive an additional induced noise resulting from
the common waveguide, such that the noise matrix con-
sists of nondiagonal elements, which describe the noise
correlation between the cavity and the magnon modes. The
induced correlation noises play an essential role in gener-
ating quantum phenomena. However, the correlated noise
has not been included in dissipative cavity-magnonics
researches [18,19,50,57]. If there is only NP dissipative
coupling, an effective gainlike dissipation in the cavity
mode can be generated due to the common waveguide
environment, which has a negative impact on the entan-
glement. Under this case, coherent coupling channel can
balance the net gain of the cavity mode so that entangle-
ment can survive. Meanwhile, we can observe counterin-
tuitive phenomenon, that is to say, the larger the intrinsic
dissipation, the better the entanglement at a certain range
of parameters. When the dissipative system has NP plus
BS coupling, the effective dissipation of the cavity modes
can be effectively eliminated. Even without coherent cou-
pling, entanglement and one-way steering still exist and
can be enhanced. We also show unidirectional steering in
both systems can be reached with the asymmetric coupling
of the two modes to the common waveguide. Further, we
show that entanglement can survive over a certain range of
the intrinsic dissipation of cavity mode «.;, which reduces
the requirement for high quality of cavity.

II. THEORETICAL MODEL AND DYNAMICAL
EQUATION

A. The system model and total Hamiltonian

As schematically depicted in Fig. 1(a), we consider a
cavity-magnonics system where a YIG sphere is placed
close to a cross-line microwave circuit. The cross-line cir-
cuit supports both the standing wave forming the cavity
mode and the traveling wave, and the microwave cavity
and the YIG sphere are coupled to the common waveg-
uide. Such a system has been studied in experiment [57].
Microwave cavity coupling to waveguide transmission
lines has been widely studied and employed in many the-
oretical and experimental studies [68—70]. Furthermore,
we consider the cavity coupled to the common waveg-
uide with time-dependent coupling, which can be real-
ized by a dc superconducting quantum interference device
(SQUID), where the superconducting loop intersected by
two Josephson junctions mediating the coupling between
the microwave cavity and the waveguide transmission line
[71]. Our scheme also can be realized in the configu-
ration shown in Fig. 1(c). A transmission-line resonator
supporting the standing wave forming the cavity mode as
well as a YIG sphere are simultaneously coupled to the
traveling waves in an open waveguide, and the coupling
between the cavity mode and the waveguide is modified
as time-dependent form [66]. It is worth noting that the
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FIG. 1. (a) Schematic of the dissipative photon-magnon cou-
pling system, which consists of a cross-line circuit and a YIG
sphere. The cross-line cavity supports both standing cavity
modes and traveling waves. A uniform magnetic field acts near
the YIG sphere. A dc SQUID is introduced between the cavity
mode and waveguide to modulate the time-dependent coupling.
(b) The cavity and magnon modes are directly coupled via a
coherent interaction J, and are also coupled to the common
waveguide environment. (c) A transmission-line resonator sup-
porting the standing wave forming the cavity mode as well
as a YIG sphere are simultaneously coupled to the traveling
waves in an open waveguide. The cavity mold is connected to
the transmission line by a SQUID containing two Josephson
junctions.

magnetic flux in the Josephson junctions should not affect
the magnon mode of the YIG sphere so as to manipulate
them separately, which can be reached if the two magnetic
fields are orthogonal [72]. In contrast to Ref. [72], in our
scheme the uniform magnetic field B exerted on a YIG
sphere may be out of plane relative to the SQUID loop.
By using a magnetic shield around the SQUID [73], the
two magnetic fields can respond to the YIG sphere and the
SQUID separately. The Hamiltonian of the system reads
(h=1)

Hio = Hsys + Hy, (1)
with
Hsys = CNOC?ZTE‘ + C’Bmﬁ’ﬁﬁ’l + J(”’}\’lTe + &Tl’;'l)a (2)

where ¢ (m) is the annihilation operator for the cavity
(magnon) mode with the frequency w. (w,). @, and @,
are complex and defined as @e(m) = We(m) — iKe(my.i» Where
Keom,; represent the intrinsic damping rates of the two
modes, respectively. The magnon-cavity coupling rate J
can be (much) larger than the intrinsic dissipation rates,
such that the strong-coupling regime J > {k,,;, k.;} can be
achieved [36,37,74]. In this cavity-magnonics system, the
waveguide acts as a common reservoir, and both the cavity
and magnon mode individually interact with the traveling
microwaves in the waveguide [57,75]. The second term of

total Hamiltonian have the form

HV = Zwkf/ltf/k
k

+ " h[+ N Ve 4 he ]
k

+ 3 rOI@E+EHTe ™ +hel, ()
k

where Vj is boson annihilation operators for the com-
mon waveguide with frequency wy satisfying [V, V};] =
S(k — k/). The second and third lines of the Hamiltonian
describe the dipole interactions between traveling photons
in waveguide and each mode with individual coupling
strengths A.(¢) and A,,, which arise from the mode over-
lap between the cavity and magnon mode and the traveling
photons, x.(») represent the position of the cavity (magnon)
mode coupling to the waveguide. Here, the time-dependent
coupling between a microwave cavity and a waveguide
transmission line modulated by Josephson junctions has
been studied both theoretically and experimentally [71,76,
77]. As mentioned in Ref. [71], the dc SQUID provide a
flux-dependent coupling. By using a simple driver, the total
flux enclosed by the loop have the form of a time contain-
ing. Thus, a time-dependent coupling can be obtained as
Ae(®) = Ao [ucosRwet) +v], (uw = 0,2 and v = 0, 1). The
cases w =2,v =0, and u = 2,v =1 can all be realized
by the above method, more detailed calculations are given
in Ref. [71]. The case u = 0, v = 1 means that we do not
need time-modulated coupling and the cavity mode can be
coupled directly into the waveguide.

B. The effective dissipative coupling

We assume that the intensity of the waveguide power
spectrum is concentrated at the cavity frequency w., and
the time scales on which system operators evolve are much
longer than the correlation time of the bath [77,78]. We
assume wy — W, > Ac(m), using the rotation-wave approx-
imation, we can write the motion equation for the traveling
photon V7 in a rotating framework with Hamiltonian Hy =

w (&Te + mtm) + wp IA/Z V, as
R T PP

“)

where Q; = w. — wg, and the equation above can be for-
mally integrated as

Vi(t) = Vi(0)
t

— i/ e US [Ac(vé + %éf)e_ikx" + )»mr%e_ikx'”] ds,
0

%)
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here, I7k 0)is IA/k at the initial time. The motion equations of
the cavity mode and the magnon mode can also be solved
as

c= _i[a, Hsys] - Kc,ia + v 2Kc,iéin

_ /i)»c [Vf/kei(QkZJr/occ) + %f/}ie*i(ﬂkﬂrk)@] dk,

m = —ifm, Hsys] - Km,iﬁ” + 2Km,iﬁ’lin
- / i Ve TR g (6)
where oy, (0 =c,m) represents input noise opera-

tors for cavity and magnon mode, respectively. The
noise correlators associated with the input fluctuations
are (o}, (Nou (') = n,8(t — ') and (0w ()0}, (1)) = (n, +
Dé(t — 1), where n, = 1/[exp(hw,/kgT) — 1] denotes the
mean thermal excitation numbers in the environmental
temperature T, with kz being Boltzmann constant. We sub-
stitute Egs. (5) to (6) and assume that the waveguide has
a linear dispersion relation in the vicinity of the w,, i.e.,
wr — w. = VU = g8k, vy is the group velocity of photons
at w.. Under the Wigner-Weisskopf approximation, define
k+. as the wave vector in the vicinity of w., we can obtain
the dynamical equations of the system, which include a
phase delay of the traveling photon from one mode to
the other, for details see Appendix A. Here, we make the
phase ¢ equal to an integer multiple of 27, the Langevin
equations of system can be written as

2
&= —Keil — Koo <v2 - %) ¢—iJin—T (vﬁ1 - %m*)

+ V2KciCin + +/2Kce (v o

>
|
RS
>
=%
~

A= — (A, + k)it — iJ6 —T (u& n %c*)
+ 2Km,if’\’lin + vV 2Km,e f/;ﬁ, (7)

where A,, = w, — w. is the detuning between the two
modes, the effective dissipations are defined as k.m) . =
27[)"3(m)(N/vg)a and Ke = Ke,i + Kc,e(‘)2 - (M2/4)): Km =
Kmi+ kme. The effective dissipative coupling becomes
[' = /KceKme- It is worth noting that the system has an

additional noise term f/fn(m)(t) = (1/4/27) [ iellt+heom]
Vi(0)dk in Eq. (7), which is resulted from the com-
mon waveguide. This was not discussed in the previ-
ous schemes for preparing steady entanglement based
on dissipative coupled cavity-magnonics system [18,19].
The correlations for the noise operators are given by
(V) VE (7)) = 8(t— ), we will show that the noise
result in unignorable effect. In order to clearly show the
coherent coupling and dissipative coupling of the system,

the master equation corresponding to Eq. (7) would be
written as

.
2
K, K
+ %vzpmp + 5Dt

. . Ke,i
IO = - Z[Homa p] + %Dctcp

Kee
2

+T (vDa-,mp + %Dc,mp + h.c.) , (®)

+

2
n Iy
{TD""’T o+ T(Dc,cp + DCT,CTP)}

where H,, = Aym'im+J @ m+mé) and Doyopp =
205004 — 0,0p0 — POL0p, detail derivation also can be
seen in Appendix A. The second line of Eq. (8) repre-
sents the effective dissipation of cavity mode and magnon
mode caused by the common waveguide, respectively. The
first term of the third line represents the effective gain of
the cavity mode, and the second and third terms repre-
sent the parametric squeezing of the cavity, all of which
are induced by the common waveguide. In the fourth line,
the term with a multiple of v represents the magnon-
photon dissipative coupling with a BS interaction, which
alone will not produce steady entanglement. While the
term with a multiple of © is a NP interaction, which
is the key role for achieving entanglement. It is worth-
while to point out that for (u?/4) > v?, see the second
term on the right side in the first line of Eq. (7), the
common waveguide induce gainlike dissipation of cavity
mode. The total damping of the cavity mode has two cases,
when «.; > /cc,e((u,2 /4) — v?), the cavity mode is dissipa-
tive. When k.; < ke.((u?/4) — v?), the net dissipation of
the cavity mode is negative, this gainlike dissipation has
not been studied in a dissipative cavity-magnonics system
[18,19,50,57]. In recent work [67], a similar gainlike dis-
sipation has been investigated, in which the steady state of
the coupled magnon-photon system is reached only when
the gain of a van der Pol cavity balanced by a nonlin-
ear damping. However, in our system, although the cavity
mode has an effective gain, the linear cavity and the YIG
sphere as a whole system can reach a steady state due to
the intrinsic dissipation of the magnon mode «,,;. And for
(u?/4) = v?, the effective dissipation can be effectively
eliminated.

We can classify effective dissipative coupling as three
cases, (i) 4 = 0, v = 1, which means that the cavity inter-
acts with the magnon mode as a BS dissipation coupling.
(i) u =2, v =0, corresponding to NP dissipative cou-
pling. Meanwhile, the effective dissipation of the cavity
mode is of gain effect. (iii)) u = 2, v = 1, dissipation cou-
pling with BS plus NP. In the next section, we will mainly
discuss the later two cases for their abilities to generate
and enhance entanglement. In addition, in the setup shown
in Fig. 1(a), the cross-line circuit supports both the stand-
ing wave forming the cavity mode and the traveling wave
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inducing the dissipative coupling between the cavity and
magnon modes [57,75,79]. So, one can change the coher-
ent and dissipative coupling by moving the position of the
YIG sphere as well as modulate the magnetic flux thread-
ing the SQUID. Similarly, for the setup shown in Fig. 1(c),
the dissipative coupling depends on two quantities that
can be adjusted by the distance between a YIG sphere
and the waveguide and the magnetic flux in the SQUID,
respectively.

III. ENTANGLEMENT GENERATION
Introducing the quadratures of quantum fluctuations
with X, = @ +¢&h/v2, 8Y. =it —o)/v2, 8X, =
(m +m") /2, and 8Y,, = i(m" — m)/+/2, from Eq. (7),
we derive the linearized dynamic equations in the compact
matrix form

u(t) = Au(?) + n(), ©)

where the vectors u= [S)A(c, 85’6, 8)2',,1, Sf’mf and the rAloise
vector n=[/2kc XE + (v — (11/2)) /26 X, /2K, Y5, +
(V+ (M/z))mzl:la 2Km,ijfig+\/ 2Km,ejlir[1/a vV 2Km,ii/ir;ll +

2 f’f{l]T and the drift matrix 4 reads

—K, 0 r (% — v) J
e 0 —K -J  —T(5+v)
-r(4+v) J —Km Am
-J  T(5=v) -4, —Km

(10)

Because of the linearized system dynamics and the Gaus-
sian nature of the quantum noises in our system, the steady
state of quantum fluctuations is a continuous variable two-
mode Gaussian state. It can be completely characterized
via a 4 x 4 covariance matrix V, which is defined as Vj; =
(oi(D)o; (') 4+ 0 (!)0i(0)) /2, (i,j = 1,2,3,4). According to
the Routh-Hurwitz criterion [80], when all eigenvalues of
the matrix 4 have negative real parts, then the system
is stable and reaches its steady state. Since there are an
effective gain in the cavity mode and NP dissipative cou-
pling, it is necessary to investigate stability of the system.
Since the dynamical equations of the current system are
linear, the classical and quantum steady-state equations
are consistent, and the stability conditions of the system
can be satisfied in both classical and quantum dynamics,
which is discussed in detail in Appendix B. Within the sta-
ble region of parameters, we can straightforwardly obtain
the steady-state covariance matrix V via the Lyapunov
equation [81,82]

AV +vA" = —D, (11)

with
Kei+ UPkep 0 ru 0
D— 0 Kei+ Ve 0 T (v+15)
ru 0 K 0 ’
0 N 0 K

(12)

which is defined through D;§(t —1¢) = (ni(H)m; (¢') +
n; ()ni())/2, where U=v— (u/2),V=v+(u/2).
Contrasting with the traditional diagonal form, the matrix
D has nonzero nondiagonal elements D(1,3), D(2,4),
D(3,1), and D(4,2) resulting from the additional noise
Vin induced by the common waveguide, which affects the
entanglement behavior.

For the continuous-variable two-mode Gaussian state, it
is convenient to use the logarithmic negativity Ex [83,84]
to quantify the entanglement. For the discussion of the
EPR steering, a computable criterion of quantum steering
based on quantum coherent information has been intro-
duced [85] for arbitrary bipartite Gaussian states. All mea-
sures mentioned above can be computed from the reduced
covariance matrix Vs for the magnon and photon modes:

A C
VSZ(CT B)’

where A4, B, and C are 2 x 2 sub-block matrices. In
this case, the logarithmic negativity Ey to quantify the
entanglement and the Gaussian quantum steering S, (Sy.)
between the two modes are expressed as

(13)

Ey = max[0, —In2v],
Sem = max[0, R(24) — RQ2V)],
Smc = maX[Oa R(zB) - R(ZV‘)],

(14)

where v =2"12{Z(V) — [Z(V)? — 4detV,]'/?}/2, with
2 (V) = detd + detB — 2detC, and R(w) = In[det(w)] is
the Renyi-2 entropy.

IV. ENTANGLEMENT ENHANCEMENT

In this section, we numerically show the enhancement
of entanglement and the manipulation of one-way steering
under the two cases.

A. The system with NP dissipative coupling

For the case u = 0,v = 1, i.e., the dissipative coupling
of microwave photons and magnons can only be a BS inter-
action, it cannot produce any entanglement, as shown by
the black-dashed line in Fig. 2(a). However, for u = 2,v =
0, by considering the time-dependent coupling modulation,
we can make the cavity mode NP coupling to the waveg-
uide, which results in NP dissipative coupling with the
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FIG. 2. (a) The magnon-photon entanglement £y versus the

detuning A, for different coherent coupling J. (b) The steering
Sem and S, versus the detuning A, with J /27 = 15 MHz. The
other parameters are w./2m = 10 GHz, k¢(y)/2mn =T'/27 =5
MHz, k.;/2w = 10 MHz, «,,;/2m = 1 MHz, T = 0.

magnon mode. We plot the magnon-photon entanglement
(with different coherent coupling strength J) and steer-
ing as functions of detuning A,, in Fig. 2(a). If J =0,
although we have NP dissipative coupling between optical
mode and magnon mode, we still cannot obtain entan-
glement, see the magenta-solid line. Under this case, the
cavity mode has an effective gain, i.e., (V> — (u?/4)) < 0,
which is not conducive to generate magnon-photon entan-
glement. By considering coherent coupling with J # 0, the
other coupling channel is constructed between the cavity
mode and the magnon mode. Thus, the coherent coupling
can balance the effective gain of the cavity mode resulted
from dissipative coupling, allowing the entanglement gen-
eration. For a given I', the increasing of J leads to an
increase in Ey within the range of parameters shown in
Fig. 2(a).

As shown in Fig. 2(b), we obtain the one-way steer-
ing from cavity mode to magnon mode ¢ — m, which can
be described as S.,, # 0, and S, = 0, this means that ¢
can steer m while the steerability disappears in the oppo-
site direction. However, the phenomenon disappears when
the two modes interact with the waveguide both in BS
form (u = 0,v = 1). In this system, the directional EPR
steering between two modes originates from the asymmet-
ric coupling, i.e., cavity mode and magnon mode couple
to the waveguide with NP and BS coupling, respectively.
Meanwhile, the NP interaction between the cavity and
waveguide leads to gain of the cavity mode, this also leads
to asymmetric dissipation of the two modes, which means
that it is feasible to adjust (steer) the state of the YIG sphere
by the cavity mode.

In Fig. 3, we show the effect of the intrinsic dissipa-
tion of the two modes on the entanglement. For a given I',
the entanglement increases as k.; increasing. However, as
shown in the inset, when k. ; /27 =~ 9.899 MHz, the entan-
glement reaches its maximum value and does not increase
subsequently. Furthermore, we find that we can achieve
steady-state entanglement regardless of whether the cavity

0.17

0.0 ‘ : ' '
0 20 40 60 80

A /2w (MHz)
(b) o 4 - ‘

0.5

037

0.0
R 0.2 0 5 Iy

0.1t i

0.0 - ‘ .
0 20 40 60
Am/27r (MHz)

FIG. 3. The magnon-photon entanglement Ey versus the
detuning A,, for different intrinsic dissipation of the cavity «.; (a)
with «,,;/2m = 1 MHz and the YIG «,,; (b) with «.;/2w = 10
MHz. The inset shows the entanglement Ey versus «.; (a) and
km;i (b). The other parameters are taken as w./2mr = 10 GHz,
Keemye/2m =T'/2m =5MHz, J/2n = 15MHz, T = 0.

mode exhibits a net gain or dissipation. Our scheme is
different from Ref. [50] where the magnon-photon entan-
glement in a dissipative coupled cavity-magnonics system
is generated via P7 symmetry, which require a small
intrinsic dissipation rate. However, in our system, when
the coherent coupling exists, the effective gain of cavity
mode can cancel the intrinsic dissipation, which relax the
requirement of low intrinsic dissipation of the cavity mode,
making it easily feasible in experiment. Furthermore in
Figs. 2 and 3, there exists a threshold value of A,, beyond
which entanglement arises, which is the joint effect of the
noise correlation between the magnon and cavity modes
induced by the common waveguide environment (nondi-
agonal elements in matrix D) and the effective gain of the
cavity mode.

We now investigate the joint effect of coherent coupling
and dissipative coupling on the entanglement. The entan-
glement Ey versus the detuning A,, and coherent coupling
J are plotted in Fig. 4(a). For a given dissipative cou-
pling I'/27r = 5 MHz, entanglement is enhanced with the
increase of coherent coupling and of the detuning within an
appropriate range, when J /2w > 25 MHz, the maximum
value of Ex will not change significantly. In Fig. 4(b), we
show that when I' = 0, no entanglement arises regardless
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FIG. 4. The magnon-photon entanglement Ey versus (a) the
detuning A,, and coherent coupling strength J, (b) the dissipa-
tive coupling strength I' and coherent coupling strength J, (c)
the environment temperature 7 and dissipative coupling strength
" where the white contour lines depict the threshold temperature
for entanglement existence or not, (d) the intrinsic dissipation
Kemy,i- Other parameters are the same as Fig. 2, and A, /27 = 50
MHz, J /2w = 15 MHz.

of the change in coherent coupling J, as we stated above,
because the system has only BS coherent coupling. We find
that entanglement can be generated and enhanced under
the cooperative effect of a NP dissipative coupling and
coherent coupling. When the dissipative coupling I' /2w ~
5 MHz and the coherent coupling J /27 & 15 MHz, the
entanglement achieves its maximum. The large value of
NP dissipative coupling I" also means large external damp-
ing kc.(kme). The completion between the NP dissipative
coupling and the decay rates leads to an optimal value
I' to achieve maximum entanglement. Although a small
value of coherent coupling J does not benefit the gen-
eration of ideal entanglement, overlarge value of J can
bear a large value of detuning A,, so that BS interaction
dominates in the system and depress the function of NP
dissipative coupling. Thus, an optimal value J also favors
the entanglement generation.

Next, we discuss the robustness of the present system
for some parameters. We plotted the entanglement Ey
versus dissipative coupling strength I and the environ-
ment temperature 7 in Fig. 4(c). Note that the threshold
temperature below which the entanglement Ey appears
T~ 0.06 K for I'/27r ~ 8 MHz, which indicates that the
current entanglement scheme still needs a lower temper-
ature environment. Meanwhile, in Fig. 4(d), we show the
entanglement affected by «.; and «,, ;. We can observe that
even when J < «.;, the entanglement still survives with

the help of effective dissipative interaction. Although the
increasing decay rate of the magnon mode «,,; leads to the
decrease of the entanglement effect, however, for a rela-
tively large «,,;, a weak photon-magnon entanglement can
still be obtained. This is useful for experimental feasibility
because it relaxes the requirements for the quality of the
cavity and YIG.

B. The system with BS plus NP dissipative coupling

We now study the effect of dissipative coupling with
BS plus NP coupling on entanglement, i.e., u = 2,v = 1.
Under this case, the effective gain disappears, that is to
say, the second term of the right side of the first equation
of Eq. (7) becomes zero [v? — (u?/4) = 0]. The entan-
glement Ey and the steering versus the detuning A, are
plotted in Fig. 5(a). The optimal entanglement and one-
way steering can occur around A, = 0. The threshold
for A,, disappears, which is different from Figs. 2 and 3.
As mentioned above, the joint effect of the noise cor-
relation between the magnon and cavity modes and the
effective gain of the cavity mode leads to the threshold
value of A,,. Absence of the effective gain of the cavity
mode or the nondiagonal elements in matrix D leads to
the disappearance of the threshold value for A,,, therefore
entanglement occurs around A, = 0. The generation of
one-way steering in this system is similar to the mechanism
we have described above, which essentially arises from the
asymmetric coupling of the two modes to the waveguide.
The coupling between the cavity mode and waveguide
is XX type. In Fig. 5(b), the entanglement Ey versus I'
and A, has been plotted. Even without coherent cou-
pling, entanglement still can be enhanced by increasing the
dissipative coupling strength I" and that the optimal entan-
glement is always near the resonance point A, = 0. The
entanglement in this system has a significant improvement
compared with the case u = 2,v = 0.

(a) (b)
0.8 10
...... E
a 8 0.6
0.6 =S E
0 6 .
0.4 2 0.4
; S 4
0.2 / one-way ~ 02
/ steering 2
0.0 === 0 0.0
-5 0 5 - 2
A /2w (MHz) A /27 (MHz)
m m
FIG. 5. (a) The magnon-photon entanglement and steering

versus the detuning of magnon mode A,. (b) The magnon-
photon entanglement Ey as a function of detuning A, and
dissipation coupling strength I'. Other parameters are taken
as w./2m =10 GHz, kcm/2m =T/2n =10 MHz, J =0,
Kemyi/2m = 1 MHz, T = 0.
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FIG. 6. The magnon-photon entanglement Ey versus (a) dis-

sipative coupling strength I and coherent coupling strength J,
(b) the coupling strength between the two modes and waveg-
uide A (n), (c) the environment temperature 7 and dissipative
coupling strength I' where the white contour lines depict the
threshold temperature for entanglement existence or not, (d) the
intrinsic dissipation k() ;. Other parameters are the same as
Fig. 5,and A,, = 0.

Under the current case with both NP and BS dissipa-
tive coupling, on the one hand, the effective gain of the
cavity is wiped off, so that we do not need additional
coherent coupling to balance the gain of the cavity mode.
This can be seen in Fig. 6(a), for J = 0, the entangle-
ment Ey still exists but decreases with the increasing of
the coherent coupling. In the experiment, Ref. [58], the
coherent coupling between the cavity and magnon modes
can be ignored by adjusting the phase delay of the trav-
eling wave from the cavity mode to the magnon mode as
an integer multiple of 27, i.e., the separation between cav-
ity and magnon modes. In all the above simulations, we
assumed A. = XA,. It is necessary to verify whether the
maximum quantum correlation requires the condition or
not. In Fig. 6(b), we plot the entanglement as a function
of the two coupling strengths between the cavity (magnon)
and waveguide. We find that the optimal entanglement
region satisfies exactly A,, = A., which also proves that
our previous approximation k., = k. is reasonable and
meaningful. Comparing Figs. 6(c) and 4(c), the thresh-
old temperature has been improved, which shown that
the entanglement of the system is robust to environment-
induced decoherence compared to the system with only NP
dissipative coupling. In addition, the threshold tempera-
ture compared to Ref. [86] has also improved. We can still
maintain the high degree of entanglement by increasing

the dissipative coupling even if the environment temper-
ature increases. Similarly, as can be seen in Fig. 4(d), the
current case is robust to the intrinsic dissipation of the two
modes. Although the entanglement decreases as the dissi-
pation rate of the two modes increases, for a relatively wide
range, the entanglement can still be maintained.

V. EXPERIMENTAL FEASIBILITY

We now discuss the experimental feasibility of the
current scheme. The dissipative couplings in the cavity-
magnonics system has been implemented in a cross-line
microwave circuit [57,70]. Our scheme differs from the
above experiments in that we need a time-dependent cou-
pling between the cavity and the waveguide. This can be
realized with a superconducting ring intersecting Joseph-
son junction partially sharing the branches with the cavity
and the waveguide transmission line [71]. It will provide
a flux-dependent coupling. Using an appropriate signal
generator, a suitable flux dependence is designed with a
resolution of about 0.1 ns, in which only the resonance
term with a frequency around 2w, affects the coupling. The
intrinsic dissipation of the cavity «.;/27 =~ 1 MHz can be
realized in [87] and the intrinsic dissipation of magnon
mode ky,;/2m ~ 1 MHz can be fitted from the transmission
spectra in [57]. Meanwhile, the photon-magnon dissipative
coupling and coherent coupling can be modulated by mov-
ing the position of the YIG sphere [57], and the dissipative
coupling strengths of I'/2w = 19 MHz or even stronger
have been implemented in recent cavity-magnonics exper-
imental systems [57,88]. The magnon-cavity coupling rate
J can be (much) larger than the intrinsic dissipation rates,
such that the strong-coupling regime J > {«p,;, k.;} can
be achieved [36,37,74]. For example, in Ref. [37], the
magnon-photon coupling strength can reach J = 2w x 2.5
GHz. By placing the YIG sphere 1 mm distance away
from the waveguide, the external dissipation rate of the
magnon mode k,,./2mw = 0.33 MHz has been achieved
[89]. By reducing the distance between them, the external
dissipation can be further increased.

VI. CONCLUSION

In conclusion, we have presented a method to enhance
the photon-magnon entanglement in a dissipative coupling
cavity-magnonics system, the cavity and magnon modes
are coupled simultaneously into the common waveguide,
where the cavity mode couples to the waveguide with
time-dependent coupling. By choosing a reasonable cou-
pling modulation, we can derive effective dissipative cou-
pling between cavity and magnon modes with two forms:
NP and NP plus BS type. This is the key to achieve
steady entanglement and unidirectional steering, the only
BS interactions between magnons and microwave photons
cannot produce steady entanglement in a vacuum environ-
ment. For the case of only NP dissipative coupling, we find
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that there is an effective gain in the cavity mode induced
by the common waveguide, and the effective gain in cav-
ity mode is harmful to entanglement. By considering the
cooperative effect of coherent coupling and NP dissipative
coupling, the effective gain of the cavity mode can cancel
the intrinsic dissipation, the entanglement can be success-
fully generated and increased with the increasing of the
intrinsic dissipation. In addition, when the effective dissi-
pative coupling with NP plus BS, the effective dissipation
of the cavity mode can be eliminated, so that even with-
out coherent coupling, entanglement and one-way steering
remain and increase with the increasing of the dissipa-
tive coupling strength. Meanwhile, we find that one-way
steering in both cases can be realized with the asymmet-
ric coupling of the two modes to the waveguide. Further,
we demonstrate that the entanglement is robust against
the dissipation of the cavity mode. The enhanced entan-
glement strongly supports the cavity-magnonics system as
a promising platform for applications of magnon-based
quantum information processing.
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APPENDIX A: THE DYNAMICAL EQUATIONS

By substituting Egs. (5) to (6), we can obtain the
dynamical equations of the system as

2
X o I~ YN
C = —K¢iC—Kece (v — T) c—iJm

— T (vm — EmT)
2

n

+ V2K iCin + /2Kce (v Ve, — ) VICT> s
= —(iDp + ki + Kme)it — iJ & — 9T <ua n %CT)

+ 2Km,iﬁ1in + v 2Km,e f/ir;lp

where ¢ = k,_|x,, — x| indicates the phase delay of the
traveling photon from one mode to another.

The method of deriving the corresponding master
equation from the Langevin equation has been widely
investigated and applied [90,91]. The master equation
corresponding to Eq. (A1) would be written as

(AT)

p = _i[Hom + H,, ,0]
Kei Kmi

+ %DCT’CI() + TIDmT’mIO

Kee

3

K,
‘)ZIDCT’cp + %’Dmt,mlo

2
Kee [ 14 Wy
+ ;e {TDC,CTP + T(DC,CIO + Dc*,c'}'p)}
+ cosgT” (vDCT’m,o + %Dam p+ h.c.) . (A2)
where  H,, = A+ J (@& m+m'e), H, = singl

(veTim + (u/2)ém +h.e.) denotes the cavity-magnon
coherent coupling induced by the common waveguide. We
also use the method of p = —Try ft:[V(t), V(1) ps(f) ®
or(t)]]dt to obtain the same form of the master equation,
where V' is the Hamiltonian in the interaction picture. In the
main text, we make the phase ¢ equal to an integer mul-
tiple of 2m. This induced coherent coupling Hamiltonian
can then be neglected and we obtain the master equation in

Eq. (8).

APPENDIX B: STABLE CONDITIONS

Since the cavity mode has an effective gain in the cur-
rent system, it is essential to discuss the stability region
of the system. The classical and quantum steady-state
equations are consistent since the system dynamics equa-
tions are linear, and the stability conditions of the system
can be satisfied in both classical and quantum dynamics.
Due to us setting k.um . = I, as the dissipative coupling
changes, both the effective gain and dissipation of the sys-
tem change. It can be seen from Fig. 7(a) that when the
coherent coupling J = 0, the system will enter the unsta-
ble region as the dissipative coupling increases. However,
when coherent coupling is introduced and increased to
establish a channel for energy exchange between the cav-
ity mode and the magnon mode, and through the effective
dissipation of the magnon mode, the gain of the cavity
mode can be effectively balanced and the system brought
into the stable region. We also explored the stability of
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51 Stable
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FIG. 7. The stability of the system with u = 2,v = 0, where
the system stability is determined by the coherent coupling
strength J and effective dissipative coupling I with A,,/27 = 50
MHz in (a) and the detuning A,, and effective dissipative cou-
pling I" with J /2w = 15 MHz in (b). The yellow part is the stable
area, and the blue part is the unstable area. The other parameters
are w./2n =10 GHz, «.;/2nr =10 MHz, «,,;/2mr =1 MHz,
T=0.
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the system determined by the detuning A,, and effective
dissipative coupling I' in Fig. 7(b). The parameters of the
system studied in the main text satisfy the stability region
of the system.
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