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Qubit dephasing by spectrally diffusing quantum two-level systems
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We investigate the pure dephasing of a Josephson qubit due to the spectral diffusion of two-level systems
that are close to resonance with the qubit. We identify the parameter regime in which this pure dephasing
rate can be of the order of the energy relaxation rate and, thus, the relation T2 = 2T1 is violated for the
qubit. This regime is reached if the dynamics of the thermal TLSs responsible for the spectral diffusion is
sufficiently slower than the energy relaxation of the qubit. By adding periodic bias modulating the qubit
frequency or TLS excitation energies we show that this pure dephasing mechanism can be mitigated,
allowing enhancement of superconducting qubits’ coherence time. Mitigating pure dephasing, even if
it is subdominant, is of special significance in view of recent suggestions for converting the dominant
relaxation process (T1) into erasure errors, leaving pure dephasing as the bottleneck for efficient quantum
computation.
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I. INTRODUCTION

Superconducting Josephson qubits have made an
impressive impact on the field of quantum artificial sys-
tems in general and on quantum computing, in particular
[1]. Improving the coherence and stability of these qubits
is necessary to make further progress. This would allow
increasing the computational depth, reducing the unavoid-
able errors and making more reliable quantum simulations.
In this paper we investigate one of the main sources of
dissipation in Josepshon quantum circuits—atomic defects
with a two-level structure, that act as parasitic “hidden”
qubits and couple to the logical qubits via the circuit
charge or flux degrees of freedom. Such environmental
exciatations are commonly referred to as two-level systems
(TLSs) in the literature.

The TLSs with energy splitting of the order of that of
the qubit are considered to be one of the major sources of
qubit energy relaxation (T1 process). Namely, the qubit can
exchange an excitation with such a TLS and the TLS, in
turn, dissipates its energy to a thermal bath of phonons.
This mechanism has been investigated in great detail
[2–5]. For clarity we will call such TLSs with energy
splitting close to that of the qubit “quantum TLSs.”

In addition, it is known that frequently randomly look-
ing “T1 fingerprint,” i.e., the dependence of T1 on the qubit
frequency, fluctuates in time [3,6–8]. This can be explained
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by the spectral diffusion of the TLSs, i.e., the random
diffusive motion of the TLS energy splitting [9]. This dif-
fusion is explained by coupling of the quantum TLSs to an
ensemble of thermal TLSs, i.e., TLSs with energy split-
tings smaller or of the order of the temperature. These
thermal TLSs switch randomly between their two states,
thus shifting the energy of the quantum TLSs [Fig. 1(a)].

Coupling of the qubit to the quantum TLSs causes not
only energy relaxation but also frequency shift, known
as the Lamb shift. The two are intimately related via the
Kramers-Kronig relations. Spectral diffusion gives rise to
temporal fluctuations of the Lamb shift and, thus, to the
pure dephasing of the qubit. In this paper we investigate
this process in detail and identify regimes in which the pure
dephasing time is of the order of the relaxation time T1.
Following our previous paper [10], we also investigate the
effect of qubit frequency modulation on its pure dephasing
time.

We index the quantum TLSs by an integer n. Each quan-
tum TLS is characterized by several parameters: εn is the
energy splitting of the TLS, gn is the coupling strength of
the TLS to the qubit, and γn is the relaxation rate of the TLS
due to phonons. The spectral diffusion adds yet another
parameter μav,n, which gives the characteristic span of the
spectral diffusion in the long-time limit. In other words,
this is the width of the energy interval “visited” by εn(t)
over long times. In addition, the ensemble of the quan-
tum TLSs is characterized by the typical level spacing δ,
namely the energy distance, εn − εn+1, between spectrally
neighboring TLSs [see Fig. 1(a)]. Taking into account the
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FIG. 1. Spectral schematics of the qubit, the quantum TLSs performing spectral diffusion, and the thermal TLSs responsible for it.
Each quantum TLS is characterized by an absorption peak (blue) of width γ . The quantum TLSs perform spectral diffusion of span μ,
which is caused by coupling to the thermal TLSs (red). The typical energy distance between adjacent quantum TLSs is δ. (a) Without
periodic modulation; (b) with periodic modulation with frequency �. In this case the absorption peak of the qubit is split into multiple
peaks at spectral distance �.

wide distribution of the coupling strengths gn, it might be
more prudent to consider separately the subsets of quan-
tum TLSs with a specific coupling strength and introduce
the g-dependent level spacing δ(g) as was done in Ref. [2].

Historically, the TLSs observed spectroscopically by
Simmonds et al. in 2004 [11] were in the regime of very
strong coupling g � γ and spectrally rare δ � g (we
drop the index n for brevity). The coupling strength g
was observed as the avoided level crossing in qubit spec-
troscopy. The spectral diffusion did not play any significant
role, and one could estimate μav � δ and even μav � g.

Similarly, spectrally rare ensembles of TLSs strongly
interacting with the qubit were observed in later works
[2,12]. In more recent studies [3,4,13], denser ensembles
of quantum TLSs with weaker coupling to the qubit (g <
γ ) were observed. Such TLSs cause peaks in the relax-
ation rate of the qubit as a function of its energy splitting,
denoted henceforth T−1

1,q . The randomly looking depen-
dence of the qubit relaxation rate on the qubit frequency
suggested that δ ∼ γ , i.e., T−1

1,q was given by multiple
partly overlapping Lorentzians. Moreover, following the
time dependence of the positions of the strongest peaks [3],
one could conclude that μav � γ .

Here we propose a more differentiated approach. The
experiments [3,4,13] show that the strongest peaks are
still relatively rare, such that the level spacing of these
peaks satisfies δ > μav > γ . These are relatively sparse
TLSs that are strongly coupled to the qubit and at the
same time are close to resonance with it. However, these
peaks are not responsible for the background level of T−1

1,q .
We follow Ref. [2] and assume the existence of a much
denser subset of quantum TLSs with an even weaker cou-
pling to the qubit, a result of the abundance of TLSs with
small tunneling amplitudes. These TLSs are so spectrally
dense, such that the span of their spectral diffusion is larger
than their level spacing and their inverse life time, i.e.,
μav > γ , δ. It is this subset that is mostly influenced by the
spectral diffusion and can give the strongest contribution

to the pure dephasing of the qubit. In the other regimes,
e.g., for μav < γ , dephasing is suppressed as discussed in
Appendix D.

To be concrete we assume, following Ref. [2], that the
TLS density of states dN/dε satisfies

d2N
dgdε

= δ−1
typ

√
1 − g2/g2

max

g
for g < gmax (1)

and zero otherwise. Here δtyp is a constant depending on
the materials and the geometric shape of the qubit. It will
play the role of the typical level spacing as we will see
below. We conjecture this distribution to be valid down to
very small values of g. Then it is guaranteed that we have a
large number of TLSs such that μav > γ , δ at high enough
temperatures (note that μav ∝ T, see Ref. [14]). These are
the TLSs that are of interest to us in this paper.

Analyzing the pure dephasing of the qubit due to the
spectral diffusion, we will see that a major role is played by
the typical relaxation time of the thermal TLSs, which we
denote by T1,T. This is the time scale at which the spectral
diffusion of a quantum TLS saturates at the span of order
μav. Our main result is the pure dephasing law D(t), which
reads

−2 ln D(t) ∼ g4
max

δtyp

×

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1
γ

t2, t � γ

μav
T1,T

T1,T

μav
t ln

(
μav

T1,Tγ
t
)

, T1,T � t � γ

μav
T1,T

T1,T

μav
t ln

(
μav

γ

)
, t � T1,T

.

(2)

Here, γ and μav stand for typical values (see Appendix C).
This result is valid at least as long as −2 ln D(t) � 1, thus
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it can be safely used to estimate the effective dephasing
rate (time). In Sec. IV we conclude that at low enough
temperatures, when T1,T/T1,q � μav/

√
γ δtyp, the effective

pure dephasing time due to the spectral diffusion becomes
comparable to T1,q. This can explain numerous experimen-
tal observations, in which the qubit dephasing time T2,q
is significantly shorter than its upper limit 2T1,q (see, e.g.,
Refs. [6,7,15,16]). Below we reanalyze the dephasing law,
Eq. (2), in the presence of periodic modulations of the qubit
frequency and conclude that in this regime the modulations
can strongly suppress the pure dephasing and, ultimately,
restore the relation T2,q = 2T1,q.

II. THEORETICAL FRAMEWORK

A. The model

We consider the same Hamiltonian as in our previous
paper [10],

H = −1
2

[E0 + A cos(�t)] σz − 1
2

∑

n

εn(t)τ (n)z

+ 1
2

∑

n

gnσxτ
(n)
x − i

2

∑

n

γn(1 − τ (n)z ), (3)

where σα and τ (n)α (α = x, y, z) are the Pauli matrices
that describe the qubit and the nth quantum TLS, respec-
tively. The qubit energy splitting is modulated harmoni-
cally around E0 with amplitude A and frequency �. In our
previous paper [10] we assumed that the energy splittings
εn of the TLSs are constant (but randomly distributed).
Here we consider the effect of spectral diffusion due to
interaction with thermal TLSs, giving rise to fluctuations
in εn. The third term is the interaction between the qubit
and the TLSs, characterized by the coupling constants gn.
Finally, the dissipation of the TLSs due to phonons can be
described by the last non-Hermitian term with relaxation
rates γn. The reason this description is sufficient and the
full Linbladian is not needed is explained in Appendix A
where the microscopic derivation is provided.

In our previous paper [10] we have studied the effect of
the periodic modulation with frequency � on the energy
relaxation rate of the qubit (T−1

1,q). The main effect was the
replication of the absorption peaks in T−1

1,q(E0), at ener-
gies shifted from E0 by multiples of � [see Fig. 1(b)].
We have assumed the condition � > γn, gn, meaning that
the replications of each absorption peak extend beyond
its width and demonstrated that the modulation conserves
the average of the relaxation rate over E0 but the fluc-
tuations in the relaxation rate can be suppressed. In this
work we investigate the effect of the spectral diffusion on
the pure dephasing of the qubit, both in the absence and
in the presence of the periodic modulation in the regime
� > γn, gn.

B. Qubit relaxation and decoherence

We consider the initial state |ψ(t = 0)〉 = (α |0〉 +
β |1〉) |0, . . . , 0〉, in which the qubit is prepared in a super-
position of the ground (|0〉) and excited (|1〉) states,
whereas all the quantum TLSs are in their ground states.
Within the rotating-wave approximation only the compo-
nent containing the excited state of the qubit (∝ β) evolves
in time in a nontrivial manner, whereas the component ∝ α

stays intact. As in our previous paper [10], we analyze
the model Hamiltonian (3) using the Weisskopf-Wigner
approach [17]. We treat the third term as a perturba-
tion, use the rotating-wave approximation, and consider
the single-excitation ansatz |ψI(t)〉 = α |0〉 |0, . . . , 0〉 +
β
[
a(t) |1〉 |0, . . . , 0〉 +∑

n bn(t) |0〉 |0, . . . , 0, 1n, 0, . . . , 0〉]
for the state in the interaction picture, with the initial condi-
tions a(0) = 1, bn(0) = 0 ∀ n. The reduced density matrix
of the qubit reads

ρ =
(

1 − |β|2|a(t)|2 αβ∗a(t)
α∗βa(t)∗ |β|2 |a(t)|2

)
. (4)

This expression should be averaged over the realizations
of the spectral diffusion εn(t), which will be denoted by
〈 〉 (see Sec. II C below). Below we solve the Schrödinger
equation to find the amplitude of staying in the excited
state of the qubit, a(t), and then consider its average 〈a(t)〉,
as well the average 〈|a(t)|2〉. From Eq. (4) we see that
〈|a(t)|2〉 describes the relaxation, which we discussed in
Ref. [10], whereas M (t) ≡ |〈a(t)〉| contains also the pure
dephasing, which is the subject of this paper.

The Schrödinger (Weisskopf-Wigner) equations read
[10]

ȧ(t) = − i
2

∑

n

gnei
[
E0t+φ(t)−∫ t

0 εn(t′)dt′+iγnt
]

bn(t),

ḃn(t) = − i
2

gne−i
[
E0t+φ(t)−∫ t

0 εn(t′)dt′+iγnt
]

a(t),

(5)

where φ(t) = ∫ t
0 A cos(�t′)dt′ = (A/�) sin(�t). We inte-

grate the second equation, employ the well-known expan-
sion eiφ(t) = ∑

m Jm(A/�)eim�t [Jm(x) being the Bessel
functions of the first kind], and substitute the result into the
first equation. We obtain the following integrodifferential
equation:

ȧ(t) = −1
4

∑

n

∑

m1,m2

g2
nJm1

Jm2
ei(m1−m2)�t

×
∫ t

0
ei
[
(E0+m2�)τ−

∫ t
t−τ εn(t′)dt′

]

e−γnτa(t − τ)dτ .

(6)

Here and in what follows we drop the argument A/� of
the Bessel function.
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In the weak coupling limit gn � γn, we can employ the
Markov approximation and replace a(t − τ) by a(t) in the
integrand. We can also extend the limit of the integration to
∞. The condition � � γn, gn also implies that ei(m1−m2)�t

oscillates rapidly and averages to zero unless m1 = m2. If,
in addition, εn(t) varies slowly on the time scale of order
1/γn, we can approximate

∫ t
t−τ εn(t′)dt′ ≈ εn(t)τ . This is

justified if
∫ t

t−τ

[
εn(t′)− εn(t)

]
dt′ � 1 (7)

for τ ≤ 1/γ , i.e., if the maximum deviation in εn(t) dur-
ing the time interval of order 1/γn is smaller than γn. This
condition [Eq. (7)] will be examined for self-consistency
in Sec. IV. For the time being, we assume this condi-
tion holds and obtain the time-local differential equation
ȧ(t) = −C(t)a(t), where C(t) = ∑

n Cn(t) and

Cn(t) = 1
4

∞∑

m=−∞

g2
nJ 2

m

γn − i (E0 + m�− εn(t))
. (8)

With the initial condition a(0) = 1, the solution reads
a(t) = ∏

n an(t), where

an(t) = e− ∫ t
0 Cn(t′)dt′ . (9)

Since the spectral diffusion fluctuations of εn(t) are inde-
pendent, the averaging of a(t) as well as of |a(t)|2 can be
performed separately for each n, i.e.,

M (t) ≡ |〈a(t)〉| =
∏

n

|〈an(t)〉|, (10)

and similarly 〈|a(t)|2〉 = ∏
n〈|an(t)|2〉.

C. Spectral diffusion

Various protocols measuring qubit decoherence are sen-
sitive to noise at different frequencies. Such protocols
measure the occupation probability of a specific quan-
tum state (typically the ground state |0〉) as a function of
time between the protocol pulses. Each experimental data
point is obtained by averaging over Nruns, where each run
involves a free evolution period t. Some protocols (e.g.,
Ramsey oscillations) are sensitive to low-frequency noise,
i.e., to quantities that fluctuate between different runs (on
timescale Nrunst), and some protocols (e.g., various dynam-
ical decoupling schemes, such as the Hahn spin echo)
are sensitive only to noise at higher frequencies, i.e., to
quantities that fluctuate within a single run (on timescale t).

Motivated by this observation, we define

εn(t) = εn,0 + xn + yn(t), (11)

where εn,0 is the TLS energy splitting in the absence of
interaction with thermal TLSs, xn is the “quasistatic” shift

at time t = 0 due to interaction with thermal TLSs being
in a specific configuration, and yn(t) is the dynamical shift
due to flipping of thermal TLSs [note that yn(t = 0) = 0].
The initial shift xn changes from run to run of the experi-
ment but does not vary during a single run. For a classical
Markov process, the average 〈〉 over the realizations of
the stochastic process εn(t) is uniquely determined by the
probability distribution function P(xn) for the initial state
xn of the process and the conditional probability distribu-
tion function P(yn + xn; t|xn; 0) for the state at time t given
the initial state.

According to Klauder and Anderson [9], at short times
where |yn(t)| is much smaller than the ultimate span of the
diffusion (this is introduced below and is called μav,n), the
probability distribution P(yn + xn; t|xn; 0) depends only on
yn and has the form

P(yn + xn; t|xn; 0) = 1
2π

∫ ∞

−∞
eiτyn−tfn(τ )dτ . (12)

Here the function fn(τ ) characterizes the diffusion process.
One gets Gaussian diffusion if fn(τ ) ∝ τ 2 and Lorentzian
diffusion if fn(τ ) ∝ |τ |. We consider the more detailed
model of Klauder and Anderson [9], in which fluctuations
in εn are due to the coupling of quantum TLSs to ther-
mal TLSs [14], which fluctuate between two states with
the typical switching rate κ = T−1

1,T. Within an ensemble of
thermal TLSs the switching rate varies over a wide range
[14]. Yet, for the observables of interest to us, taking κ
to be the typical switching rate preserves their qualita-
tive behavior, and is assumed henceforth. The coupling is
assumed to be dipolar, decaying as 1/r3 (r is the distance
between the quantum TLS and the thermal TLS), with two
possible values ±vn/r3 depending on the state of the ther-
mal TLS. The function fn(τ ) in this case is found to be ∝
|τ | for |τ | > ρn ≡ πr3

min/(2vn) (rmin is the short-distance
cutoff, such that vn/r3

min is the largest possible coupling)
and ∝ τ 2 for |τ | < ρn. These two limiting cases can be
interpolated by the function fn(τ ) = mn

(√
τ 2 + ρ2

n − ρn

)
,

where mn = (2/3)π2vnN κ ≈ (vn/r̄3)κ , with r̄ being the
average distance between the thermal TLSs (their density
is N ≈ 1/r̄3). The functional form of P(yn + xn; t|xn; 0) as
a function of yn is Lorentzian at short times t � 1/(mnρn).
In this regime the essential decay of the exponential func-
tion inside the integral in Eq. (12) happens at τ � ρn, so
that fn(τ ) ≈ mn|τ |. At longer times, t � 1/(mnρn), essen-
tial decay happens already at τ � ρn, so that fn ∝ τ 2, and
the functional form of P(yn + xn; t|xn; 0) is Gaussian.

It should be emphasized that the distribution function
Eq. (12) does not represent a stationary distribution since
it does not approach a limiting distribution for t → ∞. As
discussed by Klauder and Anderson [9], the generalization
of the distribution function to longer times has the form
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P(yn + xn; t|xn; 0) = 1
2π

∫ ∞

−∞
dτei[yn+xn(1−e−Rnt)]τ

× e− ∫ t
0 dt′fn(τe−Rnt′ ). (13)

The form of Eq. (13) guarantees that this probability
distribution has a stationary form at times t � 1/Rn, cor-
responding to the timescale for which most of the thermal
TLSs have flipped at least once. The distribution function
in this limit depends only on the final position xn + yn irre-
spective of the initial position. This stationary limit is used
below to average over the “quasistatic” shift xn between
different runs of a dephasing protocol (e.g., Ramsey or spin
echo), i.e., we define P∞(xn) = P(xn; t → ∞|xn; 0), which
can be written approximately as

P∞(xn) ≈ 1
2π

∫ ∞

−∞
dτeixnτe−fn(τ )/Rn . (14)

We take Rn ≡ R to be the typical switching rate of the
thermal TLSs defined above R = κ = T−1

1,T. We also define
μav,n = vn/r̄3 and μmax,n = vn/r3

min. Then mn defined
above is μav,nR and ρn = 1/μmax,n. We therefore obtain

P∞(xn) ≈ 1
2π

∫ ∞

−∞
dτeixnτe−μav,n

(√
τ2+ρ2

n−ρn
)

. (15)

Assumingμav,n � μmax,n, the distribution function P∞(xn)

has the Lorentzian form P∞(xn) = (μav,n/π)/(μ
2
av,n + x2

n)

for |xn| < μmax,n, and should decay faster than 1/x3
n for

|xn| > μmax,n, such that the second moment 〈x2
n〉 is finite.

III. ANALYSIS

A. Expansion at short times

To further investigate Eq. (10), we limit ourselves to the
short-time expansion of Eq. (9), up to the second order
in Cn. This approximation may be justified by two quite
different arguments:

(1) In many cases multiple resonant TLSs contribute
simultaneously. Then, even if each individual an(t) has
only slightly deviated from 1 and can be expanded, the
product a(t) = ∏

n an(t) has already substantially decayed.
This consideration is a variation of the central limit
theorem in statistics.

(2) The usual definition of the dephasing time as the
time at which | 〈a(t)〉 | (averaging over the realizations of
the spectral diffusion) has decayed by a factor of 1/e is,
nowadays, of only indicative significance in the field of
quantum computing. Much more relevant is the time at
which, e.g., | 〈a(t)〉 | reaches an error threshold allowed by
the requirements of, e.g., quantum error correction. Thus,
we might be more interested to calculate the time at which
| 〈a(t)〉 | ∼ 1 − ε for some ε � 1. To answer this question
the short-time expansion is usually sufficient.

Thus we expand

an(t) = e− ∫ t
0 Cn(t′)dt′ ≈ 1 −

∫ t

0
Cn(t1)dt1

+ 1
2

∫ t

0

∫ t

0
Cn(t1)Cn(t2)dt1dt2 + . . . (16)

and perform the averaging described in Appendix B. For
the dephasing of the off-diagonal elements of the density
matrix we obtain

|〈a(t)〉| =
√

〈|a(t)|2〉 × D(t), (17)

where

D(t) ≡ exp

[

−1
2

∑

n

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2

]

(18)

is the pure dephasing decay factor. In the simplest case
one would expect

√
〈|a(t)|2〉 ∼ exp[−�1t/2], |〈a(t)〉| =

exp[−�2t], D(t) ∼ exp[−�ϕt]. Thus, Eq. (17) stands in
clear correspondence to the well-known Bloch’s relation
�2 = �1/2 + �ϕ . Of course, in reality, these decay laws
are not necessarily exponential. The quantity D(t) is the
central subject of our study.

B. The correlators

Next we employ the spectral diffusion propagators,
Eqs. (12) and (15). Using Eqs. (8) and (11), the first
moment 〈Cn(t)〉 can be written as

〈Cn(t)〉 = g2
n

4

∞∑

m=−∞
J 2

m

∫ ∞

−∞
dxnP∞(xn)

×
∫ ∞

−∞

P(yn + xn; t|xn; 0)
γn − i(�n − xn − yn + m�)

dyn, (19)

where �n ≡ E0 − εn,0. Here we have averaged over the
spectral diffusion realizations xn and yn using the distri-
bution functions P∞(xn) and P(yn + xn; t|xn; 0) discussed
above. The correlator 〈Cn(t1)C∗

n(t2)〉 can be written simi-
larly as

〈Cn(t1)C∗
n(t2)〉

= g4
n

16

∞∑

m,m′=−∞
J 2

mJ 2
m′

∫ ∞

−∞
dxnP∞(xn)

×
∫ ∞

−∞

P(yn2 + xn; t2|xn; 0)
γn + i(�n − xn − yn2 + m�)

dyn2

×
∫ ∞

−∞

P(yn1 + yn2 + xn; t1|yn2 + xn; t2)
γn − i(�n − xn − yn1 − yn2 + m′�)

dyn1,

(20)

where we assumed t1 > t2.
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C. Estimation of the pure dephasing factor D(t)

The estimation of D(t), defined in Eq. (18), is per-
formed in Appendix C separately for t � 1/R ≡ T1,T and
for t � T1,T. This is because the spectral diffusion under-
goes a qualitative change at times of order T1,T as described
in Sec. II C. At t � T1,T the distribution function P(yn +
xn; t|xn; 0) ∼ (Wn(t)/W2

n(t)+ y2
n ) is a Lorentzian depend-

ing on the relative deviation yn only and the width Wn(t)
grows linearly in time (for details see Sec. II C and
Appendix C). At t � T1,T the distribution function P(yn +
xn; t|xn; 0) saturates at P∞(yn + xn).

One finally ends up with

−2 ln D(t) ∼ g4
max

δtyp

( ∞∑

m=−∞
J 4

m

)

×

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1
γ

t2, t � γ

μav
T1,T

T1,T

μav
t ln

(
μav

T1,Tγ
t
)

, T1,T � t � γ

μav
T1,T

T1,T

μav
t ln

(
μav

γ

)
, t � T1,T.

(21)

Here, γ and μav stand for typical values (see Appendix C).
The case t � T1,T is subdivided into the regime of qua-
sistatic dephasing (t � (γ /μav)T1,T), in which the random
phase is dominated by the distribution of the initial spec-
tral positions xn, and the regime of dynamical dephasing, in
which the spectral diffusion during the time interval t mat-
ters (see more details in Appendix C). The validity of this
result is insured at least as long as −2 ln[D(t)] � 1 as dis-
cussed in Appendix C. Thus it can be safely used in order
to estimate the effective dephasing rate.

IV. DISCUSSION

Here we analyze the pure dephasing law given by
Eq. (21). We first start the discussion in the absence
of modulations: A = 0, in which case

∑∞
m=−∞ J 4

m = 1
as Jm(0) = δm,0. First, we notice that the condition (7)
assumed in the course of the derivation and required for
the validity of the Markovian approximation is equiv-
alent to T1,Tγ (γ /μav) > 1. This follows from Wn(t) ≈
(μav,n/T1,T)t and the requirement that the maximum devi-
ation in εn(t) during the time interval of order 1/γn is
smaller than γn.

To decide which contribution is the relevant one for
the actual qubit dephasing, we evaluate the “quasistatic”
dephasing at the crossover time

t̃ = γ

μav
T1,T. (22)

If it is larger than some threshold ε, then the “qua-
sistatic” contribution is the relevant one. Otherwise, the
dephasing occurs only at longer times where the dynamic
contribution is significant. From Eq. (21) we find

−2 ln D(t̃) ∼ g4
max

δtyp

γ T2
1,T

μ2
av

∼ (
�1,qT1,T

)2 γ δtyp

μ2
av

, (23)

where we have used Fermi’s golden rule estimate for
the qubit energy relaxation rate, �1,q ∼ g2

max/δtyp (see,
e.g., Ref. [10]). We are working in the regime γ � μav.
It is also natural to assume δtyp ∼ γ � μav because in
this case the randomly looking “T1 fingerprint” [3,6,7]
is reproduced. Then the number of contributing reso-
nant TLSs N ∼ μav/δtyp log(· · · ) is large and the short-
time expansion for each n is sufficient. Let us, first,
consider the limit −2 ln D(t̃) = (

�1,qT1,T
)2 (

γ δtyp/μ
2
av

) �
1. That would necessarily (but not sufficiently) require
�1,qT1,T � 1, i.e., the thermal TLSs relax slower than
the qubit. Since �1,q is typically smaller than γ , the
condition

(
�1,qT1,T

)2 (
γ δtyp/μ

2
av

) � 1 is more restrictive
than the Markovian condition T1,Tγ (γ /μav) > 1 discussed
above. Thus, the validity of the Markovian condition (7)
can be safely assumed. In this regime the substantial
dephasing happens already during the period dominated
by the initial (quasistatic) fluctuations, i.e., −2 ln D(t) ∼
g4

maxt2/(γ δtyp) ∼ (
�1,q t

)2
(δtyp/γ ). Thus, depending on the

ratio δtyp/γ the pure dephasing rate can become compara-
ble or even somewhat larger than the relaxation rate �1,q.
The dephasing law Eq. (21) in this regime is sketched in
Fig. 2, where we compare the behavior of the pure dephas-
ing exponent − ln D(t) (thin solid black curve) with the
relaxation exponent �1,qt/2 (thick solid blue curve) for
realistic parameters for modern superconducting qubits [3,
18,19]. The pure dephasing exponent is comparable to the
relaxation exponent [they become equal at t ≈ (γ /δ)�−1

1,q
as indicated by the dotted magenta vertical line] in the qua-
sistatic regime t < t̃ where the dephasing process occurs (t̃
is indicated by a dash-dotted green vertical line).

In the other limit
(
�1,qT1,T

)2 (
γ δtyp/μ

2
av

)
� 1 [but still

T1,Tγ (γ /μav) > 1], the dephasing happens at longer times,
t � t̃. In this case, with logarithmic accuracy, the pure
dephasing rate can be estimated to be approximately
(g4

max/δtyp) (T1,T/μav) ∼ �1,q
(
�1,q T1,T

) (
δtyp/μav

)
. Thus it

is necessarily much smaller than �1,q and the pure dephas-
ing due to the spectral diffusion is subdominant. Both
limits could be relevant depending on the qubit relaxation
rate and the relaxation rate of the thermal TLSs, the latter
being strongly temperature dependent.

Our results are obtained for the limit where μav > γ .
In the opposite limit, i.e., for μav < γ , pure dephasing is
suppressed and dominated by the quasistatic contribution.
In the ultimate regime of μmax < γ the effective dephas-
ing rate is smaller by a factor of μmax/γ compared to its
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FIG. 2. The pure dephasing exponent − ln D(t) Eq. (21) due
to spectral diffusion of quantum TLSs as a function of time (in
units of the qubit relaxation time T1,q = �−1

1,q ) in the regime γ <

μav and
(
�1,qT1,T

)2 (
γ δtyp/μ

2
av

) � 1 (the specific parameters
are δtyp/2π = 0.8 MHz, γ /2π = 0.5 MHz, μav/2π = 5 MHz,
T1,q = �−1

1,q = 20 µs, and T1,T = 1 ms [3,18,19]). In this regime
the pure dephasing exponent without frequency modulations
(thin solid black) is comparable in magnitude to the relaxation
exponent �1,qt/2 (thick solid blue) at short times t < t̃ [indicated
by the dash-dotted green vertical line, see Eq. (22)], with cross-
ing time t ≈ (γ /δ)�−1

1,q indicated by the dotted magenta vertical
line. The red dashed curve is the pure dephasing exponent in the
presence of frequency modulations with A/� = 10, which sup-
presses the pure dephasing process and allows restoration of the
relaxation-limited decoherence rate �2 = �1,q/2.

value in the limit of μav > γ , as given in Eq. (21) (see
Appendix D for derivation of pure dephasing in the limit
of μmax < γ ).

Our results reflect the dephasing process, in which maxi-
mal dephasing of the qubit is related to a shift of a resonant
TLS by an energy which is of the order of its width γ .
For μav < γ such processes are not allowed, and thus
qubit dephasing is small. For μav > γ quasistatic dephas-
ing dominates for t < t̃, which marks the border of the
t2 behavior of the dephasing. At longer times dynamical
processes shift the TLS energies randomly, typically by
more than their width γ . The dephasing process becomes a
dynamical one and the effective dephasing rate is reduced
as compared with the static regime [cf. Eq. (21)].

The dependence of the pure dephasing rate on μav and
T1,T dictates its dependence on temperature. For very low
temperatures μav < γ , and pure dephasing is weak. Yet,
once the temperature is large enough so that μav > γ ,
we find an intriguing decrease in pure dephasing with
increased temperature. This decrease is a consequence of
the diminishing of the regime t < γ T1,T/μav in which
dephasing is quasistatic, as T−1

1,T ∝ T3 (Refs. [14,20,21]),
and μav ∝ T (Ref. [14]). With increased temperature,

dynamical effects, which slow the growth of dephasing
enter at earlier times, causing relative reduction in dephas-
ing rate, which reaches a factor of 1/T4 at long times. As a
result, we find a re-entrant temperature dependence of the
pure dephasing rate, which peaks at the temperature where
μav = γ .

Let us now discuss the effect of qubit frequency
modulations on the pure dephasing decay. We observe
from Eq. (21) that the factor

∑∞
m=−∞ J 4

m ∼ �/A reduces
effectively the dephasing rate for � � A [the fact that∑∞

m=−∞ J 4
m(A/�) ∼ �/A results from the typical value

|Jm(x)| ∼ √
�/A of the Bessel functions for |m| < x, see

Ref. [10]]. From Eq. (21) one sees that the effective rate is
reduced by a factor of

√
�/A in the case that the quasistatic

contribution dominates pure dephasing, i.e., for t � t̃. For
longer times, when the dynamical contribution dominates,
the modulations reduce the pure dephasing rate by a factor
of order �/A. In addition, the estimate of the dephasing at
the crossover between the static and the dynamic regimes
(23) is also modified and reads now

−2 ln D(t̃) ∼ g4
max

δtyp

( ∞∑

m=−∞
J 4

m

)
γ T2

1,T

μ2
av

∼ (
�1,qT1,T

)2

( ∞∑

m=−∞
J 4

m

)
γ δtyp

μ2
av

. (24)

The quasistatic contribution at t = t̃ is reduced by the mod-
ulations, thus shrinking the parameter domain where its
contribution dominates. On the other hand, in the dynam-
ical regime, t > t̃, pure dephasing is subdominant even
in the absence of modulations. The reduction of the pure
dephasing exponent Eq. (21) due to frequency oscillations
with A/� = 10 is illustrated by the dashed red curve in
Fig. 2.

We note that in contrast to our previous analysis of the
effect of the modulations on the qubit relaxation rate [10],
in which the modulations did not affect the average relax-
ation rate but only reduced its temporal fluctuations, here
we obtain a reduction of the average pure dephasing rate.
Such reduction of pure dephasing is certainly significant
in the regime where pure dephasing rate is comparable of
larger than relaxation-induced dephasing rate �1,q/2. How-
ever, given recent results showing that relaxation-induced
dephasing can be mitigated algorithmically [22,23], mit-
igation of pure dephasing, as shown here, is of utmost
significance also in the regime where relaxation-induced
dephasing dominates. Similar results of stabilization of
relaxation time and reduction of pure dephasing rate were
recently obtained by engineering the TLS noise spectral
densities [24].

In this paper we considered the pure dephasing pro-
cess defined by the Ramsey protocol. We have observed
that periodic modulations can mitigate this dephasing.
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In the regime where the pure dephasing dominates over
relaxation-induced dephasing, it is also quasistatic. Thus,
it can be mitigated by the echo technique as well. Remark-
ably, periodic modulations mitigate the nonstatic (expo-
nential) dephasing as well, whereas the echo technique
would be inefficient in this regime. Although the nonstatic
dephasing is always subdominant, its suppression is very
significant in view of the ideas of Refs. [22,23].

V. CONCLUSIONS

In this paper we have analyzed the pure dephasing of
a qubit due to the spectral diffusion of a quantum TLS,
which in the first place are responsible for the energy relax-
ation time of the qubit, T1,q. We have identified a regime,
in which the contribution of the spectral diffusion to the
pure dephasing rate is comparable to T−1

1,q . This leads to
an appreciable deviation from the relation T2,q = 2T1,q,
as is indeed the case in numerous experiments (see, e.g.,
Refs. [6,7,15,16]).

This result should be compared to the alternative mech-
anisms that could violate the relation T2,q = 2T1,q. We first
mention that the direct coupling of the thermal fluctua-
tors to the transmon qubit does not contribute to the pure
dephasing since transmon qubits are exponentially decou-
pled from the low-frequency charge noise [25]. On the
other hand, the fluctuations of the critical current [26,27]
or the noise of the photon occupation number in the nearby
readout resonator [28] could be relevant. The latter mech-
anism can be suppressed in devices with tunable coupling
[29].

To distinguish our pure dephasing mechanism from that
caused by the photon shot noise, we note that the latter is
characterized by more or less white noise spectrum. Thus
the pure dephasing due to the photon shot noise is Marko-
vian and the time decay is strictly exponential. In contrast,
in our case the dominant part of the time decay is that given
by the quasistatic noise, thus the time decay takes roughly
the form e−�2

ϕ t2 .
On the other hand, the pure dephasing due to the crit-

ical current noise is caused by thermal TLSs, thus giving
a similar quasistatic time decay. Distinguishing the pure
dephasing resulting from critical current fluctuations from
the mechanism discussed in this paper would be possible
via a response to an external electric field. The effect of
such field on the TLSs causing the critical current fluctua-
tions would be significantly weaker, since these are located
in the Josephson junction itself [4].

We further analyze the effect of the spectral diffusion
in the presence of periodic modulations of the qubit fre-
quency and conclude that in this regime the modulations
can strongly suppress the pure dephasing and, ultimately,
restore the relation T2,q = 2T1,q, therefore enhancing the
performance of superconducting qubits.

Recently it was suggested that relaxation-induced
dephasing can be overcome in a certain type of
error-correction scheme (erasure errors) using “dual rail”
qubits [22,23]. This leaves pure dephasing as the bottle-
neck for quantum computation even in the regime where
it is subdominant. Thus, mitigation of pure dephasing by
periodic modulations as suggested here can be of consid-
erable value also when pure dephasing is weak.

Analysis of periodic bias modulation in this work con-
siders the application of the periodic biasing to the qubit’s
frequency. In the same way, the periodic bias field can be
applied to modulate the excitation energies of the TLSs
[30–33]. In this case detailed analysis of the dependence
of the modulation on individual TLS parameters has to
be performed. Yet, we expect the results presented in this
paper to be applicable, up to quantitative corrections, to the
case where the periodic bias field is applied to the TLSs.

The phenomenon of pure dephasing considered in this
paper is related to the problem of frequency noise in res-
onators [34–36]. In both systems, thermally excited TLSs
interact with resonant TLSs, and the energy shifts of the
latter cause, via the Lamb shift, fluctuations in the reso-
nance energy of the resonator, or in the excitation energy of
the qubit. Theory for frequency noise in resonators requires
the application of spectral diffusion theory [9,14] to this
specific problem. This was done directly by Burin et al.
[36], and via separation of the different contributions of
strongly and weakly interacting thermal TLSs in the work
of Faoro and Ioffe [35] (see Ref. [37]). Here we follow an
approach similar to that of Burin et al. [36], directly apply-
ing the theory of Klauder and Anderson [9] and treating
all thermal TLSs on the same footing. Yet, in similarity
to Faoro and Ioffe [35], we are able to point to the source
of strong pure dephasing being the spectral diffusion over
energy shifts of the resonant TLSs of order of their reso-
nance width, which corresponds to “strong interactions” in
Ref. [35]. Re-entrant temperature dependence, as is found
for the frequency noise in resonators [35,36], is also found
here for the pure dephasing. This effect is stronger here,
as temperature dictates not only the width of spectral dif-
fusion, but also the timescale for thermal TLS relaxation,
which is dominant in dictating pure dephasing.
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APPENDIX A: DERIVATION OF THE
NON-HERMITIAN HAMILTONIAN

The full Hamiltonian of our system reads H(t) =
Hqubit-TLS(t)+ HTLS-phonons + Hphonons, where Hqubit-TLS(t)
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is given by Eq. (1) of the main text and

HTLS-phonons = 1
2

∑

n,k

τ (n)x (vnkak + v∗
nka†

k),

Hphonons =
∑

k

ωka†
kak.

(A1)

Here a†
k and ak are the phonon creation and anni-

hilation operators, ωk are the phonon frequencies, and
vnk describes the coupling between the nth TLS and
the phonon mode with wave vector k. We now con-
sider the interaction picture with respect to the perturba-
tion V = (1/2)

∑
n gnσxτ

(n)
x + (1/2)

∑
n,k vnkτ

(n)
x (ak + a†

k)

and employ the rotating-wave approximation. Within
the single-excitation subspace spanned by the states
|1〉 |{0}TLS〉 |{0}phonons〉, |0〉 |{1n}TLS〉 |{0}phonons〉 and |0〉
|{0}TLS〉 |{1k}phonons〉, in which either the qubit, a sin-
gle TLS, or a single phonon is excited (we use
the notation |{1n}TLS〉 = |0, . . . , 0, 1n, 0, . . . , 0〉 for the
state in which the nth TLS is excited and all other
TLSs are at their ground states and |{1k}phonons〉 =
|0, . . . , 0, 1k, 0, . . . , 0〉 for the state with a single phonon
occupying the mode with wave vector k). Consider
the general state |ψI(t)〉 = a(t) |1〉 |{0}TLS〉 |{0}phonons〉 +∑

n bn(t) |0〉 |{1n}TLS〉 |{0}phonons〉 + ∑
k ck(t) |0〉 |{0}TLS〉|{1k}phonons〉. Note that the qubit-reduced density matrix

Eq. (4) is obtained by tracing over the TLS and phonon
states, and using the normalization condition |a(t)|2 +∑

n |bn(t)|2 +∑
k |ck(t)|2 = 1. The Schrödinger equation

for |ψI(t)〉 reads

ȧ(t) = − i
2

∑

n

gnei(E0t+φ(t)−εnt)bn(t),

ḃn(t) = − i
2

[

gne−i(E0t+φ(t)−εnt)a(t)

+
∑

k

vnkei(εn−ωk)tck(t)

]

,

ċk(t) = − i
2

∑

l

v∗
lke−i(εl−ωk)tbl(t), (A2)

with initial conditions a(0) = 1, bn(0) = ck(0) = 0 ∀ n, k.
Integrating the last equation and substituting into the sec-
ond, we obtain

ȧ(t) = − i
2

∑

n

gnei(E0t+φ(t)−εnt)bn(t),

ḃn(t) = − i
2

gne−i(E0t+φ(t)−εnt)a(t)

− 1
4

∑

l

ei(εn−εl)t
∫ t

0
Knl(t − t′)bl(t

′), (A3)

where Knl(τ ) = ∑
k vnkv

∗
lkei(εl−ωk)τ . We now apply the

Weisskopf-Wigner (Markov) approximation [17]. This is
justified because the functions Knl(τ ) decay rapidly on
the characteristic time scale 1/γl (to be defined below)
describing the temporal variation of bl(t). One then
replaces bl(t

′) by bl(t) in the integral and extends the
upper limit of the integration to ∞ to obtain the following
equations:

ȧ(t) = − i
2

∑

n

gnei(E0t+φ(t)−εnt)bn(t),

ḃn(t) = − i
2

gne−i(E0t+φ(t)−εnt)a(t)− 1
4

∑

l

Cnle
i(εn−εl)tbl(t),

(A4)

with Cnl = ∫∞
0 Knl(τ )dτ . The nondiagonal terms (n �= l)

couple different TLSs. These could become relevant if two
or more TLSs are close to degeneracy, |εn − εl| � γl, γn.
Then, cooperative super-radiant and subradiant dynamics
of this group of TLSs could emerge [38,39]. In our case,
this possibility can be neglected, as the average level spac-
ing � between the TLSs is much larger than the typical
width γtyp. Even if such a degeneracy happens, but the two
TLSs are not spatially close to each other, the phases in
Knl(τ ) = ∑

k vnkv
∗
lkei(εl−ωk)τ will average this coupling to

zero.
We therefore retain only diagonal terms, which gives

ȧ(t) = − i
2

∑

n

gnei(E0t+φ(t)−εnt)bn(t),

ḃn(t) = − i
2

gne−i(E0t+φ(t)−εnt)a(t)− 1
4

Cnnbn(t).

(A5)

Finally, we define b̃n(t) = eCnnt/4bn(t) and obtain

ȧ(t) = − i
2

∑

n

gnei[E0t+φ(t)−(εn−iCnn/4)t]b̃n(t),

˙̃bn(t) = − i
2

gne−i[E0t+φ(t)−(εn−iCnn/4)t]a(t).

(A6)

By absorbing the imaginary part of Cnn (Lamb shift)
into the definition of εn, and defining γn ≡ Re(Cnn)/4,
one ends up with Eqs. (4) of the main text [with b̃n(t)
replaced by bn(t)]. By integrating out the phonons, one
thus finds an exact description of the system in terms of
the non-Hermitian Hamiltonian (2) of the main text.
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APPENDIX B: PURE DEPHASING AND RELAXATION IN TERMS OF THE CORRELATION FUNCTIONS
OF Cn(t)

Expanding Eq. (9) up to second order in Cn and averaging, we obtain

〈an(t)〉 = 〈e− ∫ t
0 Cn(t′)dt′ 〉 ≈ 1 −

∫ t

0
〈Cn(t1)〉 dt1 + 1

2

∫ t

0

∫ t

0
〈Cn(t1)Cn(t2)〉 dt1dt2. (B1)

Denoting Cn(t) = C′
n(t)+ iC′′

n(t) and taking the absolute value, we obtain up to second order in Cn(t)

|〈an(t)〉| ≈ 1 −
∫ t

0
〈C′

n(t1)〉 dt1 + 1
2

∫ t

0

∫ t

0

(〈C′
n(t1)C

′
n(t2)〉 − 〈C′′

n(t1)C
′′
n(t2)〉

)
dt1dt2 + 1

2

(∫ t

0
〈C′′

n(t1)〉 dt1

)2

. (B2)

Similarly, up to the second order in Cn(t)

〈|an(t)|2〉 = 〈e−2
∫ t

0 C′
n(t

′)dt′ 〉 ≈ 1 − 2
∫ t

0
〈C′

n(t1)〉 dt1 + 2
∫ t

0

∫ t

0
〈C′

n(t1)C
′
n(t2)〉 dt1dt2, (B3)

and therefore

√
〈|an(t)|2〉 ≈ 1 −

∫ t

0
〈C′

n(t1)〉 dt1 +
∫ t

0

∫ t

0
〈C′

n(t1)C
′
n(t2)〉 dt1dt2 − 1

2

(∫ t

0
〈C′

n(t1)〉 dt1

)2

. (B4)

As we are interested in the product
∏

n an(t), we calculate the logarithms of Eqs. (B2) and (B4):

ln |〈an(t)〉| ≈ −
∫ t

0
〈C′

n(t1)〉 dt1 + 1
2

∫ t

0

∫ t

0

(〈C′
n(t1)C

′
n(t2)〉 − 〈C′′

n(t1)C
′′
n(t2)〉

)
dt1dt2

+ 1
2

(∫ t

0
〈C′′

n(t1)〉 dt1

)2

− 1
2

(∫ t

0
〈C′

n(t1)〉 dt1

)2

ln
√

〈|an(t)|2〉 ≈ −
∫ t

0
〈C′

n(t1)〉 dt1 +
∫ t

0

∫ t

0
〈C′

n(t1)C
′
n(t2)〉 dt1dt2 −

(∫ t

0
〈C′

n(t1)〉 dt1

)2

. (B5)

Up to the second order in Cn(t), we can thus write

ln |〈an(t)〉| ≈ ln
√

〈|an(t)|2〉 − 1
2

∫ t

0

∫ t

0

(〈C′
n(t1)C

′
n(t2)〉 + 〈C′′

n(t1)C
′′
n(t2)〉

)
dt1dt2

+ 1
2

(∫ t

0
〈C′

n(t1)〉 dt1

)2

+ 1
2

(∫ t

0
〈C′′

n(t1)〉 dt1

)2

, (B6)

or equivalently,

ln
√

〈|an(t)|2〉 ≈ −
∫ t

0
〈C′

n(t1)〉 dt1 +
∫ t

0

∫ t

0
〈δC′

n(t1)δC
′
n(t2)〉 dt1dt2, (B7)

ln |〈an(t)〉| ≈ ln
√

〈|an(t)|2〉 − 1
2

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2, (B8)

where δCn(t) ≡ Cn(t)− 〈Cn(t)〉 and δC′
n(t) ≡ C′

n(t)− 〈C′
n(t)〉.

We are now in a position to perform the product over n and exponentiate. This gives for the energy relaxation (T1):

√
〈|a(t)|2〉 ≈ exp

[

−
∑

n

∫ t

0
〈C′

n(t
′)〉 dt′ +

∑

n

∫ t

0

∫ t

0
〈δC′

n(t1)δC
′
n(t2)〉 dt1dt2

]

. (B9)

The quite unexpected second term in the exponent reflects the effect of the fluctuations. Exponentiating Eq. (B7) we obtain
Eqs. (17) and (18) of the main text.
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APPENDIX C: ESTIMATION OF D(t)

1. The short-time limit t � T1,T

At short times t � T1,T, the relevant distribution function is given by Eq. (12). In this regime, the condition t �
(mnρn)

−1 = (μmax,n/μav,n)T1,T holds, and the diffusion is Lorentzian [as argued following Eq. (12)] with distribution
function

P(yn + xn; t|xn; 0) = 1
π

Wn(t)
W2

n(t)+ y2
n

, (C1)

which is homogeneous, i.e.,

P(yn + y ′
n + xn; t|y ′

n + xn; t′) = 1
π

Wn(t − t′)
W2

n(t − t′)+ y2
n

. (C2)

Here the width Wn(t) is given by [14]

Wn(t) ∝ μav,n

∫ ∞

0

dy
cosh2 y

∫ 1

0

1 − e−x2t/T1(y)

x
dx, (C3)

where y = E/(2T) and x = �0/E. Here �0 and E are the tunneling amplitude and energy splitting of the fluctuating
thermal TLSs, respectively. These are broadly distributed according to the standard tunneling model [20,21]. In Eq. (C3)
T1(y) ∝ T1,min(T)y3 coth y, with T1,min(T) ∝ T3 being the relaxation time of the thermal TLSs with the largest value of
�0, and thus with the fastest decay rate to the phonon bath. According to Black and Halperin [14], the function Wn(t)
is linear in time for t � T1,min(T) and approaches μav,n logarithmically at times t � T1,min(T). In what follows we treat
thermal TLSs as having a single relaxation time T1,T ≡ 1/R ∼ T1,min(T).

Performing the integrations we obtain

〈Cn(t)〉 = g2
n

4

∞∑

m=−∞
J 2

m

∫ ∞

−∞

P∞(xn)

γn + Wn(t)− i(�n − xn + m�)
dxn,

〈Cn(t1)C∗
n(t2)〉 = g4

n

16

∞∑

m,m′=−∞
J 2

mJ 2
m′

2γn + 2Wn(t2)+ Wn(t1 − t2)+ i(m − m′)�
2γn + Wn(t1 − t2)+ i(m − m′)�

×
∫ ∞

−∞

P∞(xn)

[γn + Wn(t2)+ i(�n − xn + m�)] [γn + Wn(t2)+ Wn(t1 − t2)− i(�n − xn + m′�)]
dxn. (C4)

We assume μmax,n � μav,n, such that P∞(xn) can be taken as a Lorentzian function of width μav,n up to |xn| = μmax,n.
Since μav,n � Wn(t) for t � T1,T, in the regime μmax,n � γn the non-Lorentzian tails of P∞(xn) at |xn| > μmax,n can be
neglected, and we obtain

〈Cn(t)〉 ≈ g2
n

4

∞∑

m=−∞

J 2
m

μav,n + γn + Wn(t)− i(�n + m�)
,

〈Cn(t1)C∗
n(t2)〉 ≈ g4

n

16

∞∑

m,m′=−∞
J 2

mJ 2
m′

2μav,n + 2γn + 2Wn(t2)+ W(t1 − t2)+ i(m − m′)�
2γn + Wn(t1 − t2)+ i(m − m′)�

× 1
[
μav,n + γn + Wn(t2)+ i(�n + m�)

] [
μav,n + γn + Wn(t2)+ Wn(t1 − t2)− i(�n + m′�)

] . (C5)

We note that if μav,n and μmax,n are comparable, then P∞(xn) is not a Lorentzian function, but the results are qualitatively
similar. We next assume � � γn, Wn(t) and therefore only terms m = m′ contribute to the sum in the second equation of
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Eqs. (C4). The results (C5) hold for an arbitrary relation between μav,n and γn. From now on we use the assumed above
regime μav,n � γn, Wn (the other regimes are discussed in Appendix D). In this regime we otain

〈Cn(t)〉 ≈ g2
n

4

∞∑

m=−∞

J 2
m

μav,n − i(�n + m�)
,

〈Cn(t1)C∗
n(t2)〉 ≈ g4

nμav,n

8 (2γn + Wn(t1 − t2))

∞∑

m=−∞

J 4
m

μ2
av,n + (�n + m�)2

. (C6)

Thus, near the resonance (�n + m� ≈ 0) we can estimate | 〈Cn(t)〉 |2 ∝ 1/μ2
av,n � 〈Cn(t1)C∗

n(t2)〉. Therefore, we obtain
〈δCn(t1)δC∗

n(t2)〉 ≈ 〈Cn(t1)C∗
n(t2)〉. For t � T1,T, the diffusion width Wn(t) is a linear function of time, Wn(t) ≈

(μav,n/T1,T)t ≡ αnt. Therefore, using the relation

∫ t

0

∫ t

0
k(t1 − t2)dt1dt2 =

∫ 2t

0
(2t − τ)k(τ )dτ , (C7)

we obtain
∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2 ≈ g4
nμav,n

8

∞∑

m=−∞

J 4
m

μ2
av,n + (�n + m�)2

∫ 2t

0

2t − τ

2γn + αnτ
dτ

= g4
nμav,n

4

[
− t
αn

+ αnt + γn

α2
n

ln
(

1 + αnt
γn

)] ∞∑

m=−∞

J 4
m

μ2
av,n + (�n + m�)2

. (C8)

At times t � γn/αn = (γn/μav,n)T1,T, we obtain

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2 ≈ g4
nμav,n

8γn

∞∑

m=−∞

J 4
m

μ2
av,n + (�n + m�)2

t2, (C9)

which corresponds to the “quasistatic” limit. On the other hand, at longer times (γn/μav,n)T1,T � t � T1,T, we have

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2 ≈ g4
n

4
T1,T

∞∑

m=−∞

J 4
m

μ2
av,n + (�n + m�)2

t ln
(
μav,n

T1,Tγn
t
)

. (C10)

To make a rough estimate, we replace all μav,n by a typical value μav and similarly for γn. Then, for each value of m, we
sum the contributions of the TLSs that are resonant at this m, i.e., such that �n + m� � μav. This gives us dε = μav in
the distribution (1). Using this distribution we estimate

∑

n

g4
n

μ2
av + (�n + m�)2

∼ dε
δtypμ2

av

∫ gmax

0
g3dg ∼ g4

max

δtypμav
. (C11)

Since our theory holds only for the TLSs weakly coupled to the qubit, i.e., gn < γn, it would be reasonable to put gmax ∼ γ .
We, thus, arrive at

−2 ln[D(t)] =
∑

n

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2 ∼ g4
max

δtyp

( ∞∑

m=−∞
J 4

m

)
⎧
⎪⎪⎨

⎪⎪⎩

1
γ

t2, t � γ

μav
T1,T

T1,T

μav
t ln

(
μav

T1,Tγ
t
)

, T1,T � t � γ

μav
T1,T.

(C12)

One might wonder if this result is valid at all relevant times in view of the short-time expansions (B1) and (B3) used in
the calculation. Since the number of contributing TLSs is always large, approximately μav/δtyp, the dephasing law (C12)
is valid at least as long as −2 ln[D(t)] � 1. Thus we can safely use (C12) in order to estimate the effective dephasing rate
(time). At much longer times (C12) might be inaccurate.
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2. The long-time limit t � T1,T

Next we discuss the long time limit, t � 1/R ≡ T1,T. We approximate

∫ t

0

∫ t

0
〈δCn(t1)δC∗

n(t2)〉 dt1dt2 ≈
∫ t

T1,T

∫ t

T1,T

〈δCn(t1)δC∗
n(t2)〉 dt1dt2, (C13)

and note that P(yn + xn; t|xn; 0) → P∞(xn + yn) for t � T1,T and similarly P(yn1 + yn2 + xn; t1|yn2 + xn; t2) → P∞(xn +
yn1 + yn2) for t1, t2 � T1,T, except for the region t1 − t2 < T1,T, where Eq. (C2) holds. Then for t1, t2 � T1,T, we use

∫ ∞

−∞

P∞(xn)

γn − i(�n − xn + m�)
dxn = 1

γn + μav,n − i(�n + m�)
, (C14)

to obtain

〈Cn(t)〉 = g2
n

4

∞∑

m=−∞

J 2
m

γn + μav,n − i(�n + m�)
. (C15)

The second moment is

〈Cn(t1)C∗
n(t2)〉 = g4

n

16

∞∑

m,m′=−∞

J 2
mJ 2

m′[
γn + μav,n + i(�n + m�)

] [
γn + μav,n − i(�n + m′�)

] (C16)

for t1 − t2 � T1,T and

〈Cn(t1)C∗
n(t2)〉 = g4

n

16

∞∑

m,m′=−∞

J 2
mJ 2

m′[
γn + μav,n + i(�n + m�)

]
[γn + Wn(t1 − t2)− i(�n + m′�)]

(C17)

for t1 − t2 � T1,T. The contribution to the second integral in the right-hand side of Eq. (C13) vanishes for t1 − t2 � T1,T,
whereas for t1 − t2 � T1,T the integral is the same as that calculated in Eq. (C8).

One finally ends up with

−2 ln D(t) ∼ g4
max

δtyp

( ∞∑

m=−∞
J 4

m

)
T1,T

μav
t ln

(
μav

γ

)
, t � T1,T. (C18)

The validity of this result is again insured at least as long as −2 ln[D(t)] � 1 as discussed right after Eq. (C12). Thus it
can be safely used in order to estimate the effective dephasing rate. Combining Eqs. (C12) and (C18) we obtain Eq. (21)
of the main text.

APPENDIX D: THE LIMIT μav � γ

As the average span of the diffusion μav,n becomes smaller than the width γn, the results for the pure dephasing change.
Analyzing Eq. (C5) we observe that the inequality | 〈Cn(t)〉 |2 � 〈Cn(t1)C∗

n(t2)〉 does not hold anymore. Thus, the fluctu-
ations 〈δCn(t1)δC∗

n(t2)〉 are suppressed and the dephasing is reduced. In the intermediate regime μav,n < γn < μmax,n the
analysis is complicated and we concentrate on the ultimate case μmax,n < γn.

In the limit μmax,n � γn the center of the Lorentzian functions appearing in Eqs. (19) and (20) does not fluctuate
significantly on the energy scale compared to the width γn of the Lorentzian. The contributions of the dynamic shifts is
thus small and to obtain the contribution of the “quasistatic” dephasing we can take the conditional probabilities to be δ
functions of the dynamic shift. We thus end up with
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〈Cn(t)〉 ≈ g2
n

4

∞∑

m=−∞
J 2

m

∫ ∞

−∞

P∞(xn)

γn − i(�n − xn + m�)
dxn,

〈Cn(t1)C∗
n(t2)〉 ≈ g4

n

16

∞∑

m,m′=−∞
J 2

mJ 2
m′

∫ ∞

−∞

P∞(xn)

[γn + i(�n − xn + m�)] [γn − i(�n − xn + m′�)]
dxn.

(D1)

We next expand in the small quantity xn/γn to second order and keep only terms with m = m′. This gives

〈Cn(t)〉 ≈ g2
n

4

∞∑

m=−∞

J 2
m

γn − i(�n + m�)

[

1 − μ2
max,n

[γn − i(�n + m�)]2

]

,

〈Cn(t1)C∗
n(t2)〉 ≈ g4

n

16

∞∑

m=−∞

J 4
m

γ 2
n + (�n + m�)2

[

1 − μ2
max,n

γ 2
n − 3(�n + m�)2

[
γ 2

n + (�n + m�)2
]2

]

,

(D2)

where we have used the fact that 〈xn〉 = 0 [since P∞(xn) is a symmetric function] and 〈x2
n〉 ≈ μ2

max,n. Hence to leading
order in μmax,n/γn we obtain

〈δCn(t1)δC∗
n(t2)〉 ≈ g4

n

16

∞∑

m=−∞

J 4
mμ

2
max,n

[
γ 2

n + (�n + m�)2
]2 . (D3)

Assuming δ < γ and taking into account the resonant contributions we arrive at

−2 ln D(t) ∼ (�1,qt)2
μ2

max

γ 2

δ

γ

∑

m

J 4
m. (D4)

The effective dephasing rate, even in the absence of the modulation, is always smaller than the relaxation rate �1,q and is
further reduced by the modulations.
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