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Attaining nearly ideal Dicke superradiance in expanded spatial domains
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Dicke superradiance is essentially a case of correlated dissipation leading to the macroscopic quantum
coherence. Superradiance for arrays of inverted emitters in free space requires interactions far beyond
the nearest neighbor, limiting its occurrence to small emitter-emitter distances. Epsilon-near-zero (ENZ)
materials, which exhibit infinite effective wavelengths, can mediate long-range interactions between emit-
ters. We investigate the superradiance properties of two ENZ structures, namely plasmonic waveguides
and dielectric photonic crystals, and demonstrate their potential to support near-ideal Dicke superradi-
ance across expanded spatial domains. We employ a general method that we have developed to assess
the occurrence of superradiance, which is applicable to various coupling scenarios and relies only on the
decoherence matrix. Furthermore, by numerically examining the emission dynamics of the few-emitter
systems, we distinguish the roles of quantum coherence at different stages of emission for the case of all-
to-all interaction, and demonstrate that the maximum quantum coherence in the system can be determined
using the maximum photon burst rate. The findings of this work have prospective applications in quantum
information processing and light-matter interaction.
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I. INTRODUCTION

Dicke superradiance, originally described as the
phenomenon that N inverted emitters with identical inter-
actions become phase locked and emit photons in a short
time with an intensity scaling as N 2 [1–3], giving rise to
emission burst. Superradiance has found extensive appli-
cations in diverse fields, such as single-photon source
[4,5], light harvesting [6–8], and quantum information pro-
cessing [4,9–11]. Recent years have witnessed a lot of
significant progress in exploring superradiance across var-
ious platforms such as ion traps [12,13], Rydberg gases
[14–16], and superconducting systems [17–20]. In the
ideal scenario of Dicke superradiance, a large number
of emitters are confined within a compact region, sig-
nificantly smaller than the emission wavelength λ. This
confinement ensures that the emitters become indistin-
guishable during the absorption or emission of a photon,
resulting in the emergence of a Dicke state. Consequently,
the Hilbert space, which would initially be 2N dimen-
sional, reduces to N + 1 dimensions. Recent theoretical
studies have expanded this superradiance theory to spa-
tially extended and ordered emitter systems, such as atomic
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chains [21–23] as well as arrays [24–28]. These stud-
ies have demonstrated the significance of eigenvalues of
an N -dimensional decoherence matrix. The elements of
this matrix represent the incoherent emitter-emitter cou-
pling (also known as dissipative coupling in certain liter-
ature), and play a crucial role in determining the minimal
conditions for superradiance.

Most existing theories on superradiance focused on
ordered atomic arrays in free space, and there is a
power-law dependence of interactions between emitters
on the emitter-emitter distance. However, this limited
perspective restricts the applicability of superradiance
theory since nonuniform amplitudes and phases of the
electromagnetic field surrounding emitters often lead to
irregular emitter-emitter couplings and inhomogeneous
single-emitter emission rates. Additionally, even for very
short chains, superradiance bursts in free space can only
be sustained when the emitter-emitter distance is suffi-
ciently small [21]. Reference [27] establishes the minimum
requirements for superradiance and provides a maximum
interatomic separation that allows for the observation of
superradiance in uniform atomic arrays. Moreover, a recent
study [29] demonstrates that superradiance cannot occur
solely through nearest-neighbor atomic interactions. Con-
sequently, the spatial domain at which superradiance man-
ifests significantly shrinks in free space, and the intensity
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of the emission burst deviates significantly from the ideal
Dicke superradiance.

Hence, it is desirable to develop a more comprehensive
theory capable of assessing the existence of superradiance
in complex scenarios, relying solely on the N -dimensional
decoherence matrix. Additionally, two crucial require-
ments for achieving superradiance at large spatial domains
are observed: long-range interactions and substantial dis-
sipative coupling between distant emitters. Plasmonic or
photonic waveguides have shown promise as facilitators
of long-distance interactions and superradiance phenom-
ena [30–37]. However, these systems often impose strict
constraints on the spatial arrangement of emitters. Recent
advancements in near-zero-index (NZI) materials, such as
plasmonic epsilon-near-zero (ENZ) waveguides and all-
dielectric ENZ photonic crystals, have overcome this lim-
itation [38–45]. These materials, characterized by infinite
wavelengths and vanishingly small index, enable all-to-all
interactions and thus near-ideal realization of Dicke super-
radiance in extended spatial domains. Furthermore, as cor-
related dissipation can give rise to quantum coherence and
superradiance, it is intriguing to investigate their roles in
emission dynamics and elucidate the inherent connection
between quantum resources and collective emissions.

In this work, we present a universal criterion for deter-
mining the occurrence of superradiance, which simplifies
the analysis by focusing solely on the N -dimensional
decoherence matrix instead of computationally intensive
calculations involving exponential growth with the number
of emitters, N. We apply this criterion to two ENZ sys-
tems, namely plasmonic waveguide and dielectric photonic
crystal, both of which facilitate long-range emitter-emitter
couplings. Our results demonstrate that these structures
exhibit near-ideal Dicke superradiance over an expanded
spatial domain. Furthermore, we perform numerical sim-
ulations to investigate the dynamics of systems with a
few emitters under all-to-all coupling. By separately ana-
lyzing the emission dynamics with two distinct compo-
nents: single-emitter and collective emission, along with
the dynamics of quantum coherence, we have observed
that quantum coherence can play completely different roles
at different stages of emission, and the dynamics of quan-
tum coherence and the collective emission are completely
synchronized. Additionally, we establish an exact corre-
spondence between the maximum quantum coherence and
the maximum emission rate of superradiance, suggesting
that the emission rate can serve as a potential measurement
tool for quantum coherence.

The paper is organized as follows: Sec. II presents the
derivation of the minimal condition for superradiance,
focusing on the N -dimensional decoherence matrix, and
investigates the relationship between the maximum emis-
sion rate and the second-order correlation function. In
Sec. III, we employ two ENZ materials, namely the plas-
monic waveguide and the dielectric photonic crystal, to

demonstrate the possibility of achieving near-ideal super-
radiance with multiple emitters in an expanded spatial
domain. Section IV delves into the discussion of quan-
tum coherence in the emission dynamics of all-inverted
emitters under the all-to-all scenario. In Sec. V we finally
conclude.

II. THEORY OF PHOTON EMISSION FROM
MULTIPLE INVERTED EMITTERS AT EARLY

TIME

In the study of the dynamic evolution of multiemitter
system in a weakly coupled environment, Born-Markov
and rotating-wave approximations can be used. After trac-
ing out the environment, the Lindblad master equation of
emitter system can be written as [35,46,47]

∂ρ

∂t
= i

�
[ρ, H ] + 1

2

∑

i,j

γij

(
2σiρσ

†
j − ρσ

†
i σj − σ

†
i σj ρ

)
,

(1)

where σ †
i and σi are the raising and lowering operators

of the ith emitter, respectively. The γij is the incoherent
coupling between the ith and j th emitters, and all the γij s
together will be shown to control the emission process of
the multiemitter system. Here we want to point out that, in
this work, all the γij s are normalized with the maximum
γii to ensure that all elements of the decoherence matrix
are less than or equal to 1. This is equivalent to dividing
both sides of Eq. (1) by the maximum single-emitter decay
rate γmax. Therefore, the x axis t in the calculations related
to the dynamic evolution later in this work is essentially
γmaxt, and the emission rate such as γ (t) is γmaxγ (t). For
simplicity, we use t and γ (t) in the whole work.

The Hamiltonian of the emitter system is

H = �ω0

∑

i

σ
†
i σi +

∑

i�=j

gij σ
†
i σj , (2)

with ω0 being the transition frequency of the two-level
emitters. The coherent coupling strength gij has been
shown to have a small impact on emission dynamic [27].
In Eq. (1), ρ is the density matrix of the emitter system,
[ρ, H ] and Lindblad term [the second term of the right-
hand side of Eq. (1)] govern the coherent and incoherent
parts of the emitter dynamics, respectively.

Under the point dipole approximation, the coherent and
incoherent interactions between the ith and j th emitters gij
and γij can be written as [34,46]

gij = ω2
0

ε0�c2 Re
[
�μ∗

i · ↔
G
(�ri, �rj ,ω

) · �μj

]
(3)
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and

γij = 2ω2
0

ε0�c2 Im
[
�μ∗

i · ↔
G
(�ri, �rj ,ω

) · �μj

]
, (4)

respectively. The �μi and �μj are the dipole moments of the
ith and j th emitters, and the detailed calculation method of
the electric Green’s tensor

↔
G can be found in Sec. III.

The total emission rate of the emitter system at time t
can be written as

γ (t) = γs(t)+ γc(t), (5)

where we define

γs(t) ≡
∑

j

γjj 〈êj 〉 (6)

that governs the emission rate from single emitters, which
originates from the diagonal elements of the density matrix
ρ(t) and decays exponentially, and

γc(t) ≡
∑

i�=j

γij 〈σ̂ †
i σ̂j 〉 (7)

governs the collective emission, which causes the
correlation-induced emission and originates from the non-
diagonal elements of density matrix. The operators in
Eqs. (6) and (7) are êj ≡ |ej 〉〈ej |, σ̂j ≡ |gj 〉〈ej |, and σ̂ †

j ≡
|ej 〉〈gj |, with |ej 〉 and |gj 〉 being the upper and lower
energy levels of the j th emitter. Studying the single emit-
ter and collective emission dynamics independently can
help us understand their roles in the overall emission pro-
cess and how they relate to the superradiance and quantum
resources in the system, as we can see in Sec. IV.

Therefore, the superradiance occurs only when the
increase rate of the total emission rate is larger than zero
at the beginning of the emission, that is the first deriva-
tive γ̇ (0) > 0. According to Refs. [24,48], if the emitters
are fully inverted initially, namely |ψ(0)〉 = |e〉⊗N , the first
derivative of 〈êj 〉 and 〈σ̂ †

i σ̂j 〉 at t = 0 can be calculated as

d〈êj 〉
dt

(0) = −γjj ,
d〈σ̂ †

i σ̂j 〉
dt

(0) = γij . (8)

Substituting Eq. (8) into the first derivative of Eq. (5), we
have

γ̇ (0) = −
∑

j

γ 2
jj +

∑

i�=j

γ 2
ij . (9)

From Eqs. (8) and (9) it can be inferred that the non-
diagonal elements of the decoherence matrix �, namely
the dissipative couplings between emitters contribute pos-
itively to the superradiance whereas the diagonal elements

(single-emitter emission rates) do the opposite. The com-
petition between them determines whether or not the
superradiance occurs. If we set the decoherence matrix
� = (

γij
)

with the matrix elements γij being defined in
Eq. (4), the γ̇ (0) can be written as a compact form

γ̇ (0) = Tr
(
�2)− 2Tr

(
�2

d

)
, (10)

where �d ≡ diag(γ11, γ22, . . . , γNN ) is the diagonal matrix
of �. Consequently, the superradiance criterion γ̇ (0) > 0
can be used to determine the minimal requirement for
superradiance, which can be derived as

Tr
(
�2) > 2 Tr

(
�2

d

)
. (11)

Here, it can be observed that superradiance in an all-
inverted multiemitter system can be determined without
the need for dipole-dipole coupling [as shown in Eq. (3)].
Therefore, we can state that whether superradiance occurs
is independent with the coherent coupling between emit-
ters. However, it should be pointed out that this does
not imply that coherent coupling has no impact on the
emission dynamics. Because the first derivatives of the
expected values of the two operators shown in Eq. (8) are
decoupled only at the initial moment of emission, but are
coupled with each other at all subsequent times, as shown
in Refs. [24,48].

Recent research [21–23,27] suggests that superradiance
may be interpreted as the first emitting photon enhancing
the rate of the second one, and this interpretation is based
on the quantum jump operator profile [49,50]. In order
to ascertain if superradiance occurs, they defined an eas-
ily computed second-order correlation function g(2)(0) of
identical emitters at the beginning of the emission. With-
out assuming any special situations about the emitters’
environment, we find that g(2)(0) can be calculated as

g(2)(0) = 1 + Tr
(
�2)− 2 Tr

(
�2

d

)

(Tr�)2
, (12)

in which the meaning of � and �d are identical to those in
Eq. (10). The detailed procedure of jump operation method
and the derivation of Eq. (12) can be found in Appendix A.
Therefore, it is easy to find that the minimal superradiance
condition of g(2)(0) > 1 is consistent with the condition
indicated in Eq. (11) we obtained. We employ g(2)(0) to
identify the occurrence of the superradiance in the follow-
ing study in this work because, as can be shown below, its
value range is 0 to 2 [in contrast, γ̇ (0) has a very large
range of values and can go from negative to positive],
and there is often an obvious positive connection between
g(2)(0) and the emission rate.

Keep in mind that, other than assuming that all emit-
ters are inverted initially and have the same transition
frequency, we made no further assumptions while deriving
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the superradiance condition above. This result is helpful
for those situations where emitters are in a complex envi-
ronment rather than homogeneous free space, such as the
plasmonic systems [30–32], where the decay and interac-
tion are sensitive to the spatial arrangement of emitters,
and these systems are frequently used to increase the emis-
sion rate of collective emitter systems. Therefore, as long
as their decoherence matrix � is known, the results of
Eqs. (10)–(12) can be used to assess whether a multiemit-
ter system will undergo superradiance in general, and the
dynamics of the whole 2N -dimensional system does not
need to be calculated. Furthermore, as will be shown in
Sec. IV, g(2)(0) has an extensive connection with the emis-
sion dynamics, so it is also possible to calculate this value
to assess the other emission characteristics, such as emis-
sion burst intensity, for some special cases and for a large
number of emitters.

Next, we examine the initial second-order correlation
function in several special cases. The first involves iden-
tical spontaneous decay but distinct emitter-emitter cou-
plings. According to Cauchy-Schwarz inequality, we have

(
N∑

i=1

γii

)2

≤ N

(
N∑

i=1

γ 2
ii

)
, (13)

where the equality is taken if and only if all the diagonal
elements γii are equal. Therefore, along with Eq. (12) we
can obtain an upper bound of g(2)(0)

g(2)(0) ≤ 1 + Tr(�2)

(Tr(�))2
− 2

N
, (14)

where the equality is taken if and only if every emitter
is in the same electromagnetic environment, resulting in
an identical spontaneous decay rate. The right-hand side
of Eq. (14) is the same as in the existing results [23,27],
where the free-space environment is assumed. As indicated
in Ref. [27], for a constant emitter number N , the g(2)(0)
is proportional to the variance of the eigenvalues of matrix
� when the single-emitter emission rate is identical. How-
ever, when the emitters’ decay rates differ with each other,
as illustrated in Appendix B, this criterion is violated.

The second special case is the identical spontaneous
decay and emitter-emitter coupling. We refer to this sce-
nario as an all-to-all interaction since any two emitters will
interact in the same way. We now assume that the emit-
ters’ spontaneous decay rates are equal since the amplitude
of electric field in the emitter’s region is uniform. Fur-
thermore, we also assume that the phase of electric field
remains invariant in space and thus the dissipative cou-
plings are also identical, but less than 1. If we set the
coupling between any two emitters as α (α < 1), the

normalized dissipative matrix has the form of

� =

⎛

⎜⎜⎝

1 α · · · α

α 1 · · · α
...

...
. . .

...
α α · · · 1

⎞

⎟⎟⎠ , (15)

and according to Eq. (12) the second-order function at the
initial time g(2)(0) can be calculated as

g(2)(0) = N − 1
N

(1 + α2). (16)

Obviously, to satisfy the superradiance criterion g(2)(0) >
1 in this scenario, α needs to be greater than 1/

√
N − 1 for

a given N . Of course, this condition is readily met when N
is very large, and the actual challenge lies in achieving the
all-to-all interaction in practical scenarios. In Sec. III, we
will go through in detail how to create this almost perfect
all-to-all interaction situation.

When superradiance occurs, there are two key charac-
teristic indices for the emission dynamics, the maximum
total emission rate γm (normalized by emitter number in
this work), and its corresponding time tm, as depicted in
the inset of Fig. 1(a). The larger the rate γm and the smaller
the time tm, the greater the intensity of radiation when the
superradiance burst occurs. It is well known that, when the
number of emitters is large, it is difficult to numerically
solve their dynamic evolution. Therefore, it would be use-
ful if we could characterize the superradiance properties
using g(2)(0) as shown in Eq. (12), which is very easy to
obtain as long as the matrix � is known.

Reference [27] discussed in detail how the superradi-
ance properties of emitter arrays of different dimensions in
free space change with the emitter-emitter distance. Here,
by solving the dynamic evolution of the few-emitter sys-
tem represented with Eq. (1), we extract the maximum

(a) (b)

FIG. 1. Relationship between maximum emission rate γm
(normalized by emitter numbers) (a), its corresponding time tm
(b) with the second-order correlation g(2)(0) under different emit-
ter number N . Inset: a schematic diagram of the relationship
between the maximal emission rate of superradiance and its
corresponding time.
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total emission rate γm and the corresponding time tm in the
case of all-to-all interactions [i.e., the decoherence matrix
is represented in Eq. (15)], and plot their relationship with
the second-order correlation function g(2)(0), as shown in
Fig. 1. Different curves in Figs. 1(a) and 1(b) represent the
cases of emitter number N = 3, 4, 5, 6. Different g(2)(0) in
the same curve is realized by changing the parameter α in
Eq. (15) from 0 to 1, which corresponds to the fact that the
interaction strength ranges from zero to maximum.

As illustrated in Fig. 1, when g(2)(0) is less than 1,
superradiance will not occur. In this case, the emission rate
decays exponentially with time, so tm is always 0 and γm
is always 1 [all the emission rates in this work are nor-
malized by tr(�)]. As g(2)(0) exceeds 1, γm begins to be
greater than 1, and tm begins to be greater than 0, which
means superradiance occurs. As g(2)(0) further increases,
for a fixed N , both γm and tm gradually increase. For the
γm, the relationship between it and the g(2)(0) is roughly
linear when g(2)(0) is large, while the corresponding tm
gradually tends to a stable value.

The results in Fig. 1 have many-fold meanings for
the all-to-all case. Firstly, it verifies that g(2)(0) > 1 is a
necessary and sufficient condition to indicate superradi-
ance (this determination of sufficiency and necessity holds
true for any complex emitter environment, which can be
determined by taking a large number of random decoher-
ence matrices and is not shown here). Secondly, it points
out how to efficiently increase the intensity of superra-
diance emission in the case of all-to-all interaction, that
is, increase the number of emitters or enhance the inco-
herent coupling α. Moreover, we can observe that when
g(2)(0) is large enough, there is almost a linear relationship
between maximum emission rate γm and g(2)(0). And as
N increases, the slope of the straight line also increases.
Therefore, the results in Fig. 1 can be used to approxi-
mately predict the maximum emission rate when N is very
large.

III. ATTAINING LARGE SUPERRADIANCE
USING ENZ STRUCTURES

As indicated in Refs. [21,23,27], superradiance cannot
occur with only nearest-neighbor coupling, and the longer
the interaction range, the larger the correlation g(2)(0) and
the emission intensity. Therefore, to reach large g(2)(0), we
need to build a system of long-distance interacting emitters
in order to pursue increasing emission intensity. This all-
to-all interaction cannot be achieved in free space unless
the density of emitters increases to infinity, as we know that
the coupling between regularly arranged emitter arrays in
free space rapidly decays with increasing distance.

In recent years, the emergence of NZI materials [38–
42] has made this all-to-all interaction scenario possi-
ble. Among NZI materials, ENZ structures have draw
a lot of attention because they support infinitely long

effective wavelengths without altering the phase of the
electric field in space. Owing to this remarkable charac-
teristic, emitters in these systems are increasingly focus-
ing on long-range [44] and location-insensitive interac-
tions [45]. In this section, we focus on the superradi-
ance properties of two popular ENZ structures: the plas-
monic ENZ waveguide and the dielectric ENZ photonic
crystal.

A. Superradiance of emitters in plasmonic ENZ
waveguides

In the spatial domain range of hundreds of nanometers,
the ENZ waveguide naturally provides a uniform dissi-
pative coupling between any two emitters. The periodic
arranged slit waveguide cell (with grating period a = b =
400 nm) is shown in the upper panel of Fig. 2(a). The
medium surrounding the slit is the metal Ag, whose per-
mittivity is adapted from experiment [51]. Note that we
have considered the loss effect in the metal because we
did not omit the imaginary part of the permittivity of Ag
in all the calculations. The slit is composed of dielec-
tric material with permittivity ε = 2.2. The emitters are

(a) (b)

(e)(c)

(d)

FIG. 2. (a) Upper panel: schematic diagram of an ENZ waveg-
uide and the emitters inserted in it. Lower panel: the field
pattern in the x-y plane of a central emitter with ENZ transi-
tion frequency f = 295 THz. (b) Effective refractive index in
the slit as a function of frequency. Inset: the enhancement of
single-emitter spontaneous decay rate as a function of frequency.
(c) The field distribution in the y-z plane of a single emitter
located at the center of the slit with f = 295 THz. (d) Blue circles
and black squares: the normalized spontaneous decay rate of an
emitter chain in the central line of the waveguide with frequency
f = 295 and 324 THz, respectively. (e) Blue squares: the depen-
dence of the calculated second-order correlation function g(2)(0)
on the emitter number N . Black triangles: the corresponding ideal
Dicke superradiance as a comparison.
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inserted in the central line of the waveguide, as shown
in the panel, where the arrows represent the orientation of
the dipole moment of emitters. The slit length, width, and
height are taken as l = 1 µm, w = 200 nm, and h = 40 nm,
respectively.

In this work, we set all the dipole moments of emitters
along the y axis. According to Refs. [52,53], the effec-
tive refractive index can be calculated using the dispersion
equation of a rectangular waveguide, because the modal
distribution of present waveguide is very similar to that
of quasi-TE10 mode [52]. The real and imaginary parts of
the effective index neff are presented in Fig. 2(b) with solid
and dashed lines, respectively. The near-zero index can be
observed in the frequency range from 290 to 300 THz. This
near-zero index has great potential in achieving long-range
interaction between emitters and thus emission burst as
described in Sec. II. At the same time, the emission inten-
sity is proportional to the decay rate of a single emitter. In
the inset of Fig. 2(b), we plot the enhancement of sponta-
neous decay of a single emitter located in the center of the
slit waveguide, γcenter/γ0, with γ0 being the spontaneous
decay rate of the emitter in vacuum. Obviously, this single-
emitter decay rate has a sharp peak around the frequency
f = 295 THz, with a more than 800-fold enhancement
compared to free space. Therefore, the large spontaneous
emission rate and near-zero index make the ENZ waveg-
uide an excellent candidate for achieving photon-emission
burst.

Here we first briefly describe how to calculate the dis-
sipative coupling parameters γij that are necessary for the
superradiance indicator g(2)(0). It can be observed that the
key to calculate the two parameters is calculating Green’s
tensor, according to Eq. (4). For the identical orienta-
tion of the dipole moments of emitters, Green’s function
↔
G
(�ri, �rj ,ω

)
can be obtained by calculating the electric field

emitted by a point dipole �μj located at �rj , i.e.,

↔
G
(�ri, �rj ,ω

) · �μj = −�E (�ri) | �μj , (17)

where �E (�ri) | �μj is the electric field at �r = �ri, which is the
field emitted from the emitter located at �r = �rj with dipole
moment �μj . For the single-emitter spontaneous decay rate
γii, we need only to calculate the electric field it feels by
emitting from itself.

In the lower panel of Figs. 2(a) and 2(c), we present the
amplitude of electric field of a unit dipole with transition
frequency f = 295 THz located at the center of the slit
in the x-y and y-z planes, respectively, and all the electric
field simulations in this work (except for the vacuum case,
which is readily at hand with the analytic formula) are per-
formed using COMSOL multiphysics. The black arrow in
Fig. 2(c) represents the line where the emitters are located,
and the range of z axis is from −450 to 450 nm. Accord-
ing to the two field patterns we know that, the field emitted

from the center emitter is confined in the dielectric slit and
distributed almost uniformly, especially near the central
line of the slit waveguide. Even though, it is obvious that
there is a decrease from the center of the slit to both sides
of the waveguide. Therefore, naturally, when the emitters
are lined up on the central axis of the slit [as shown in
the upper panel of Fig. 2(a)], the spontaneous emission
rates of emitters at different positions will be different. We
plot the relationship between the normalized spontaneous
emission rate of emitters and their positions (represented
by z) with blue circles in Fig. 2(d). It can be seen from
the figure that the spontaneous emission rate of emitters
at ENZ frequency gradually and symmetrically decreases
from the center to both ends, reducing to about 80% of
the center at the location of −450 or 450 nm. For other
resonance frequencies (non-ENZ frequencies), the single-
emitter decay rate can oscillate violently with the emitter
position. For example, the case for resonance frequency
f = 324 THz [corresponding to the second resonance peak
in the inset shown in Fig. 2(b)] is plotted with black
squares in Fig. 2(d), where the single-emitter decay rate
oscillates like a sinusoidal function as the emitter position
varies.

To calculate the correlation function g(2)(0) to judge
whether the superradiance occurs or not, we can use
Eq. (12) for all the coupling cases. The blue square-dashed
line in Fig. 2(e) shows the dependence between the g(2)(0)
of uniformly arranged emitters and the number of emitters
N that we calculated. The black triangle line is the case
for ideal Dicke superradiance with g(2)(0) = 2 − 2/N as a
comparison. The detailed data of decoherence matrix for
a 15-emitter system can be found in Appendix D. It can
be seen that g(2)(0) of emitters in the ENZ waveguide is
close and almost parallel to the ideal Dicke superradiance
under small emitter numbers. We can get g(2)(0) when the
number of emitters is uniformly raised on the central axis
of the slit by applying numerical interpolation because the
field varies with the emitter position at the ENZ frequency
in a fairly smooth manner. When N is large enough, as
shown in the inset of Fig. 2(e), g(2)(0) can reach about 1.9,
which is very close to the maximum value of 2.

To demonstrate the similarity between the emission
dynamics of emitters in ENZ waveguide and the ideal
Dicke superradiance, we plot the evolution of the normal-
ized total emission rate over time for the case of seven
emitters in Fig. 3. The black solid and the red dotted
lines in the figure represent the ENZ waveguide and the
ideal Dicke superradiance, respectively. It can be seen that
they have very close dynamic curves and similar maxi-
mum emission rates, which shows that the superradiance
in such a plasmonic ENZ waveguide is very close to Dicke
superradiance. As a comparison, we also plot the case that
emitters in vacuum and have the same spatial arrangement.
In vacuum, the dissipative coupling between two emitters
(both of their dipole moments are perpendicular to the line
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FIG. 3. Total normalized emission rate γ (t)/tr(�) versus time
t with three cases: the seven emitters are in a line in the ENZ
waveguide (black solid line), idea Dicke superradiance (red dot-
ted line), and in the vacuum (blue dashed line). The emitters have
the same spatial arrangement in three cases, as indicated in the
inset.

that contains two emitters) can be calculated as

γij

γ0
= 3

2k0R

[
sin(k0R)+ cos(k0R)

k0R
− sin(k0R)

k2
0R2

]
, (18)

where k0 is the wave vector in vacuum, and R is the
distance between two emitters. A brief derivation of the
formula can be found in Appendix C. The calculated result
is presented with a blue dashed line in Fig. 3, where we
can find that, although the superradiance also occurs at
such a small distance, the maximum emission rate is much
smaller than in the ENZ and ideal Dicke cases.

B. Superradiance of emitters in dielectric ENZ
photonic crystal

According to Sec. III A we know that long-range inter-
actions between emitters and, thus, near-ideal superra-
diance can be attained via plasmonic waveguide with
near-zero index, and the spatial location requirements for
emitters need not to be very tight. Nevertheless, there are
two drawbacks to this plasmonic waveguide system for
increasing superradiance. On the one hand, single-emitter
decay and long-range interactions are inevitably impacted
by dissipation in environment because of the significant
loss in plasmonic systems; consequently, the range of
emitter-emitter interactions is lowered. On the other hand,
there are additional stringent restrictions for the emitter fre-
quency in plasmonic systems. For instance, as illustrated
in Fig. 2(b), the ENZ and resonance frequencies need to
be close to 295 THz. This also narrows the system’s appli-
cation scope. These drawbacks can be overcame by all-
dielectric ENZ photonic crystals [54–57] since dielectric
materials naturally prevent dissipation and scaling features
are inherent to photonic crystals. Therefore, the ENZ pho-
tonic crystal has the capability to attain interactions over

(a)

(b)
(d)

(c)

Γ

FIG. 4. (a) The photonic energy band of the 2D square cylin-
der photonic crystal. (b) The calculated refractive index of pho-
tonic crystal around the frequency f = 407.1 THz, as marked
with red dotted circles in two panels. (c) The schematic diagram
of the photonic crystal cell and field patterns of the single emitter
located at the center of the cylinder and the corner of the cell,
respectively. (d) Total normalized emission rate γ (t)/tr(�) ver-
sus time t with four cases: the nine emitters are arranged with a
3 × 3 array at the center of cylinders (black solid line), at the cor-
ners of cells (green dot-dashed line), ideal Dicke superradiance
(red dotted line) and in the vacuum (blue dashed line). The emit-
ters have the same spatial arrangement in four cases, as depicted
in the inset.

longer distances and consequently, superradiance through-
out a broader spatial domain. In addition, the photonic
crystal’s scaling features allow for flexible modulation of
the superradiance frequency.

Here we choose a diamond cylinder square photonic
crystal whose ENZ frequency is within the visible light
range [57], to demonstrate the efficiency for near-ideal and
large-domain superradiance. The photonic energy band of
the two-dimensional (2D) square cylinder photonic crys-
tal is plotted in Fig. 4(a). In this panel, the flatness of the
band indicates a slow-light effect, which corresponds to the
infinite phase velocity and a near-zero group velocity and
can enhance the single-emitter emission rate. Figure 4(b) is
the calculated refractive index of photonic crystal around
the frequency f = 407.1 THz, as marked with red dotted
circles in panels (a) and (b). The effective index is cal-
culated using the boundary-mode analysis of rf module
in COMSOL Multiphysics. Obviously, the photonic crystal
possesses near-zero effective index around the frequency
marked by red circle. The unit cell of this photonic crystal
is depicted in the upper panel of Fig. 4(c), where the lattice
constant a = 480.3 nm, the radius of the cylinder R = 85.3
nm and the refractive index of the cylinder is n = 2.41,
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and the surrounding is air. Two lower panels of Fig. 4(c)
show, respectively, the distribution of the electric field gen-
erated in space when an emitter is located at the center of
the cylinder or the corner of the cell (see the two red stars
in the upper panel). Here we calculate the field distribu-
tion of a 71 × 71 cylindrical array, but in order to see the
details clearly, only the 4 × 4 array is shown here. Accord-
ing to Fig. 4(c), regardless of whether the source is at the
center of the cylinder or the corner of the cell, the field
distribution in the space changes periodically with the lat-
tice. This periodic field distribution originates from the
near-zero effective index. In addition, we observe that the
dissipative coupling along the straight line at the corner
is more uniform along the straight line at the center of
the cylinder, because the electric field inside and outside
the cylinder will change drastically. In other words, if we
randomly insert emitters in this ENZ photonic crystal, in
order to obtain a more uniform decoherence matrix, it is
better to place the emitters in the space around the cylin-
ders rather than in them. Detailed information can be found
in Appendix E.

We calculate the decoherence matrix of nine emitters
located in the center and corner of the cylinders arranged
as a 3 × 3 array, as shown in the inset of Fig. 4(d). The cal-
culated decoherence matrices can be found in Appendix E.
The second-order correlation can be easily calculated as
g(2)(0) = 1.725 and 1.768, respectively, which are very
close to that for an ideal case with g(2)(0) = 1.7778. The
dynamics of total emission rate in these two cases are plot-
ted with solid black and green dot-dashed lines in Fig. 4(d),
where the red dotted and blue dashed lines are the ideal
Dicke superradiance and the case in vacuum, respectively.
According to Fig. 4(d), the emission dynamics of nine
emitters embedded in ENZ photonic crystal is very close
to the ideal Dicke superradiance, and the superradiance
even does not occur in the vacuum under the same spa-
tial arrangement. Therefore, the ENZ photonic crystal can
provide near-ideal all-to-all interaction in a more extended
spacial domain.

The result that near-ideal Dicke superradiance can be
achieved using near-zero-index materials could lead to the
development of other types of sensors or communication
systems that operate in complex electromagnetic environ-
ments, potentially improving the range and resolution of
remote sensing technologies [58].

IV. ROLE OF QUANTUM COHERENCE IN
PHOTON EMISSION DYNAMICS OF

ALL-INVERTED EMITTERS

In Sec. II we derived the superradiance condition using
the decoherence matrix, which concerns the dynamics of
emission at the early stage of the whole emission process.
We now turn to consider the later emission dynamics and

explore the role of correlations in the dynamics of collec-
tive emission. Note that here we use the term collective
emission instead of superradiance. This is because, as we
will see in this section, the appearance of superradiance
must be accompanied by collective emission, but superra-
diance does not necessarily occur when collective emission
occurs.

It can be seen from Eq. (9) that the dissipative coupling
γij is always beneficial to the increase of the total radi-
ation rate at the early stage of the emission process, but
according to Eq. (7), the collective contribution γc(t) may
be negative (because the average of σ̂ †

i σ̂j at time t can be
negative), which means that in the later stage of emission,
correlation may be harmful to the total spontaneous radia-
tion rate. In this case, there must be a crossover between
total emission γ (t) and single-emitter emission γs(t), as
shown in the following analysis in the detailed examples.

We still first consider the all-to-all case, that is, the deco-
herence matrix is homogeneous as shown in Eq. (15). We
plot the total emission rates as a function of time in Fig. 2.
The number of emitters is fixed at N = 7, and α = 0.6,
0.3, 1.0, and 0.0 correspond to four panels, respectively.
According to Eq. (16), it is easy to calculate that g(2)(0) =
1.1657, 0.9343, 1.7143, and 0.8571 in four cases. In four
panels, the black solid lines represent the normalized
total emission rate γ (t) = γ (t)/N , the green dashed and
blue dot-dashed lines represent normalized single-emitter
and collective emission parts γ s(t) = γs(t)/N and γ c(t) =
γc(t)/N , respectively. As marked in Fig. 5, tm represents
the time that corresponds to the maximum emission rate,
and tc is the crossover between the total decay rate γ (t)
and single-emitter decay rate γ s(t). If tm = 0, as shown in
Figs. 5(b) and 5(d), we have g(2)(0) < 1, and there is no
superradiance. Otherwise, as shown in Figs. 5(a) and 5(c),
the second-order correlation g(2)(0) > 1 and the nonzero
tm indicate superradiance. In Fig. 5(b), during the time
period from 0 to tc, although there is no emission burst, the
total spontaneous emission is still greater than the single-
emitter spontaneous emission, that is, collective emission
plays a positive role in the emission process. This can
be demonstrated through the dynamics of the collective
part of emission γ c(t). Figures 5(a) and 5(b) present an
obvious cross between the γ (t) and γ s(t), where we can
find that the crossover corresponds exactly to the time that
γ c(t) turns from positive to negative. Therefore, no mat-
ter whether superradiance occurs or not, γ c(t) is always
positive when t < tc, and after tc, the collective effect
has a negative effect on the total photon emission. This
cross between γ (t) and γ s(t) also exists when the emit-
ters are not fully inverted. A detailed study can be found in
Appendix F.

Although γ c is the collective effect caused by corre-
lations between emitters, it is not a genuine quantum
resource because it can be negative. Then it is interesting to
consider the relationship between quantum resources and
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(a) (b)

(c) (d)
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FIG. 5. Role of quantum coherence in emission dynamics. The
black solid lines are the normalized total emission rate γ (t) =
γ (t)/N , green dashed and red dotted lines represent the normal-
ized single-emitter and collective emission rates γ s(t) = γs(t)/N
and γ c(t) = γc(t)/N , respectively. The blue dash-dotted lines are
the two-emitter l1-norm coherence CL1. The gray dot-dot-dashed
lines are the reference zero line. The diagonal elements of �

matrix are 1 and the nondiagonal elements α are taken as (a) 0.6,
(b) 0.3, (c) 1.0, and (d) 0.0.

collective emission. Under the scenario of all-to-all inter-
actions, all emitters have the same environment, therefore,
here we use the l1-norm quantum coherence [59] of the
reduced density matrix of any two emitters CL1 to measure
the quantum resource between emitters, which is equal to
the sum of the modulus of the off-diagonal elements

CL1(ρ) =
∑

i�=j

|ρij |, (19)

where ρij s are the elements of the two-emitter reduced
density matrix ρ.

The quantum coherence in four cases is plotted with
red dashed lines in Fig. 5. As shown in the four panels,
within the time period from 0 to tc, quantum coherence
is always synchronous with the collective part γ c, that is,
they increase from 0, then reach the maximum, and at last
decrease to 0 at the same time. But after tc, the quantum
coherence suddenly recovers from zero, which is different
from γ c that smoothly decreases to a negative value. This
illustrates that nonzero quantum correlations can also be
harmful to collective emission. In addition, the synchrony
of quantum coherence and collective radiation provides us
with a way to determine when collective radiation ends.
As shown in Eq. (7), collective emission requires mea-
surement of all emitter-emitter correlations. However, by
measuring the quantum coherence between one pair of

N = 3
N = 4
N = 5
N = 6

(a) (b)

FIG. 6. Dependence of maximum two-emitter quantum coher-
ence Cm on the (a) second-order correlation g(2)(0) and (b)
maximum emission rate γm, with different emitter numbers N .

emitters, we can determine when the collective emission
ends.

Of note, according to Fig. 5, we find that the maximum
value of quantum coherence Cm is strongly dependent
on the second-order correlation function g(2)(0) and the
maximum emission rate γm. By solving the dynamics of
few-emitter systems, we extract the maximum information
of quantum coherence and plot its dependence on g(2)(0)
and γm in Figs. 6(a) and 6(b), respectively. According to
Fig. 6(a) we find that the maximum Cm increases exponen-
tially with the increase of g(2)(0)when g(2)(0) is small, and
then increases almost linearly with g(2)(0). Therefore, the
maximum quantum coherence can be inferred from g(2)(0),
regardless of whether superradiance occurs or not.

According to Fig. 6(b), superradiance will not happen
until Cm is greater than a specific threshold. For instance,
when N = 6, superradiance (γm > 1) will occur only if
Cm > 0.2. Consequently, coherence can be used as an
additional superradiance indicator. What is more interest-
ing is that, according to the dependence of γm on the Cm
as shown in Fig. 6(b), when superradiance occurs, the
quantum correlation in the system can be inferred just by
measuring the maximum value of the total emission rate
of the multiemitter system without any quantum opera-
tor measurement. Since the measurement of total radiation
intensity is direct and simple, this result provides another
suggestion for measuring the maximum value of quantum
correlation in multiemitter systems.

V. DISCUSSIONS AND SUMMARY

In the above sections, we focused only on the emis-
sion properties of emitters with fixed spatial position
distribution induced by the static electromagnetic mode
of the environment. However, with the aid of coher-
ent optical pump, superradiance or collective effects can
also be observed in approximately independent molec-
ular samples in free space, such as the experiments of
Skribanowitz et al. in 1973 [60], and recent experiments
[61]. This superradiance mechanism induced by a coher-
ent optical pump was also elaborated in Dicke’s original
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work [1]. This mechanism has some similarities to the
Dicke superradiance discussed in this work to some extent,
except that the interactions and macroscopic coherence
are built through coherent radiating fields (in the works,
for instance, Refs. [60,61]) or the static electromagnetic
modes (in present work). However, there is also a signifi-
cant difference between the two cases, that is, the sample in
those works is composed of gas molecules (with an easily
adjusted velocity distribution), while we focus on the emit-
ters with a fixed position distribution (velocity of emitters
is zero). This leads to the fact that although superradiance
seems to appear in both cases, their properties are some-
what different. For example, in the experiment of Ref. [60],
the delay of superradiance is related to the pulse intensity,
so the delay can be adjusted efficiently by adjusting the
pulse intensity. (A similar tuning of transition from classi-
cal to quantum scenario through intensity can be found in
Ref. [61].) According to these authors’ relevant theoretical
work [62], this adjustment is mainly achieved by tuning
the velocity distribution of molecules when the pulse and
molecules interact. Therefore, obviously, in our study, this
delay cannot be effectively adjusted because the velocity
of emitters is zero. This is consistent with our result shown
in Fig. 1(b), that is, when the number of the emitters is
large and the system is close to the Dicke case, the cou-
pling between emitters has little dependence on the time of
superradiance burst.

It should be noted that, the theoretical basis of this paper
is a weakly coupled system, that is, the coupling strength
between the single emitter and the field is much smaller
than its natural decay rate of an emitter (e.g., the sponta-
neous emission rate). Otherwise, if the coupling between
them is strong, the Lindblad master equation used in the
derivation of this paper may no longer apply. In this case,
strong coupling effects must be considered, such as non-
Markovian effects. On the other hand, in our paper, we
seemed to specifically focus on two geometries, the one-
dimensional emitter chain in the ENZ waveguide, and the
two-dimensional emitter array in the ENZ photonic crys-
tal. But it should be noted that we used only these two
geometries to demonstrate that near-ideal Dicke superra-
diance can be achieved in the ENZ system, but in practice,
due to the infinite effective wavelength of the ENZ sys-
tem, emitters can be placed in various geometries. More-
over, although we restrict only our dynamical calculations
to N = 9 in this work, we have provided a convenient
method for evaluating whether an emitter system can sup-
port superradiance when N is very large, and our results in
this work are primarily intended to provide a roadmap for
future experimental comparisons.

It should also be noted that the subject of the present
work involved only spontaneous emission dynamics,
which is different from what is called single-photon super-
radiance, or more precisely, superradiance in the linear
optics regime. In free space, an excited emitter’s photon

is randomly emitted in all directions, while in collective
emission, the emitters act as one large emitter and produce
a more directed emission than the sum of their singlet radi-
ations. Even though, the direction of the emission is hard
to predict or modulate. Nonetheless, the environments of
emitters (such as waveguides, cavities or metasurfaces) or
atomic positions can be somewhat controlled to affect the
collective emission, which may be spectrally dependent,
anisotropic, or even directed [63,64].

In conclusion, we have developed a method to pre-
dict the occurrence of superradiance in multiemitter sys-
tems within complex electromagnetic environments (such
as inhomogeneous emitter decay rates and random dis-
sipative couplings) by utilizing the derived second-order
correlation at the initial time. This approach involves ana-
lyzing the N -dimensional decoherence matrix exclusively.
It is demonstrated that, the emission of emitters in both
structures can be very close to the ideal Dicke superra-
diance, enhancing the potential for achieving near-ideal
superradiance in expanded domains using near-zero-index
materials. But both the plasmonic and photonic crystal
systems possess distinct advantages and disadvantages.
Plasmonic systems, despite exhibiting unavoidable losses,
excel at achieving location-insensitive long-distance inter-
actions. On the other hand, the photonic crystal system,
while avoiding losses, enables the attainment of more ideal
superradiance within a larger spatial domain. However,
it imposes stricter constraints on the positioning of emit-
ters. Furthermore, through an examination of single emitter
and collective emission in all-to-all interaction systems, we
observed a strong synchronization between pairwise quan-
tum coherence and collective emission. Specifically, quan-
tum coherence consistently contributes to the enhancement
of radiation rates during collective emission. However,
once collective emission ceases, the subsequent recovery
of nonzero coherence becomes detrimental to the emission
rate. Additionally, our analysis reveals a high correlation
between the maximum quantum coherence and the maxi-
mum emission rate when superradiance occurs. This sug-
gests that the quantum coherence within the system may
be estimated by measuring the readily accessible emission
rate. These findings contribute to the advancement of both
theoretical understanding in the field of superradiance and
the application of photon emission dynamics in quantum
information processing.
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APPENDIX A: THE DERIVATION OF THE
SECOND-ORDER CORRELATION BY USING THE

QUANTUM JUMP OPERATOR METHOD

In a weakly coupled environment, after using the Born-
Markov and rotating-wave approximations, and tracing
out the environment, the Lindblad master equation of the
emitter system can be written as [35,46,47]

∂ρ

∂t
= i

�
[ρ, H ] + 1

2

∑

i,j

γij

(
2σ̂iρσ̂

†
j − ρσ̂

†
i σ̂j − σ̂

†
i σ̂j ρ

)
,

(A1)

where σ̂ †
i and σ̂i are the raising and lowering operators of

the ith emitter, respectively. When dealing with collective
spontaneous decay, it is convenient to recast the spin oper-
ators of single emitters into the collective jump operator{
Ôν

}
, and the Lindblad equation can be written as

∂ρ

∂t
= i

�
[ρ, H ]

+ 1
2

∑

ν


ν

(
2ÔνρÔ†

ν − ρÔ†
νÔν − Ô†

νÔνρ
)

,

(A2)

with {
ν} being the eigenvalues of decoherence matrix �,
which has the form

� =

⎛

⎜⎜⎝

γ11 γ12 · · · γ1N
γ21 γ22 · · · γ2N
...

...
. . .

...
γN1 γN2 · · · γNN

⎞

⎟⎟⎠ , (A3)

where the dissipative coupling γij is the dissipative cou-
pling between the ith and ith emitters, which can be cal-
culated using electromagnetic Green’s tensor, as shown in
Eq. (A4) of the main text. The collective ν-jump operator
Ôν can be written as

Ôν =
N∑

i=1

αν,iσ̂i, Ô†
ν =

N∑

i=1

α∗
ν,iσ̂

†
i (A4)

and
(
αν,1,αν,2, . . . ,αν,N

)T is the normalized eigenvector of

matrix � corresponds to the eigenvalue 
ν , thus we have

N∑

i=1

α∗
ν,iαμ,i = δνμ. (A5)

In this case, the matrix elements of � showed in

Eq. (A3) is

γij =
N∑

ν=1


ναν,iα
∗
ν,j , (A6)

and naturally, γii = ∑N
ν=1 
ν |αν,i|2.

The superradiance can be captured by a second-order
correlation function

g(2)(0) =
∑N

ν,μ=1 �ν�μ

〈
Ô†
νÔ†

μÔμÔν

〉

(∑N
ν=1 �ν

〈
Ô†
νÔν

〉)2 , (A7)

where the average is taken on the fully inverted state |e〉⊗N

at the start time. Substituting the ν-jump operator showed
in Eq. (A4) into the formula above, we have

g(2)(0) =
∑N

ν,μ=1 
ν
μ
∑N

i,j ,l,m=1 α
∗
ν,iα

∗
μ,jαμ,lαν,m

〈
σ̂

†
i σ̂

†
j σ̂lσ̂m

〉

(∑N
ν=1 
ν

∑N
i,j =1 α

∗
ν,iαν,j

〈
σ̂

†
i σ̂j

〉)2 . (A8)

For the fully inverted initial state, we have
〈
σ̂

†
i σ̂j

〉
= δij and

〈
σ̂

†
i σ̂

†
j σ̂lσ̂m

〉
= (

δimδjl + δilδjm
) (

1 − δij
)
. Therefore, the

second-order correlation function is

g(2)(0) =
∑N

ν,μ=1 
ν
μ

(∑N
i,j =1 |αν,i|2|αμ,j |2 + ∑N

i,j =1 α
∗
ν,iα

∗
μ,jαμ,iαν,j − 2

∑N
i=1 |αν,i|2|αμ,i|2

)

(∑N
ν=1 
ν

∑N
i=1 |αν,i|2

)2

=
∑N

ν,μ=1 
ν
μ

[
(
∑N

i=1 |αν,i|2)(
∑N

j =1 |αμ,j |2) + (
∑N

i=1 α
∗
ν,iαμ,i)(

∑N
j =1 α

∗
μ,jαν,j ) − 2

∑N
i=1 |αν,i|2|αμ,i|2

]

(∑N
ν=1 
ν

∑N
i=1 |αν,i|2

)2
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=
∑N

ν,μ=1 
ν
μ

[
1 + δνμ − ∑N

i=1 2|αν,i|2 |αμ,i|2
]

(∑N
ν=1 
ν

)2

=
∑N

ν,μ=1 
ν
μ +∑N
ν=1 


2
ν − 2
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i=1

(∑N
ν=1 
ν |αν,i|2

) (∑N
μ=1 
μ|αμ,i|2

)

(∑N
ν=1 
ν

)2

=
∑N
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ν
μ +∑N
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2
ν − 2

∑N
i=1 γ

2
ii

(∑N
ν=1 
ν

)2 = (Tr�)2 + Tr
(
�2)− 2Tr

(
�2

d

)

(Tr�)2
, (A9)

with �d = diag(γ11, γ22, . . . , γNN ) being the diagonal matrix of decoherence matrix �.

APPENDIX B: NONUNIFORM FIELD INDUCED
NONIDENTICAL DECAYS AND COUPLINGS

If all the emitters are in the same electromagnetic envi-
ronment, that is their spontaneous decay are identical, like
γ0, the g(2)(0) can take the maximum value

g(2)(0) = 1 + Tr(�2)

(Tr(�))2
− 2

N
,

= 1 + 1
N

[
Var

( {
ν}
γ0

)
− 1

]
, (B1)

which is the same to the existing results [23,27], where the
free-space condition is assumed. According to Eq. (B1),
the superradiance condition g(2)(0) > 1 corresponds to the
variance of {
ν}/γ0 is larger than 1. From the perspec-
tive of emitting photons, large variance means that a large
number of ν-jump channels are closed, that is, most col-
lective emission modes are dark modes, while the emitter
system radiates photons in burst through a small number
of collective channels (bright channels).

(a) (b)

FIG. 7. The second-order correlation g(2)(0) versus variance
of eigenvalues of decoherence matrix Var{
ν} for (a) identi-
cal and (b) different single-emitter emission rates. The num-
ber of emitters is N = 1000 and the results of 10 000 random
decoherence matrices are presented in both panels.

As indicated in Eq. (B1), when the single-emitter emis-
sion rate is identity, the g(2)(0) is proportional to the
variance of the eigenvalues of matrix � for a fixed emit-
ter number N . However, when the decay rates of emitters
are no longer equal, the g(2)(0) must be calculated using
Eq. (A9). Here we want to visually show that Eq. (B1) no
longer holds in this case.

In Fig. 7, we plot the relationship between g(2)(0)
showed in Eq. (B1) and the variance of eigenvalues of
decoherence matrix Var{
ν} by taking 10 000 random
decoherence matrix � for the two cases. The dimension
of the decoherence matrix � (namely the number of emit-
ters) is fixed at N = 1000. In Fig. 7(a) all the diagonal
elements of � is taken as unity, and the other elements are
random numbers range from 0 to 1. While for Fig. 7(b)
all the matrix elements are taken randomly from 0 to 1,
other than that the condition γij ≤ min{γii, γjj }. According
to Fig. 7(a), g(2)(0) is indeed proportional to Var{
ν} when
single-emitter emission rates are equal. But this relation-
ship is broken when single-emitter emission rates are not
equal, as shown in Fig. 7(b).

Now we verify the sufficiency and necessity of the min-
imal superradiance condition, by calculating the emission
dynamics of random-coupled few-emitter system.

APPENDIX C: GREEN’S TENSOR PROFILE OF
INCOHERENT COUPLING OF TWO EMITTERS

IN HOMOGENEOUS MEDIUM

The compact form of dyadic Green’s function in the
homogeneous medium is

↔
G
(�ri, �rj ,ω

) =
[↔

I + 1
k2 ∇∇

]
eik|�ri−�rj |

4π |�ri − �rj | , (C1)

where

∇ = ∂

∂x
x̂ + ∂

∂y
ŷ + ∂

∂z
ẑ, (C2)
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and after some calculations its explicit form can be
expresses as

↔
G
(�ri, �rj ,ω

) =
{(

3
k2R2 − 3i

kR
− 1

)
R̂R̂

+
(

1 + i
kR

− 1
k2R2

)↔
I
}

eikR

4πR
, (C3)

with R = |�ri − �rj |, and R̂ = (�ri − �rj )/|�ri − �rj |.
If the electric dipole moments of two emitters are paral-

lel and perpendicular to the line connecting their positions
(that is, perpendicular to R̂), then the dissipative interaction
between then can be calculated as

γij = 2ω2
0

ε0�c2 Im
[
�μ∗

i · ↔
G
(�ri, �rj ,ω

) · �μj

]

= 2ω2
0

ε0�c2 Im
[

1 + i
kR

− 1
k2R2

]
eikR

4πR

= 2ω2
0

ε0�c2μ
2 1

4πR

[
sin(kR)+ cos(kR)

kR
− sin(kR)

k2R2

]
.

(C4)

The decay rate of an emitter in the homogeneous
medium is

γii = n
(

ω3μ2

3πε0�c3

)
= nγ0, (C5)

where γ0 = k3
0μ

2/(3πε0�) is the spontaneous of single
emitter in vacuum, k0 = ω/c is the wave vector in vac-
uum, and n is the refractive index of the homogeneous

medium. Therefore, in a homogeneous medium we have
the normalized dissipative coupling

γij

γii
= 3

2nk0R

[
sin(kR)+ cos(kR)

kR
− sin(kR)

k2R2

]
, (C6)

and in the vacuum,

γij

γ0
= 3

2k0R

[
sin(k0R)+ cos(k0R)

k0R
− sin(k0R)

k2
0R2

]
. (C7)

APPENDIX D: DATA OF DECOHERENCE
MATRIX OF EMITTER IN ENZ WAVEGUIDE AND

PHOTONIC CRYSTAL

In Fig. 8, we plot the heatmap of the calculated decoher-
ence matrix � of 15 emitters uniformly located on the cen-
tral line of the slit waveguide. The transition frequency of
the emitters are taken as (a) f = 295 THz that is the cutoff
frequency that ENZ occurs, and (b) f = 324 THz, which
is another resonance frequency but not ENZ. Obviously,
in the case of ENZ, the coupling changes gradually with
the emitter-emitter distance, while at the non-ENZ reso-
nance frequency, the coupling changes with the distance
very drastically.

APPENDIX E: DETAILS OF ENZ PHOTONIC
CRYSTAL

In Fig. 9, we present the normalized dissipative coupling
between two emitters γ12/γ11 as a function of their separa-
tion distance d, where the first emitter is fixed at the center
of a cylinder (who serves as the source when calculate the

f = 295 THz f = 324 THz

FIG. 8. The calculated decoherence matrix � of 15 emitters uniformly located on the central line of the slit waveguide. The tran-
sition frequency of the emitters are taken as (left panel) f = 295 THz that is the cutoff frequency that ENZ occurs, and (right panel)
f = 324 THz, which is another resonance frequency but not ENZ.
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FIG. 9. The normalized dissipative coupling between two
emitters, where an emitter is fixed at the center of a cylinder and
the other emitter moves away from the fixed one, see the upper
panel plotted with blue line. The case for the line along the cell
corner is plotted with the red line in the lower panel.

field) and the other emitter moves away from the fixed one,
see the upper panel plotted with blue line. The lower panel
of Fig. 9 is the case for the source emitter is fixed at the
cell corner, and the other emitter moves along the line of
cell corner. Obviously, the coupling of emitter in the case
of the upper panel has a larger oscillating with the distance
compared with the lower case. Therefore, in order to keep
the coupling as uniform as possible, placing the emitter in
the air rather than in the cylinder will have less stringent
requirements on the position of the emitters.

Figure 10 shows the calculated decoherence matrix � of
nine emitters arranged as a 3 × 3 two-dimensional array,
as shown in the inset of Fig. 10(d) of the main text. The

(a) (b)

(c) (d)

t
c

t
m

t
m

t
c

t
m

t
c

FIG. 11. The effect of different inversion ratios on emission
dynamics. The black solid lines are the normalized total emis-
sion rate γ (t) = γ (t)/N , green dashed and blue dash-dotted lines
represent the normalized single-emitter and collective emission
rates γ s(t) = γs(t)/N and γ c(t) = γc(t)/N , respectively. The
gray dot-dot-dashed lines are the reference zero line. The diago-
nal elements of � matrix are 1 and the nondiagonal elements α
are taken as (a) 0.6, (b) 0.3, (c) 1.0, and (d) 0.0.

left panel of Fig. 10 is the case that emitters located at the
center of the cylinders, and the right panel represent the
case that emitters are at the corners of the cells.

APPENDIX F: THE EFFECT OF INVERSION
RATIO ON THE EMISSION DYNAMICS

In the main text we focused only on the all-inversion
case. Here we explore the impact of the inversion ratio on
different emission rates, as shown in Fig. 11. The system
coupling parameters are the same with Fig. 11(a) of the

Emitters at the center of cylinder Emitters at the corners of cell

FIG. 10. The calculated decoherence matrix � of nine emitters arranged as a 3 × 3 two-dimensional array. All the emitters are at
(left panel) the center of the cylinder, and (right panel) the corner of the cell.
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main text. The four panels in the figure, respectively, rep-
resent the evolution of total emission rate, single-emitter
emission, and collective emission over time under differ-
ent inversion ratios. It can be seen from the figure that
for the same coupling condition, as the inversion ratio
decreases, the collective part becomes negative faster and
faster. When the ratio further falls below half inversion, the
collective part even is negative from the beginning, that is,
it has a negative effect on the total emission. In addition,
although the inversion ratio changes, the moment when
the collective emission part becomes negative still strictly
corresponds to tc.
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