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Resonance-dominant optomechanical entanglement in open quantum systems
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Motivated by entanglement protection, our work utilizes a resonance effect to enhance optomechanical
entanglement in the coherent-state representation. We propose a filtering model to filter out the signif-
icant detuning components between a thermal-mechanical mode and its surrounding heat baths in the
weak-coupling limit. We reveal that protecting continuous-variable entanglement involves the elimination
of degrees of freedom associated with significant detuning components, thereby resisting decoherence.
We construct a nonlinear Langevin equation of the filtering model and numerically show that the fil-
tering model doubles the robustness of the stationary maximum optomechanical entanglement to the
thermal fluctuation noise and mechanical damping. Furthermore, we generalize these results to an optical
cavity array with one oscillating end mirror to investigate the long-distance optimal optomechanical-
entanglement transfer. Our study breaks new ground for applying the resonance effect to protect quantum
systems from decoherence and advancing the possibilities of large-scale quantum information processing
and quantum network construction.
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I. INTRODUCTION

Entanglement is an essential feature of quantum systems
and one of the most striking phenomena of quantum theory
[1], allowing for inseparable quantum correlations shared
by distant parties [2]. Entanglement is crucial in quan-
tum information processing and network building [3–5].
Studying entanglement properties from the perspectives of
discrete and continuous variables is significant for further
understanding the quantum-classical correspondence [6,7].
So far, the bipartite entanglement for a microscopic system
of discrete variables with a few degrees of freedom has
been studied in detail [8]. A primary example of this is a
two-qubit system. To quantify entanglement, concurrence
[9], negativity [10], or the von Neumann entropy [11] are
frequently used in previous studies.

Nevertheless, exploring bipartite entanglement in a
macroscopic system of continuous variables with a large
number of degrees of freedom has remained elusive [12–
15]. Unfortunately, entanglement is fragile due to deco-
herence from inevitable dissipative couplings between an
entangled system and its surrounding environment. There-
fore, generating, measuring, and protecting entanglement
in open quantum systems have raised widespread interest
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in various branches of physics and have been expected to
be demonstrated to date [16].

Cavity optomechanical systems are based on couplings
due to radiation pressure between electromagnetic and
mechanical degrees of freedom [17]. They provide a
desirable mesoscopic platform for studying continuous-
variable entanglement between optical cavity fields and
macroscopic mechanical oscillators with vast degrees of
freedom in open quantum systems [18,19]. Thanks to
the rapidly developing field of microfabrication, quantum
effects are becoming more significant as the size of devices
is shrinking [20–25]. Remarkable progress has been made
in generating entanglement by manipulating macroscopic
nanomechanical oscillators with high precision [26,27].
Some landmark contributions have been achieved for an
optomechanical-entanglement measure [28,29], such as
using logarithmic negativity to calculate an upper bound
of distillable optomechanical entanglement [30].

Protecting the maximum optomechanical entangle-
ment in open quantum systems has recently become
a research focus. Many schemes have been proposed,
such as protecting entanglement via synthetic mag-
netism in loop-coupled cavity optomechanical systems
from thermal noise and dark mode [31], realizing phase-
controlled asymmetric entanglement in cavity optome-
chanical systems of whispering-gallery mode [32], achiev-
ing and preserving the optimal quality of nonreciprocal
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optomechanical entanglement via the Sagnac effect in
a spinning cavity optomechanical system evanescently
coupled with a tapered fiber [33,34], and via general
dark-mode control to accomplish thermal-noise-resistant
entanglement [35].

However, the auxiliary protection of optomechanical
entanglement in these schemes all work in hybrid cavity
optomechanical systems, which inevitably brings about tri-
lateral and even multilateral entanglement problems [36],
such as photon-phonon-atom entanglement [37]. In this
sense, it is essential to develop methods of protecting the
intrinsic bilateral optomechanical entanglement in hybrid
cavity optomechanical systems from potential interference
caused by additional types of degrees of freedom [38].
With this motivation, we aim to protect a prototypical
optomechanical entanglement in cavity optomechanical
systems.

Currently, intriguing schemes have been proposed to
achieve the frequency resonance of the system by using
laser driving, thereby protecting bilateral mechanical
entanglement in doubly resonant cavity optomechanical
systems [39,40] and photon-atom entanglement in the Rabi
model [41]. Inspired by this, we propose to utilize the
high-frequency resonance effect in a Fabry-Perot cavity
to protect the maximal value of optomechanical entan-
glement. In the weak-coupling limit, a clearcut physical
mechanism is employed to reduce Brownian noise and
dissipation, which involves filtering out components with
significant mismatched coupling frequencies between a
mechanical mode and its thermal reservoir by leveraging
the high-frequency resonance effect. The present theo-
retical conjecture can be materialized in an experiment
by laser driving the optical cavity field to resonate with
a high-frequency and high-quality-factor mechanical res-
onator coupled to a Markovian structured environment. We
can observe resonance-dominant optomechanical entan-
glement using a homodyne detection scheme [42,43] or a
cavity-assisted measurement scheme [44,45].

To attain our goal, we start by constructing the Hamil-
tonian of the cavity optomechanical system under the
coherent-state representation. We then derive its asso-
ciated nonlinear Langevin equations, which are consis-
tent with the results in Ref. [28] but originate from the
coherent-state representation. We finally propose a theory
of resonance-dominant optomechanical entanglement in
continuous-variable systems. When the mechanical mode
and surrounding heat baths satisfy the conditions of weak
coupling and high-frequency resonance, we point out
that the filtering model protects the stationary maximum
optomechanical entanglement. In particular, we quantita-
tively observe that a resonance effect doubles the robust-
ness of the mechanical damping and thermal fluctuation
noise from the environment and reveals its physical rea-
son. This result first unveils a hitherto overlooked aspect
of applying a resonance effect to entanglement protection.

FIG. 1. A cavity optomechanical system driven by a
monochromatic laser. The optical and mechanical modes are cou-
pled via radiation pressure while independently coupled to their
respective reservoirs.

We further extend these results to an array of optical
cavities with one oscillating end mirror and investigate the
remote optomechanical entanglement, which helps achieve
optimal optomechanical entanglement transmission for
quantum information processing.

The remainder of this paper is organized as follows.
In Sec. II, we construct the Hamiltonian of the physical
system and reproduce the results of nonlinear Langevin
equations in Ref. [28] in the coherent-state representation.
In Sec. III, we propose a theory of resonance-dominant
optomechanical entanglement in continuous-variable sys-
tems and show the results for maximum optomechanical-
entanglement protection. In addition, we present a poten-
tial experimental implementation of this scheme. In Sec.
IV, we extend these findings to an array of optical cavities
with one oscillating end mirror, investigating the remote
optimal optomechanical entanglement transmission for
application purposes. Finally, in Sec. V, we summarize our
findings and discuss the outlook for future research.

II. REFORMULATING DYNAMICS IN THE
COHERENT-STATE REPRESENTATION

A. Construction of the Hamiltonian

We first construct an open-quantum-system description
of a cavity optomechanical system in the coherent-state
representation as shown in Fig. 1. The Fabry-Perot cav-
ity, known as the simplest optical resonator structure, is
additionally driven by a monochromatic laser, described by
the radiation-pressure interaction between an optical cav-
ity field and a vibrating end mirror, which applies to a wide
variety of optomechanical devices, including microwave
resonators [46], optomechanical crystals [47], and setups
with a membrane inside a cavity [48].

Meanwhile, we assume that a cavity optomechanical
system is coupled to two reservoirs. The optical mode is
coupled to a reservoir characterized by zero-temperature
electromagnetic modes, while the mechanical mode is cou-
pled to another reservoir consisting of harmonic oscillators
at thermal equilibrium [49]. In the Heisenberg picture, the
system and environment evolve in time under the influence
of the total Hamiltonian, which reads [50]
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HT = HS + HB, (1)

where

HS = +��0a†a + �ωmb†b − �
G0√

2
a†a(b† + b)

+ i�(Ea† − E∗a), (2)

HE = +�

∑

k

ωk�
†
k�k + �

∑

k

gk(�
†
k a + a†�k)

+ �

∑

n

ωn�
†
n�n − i�

∑

n

�n

2
(�†

n − �n)(b† + b),

(3)

with a† (a) denoting b† (b) the creation (annihilation)
operators of the optical mode and the mechanical mode,
respectively. Laser detuning from the cavity resonance
is �0 = ωc − ωL, where ωc is the cavity characteristic
frequency and ωL is the driving laser frequency. The char-
acteristic frequency and effective mass of the mechanical
oscillator are ωm and m, respectively. The optomechani-
cal coupling coefficient is G0 = (ωc/L)

√
�/mωm, with L

being the cavity length. The complex amplitude of the
driving laser is E. In addition, �

†
k (�k) and �

†
n (�n)

for k ∈ {1, 2, 3, . . . , +∞} and n ∈ {1, 2, 3, . . . , +∞} are,
respectively, the creation (annihilation) operators of the
reservoirs for the optical mode and the mechanical mode.
The harmonic-oscillator reservoirs have closely spaced fre-
quencies corresponding to photons and phonons, denoted
by ωk and ωn, respectively. The real numbers gk and �n rep-
resent the coupling strengths between the subsystem and
the nth reservoir mode, respectively. Details of the deriva-
tions of the total Hamiltonian (1) are attached in Appendix
A [51].

B. Nonlinear Langevin equations

A reasonable description of the dynamics in an open
quantum system should include photon losses in the opti-
cal cavity field and the Brownian noise acting on the
vibrating end mirror. By substituting the total Hamilto-
nian (1) into the Heisenberg equation and taking into
account the dissipation and noise terms, we obtain a set
of closed integrodifferential equations (see Appendix B for
the derivation [51]) for the operators of the optical mode
and mechanical mode as follows:

q̇ = ωmp , (4)

ṗ = −ωmq − γmp + G0a†a + ξ , (5)

ȧ = −(κ + i�0)a + iG0aq + E +
√

2κain, (6)

where q = (b† + b)/
√

2 and p = i(b† − b)/
√

2 are the
dimensionless position and momentum operators of the

vibrating end mirror. We assume that the decay rate of the
optical cavity is κ and set the mechanical damping rate as
γm = ωmγ . The dissipative terms κ and γ are proportional
to the square of the coupling strength between the subsys-
tem and the reservoir gk and �n, respectively. The optical
Langevin force ain represents the field incident to the cav-
ity and is assumed to be in the vacuum state. Its specific
expression and the correlation function [52] are

ain(t) = −i√
2π

∑

k

gk�(t0)e−iωk(t−t0),

〈ain(t)a
†
in(t

′)〉 = δ(t − t′), (7)

where t0 represents the initial time. This correlation func-
tion is true for optical fields at room temperature or
microwaves at a cryostat.

In contrast, the Brownian noise operator is given by

ξ(t) =
∑

n

i�n√
2

[�†
n(t0)e

iωn(t−t0) − �n(t0)e−iωn(t−t0)]. (8)

The mechanical damping force ξ is non-Markovian in
general [53], but it can be treated as Markovian if the
following two conditions are met: the thermal bath occu-
pation number satisfies n̄ 	 1; and the mechanical quality
factor satisfies Q = ωm/γm = 1/γ 	 1. These conditions
are well satisfied in the majority of contemporary exper-
imental setups, which validates the use of the standard
Markovian delta-correlation [54,55]:

〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉
2

≈ γm(2n̄ + 1)δ(t − t′), (9)

where n̄ = [exp(�ωm/kBT) − 1]−1 is the mean thermal
excitation number with the Boltzmann constant kB and the
end-mirror temperature T.

So far, we have constructed the total Hamiltonian of
the optomechanical system under the coherent-state rep-
resentation and completely reproduced the results of the
nonlinear Langevin equations in Ref. [28], which provides
solid support for the filtering model dominated by the res-
onance effect discussed later. We stress that deriving the
Langevin equation from the total Hamiltonian provides a
clear picture in explicitly revealing the specific form of the
interaction between the system and the environment and
the physical origin of each term in the nonlinear Langevin
equations, in comparison to the implicit treatment of such
interactions in the Lindblad master equation.

III. RESONANCE-DOMINANT
OPTOMECHANICAL ENTANGLEMENT

A. Filtering model

In the preceding section, the total Hamiltonian (1)
describes an original interaction between an optomechan-
ical system and its surrounding environment. This section
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proposes a resonant filtering model in the weak-coupling
limit between the system and the heat bath. It uses a high-
frequency resonance between the mechanical mode and
its thermal reservoirs to filter out nonresonant degrees of
freedom and achieve quantum coherence protection.

To discuss the frequency relation between the mechani-
cal mode and its thermal reservoirs, we introduce the fre-
quency transformation b̃(t) = b(t) exp(iωmt) and �̃n(t) =
�n(t) exp(iωnt) for b(t) and �n(t) [49] in the interaction
picture. After that, the Hamiltonian (1) reads

HT = +��0a†a + �ωmb†b + i�(Ea† − E∗a)

− �
G0√

2
a†a(b̃†eiωmt + b̃e−iωmt) + �

∑

k

ωk�
†
k �k

+ �

∑

k

gk(�
†
k a + a†�k) + �

∑

n

ωn�
†
n�n

− i�
∑

n

�n

2
[�̃†

nb̃ei(ωn−ωm)t − b̃†�̃ne−i(ωn−ωm)t]

− i�
∑

n

�n

2
[�̃†

nb̃†ei(ωn+ωm)t − b̃�̃ne−i(ωn+ωm)t].

(10)

As mentioned above, our physical model describes a
Markovian process in the weak-coupling limit γ � 1,
which corresponds to Eq. (10) satisfying the weak-
coupling limit �n � 1 for n ∈ {1, 2, 3, . . . , +∞} [56]. See
Fig. 2 for a schematic diagram of the filtering model. We
eliminate the relatively fast-oscillating terms from Eq. (10)
and then perform the inverse frequency transformation
as b(t) = b̃(t) exp (−iωmt) and �n(t) = �̃n(t) exp (−iωnt).
Through this process, we classify the filtering model
reduced from Eq. (10) into the following two cases.

The high-frequency resonance region commonly exists
in the coupling between the mechanical mode and the
heat bath composed of positive energy modes denoted as
ωmωn > 0 and ωn ∈ (0, +∞). The high-frequency reso-
nance results in level repulsion between ωm and ωn [59].
Here we propose to filter out the strongly nonresonant con-
tributions �̃

†
nb̃† and b̃�̃n mechanically; see Sec. III D for

possible experimental realizations. Keeping only the res-
onant terms �̃

†
nb̃ and b̃†�̃n, the filtering model is HF =

HT + i�
∑

n �n(�
†
nb† − �nb)/2. The resonance terms �̃

†
nb̃

and b̃†�̃n in this region describe the exchange of quanta
between the mechanical mode and its nth thermal reservoir
mode [18].

In contrast, the high-frequency inverse-resonance region
occurs in the coupling between the mechanical mode
and the unstable heat bath composed of negative energy
modes, denoted as ωmωn < 0 and ωn ∈ (−∞, 0). The
high-frequency inverse resonance results in level attrac-
tion between ωm and ωn; details can be found in
Appendix C [60]. Keeping only the terms of �̃

†
nb̃†

and b̃�̃n, the inverse-filtering model reads H I
F = HT +

i�
∑

n �n(�
†
nb − b†�n)/2. The inverse-resonance terms

�̃
†
nb̃† and b̃�̃n in this region represent a two-mode squeez-

ing interaction between the mechanical mode and its nth
thermal reservoir mode, and the parametric amplification
relies on the two-mode squeezing interaction [61]. In the
following, we focus on discussing the high-frequency res-
onance range since its physical significance is clear and
universal.

B. The Lyapunov equation for the steady-state
correlation matrix

In order to comprehend the impact of resonance
effects between a mechanical mode and its thermal reser-
voirs on the strength of an optomechanical system, it

��

Low High

Detuning Detuning

Detuning 

Detuning � � m��
Detuning m��

m� ��

(a) (b) (c)

m�

0

�1,2,3,    , n	 ��
L m 0n� � � mn� ��
mn� ��

†

nb� nb�
m�

�

FIG. 2. Schematic diagram of the filtering model. (a) The coupling between a high-frequency mechanical oscillator and codirectional
thermal reservoirs. The frequency of the thermal reservoirs sequentially transits from zero to positive infinity in rainbow color order.
(b) The terms �̃

†
nb̃ and b̃†�̃n show the high-frequency resonance effect. (c) The terms �̃

†
nb̃† and b̃�̃n exhibit large detuning effects. The

black, gray, and white colors correspond to the high-frequency resonance, moderately detuned, and highly detuned modes of the heat
bath compared to the frequency of the single-mode mechanical oscillator ωm. The parameters δ and ωm can be modulated by coherent
laser driving [57,58].
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is crucial to gain insight into the structure of optome-
chanical correlation in open quantum systems. For this
purpose, we use the Lyapunov equation to compute the
steady-state correlation matrix between subsystems and
obtain the optomechanical entanglement strength [62].
Without loss of generality, we take the high-frequency
resonance regime as an example of deriving the Lya-
punov equation in terms of the steady-state correlation
matrix.

By deriving the Heisenberg equation of motion of the
resonant Hamiltonian HF , we obtain nonlinear Langevin
equations that govern the dynamical behavior of the
optomechanical system in the high-frequency resonance
regime. The nonlinear Langevin equations are written as
(see Appendix D for details)

q̇ = ωmp + γ

4
ṗ + 1

2
ξ ′, (11)

ṗ = −ωmq − γ

4
q̇ + G0a†a + 1

2
ξ , (12)

ȧ = −(κ + i�0)a + iG0aq + E +
√

2κain, (13)

where the Brownian noise operator reads

ξ ′(t) =
∑

n

�n√
2

[�†
n(t0)e

iωn(t−t0) + �n(t0)e−iωn(t−t0)],

(14)

which has the same delta-correlated form as ξ(t) under the
weak-coupling limit γ � 1.

The nonlinear Langevin equations (11)–(13) are inher-
ently nonlinear as they contain a product of the pho-
ton operator and dimensionless position operator of the
mechanical phonon, aq, as well as a quadratic term in pho-
ton operators, a†a. Using the standard mean-field method
[63] to solve Eqs. (11)–(13), we start by splitting each
Heisenberg operator into the classical mean values and
quantum fluctuation operators, i.e., a = αs + δa as in a† =
α∗

s + δa†, q = qs + δq, and p = ps + δp , thereby lineariz-
ing these equations. Adopting the above approach and
inserting these expressions into the nonlinear Langevin
equations (11)–(13), we find the solution of the mean val-
ues for the classical steady state given by ps = 0, qs =
G0α

∗
s αs/ωm, and αs = E/(κ + i�), where we set the nor-

malization of the detuning frequency of the optical field as
� = �0 − G2

0α
∗
s αs/ωm.

The parameter regime for generating optomechanical
entanglement is the one with a large amplitude of the
driving laser E, i.e., αs 	 δa and α∗

s 	 δa†. By drop-
ping the contribution from the second-order small terms,
as described in Appendix E, we obtain the linearized
Langevin equations

δq̇ = ωmδp − γm

4
δq + 1

2
ξ ′, (15)

δṗ = −ωmδq − γm

4
δp + G0(α

∗
s δa + αsδa†) + 1

2
ξ , (16)

δȧ = −(κ + i�)δa + iG0αsδq +
√

2κain. (17)

By assuming the driving laser amplitude E = |E| exp(iϕ),
where |E| is related to the input laser power P by |E| =√

2Pκ/�ωL and ϕ denotes the phase of the laser field cou-
pling to the optical cavity field, we choose ϕ to satisfy
tan(ϕ) = �/κ so that αs may be real.

The quadratures play an essential role in studying entan-
glement because they are used to quantify the correlations
between different modes. We define the cavity field quadra-
tures δX = (δa + δa†)/

√
2 and δY = i(δa† − δa)/

√
2 as

two observables that describe the quantum state of a cav-
ity field mode, which can be measured using homodyne
detection techniques.

Accordingly, we define the orthogonal input noise oper-
ators Xin = (δa†

in + δain)/
√

2 and Yin = i(δa†
in − δain)/

√
2,

and thereby Eqs. (15)–(17) can be written in matrix form
as

μ̇(t) = Aμ(t) + n(t). (18)

Here the components of each matrix are as follows:
the transposes of the column vector of continuous-
variable fluctuation operators are written as μT(t) =
[δq(t), δp(t), δX (t), δY(t)]; the transposes of the col-
umn vector of noise operators are denoted by nT(t) =
[0.5ξ ′(t), 0.5ξ(t),

√
2κXin(t),

√
2κYin(t)]; and the coeffi-

cient matrix A in terms of system parameters takes the
form

A =

⎛

⎜⎝

−0.25γm ωm 0 0
−ωm −0.25γm G 0

0 0 −κ �

G 0 −� −κ

⎞

⎟⎠ , (19)

where the effective optomechanical coupling is given by
G = √

2αsG0.
The solution of Eq. (18) can be expressed as

μ(t) = M (t)μ(t0) +
∫ t

t0
M (τ )n(t − τ) dτ , (20)

where M is the matrix exponential M (t) = exp(At) and we
assume the initial time as t0 = 0. The system is stable if
and only if the real parts of all the eigenvalues of the matrix
A are negative. The eigenvalue equation det|A − λI4| =
[(0.25γm + λ)2 + ω2

m][(κ + λ)2 + �2] − ωmG2� = 0,
where I4 denotes the four-dimensional identity matrix,
can be reduced to the fourth-order equation C0λ

4 +
C1λ

3 + C2λ
2 + C3λ + C4 = 0. The stability conditions

can be derived by applying the Routh-Hurwitz crite-
rion [64] as follows: C0 > 0, C1 > 0, C1C2 − C0C3 > 0,
(C1C2 − C0C3)C3 − C2

1C4 > 0, and C4 > 0, yielding the
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following two nontrivial conditions: (ω2
m + γ 2

m/16)(�2 +
κ2) − ωmG2� > 0 and

+ γmκ

{
�4 + �2

(
γ 2

m

8
+ γmκ + 2κ2 − 2ω2

m

)

+ 1
256

[16ω2
m + (γm + 4κ)2]2

}

+ ωmG2�

(
γm

2
+ 2κ

)2

> 0. (21)

The following numerical simulation shows that realistic
experimental parameter configurations always meet these
stability conditions. When the system is stable, it reaches
a unique steady state in the long-time limit t → +∞
independently of the initial condition.

We set the initial condition to a Gaussian state, and the
linear dynamics preserves the noise operators ξ ′, ξ , and ain.
Thus, the correlation properties of the system can be com-
pletely characterized by its two first moments, of which
we are interested in the second one, namely the covariance
matrix with elements defined as

Vij = 1
2
〈μi(+∞)μj (+∞) + μj (+∞)μi(+∞)〉

=
∑

k,l

∫ +∞

t0
dτ

∫ +∞

t0
dτ ′ Mik(τ )Mjl(τ

′)�kl(τ − τ ′),

(22)

where �kl
(
τ − τ ′) = 〈

nk (τ ) nl
(
τ ′) + nl

(
τ ′) nk (τ )

〉
/2 is

the matrix of the stationary noise correlation func-
tions. Because the matrix elements are independent
of n (t), we obtain �kl

(
τ − τ ′) = Dklδ

(
τ − τ ′), where

D = diag [γm (2n̄ + 1)/4, γm (2n̄ + 1)/4, κ , κ] is a diag-
onal matrix. According to Eq. (22) and the form of
�kl

(
τ − τ ′), we find that the expression of the matrix V

is equivalent to

V =
∫ +∞

t0
M (τ ) DM (τ )T dτ , (23)

which leads to a linear Lyapunov equation with respect to
V, i.e., A V + VAT = −D. See Appendix F for a detailed
derivation of the Lyapunov equation.

In addition, we can derive a Lyapunov equation satis-
fied by the high-frequency inverse-resonance Hamiltonian
H I

F similarly to the form of the high-frequency resonance
Hamiltonian HF . Moreover, we show that the analysis and
results concerning optomechanical entanglement in the
high-frequency inverse-resonance regime are equivalent to
those in the high-frequency resonance regime. Therefore,
we do not elaborate on it further here.

C. Optomechanical entanglement

Cavity optomechanical systems naturally exhibit com-
plex entanglement structures and always involve mixed
states and continuous-variable entanglement, which are
affected by dissipation and noise. In this sense, logarith-
mic negativity is a powerful tool that can provide valuable
insights into the nature of optomechanical entanglement
[65], which can be experimentally measured using homo-
dyne detection. Thus, we use logarithmic negativity EN to
measure optomechanical entanglement between the opti-
cal cavity field and the mechanical oscillator. It provides
an obvious easy way to compute an upper bound for the
distillable optomechanical entanglement [30].

As mentioned in the continuous-variable scenario, the
bipartite optomechanical entanglement can be quantified
as [62]

EN = max [0, − ln (2�)] , (24)

where

� = 1√
2

{
� (V) −

√
[� (V)]2 − 4 det (V)

}1/2

(25)

is the lowest symplectic eigenvalue of the partial trans-
pose of the 4 × 4 steady-state correlation matrix [66].
For simplicity, we denote the 4 × 4 steady-state correla-
tion matrix in 2 × 2 block matrix form, which is given
by V = [

(�, β) ,
(
βT, η

)]
and � (V) = det (�) + det (η) −

2 det (β). We note that a Gaussian state is entangled if and
only if � < 1/2. This is equivalent to Simon’s entangle-
ment criterion for all bipartite Gaussian states [67], which
can be written as 4 det (V) < �(V) − 1/4.

We numerically calculated the negativity for cavity
optomechanical systems as shown in Figs. 3 and 4. In our
numerical simulation, we utilize parameter values identical
to those outlined in Ref. [28], which agree with the cur-
rent optomechanical experimental configurations [68–71]
and satisfy the stability conditions (21). To begin with, we
set the initial closed optomechanical system in a maximum
optomechanical entangled state. For simplicity, we assume
that the driving laser frequency ωL is resonant with the
characteristic frequency ωc of the cavity field, that is, the
laser detuning from the cavity resonance satisfies �0 = 0.

In Fig. 3, we compare the sensitivity of the optomechan-
ical entanglement EN to the mechanical damping rate γm
for the two optomechanical systems, HT and HF . We show
a significant enhancement of the robustness of optome-
chanical entanglement for HF against γm. Specifically, we
observe that the length of the black downward-pointing
arrow in Fig. 3(b) is approximately half of that in Fig. 3(a),
which implies that the optomechanical entanglement of the
filtering model HF is almost twice as robust to γm as the
original model HT. Additionally, it is worth noting that the
presence of optomechanical entanglement is only within
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FIG. 3. Plot of the logarithmic negativity EN as a function
of the normalized detuning frequency of the optical field |�|
(in units of ωm) for seven values of the mechanical damping
rate: γm = 0 (blue circle line), γm = 200π Hz (orange solid
line), γm = 400π Hz (yellow square line), γm = 600π Hz (pur-
ple dashed line), γm = 800π Hz (green triangle line), γm =
1000π Hz (brown dotted line), and γm = 2000π Hz (red sym-
bol line), where (a) and (b) correspond to the original model HT
and the filtering model HF , respectively. The length of the black
downward-pointing arrows indicates how sensitive optomechan-
ical entanglement is to γm. The other parameters for both panels
are chosen as follows: optical cavity of length L = 1 mm and
driving laser with wavelength λ = 810 nm and power P =
50 mW. The decay rate of the optical cavity is chosen to be
κ = 8.8π × 106 Hz, the optical finesse F = πc/Lκ ≈ 3.4 × 104

with c = 3 × 108 m/s, and the driving laser frequency is reso-
nant with the characteristic frequency of the cavity field, ωL =
ωc = 2πc/λ. The mechanical oscillator has the characteristic fre-
quency ωm = 20π MHz, the effective mass m = 50 ng, and its
temperature is T = 400 mK [28].

a limited range of |�| around |�| ≈ ωm, which means
that the frequency resonance between the normalization
of the detuning frequency of the optical field |�| and the
frequency of the mechanical oscillator ωm plays a dom-
inant role in the generation of optomechanical entangle-
ment.

We further examine the impact of the resonance effect
between the mechanical mode and its thermal reservoir on
the properties of optomechanical entanglement. For this
purpose, we set γm = 200π Hz according to the actual
laboratory conditions.

Figure 4(a) shows the logarithmic negativity EN ver-
sus the normalized detuning frequency of the optical field
|�| (in units of ωm) for model cases: high-frequency res-
onance of the filtering model HF , high-frequency inverse
resonance of the filtering model H I

F , and original system
HT. It shows that the maximum optomechanical entangle-
ments for HF and H I

F are equal to each other, while that
for HT is less. The results indicate that the resonance effect
can safeguard the maximum optomechanical entanglement
by filtering out the contributions from a largely detuned
part of the degree of freedom, ultimately reducing both the
Brownian noise ξ

(
ξ ′) and the mechanical dissipation γm.

The robustness of such an entanglement EN with respect
to the environmental temperature T of the mirror is shown
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FIG. 4. Comparison of the optomechanical-entanglement
properties under different mechanisms: high-frequency reso-
nance of the filtering model HF (blue circle line), high-frequency
inverse resonance of the filtering model H I

F (red dashed line), and
original model HT (green solid line). (a) Plot of the logarithmic
negativity EN as a function of the normalized detuning frequency
of the optical field |�| (in units of ωm). We set γm = 200π Hz
and T = 400 mK. (b) Plot of the logarithmic negativity EN ver-
sus the mirror temperature T. We set γm = 200π Hz and � =
0.5ωm = 10π MHz. In both panels, the other parameter values
are the same as in Fig. 3.

in Fig. 4(b). We find that the optomechanical entangle-
ment of the filtering model HF remains even at tem-
peratures around 10 K and is twice the magnitude of
the persistent temperature in the original model HT. In
addition, we observe that the high-frequency resonance
and the high-frequency inverse-resonance regimes have
completely equivalent effects on optomechanical entangle-
ment.

In summary, we have discussed the impact of the
high-frequency resonance effect between the mechanical
oscillator and its thermal reservoir on optomechanical
entanglement. We have found that the resonance effect
doubles the robustness of optomechanical entanglement
to mechanical dissipation and the mirror temperature. We
have achieved the maximum protection of optomechanical
entanglement by constructing a filtering model using reso-
nance effects. We have observed numerically that both the
high-frequency resonance and the high-frequency inverse-
resonance regimes have equivalent effects on optomechan-
ical entanglement.

D. Experimental implementation

We propose materializing the present theoretical filter-
ing model in resistor-inductor-capacitor circuit [72–74] or
superconducting quantum interference device experiments
[75]. Here, we focus on the high-frequency resonance
region. As shown in Fig. 5, we build an oscillatory cir-
cuit consisting of a capacitor C, an inductor L, a thermistor
RT, and an oscillator X . We set the normalized detuning
frequency of the optical field of the LC circuit to satisfy
|�| = 1/(2π

√
LC) = 20π MHz.

First, the mechanical resonator (blue) and the optical
cavity (green) are connected via an inductor. Second, an

044048-7



CHENG SHANG and HONGCHAO LI PHYS. REV. APPLIED 21, 044048 (2024)

L

Cavity
Vibrator

� �inV a � �outV a

x
TR TR

Oscillator
acV

1S 2S

X

cC

� �xgC

C
filter

effHTH

Filter

dc

FIG. 5. A circuit consisting of a resistor, inductor, and capac-
itor can be used to build an oscillatory filtering model for
high-frequency resonance. This experimental setup comprises an
on-chip optical cavity (green) coupled with a high-quality-factor
nanomechanical resonator. By turning on switch S1 and turn-
ing off switch S2, the thermistor (orange) will provide a thermal
environment that couples with the resonator, corresponding to
the original model HT. Conversely, the thermistor and the oscil-
lator (black) will generate a high-frequency oscillation thermal
environment that couples with the resonator, corresponding to
the filtering model HF . Direct current (dc) is used for signal
frequency readout.

extensive ac voltage bias Vac is applied in order to excite
the mechanical resonator, represented as a movable capac-
itance Cg (x). To obtain the maximum optomechanical
entanglement, the frequency of the applied voltage should
be close to |�|, namely |�| ≈ ωm. Next, as the LC circuit
oscillates, a current is induced in the thermistor, generat-
ing a temperature change due to the Joule heating effect.
Therefore, by turning on switch S1 and turning off switch
S2 simultaneously, the mechanical resonator will be cou-
pled to a full-frequency thermal reservoir, corresponding
to the original model HT. In contrast, the largely detuned
part of the degree of freedom can be filtered by apply-
ing the oscillator X if we turn off S1 while turning on S2.
The oscillator X is an electronic circuit component capa-
ble of generating a specific frequency signal and can be
utilized as a filter to filter out unwanted frequency com-
ponents selectively. Specifically, when the input signal
matches the resonant frequency of the oscillator, it ampli-
fies the input signal and outputs a near-resonant signal,
thereby achieving high-frequency oscillatory wave filter-
ing. Thus, the resistor-inductor-capacitor oscillatory circuit
can be described by the filtering model HF .

In addition, we need to choose a mechanical resonator
with a giant mechanical quality factor to ensure that
significant quantum effects are achievable, that is, Q =
ωm/γm = 1/γ 	 1 corresponding to the weak-coupling

limit γ � 1. The remaining parameter values for the
simulation of the circuit experiment are the same as in
Fig. 4(a). Furthermore, we note that, with optical interfer-
ometry techniques [76,77], we can observe the resonance
response of a mechanical resonator to its thermal environ-
ment. Homodyne detection techniques [78,79] can be used
to measure an optomechanical entanglement.

It is important to note that experimental studies on
open-system dynamics with linear optical setups often
use approximated simulations of quantum channels, such
as amplitude decay or phase-damping channels [80–83].
These simulations rely on the rotating-wave approxima-
tion for system-bath interactions and the weak-coupling
approximation. Recently, we noted that a study that aims
to test the difference between the rotating-wave approx-
imation and non-rotating-wave approximation channels
by studying the varying dynamics of quantum temporal
steering was demonstrated experimentally [84,85].

IV. GENERALIZED EXTENSION AND
APPLICATION

We are now extending the theory of resonance-
dominant entanglement to a multimode optomechanical
system. Specifically, we discuss an optical-cavity array
with one oscillating end mirror and investigate optimal
optomechanical-entanglement transmission.

As schematically shown in Fig. 6, the system comprises
an oscillating end mirror coupled to an array of optical cav-
ities. The adjacent optical cavities are linearly coupled with
an interaction strength of J [86]. A laser field drives the left
end of the optical cavity, while the right end is connected
to a vibrating end mirror.

If we consider this system satisfying the resonance
regime, the total Hamiltonian of this open quantum system
can be written as

H = +��0a†
1a1 +

N∑

j =2

ωcj a†
j aj + �ωmb†b

+ i�
(

Ea†
1 − E∗a1

)
+ �

N−1∑

j =1

J
(

a†
j aj +1 + a†

j +1aj

)

− �
G0√

2
a†

N aN
(
b† + b

) + �

N∑

j =1

∑

k

ωjk�
†
jk�jk

, LE �
1a 2a

J
3a

J
� � � � � ���� Na

0G
b

x

FIG. 6. Schematic diagram depicting a one-dimensional array
of optical cavities coupled via linear hopping between each
cavity, with an oscillating end mirror.
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+ �

N∑

j =1

∑

k

gjk

(
�

†
jkaj + a†

j �jk

)

+ �

∑

n

ωn�
†
n�n − i�

∑

n

�n

2
(
�†

nb − b†�n
)

, (26)

where a†
j (aj ) and �

†
jk (�jk) are the corresponding creation

(annihilation) operators for the j th optical cavity mode and
its thermal reservoir modes with frequencies ωcj and ωjk,
respectively, and the coupling strength between them is gjk.

Similarly, the nonlinear Langevin equations for the
operators of the mechanical and optical modes are given
as follows:

q̇ = ωmp − γm

4
q + 1

2
ξ ′,

ṗ = −ωmq − γm

4
p + G0a†

N aN + 1
2
ξ ,

ȧ1 = − (κ + i�0) a1 − iJ a2 + E +
√

2κain
1 ,

...

ȧj = − (
κ + iωcj

)
aj − iJ

(
aj −1 + aj +1

) +
√

2κain
j ,

...

ȧN = − (
κ + iωcN

)
aN − iJ aN−1 + iG0qaN +

√
2κain

N ,
(27)

where we assume that all optical-cavity fields share the
same coupling strength, gjk = gk, i.e., κj = κ . As the sim-
plest case, we consider N = 2 to study the optomechani-
cal entanglement properties of this system. Similarly, we
use the logarithmic negativity to measure the entangle-
ment between two arbitrary bosonic modes in the sys-
tem. Now, we focus on the numerical evaluation of the
bipartite entanglement Emc·1

N to show the optimal remote
optomechanical-entanglement transfer.

In the two-cavity case, we let Emc·1
N , Emc·2

N , and Ecc·12
N

denote the logarithmic negativity between the mirror and
cavity 1, the mirror and cavity 2, and cavity 1 and cav-
ity 2, respectively. In Fig. 7(a), we plot Emc·1

N , Emc·2
N ,

and Ecc·12
N as functions of the normalized detuning |� |

(in units of ωm) with the other parameters set to �0 =
0, J = 0.7ωm, and T = 400 mK. The normalized detun-
ing � = ωc2 − G0Qs depends on the steady-state mean
values Qs = G0α

∗
2sα2s/ωm, and α2s = −iJα1s/ (κ + i�)

with α1s = E/
[
κ + i�0 + J 2/ (κ + i�)

]
, which can be

obtained by setting the time derivative to zero in the
nonlinear Langevin equation (27) for N = 2. Our numer-
ical findings show that by tuning the magnitude of � ,
we are able to achieve long-distance optomechanical-
entanglement transfer. As |� | increases approximately
from 0.50ωm to 0.65ωm, the distant optomechanical entan-
glement Emc·1

N correspondingly increases at the expense
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FIG. 7. The optimal remote optomechanical-entanglement
transmission. (a) The negativity entanglements Emc·1

N (pink dot-
ted line), Emc·2

N (black solid line), and Ecc·12
N (blue dashed line) as

functions of the normalized detuning |� | (in units of ωm) with
the other parameters set to �0 = 0 and J = 0.7ωm. (b) The neg-
ativity entanglements Emc·1

N , Emc·2
N , and Ecc·12

N versus the linear
hopping strength J (in units of ωm) with the other parameters set
to �0 = 0 and |� | = 0.6ωm. (c) The negativity entanglements
Emc·1

N as a function of |� | (in units of ωm) for different values of
the linear hopping rate: J = 0 (blue circle line), J = 0.2ωm (pink
solid line), J = 0.4ωm (orange square line), J = 0.6ωm (purple
dashed line), J = 0.7ωm (green triangle line), J = 0.8ωm (brown
dotted line), and J = ωm (red symbol line). (d) The negativity
entanglements Emc·1

N as a function of J (in units of ωm) for differ-
ent values of the normalized detuning: |� | = 0.2ωm (blue solid
line), |� | = 0.4ωm (red square line), |� | = 0.6ωm (orange circle
line), |� | = 0.8ωm (purple dashed line), and |� | = ωm (green
symbol line). The remaining parameter values for all panels are
set to be the same as in Fig. 4.

of the decrease of the neighboring optomechanical entan-
glement Emc·2

N , due to the adjacent cavities acting as
entanglement transmitters.

In Fig. 7(b), we plot Emc·1
N , Emc·2

N , and Ecc·12
N as func-

tions of the linear hopping strength J (in units of ωm)
with the other parameters set to �0 = 0, |� | = 0.6ωm,
and T = 400 mK. In a similar analysis, we can also
implement distant optomechanical-entanglement transfer
by adjusting the strength of J approximately from 0.5ωm
to 0.75ωm. In particular, when T = 400 mK, we find that
the optimal remote optomechanical-entanglement transfer
occurs around |� | = 0.6 and J = 0.7 (in units of ωm),
and the maximum value of remote entanglement Emc·1

N is
approximately evaluated at 0.045; see Figs. 7(c) and 7(d).

V. SUMMARY AND PROSPECT

In summary, we have demonstrated that resonance
effects between a mechanical mode and its thermal
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environment can protect optomechanical entanglement.
Specifically, we have shown that resonance effects nearly
double the robustness of the optomechanical entanglement
against mechanical dissipation and its environmental tem-
perature. The mechanism of optomechanical-entanglement
protection involves the elimination of degrees of free-
dom associated with significant detuning between the
mechanical mode and its thermal reservoirs, thereby coun-
teracting the decoherence. We have revealed that this
approach is particularly effective when both near-resonant
and weak-coupling conditions are simultaneously satis-
fied between a mechanical mode and its environment. We
have also proposed a feasible experimental implemen-
tation for the filtering model to observe these phenom-
ena. Furthermore, we extended this theory to an optical
cavity array with one oscillating end mirror and investi-
gated optimal optomechanical-entanglement transfer. This
study represents a significant advancement in the applica-
tion of resonance effects for protecting quantum systems
against decoherence, thereby opening up new possibilities
for large-scale quantum information processing and the
construction of quantum networks.

In addition, extending the resonance-dominant entan-
glement theory to non-Markovian and non-Hermitian
optomechanical systems is also challenging and expected
to be impactful. Specifically, we ensure that studying
non-Markovian effects [87–91], exceptional points [92],
parity-time symmetry [93], and anti-parity-time symme-
try [94] on optomechanical entanglement is exciting. In
particular, we are interested in future investigations of
the optomechanical-entanglement properties between res-
onance states [95,96] in non-Hermitian systems. This work
aims to develop an innovative approach for protecting
continuous-variable entanglement.
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APPENDIX A: DERIVATION OF THE
HAMILTONIAN (1)

Here, we show the origin of the total Hamiltonian (1)
[46]. The total Hamiltonian (1) of this field reservoir con-
sists of two parts, the system (2) and the environment (3).
Therefore, to obtain Eq. (1), we need to demonstrate the
specific origins of Eqs. (2) and (3) separately.

To begin with, we show the origin of the system Hamil-
tonian (2). As usual, for an optomechanical system driven
by an optical laser, the Hamiltonian of the composite
system can be written as

H 0
S = �ωca†a + p ′2

2m
+ 1

2
m
(
ωmq′)2 − �Ga†aq′

+ i�
(
Ee−iω0ta† − E∗eiω0ta

)
, (A1)

where a monochromatic field drives the optical mode with
the driving frequency ω0, and the complex amplitude of the
driving laser is denoted by E. The optical frequency shift
per displacement is given by G = −∂ωc (x)/∂x = ωc/L.
To make the Hamiltonian independent of time, we then
move to the rotating frame of the frequency, which changes
Eq. (A1) to the following:

H ′
S = U (t) H 0

S (t) U† (t) − iU (t) U̇† (t)

= ��0a†a + p ′2

2m
+ 1

2
m
(
ωmq′)2 − �Ga†aq′

+ i�
(
Ea† − E∗a

)
, (A2)

where we used the unitary transformation of the form
U (t) = exp

(
iω0a†at

)
, and �0 = ωc − ω0 is the detuning

of the cavity characteristic frequency ωc of the optical
cavity from the driving laser frequency ω0.

We can make the position and momentum opera-
tors dimensionless by defining the zero-point fluctuation
(ZPF) amplitude of the mechanical oscillator as XZPF =√

�/2mωm. Then, we define the dimensionless position
operator q and momentum operator p as follows:

q = q′
√

2XZPF
= 1√

2

(
b† + b

)
, p = p ′

√
2mωmXZPF

= i√
2

(
b† − b

)
. (A3)

Substituting Eq. (A3) into Eq. (A2), we arrive at

HS = ��0a†a + �

2
ωm

(
p2 + q2)

− �G0a†aq + i�
(
Ea† − E∗a

)

= ��0a†a + �ωmb†b − �G0a†a

(
b† + b

)
√

2

+ i�
(
Ea† − E∗a

)
, (A4)
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where G0 = √
2GXZPF = ωc

√
�/mωm/L is the vacuum

optomechanical coupling strength, expressed as a fre-
quency. It quantifies the interaction between a single
phonon and a single photon. This produces Eq. (2) in the
main text.

Next, we give the origin of the environment Hamiltonian
(3) for the first time. As is well known from Bose-Einstein
statistics, a heat bath associated with a boson system can
be considered as an assembly of harmonic oscillators. This
type of heat bath can serve as a model for various physical
systems, such as elastic solids (mechanical reservoirs) and
electromagnetic fields (optical reservoirs).

Firstly, since in the optomechanical system, both the
photons in the optical cavity and the phonons in the
mechanical oscillator obey Bose-Einstein statistics, the
free part of the environment can be written in the simple
form

H 0
E = 1

2

∑

k

[
1

mc
k

(
p̃c

k

)2 + �c
k

(
q̃c

k

)2
]

+ 1
2

∑

n

[
1

mm
n

(
p̃m

n

)2 + �m
n

(
q̃m

n

)2
]

, (A5)

where mc
k and mm

n correspond to the effective mass of the
kth optical reservoir and nth mechanical reservoir, respec-
tively. The momentum and position operators correspond-
ing to the kth optical reservoir and the nth mechanical
reservoir are denoted by p̃c

k (p̃m
n ) and q̃c

k (q̃m
n ), respectively.

We set �c
k = mc

k(ωk)
2 and �m

n = mm
n (ωn)

2 as the optical
and mechanical potential-force constants. The harmonic-
oscillator reservoirs have closely spaced frequencies cor-
responding to photons and phonons, denoted by ωk and
ωn, respectively. Through the process of removing the
dimensions from the operators, we can define the dimen-
sionless momentum operators pc

k and pm
n as well as position

operators qc
k and qm

n as follows:

pc
k =

√
ωk

�c
k�

p̃c
k =

√
1

mc
kωk�

p̃c
k , qc

k =
√

�c
k

ωk�
q̃c

k

=
√

ωk

�
p̃c

k , (A6)

pm
n =

√
ωn

�m
n �

p̃m
n =

√
1

mm
n ωn�

p̃m
n , qm

n =
√

�m
n

ωn�
q̃m

n

=
√

ωn

�
p̃m

n . (A7)

Substituting Eqs. (A6) and (A7) into Eq. (A5), we obtain

H ′
E = �

2

∑

k

ωk

[(
pc

k

)2 + (
qc

k

)2
]

+ �

2

∑

n

ωn

[(
pm

n

)2 + (
qm

n

)2
]
. (A8)

Secondly, we consider the coupling between the system
and the environment. The Hamiltonian of a system can
be left arbitrary, such as an atom, as in quantum optics,
or a macroscopic LC circuit. In our case, we treat the
optomechanical system as a perturbation to the baths, by
writing

H ′′
E = +�

2

∑

k

ωk

[(
pc

k

)2 + (
qc

k + εc
kqc

)2
]

+ �

2

∑

n

ωn

[(
pm

n − χm
n qm

)2 + (
qm

n

)2
]

= +�

2

∑

k

ωk

[(
pc

k

)2 + (
qc

k

)2
]

+ �

2

∑

k

ωk
(
εc

kqc
)2

+ �

∑

k

ωkε
c
kqc

kqc + �

2

∑

n

ωn

[(
pm

n

)2 + (
qm

n

)2
]

+ �

2

∑

n

ωn
(
χm

n qm
)2−�

∑

n

ωnχ
m
n pm

n qm (A9)

or

H̃ ′′
E = +�

2

∑

k

ωk

[(
pc

k + εc
kpc

)2 + (
qc

k

)2
]

+ �

2

∑

n

ωn

[(
pm

n − χm
n qm

)2 + (
qm

n

)2
]

= +�

2

∑

k

ωk

[(
pc

k

)2 + (
qc

k

)2
]

+ �

2

∑

k

ωk
(
εc

kpc
)2

+ �

∑

k

ωkε
c
kpc

k pc + �

2

∑

n

ωn

[(
pm

n

)2 + (
qm

n

)2
]

+ �

2

∑

n

ωn
(
χm

n qm
)2−�

∑

n

ωnχ
m
n pm

n qm. (A10)

The orthogonal relationship for the dimensionless position
and momentum operators of the system and the environ-
ment read:

qc = 1√
2

(
a† + a

)
, pc = i√

2

(
a† − a

)
;

qc
k = 1√

2

(
�

†
k + �k

)
, pc

k = i√
2

(
�

†
k − �k

)
; (A11)
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qm = 1√
2

(
b† + b

)
, pc = i√

2

(
b† − b

)
;

qm
n = 1√

2

(
�†

n + �n
)

, pm
n = i√

2

(
�†

n − �n
)

. (A12)

By substituting Eqs. (A11) and (A12) into Eqs. (A9)
and (A10) and absorbing terms only of the sys-
tem operators �

∑
k ωk

(
εc

kpc
)2

/2, �
∑

k ωk
(
εc

kqc
)2

/2, and
�
∑

n ωn
(
χm

n qm
)2

/2 into the system Hamiltonian, and fur-
ther neglecting these higher-order perturbation quantities
containing

(
εc

k

)2 and
(
χm

n

)2, we obtain

H̃ ′′
E → H qc

E = +�

∑

k

ωk�
†
k �k + �

∑

k

gk

(
�

†
k a† + �ka

)

+ �

∑

k

gk

(
�

†
k a + �ka†

)
+ �

∑

n

ωn�
†
n�n

− i�
∑

n

�n

2
(
�†

n − �n
) (

b† + b
)

, (A13)

H̃ ′′
E → H pc

E = +�

∑

k

ωk�
†
k �k − �

∑

k

gk

(
�

†
k a† + �ka

)

+ �

∑

k

gk

(
�

†
k a + �ka†

)
+ �

∑

n

ωn�
†
n�n

− i�
∑

n

�n

2
(
�†

n − �n
) (

b† + b
)

, (A14)

where we set gk = εc
kωk/2 and �n = χm

n ωn. The real num-
bers gk and �n represent the coupling strengths between
the subsystem and the nth reservoir mode, respectively.
Finally, we apply the rotating-wave approximation and
neglect the counter-rotating terms �

†
k a† and �ka in Eqs.

(A13) and (A14), yielding H qc
E ≈ H̃ qc

E = HE = H̃ pc
E ≈

H pc
E , where H̃ qc

E and H̃ qc
E represent the Hamiltonians after

the rotating-wave approximation. This process produces
Eq. (3) in the main text.

In conclusion, we have physically revealed that photon
and phonon perturbations interact with the reservoirs dif-
ferently. The coupling between photons and the bosonic
reservoirs results in the potential energy of the bath
depending on the deviation of qc from all the qc

k, while
the kinetic energy of the bath depends on the derivation
of pc with respect to all pc

k as well. In other words, it is as
if each coordinate qc

k or pc
k is harmonically bound to qc or

pc, respectively. In contrast, the coupling between phonons
and the bosonic reservoirs makes the potential energy of
the bath depend on the deviation of qm from all the pm

n .
The kinetic energy of the bath depends on the derivation
of pm with respect to all qm

n as well. In other words, it is as
if each coordinate qm

n or pm
n is harmonically bound to pm or

qm, respectively.

In addition, we point out that this difference between
perturbations of photons and phonons on the bosonic
reservoirs also results in the fact that, in the rotating-
wave approximation, neglecting the rotating-wave
terms �

†
k a† and �ka in the coupling between

photons and the electromagnetic field leads to the sim-
plification

∑
k ωk[

(
pc

k + εc
kpc

)2 + (
qc

k

)2] ≈∑
k ωk[

(
pc

k

)2 +(
qc

k + εc
kqc

)2], while neglecting the counter-rotating terms
�

†
nb and �nb† in the coupling between phonons and the

elastic solid simplifies
∑

n ωn[
(
pm

n − χm
n qm

)2 + (
qm

n

)2] ≈
∑

n ωn[
(
pm

n

)2 + (
qm

n − χm
n pm

)2].

APPENDIX B: DETAILS OF THE DERIVATION OF
EQS. (4)–(6)

In this appendix, we derive the nonlinear Langevin
equations that the total Hamiltonian HT in Eq. (1) satisfies.
To begin with, let us derive the nonlinear Langevin equa-
tions satisfied by the optical cavity field. The Heisenberg
equations of motion for the operator a of the optical cavity
field and its corresponding reservoir operators �k are given
by

ȧ = 1
i�

[a, HT] = −i�0a + iG0a

(
b† + b

)
√

2

+ E − i
∑

k

gk�k, (B1)

�̇k = 1
i�

[�k, HT] = −iωk�k − igka. (B2)

We are interested in a closed equation for a. Equation (B2)
for �k can be formally integrated to yield

�k (t) = �k (t0) e−iωk(t−t0) − igk

∫ t

t0
a (τ )e−iωk(t−τ)dτ .

(B3)

Here the first term describes the free evolution of the reser-
voir modes, whereas the second term arises from their
interaction with the optical cavity field. We eliminate �k
by substituting Eq. (B3) into Eq. (B1), finding

ȧ = −i�0a + iG0a

(
b† + b

)
√

2
+ E

−
∑

k

(gk)
2
∫ t

t0
a (τ )e−iωk(t−τ) dτ + fa (t) , (B4)

with fa (t) = −i
∑

k gk�k (t0) exp [−iωk (t − t0)]. In Eq.
(B4), we can see that the evolution of the system operator
depends on the fluctuations in the reservoir.

To proceed, we introduce some approximations. Follow-
ing the Weisskopf-Wigner approximation [49], we replace
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the summation over k in Eq. (B4) with an integral term,
thereby transitioning from a discrete distribution of modes
to a continuous one,

∑
k → (L/2π)3 ∫ d3k, where L is the

length of the sides of the assumed cubic cavity with no
specific boundaries, and �k ≡ (

kx, ky , kz
)

is the wave vector.
The density of modes between the frequencies ω and

ω + dω can be obtained by transferring from Cartesian
coordinates to polar coordinates as

�k ≡ (
kx, ky , kz

) → [k sin(θ) cos(φ),

k sin(θ) sin(φ), k cos(θ)] .

The corresponding volume element in �k space is

d3k = k2 sin(θ) dk dθ dφ = (
ω2/c3) sin(θ) dω dθ dφ.

The total number of modes Na in the range between ω and
ω + dω is given by

dNa = (L/2πc)3ω2 dω

∫ π

0
sin(θ) dθ

∫ 2π

0
dφ

= (
L3ω2/2π2c3) dω.

A mode density parameter at frequency ω is therefore
given by Da (ω) = dNa (ω) /dω = L3ω2/2π2c3, and gk =
g [k (ω)] = g (ω) is the coupling constant evaluated at k =
ω/c. We then approximate this spectrum by a continuous
spectrum.

Thus, the summation in Eq. (B4) can be written as

ȧ = −i�0a + iG0a

(
b† + b

)
√

2
+ E

−
∫ t

t0

∫ +∞

0
g2 (ω)Da (ω) e−iω(t−τ)a (τ ) dω dτ + fa (t) .

(B5)

Considering an ideal situation, we assume for simplic-
ity that [g (ω)]2Da (ω) = κ/π > 0 is constant, so that Eq.
(B5) is reduced to a simple first-order differential equation
[51]:

ȧ = −i�0a + iG0a

(
b† + b

)
√

2
+ E

− κ

π

∫ t+0+

t0

∫ +∞

0
e−iω(t−τ)a (τ ) dω dτ + fa (t) .

(B6)

Using the relation

∫ +∞

0
e−iω(t−τ) dω = πδ (t − τ) , (B7)

we arrive at Eq. (6) in the main text:

ȧ = − (κ + i�0) a + iG0a

(
b† + b

)
√

2
+ E +

√
2κain (B8)

with

ain (t) = fa (t)√
2κ

= −i√
2π

∑

k

gk� (t0) e−iωk(t−t0), (B9)

where ain (t) is a noise operator, which depends upon the
environment operators � (t0) at the initial time, and κ is
the decay rate of the optical cavity field, which depends
on the coupling strength gk of the optical cavity field and
its corresponding reservoirs. We have q = (

b† + b
)
/
√

2
(quadrature definition), and thus we obtain

ȧ = − (κ + i�0) a + iG0aq + E +
√

2κain. (B10)

Similarly, the Heisenberg equations of motion for the
mechanical operator b and it is corresponding reservoir
operators �n are given by

ḃ = 1
i�

[b, HT] = −iωmb + i
G0√

2
a†a

− 1
2

∑

n

�n
(
�†

n − �n
)
, (B11)

ḃ† = 1
i�

[
b†, HT

] = iωmb† − i
G0√

2
a†a

+ 1
2

∑

n

�n
(
�†

n − �n
)
, (B12)

�̇n = 1
i�

[�n, HT] = −iωn�n − �n

(
b† + b

)

2
, (B13)

�̇†
n = 1

i�
[
�†

n, HT
] = iωn�n − �n

(
b† + b

)

2
. (B14)

Since we have the orthogonal relationship, q = (
b† + b

)
/√

2 and p = i
(
b† − b

)
/
√

2, where p and q are the dimen-
sionless position and momentum operators of the mir-
ror that satisfy the commutation relation [q, p] = i. The
derivatives of q and p with respect to time read

q̇ = 1√
2

(
ḃ† + ḃ

) = ωmp , (B15)

ṗ = i√
2

(
ḃ† − ḃ

) = −ωmq + G0a†a

+ i
∑

n

�n

(
�

†
n − �n

)

√
2

. (B16)

Equation (B15) corresponds to Eq. (4) in the main text.
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We now focus on a closed equation for p . Equations
(B13) and (B14) for �n and �

†
n can be formally integrated

to yield

�n (t) = �n (t0) e−iωn(t−t0) − 1
2
�n

∫ t

t0

[
b† (τ ) + b (τ )

]

× e−iωn(t−τ) dτ , (B17)

�†
n (t) = �†

n (t0) eiωn(t−t0) − 1
2
�n

∫ t

t0

[
b† (τ ) + b (τ )

]

× eiωn(t−τ) dτ . (B18)

We then eliminate the reservoir operators �n and �
†
n by

substituting Eqs. (B17) and (B18) into Eq. (B16), and
obtain

ṗ = −ωmq + G0a†a + � + ξ , (B19)

where

ξ (t) = i√
2

∑

n

�n
[
�†

n (t0) eiωn(t−t0) − �n (t0) e−iωn(t−t0)
]

(B20)

and

�(t) =
∑

n

(�n)
2
∫ t

t0
q(τ ) sin[ωn(t − τ)] dτ . (B21)

Equation (B20) is the same as Eq. (8) in the main text [54,
97].

We then integrate Eq. (B21) by parts and obtain

� (t) =
∑

n

(�n)
2

ωn
{q (t) cos [ωn (t − t0)]}t

t0

−
∑

n

(�n)
2

ωn

∫ t

t0
q̇ (τ ) cos[ωn(t − τ)] dτ . (B22)

The integrand function ς (t) = ∑
n [(�n)

2 cos (ωnt)]/ωn
can be seen to have the form of a memory function since it
makes the equation of motion at time t depend on the val-
ues of q̇ (t) for the previous time. Within the Born-Markov
approximation [98], we consider that ς (t) is a rapidly
decaying function and that the equation has a short mem-
ory. More precisely, if ς (t) goes to zero in a time scale that
is much less than the time over which q̇ (t) changes, then
we can replace q̇ (τ ) by q̇ (t). For t not close to the initial

time t0, we can drop the first term in Eq. (B22). Thus, Eq.
(B22) reads

� (t) ≈ −
∑

n

(�n)
2

ωn

∫ t

t0
q̇ (t) cos[ωn(t − τ)] dτ . (B23)

Similarly to the optical cavity mode a, using the
Weisskopf-Wigner approximation, we consider the spec-
trum to be given by the normal modes of a large scale,
L → +∞. A difference between phonons and photons is
that gk = g [k (ω)] = g (ω) is the coupling constant eval-
uated at ω ∝ k2. We then approximate this spectrum by a
continuous spectrum. Thus, the summation in Eq. (B23)
can be written as

� (t) ≈ −
∫ +∞

0

∫ t

t0
dω dτ

[� (ω)]2

ω
q̇ (t) cos

[ω (t − τ)] Db (ω) . (B24)

Considering an ideal situation, by setting [� (ω)]2Db (ω) /ω

= γ /π , we thereby obtain

� (t) ≈ −γ

π

∫ +∞

0

∫ t+0+

t0
dω dτ q̇ (t) cos [ω (t − τ)] .

(B25)

Using the relations

∫ +∞

0
cos[ω(t − τ)] dω = πδ (t − τ) , (B26)

and by substituting Eq. (B15) into �(t) ≈ −γ q̇ (t), we
arrive at Eq. (5) in the main text:

ṗ = −ωmq − γmp + G0a†a + ξ , (B27)

where the mechanical damping rate is γm = ωmγ , which
depends on the coupling strength �n and the characteristic
frequency of the mechanical oscillator ωm.

APPENDIX C: DETAILED DESCRIPTION OF THE
HIGH-FREQUENCY INVERSE-RESONANCE

REGION

In our work, we mainly focus on discussing the high-
frequency resonance range since its physical significance is
clear and universal. However, the high-frequency inverse-
resonance range does indeed exist and holds a specific
physical meaning, as explained below.

A high-frequency inverse-resonance range requires a
heat bath consisting of harmonic oscillators with negative-
energy modes. Such oscillators are equivalent to those with
negative mass, which have been studied in schemes to
evade quantum measurement back-action [99,100]. Such a
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scheme was experimentally demonstrated using an atomic
spin ensemble initially in its maximal-energy spin state
within a magnetic field. Spin flips decrease the energy and
correspond to excitations of a harmonic oscillator with a
negative mass [101]. Alternatively, a frame rotating faster
than the mode itself can effectively realize the negative-
energy mode, such as quantum back-action evading mea-
surement of collective mechanical modes [102,103]. In our
setup, a heat bath with negative frequencies can be imple-
mented through engineering dissipation in a multimode
optomechanical circuit [34,104,105].

We consider a mechanical mode coherently coupled
to a heat bath comprising negative-energy modes in
the inverse-resonance region ωm (λ) ωn (λ) � 0, which is
described by the Hamiltonian

H = �

∑

n

ωn (λ) �†
n�n + �ωm (λ) b†b

− i�
∑

n

�n

2
(
�†

n − �n
) (

b† + b
)

, (C1)

with the same symbols as defined in the main text. Here
the bare frequencies ωn (λ) � 0 and ωm (λ) � 0 vary with
respect to a parameter λ. To achieve filter design, we
introduce a frequency transformation

�̃n (t) = �n (t) exp [−i |ωn (λ)| t] and b̃ (t)

= b (t) exp [iωm (λ) t] (C2)

for �n (t) and b (t) in the interaction picture [49].
After the transformation, it becomes clear that the

mechanical mode has a positive phase (i.e., counterclock-
wise rotation), whereas its corresponding heat-bath mode
exhibits a negative phase (i.e., clockwise rotation). In the
presence of high-frequency inverse-resonance dominance,
we effectively eliminate the terms �̃nb̃† and �̃

†
nb̃ associ-

ated with high-frequency oscillations. After the filtering
process, we keep only the terms of �̃

†
nb̃† and �̃nb̃, and

hence Eq. (C1) becomes

H ′ = −�

∑

n

|ωn (λ)| �†
n�n + �ωm (λ) b†b

− i�
∑

n

�n

2
(
�†

nb† − �nb
)

, (C3)

which satisfies a typical coupling form between a positive-
energy mode and negative-energy modes.

Despite the negative frequency of the heat-bath mode
implying a negative mean thermal phonon number, it does
harbor intriguing physical features, namely level attrac-
tion [60]. Without loss of generality, now let us show it
by two minimal models. The first one is for the usual
level repulsion of two coherently coupled positive-energy

modes (the high-frequency resonance region, namely a
general red-detuned regime, wherein the dominant term
is −i��1(�

†
1b − �1b†)/2, which describes the exchange

of quanta between them [18]). The other one is for level
attraction of a negative-energy mode coherently coupled
to a positive-energy mode (the high-frequency inverse-
resonance region, namely a general blue-detuned regime,
wherein the dominant term is −i��1(�

†
1b† − �1b)/2,

which represents a two-mode squeezing interaction that
lies at the heart of parametric amplification [61]). There
is a symmetry relation linking the two cases, as they are
images of each other.

First, we derive level repulsion (LR) of two coupled
positive-energy modes with an energy crossing, which
has applications ranging from solid-state theory to quan-
tum chemistry. Two modes of positive energy interact, as
described by the Hamiltonian [60]

HLR = � |ω1 (λ)| �†
1�1 + �ωm (λ) b†b

− i�
�1

2

(
�

†
1b − �1b†

)
. (C4)

The equation of motion in the Heisenberg picture is given
by

d
dt

(
�1
b

)
= −i

( |ω1| 1
2 i�1

− 1
2 i�1 ωm

)(
�1
b

)
. (C5)

The hybridized eigenmodes ω̃LR of the system are obtained
by diagonalizing the coefficient matrix in Eq. (C5), and
have eigenfrequencies

ω±
LR=1

2

{
|ω1| + ωm ±

√
(|ω1| − ωm)2 + �2

1

}
, (C6)

where we drop the explicit λ dependence.
We now consider level attraction (LA). A negative-

energy mode is coherently coupled to a positive-energy
mode such that the system is described by the Hamiltonian

HLA = −� |ω1 (λ)| �†
1�1 + �ωm (λ) b†b

− i�
�1

2

(
�

†
1b† − �1b

)
. (C7)

The equation of motion in the Heisenberg picture is given
by

d
dt

(
�1
b†

)
= i

( |ω1| 1
2 i�1

1
2 i�1 ωm

)(
�1
b†

)
, (C8)

with the eigenmodes ω̃LA and the corresponding eigenfre-
quencies

ω±
LA = 1

2

{
|ω1| + ωm ±

√
(|ω1| − ωm)2 − �2

1

}
, (C9)

where we drop the explicit λ dependence.

044048-15



CHENG SHANG and HONGCHAO LI PHYS. REV. APPLIED 21, 044048 (2024)

(a) (b)

FIG. 8. Level repulsion and attraction are characterized by ω1
[60]. Two modes, whose bare frequencies depend on a parameter
λ, have a level crossing (dashed lines). When a coherent coupling
is introduced, it generally lifts the degeneracy between these
modes, leading to distinct behaviors. (a) In the more common
scenario of level repulsion, the coupling opens a gap between the
frequencies of the hybridized eigenmodes ω̃LR (blue solid lines)
and the eigenfrequencies ω±

LR bend away from each other. (b) In
contrast, in the case of level attraction, where one mode exhibits
negative energy, level attraction occurs. The real components of
the eigenfrequencies ω±

LA (blue solid lines) bend toward each
other, converging at two exceptional points marked by kinks.
Simultaneously, finite imaginary components of the frequencies
emerge (orange dashed lines). Notably, the mode with a negative
imaginary component becomes unstable, exhibiting exponential
growth.

The only difference between Eqs. (C6) and (C9) is the
sign in front of �2

1. However, that dramatically impacts
the physics. The Hermitian Hamiltonian (C7) can result
in a complex eigenvalue and unstable dynamics, in which
the eigenoperators cannot be interpreted as Bogoliubov
modes [106]. We depict the repulsion and attraction of
levels in Fig. 8. In contrast to the level repulsion (C4),
the level attraction (C7) has two prominent features. First,
the eigenfrequencies are drawn toward each other instead
of avoiding each other. Second, to satisfy the condi-
tion (|ω1 (λ)| − ωm)2 = �2

1, the frequencies acquire nega-
tive and positive imaginary parts, leading to exponential
growth and decay. Thus, the heat bath consisting of a group
of harmonic oscillators with negative modes in Hamilto-
nian (C3) exhibits instability. Furthermore, we observe that
the level attraction arises when the coupling term includes
a Pauli matrix with an imaginary coefficient.

In the case of level attraction, the interaction term
can be expressed as i�1σx/2 by decomposing it in terms
of Pauli matrices and omitting the term proportional
to the identity. In contrast, in the case of level repul-
sion, the interaction term would be −�1σy/2. In addition,
we decompose the coefficient matrix in Eq. (C8) into
[(|ω1| − ωm) σz + i�1σx]/2. If the first term has a larger
amplitude, the eigenfrequencies are real, while they are
complex if the second term dominates. It is worth noting
that when two Pauli matrices have coefficients of the same
amplitude, the matrix is proportional to σz + iσx. At this

point, the two eigenvectors coalesce, and a single eigen-
vector with a single eigenvalue subsists, is marked by an
exceptional point and corresponds to the point of maximal
nonreciprocity, which can lead to a nonreciprocal photon
transmission and amplification via reservoir engineering
[107]. More details are explained in Ref. [60]. To sum
up, we have shown that the negative frequency of the heat
bath holds a particular and significant physical meaning.
Firstly, the quantum back-action evading measurement of
collective mechanical modes provides the possibility to
prepare an ensemble of effective negative-mass oscillators.
Secondly, negative-energy modes coupled with a positive
mode, having opposite phases between a mechanical mode
and modes of the heat bath, can lead to an intriguing level
attraction of complex spectra associated with exceptional
points and unstable dynamics.

APPENDIX D: DETAILS OF THE DERIVATION OF
EQS. (11) AND (12)

In this appendix, we focus on deriving the nonlinear
Langevin equations satisfied by the filtering model HF
under the dominance of resonance effects. Specifically, we
concentrate on the mechanical mode b, keeping the opti-
cal cavity mode a in the same form as the dynamical
equation (6). By substituting the filtering model HF into
the Heisenberg equation, we obtain

ḃ = 1
i�

[b, HT] = −iωmb + i
G0√

2
a†a + 1

2

∑

n

�n�n,

(D1)

ḃ† = 1
i�

[
b†, HT

] = iωmb† − i
G0√

2
a†a + 1

2

∑

n

�n�
†
n,

(D2)

�̇n = 1
i�

[�n, HF ] = −iωn�n − �n

2
b, (D3)

�̇†
n = 1

i�
[
�†

n, HF
] = iωn�

†
n − �n

2
b†. (D4)

The derivatives of p and q with respect to time read

q̇ = 1√
2

(
ḃ† + ḃ

) = ωmp + 1
2

∑

n

�nqn, (D5)

ṗ = i√
2

(
ḃ† − ḃ

) = −ωmq + G0a†a + 1
2

∑

n

�npn. (D6)

We are interested in the system operators p and q. Equa-
tions (D3) and (D4) for �n and �

†
n can be formally
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integrated to yield

�n (t) = �n (t0) e−iωn(t−t0) − �n

2

∫ t

t0
b (τ )e−iωn(t−τ) dτ ,

(D7)

�†
n (t) = �†

n (t0) eiωn(t−t0) − �n

2

∫ t

t0
b† (τ )eiωn(t−τ) dτ .

(D8)

The parts of Eqs. (D5) and (D6) that contain environmental
operators qn and pn can be written as

1
2

∑

n

�nqn = 1
2

∑

n

�n
�

†
n + �n√

2
= 1

2

∑

n

�n
1√
2

× [
�†

n (t0) eiωn(t−t0) + �n (t0) e−iωn(t−t0)
]

−
∑

n

(
�n

2

)2 1√
2

[∫ t

t0
b† (τ )eiωn(t−τ) dτ

+
∫ t

t0
b (τ )e−iωn(t−τ) dτ

]
, (D9)

1
2

∑

n

�npn = 1
2

∑

n

�n

i
(
�

†
n − �n

)

√
2

= 1
2

∑

n

�n
i√
2

[
�†

n (t0) eiωn(t−t0) − �n (t0) e−iωn(t−t0)
]

−
∑

n

(
�n

2

)2 i√
2

[∫ t

t0
b† (τ )eiωn(t−τ) dτ

−
∫ t

t0
b (τ )e−iωn(t−τ) dτ

]
. (D10)

For convenience, we concisely express Eqs. (D9) and
(D10) as

1
2

∑

n

�nqn = 1
2
ξ ′ (t) − χ ′ (t) , (D11)

1
2

∑

n

�npn = 1
2
ξ (t) − χ (t) , (D12)

where

ξ ′ (t) =
∑

n

�n
1√
2

[
�†

n (t0) eiωn(t−t0) + �n (t0) e−iωn(t−t0)
]

,

(D13)

ξ (t) =
∑

n

�n
i√
2

[
�†

n (t0) eiωn(t−t0) − �n (t0) e−iωn(t−t0)
]

,

(D14)

χ ′ (t) =
∑

n

(
�n

2

)2 ∫ t

t0
{q (τ ) cos [ωn (t − τ)]

+ p (τ ) sin [ωn (t − τ)]} dτ , (D15)

χ (t) =
∑

n

(
�n

2

)2 ∫ t

t0
{p (τ ) cos [ωn (t − τ)]

− q (τ ) sin [ωn (t − τ)]} dτ . (D16)

Next, we make some approximations. In a similar way
to Appendix B, under the Born-Markov and Weisskopf-
Wigner approximations, Eqs. (D15) and (D16) become

χ ′ (t) = 1
4

∫ +∞

0

∫ t+0+

t0
dτ dω {q̇ (t) sin [ω (t − τ)]

− ṗ (t) cos [ω (t − τ)]} [� (ω)]2Db (ω)

ω
, (D17)

χ (t) = 1
4

∫ +∞

0

∫ t+0+

t0
dτ dω {ṗ (t) sin [ω (t − τ)]

+ q̇ (t) cos [ω (t − τ)]} [� (ω)]2Db (ω)

ω
. (D18)

Furthermore, we set [� (ω)]2Db(ω)/ω = γ /π . Then, by
using the relation

∫ +∞
0 cos[ω(t − τ)] dω = πδ (t − τ) and∫ +∞

0 sin[ω(t − τ)] dω =0, we find χ ′ (t) = −γ ṗ (t)/4 and
χ (t) = γ q̇ (t)/4.

Finally, Eqs. (D5) and (D6) can be rewritten as

q̇ = ωmp + γ

4
ṗ + 1

2
ξ ′, (D19)

ṗ = −ωmq − γ

4
q̇ + G0a†a + 1

2
ξ (t) . (D20)

We ultimately reproduce the same equations as Eqs. (11)
and (12) presented in the main text.

APPENDIX E: DETAILS OF THE DERIVATION OF
EQS. (15)–(17)

We set the mechanical damping rate as γm = ωmγ . For
the part of the quantum fluctuation operators, we have

δq̇ = ωmδp + γ

4
δṗ + 1

2
ξ ′, (E1)

δṗ = −ωmδq − γ

4
δq̇ + G0

(
α∗

s δa +αsδa† + δaδa†) + 1
2
ξ ,

(E2)

δȧ = − (κ + i�0) δa + iG0 (αsδq + qsδa + δaδq)

+
√

2κain. (E3)
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To decouple δq̇ and δṗ , by substituting Eqs. (E1) and (E2) into each other, we obtain

(
1 + γ 2

16

)
δq̇ = ωmδp − γm

4
δq + 1

2
ξ ′ + γ G0

4
(
α∗

s δa + αsδa† + δaδa†) + 1
8
γ ξ ,

(
1 + γ 2

16

)
δṗ = −ωmδq − γm

4
δp + G0

(
α∗

s δa + αsδa†) + 1
2
ξ + G0δaδa† − 1

8
γ ξ ′,

δȧ = − (κ + i�) δa + iG0αsδq +
√

2κain + iG0δaδq, (E4)

where γm = γωm. By dropping the second-order small terms, we obtain the linearized Langevin equations

δq̇ = ωmδp − γm

4
δq + 1

2
ξ ′, (E5)

δṗ = −ωmδq − γm

4
δp + G0

(
α∗

s δa + αsδa†) + 1
2
ξ , (E6)

δȧ = − (κ + i�) δa + iG0αsδq +
√

2κain, (E7)

which are consistent with Eqs. (15)–(17) in the main text.

APPENDIX F: DETAILS OF THE DERIVATION OF THE LYAPUNOV EQUATION

This appendix derives the Lyapunov equation A V + VAT + D = 0. We begin with the definition of the covariance
matrix. According to the definition [108], any matrix element of the covariance matrix can be expressed as

Vij (t) = 1
2
〈
μi (t) μj (t) + μj (t) μi (t)

〉
, (F1)

which satisfies the differential equation

dVij (t)
dt

= 1
2

〈
dμi (t)

dt
μj (t) + μi (t)

dμj (t)
dt

+ dμj (t)
dt

μi (t) + μj (t)
dμi (t)

dt

〉
. (F2)

The matrix elements of the differential equation (F2) read

μ̇i (t) =
∑

r

Airμi (t) + ni (t). (F3)

Substituting Eq. (F3) into Eq. (F2), we obtain

dVij (t)
dt

= +1
2

〈[
∑

r

Airμr (t) + ni (t)

]
μj (t) + μi (t)

[
∑

r

Ajrμr (t) + nj (t)

]〉

+ 1
2

〈[
∑

r

Ajrμr (t) + nj (t)

]
μi (t) + μj (t)

[
∑

r

Airμr (t) + ni (t)

]〉

=
∑

r

Air (t)Vrj (t) +
∑

r

Ajr (t)Vir (t) + Dij (t), (F4)

where

Dij(t) =
〈
ni (t) μj (t)

〉 + 〈
μi (t) nj (t)

〉 + 〈
nj (t) μi (t)

〉 + 〈
μj (t) ni (t)

〉

2
. (F5)
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We then calculate each term in Dij . For example, we have

〈
ni (t) μj (t)

〉 =
〈

ni (t)
∑

r

[
Mjr (t, t0) μr (t0) +

∫ t

t0
Mjr (t, τ) nr (τ ) dτ

]〉

=
∑

r

Mjr (t, t0) 〈ni (t) μr (t0)〉 +
∑

r

∫ t

t0
Mjr (t, τ)

〈
ni (t) nj (τ )

〉
dτ

=
∑

r

∫ t

t0
Mjr (t, τ)

〈
ni (t) nj (τ )

〉
dτ , (F6)

where M (t) = exp (At). Similarly, we obtain the other terms in Dij , which are

〈
μi (t) nj (t)

〉 =
∑

r

∫ t

t0
Mir (t, τ)

〈
nr (τ ) nj (t)

〉
dτ , (F7)

〈
nj (t) μi (t)

〉 =
∑

r

∫ t

t0
Mir (t, τ)

〈
nj (t) nr (τ )

〉
dτ , (F8)

〈
μj (t) ni (t)

〉 =
∑

r

∫ t

t0
Mjr (t, τ) 〈nr (τ ) ni (t)〉 dτ . (F9)

Hence, Dij can be written as

Dij =
∑

r

∫ t

t0
Mjr (t, τ)�

(1)
ir (t, τ) dτ +

∑

r

∫ t

t0
Mir (t, τ) �

(2)
rj (t, τ) dτ , (F10)

where

�
(1)
ir (t, τ) = 1

2
〈ni (t) nr (τ ) + nr (τ ) ni (t)〉 , (F11)

�
(2)
rj (t, τ) = 1

2
〈
nr (τ ) nj (t) + nj (t) nr (τ )

〉
. (F12)

The transposes of the column vector of noise operators are given by nT(t) = [0.5ξ ′(t), 0.5ξ(t),
√

2κXin(t),
√

2κYin(t)]. We
note that the nonzero correlation functions satisfy the following relations:

2 〈Xin (t) Yin (τ )〉 = −2 〈Yin (t) Xin (τ )〉 = −iδ (t − τ) , (F13)

2 〈Xin (t) Xin (τ )〉 = 2 〈Yin (t) Yin (τ )〉 = (2n̄a + 1) δ (t − τ) , (F14)

〈ξ (t) ξ (τ ) + ξ (τ ) ξ (t)〉 = 〈
ξ ′ (t) ξ ′ (τ ) + ξ ′ (τ ) ξ ′ (t)

〉 = 2γm (2n̄ + 1) δ (t − τ) . (F15)

To be concise, we set n̄a equal to zero. Using the relations (F13)–(F15), we calculate each term of �
(1)
ir (t, τ) and �

(2)
rj (t, τ).

The result is given by

�
(1)
ir =

⎛

⎜⎜⎜⎜⎝

�
(1)

11 �
(1)

12 �
(1)

13 �
(1)

14

�
(1)

21 �
(1)

22 �
(1)

23 �
(1)

24

�
(1)

31 �
(1)

32 �
(1)

33 �
(1)

34

�
(1)

41 �
(1)

42 �
(1)

43 �
(1)

44

⎞

⎟⎟⎟⎟⎠
= Dirδ (t − τ) , (F16)

where Dir = diag [γm (2n̄ + 1)/4, γm (2n̄ + 1)/4, κ , κ].
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Similarly, we obtain �
(2)
rj = Drj δ (t − τ) = diag [γm (2n̄ + 1)/4, γm (2n̄ + 1)/4, κ , κ] δ (t − τ). Therefore, Eq. (F10) can

be rewritten as

Dij =
∑

r

∫ t

t0
Mjr (t, τ)�

(1)
ir (t, τ) dτ +

∑

r

∫ t

0
Mir (t, τ) �

(2)
rj (t, τ) dτ

=
∑

r

∫ t

t0
Mjr (t, τ) Dirδ (t − τ) dτ +

∑

r

∫ t

t0
Mir (t, τ) Drj δ (t − τ) dτ

= 1
2

∑

r

IjrDir+1
2

∑

r

IirDrj = 1
2

∑

r

DirI T
rj +

1
2

∑

r

IirDrj ≡ D, (F17)

where D = diag [γm (2n̄ + 1)/4, γm (2n̄ + 1)/4, κ , κ].
Hence, we obtain

A V =
∫ ∞

t0
AM (τ )DM (τ )T dτ =

∫ ∞

t0

d
dτ

M (τ )DM (τ )T dτ , (F18)

VAT =
∫ ∞

t0
M (τ )D(AM (τ ))T dτ =

∫ ∞

t0
M (τ )D

d
dτ

M (τ )T dτ . (F19)

The combination of Eqs. (F18) and (F19) becomes

A V + VAT = +
∫ ∞

t0

d
dτ

[M (τ )DM (τ )T] dτ −
∫ ∞

t0
M (τ )

d
dτ

DM (τ )T dτ = [M (τ ) DM (τ )T]|+∞
t0 = −D. (F20)

When the stability conditions are satisfied, in the long-time limit, the derivative of the covariance matrix with respect to
time approaches zero, V̇ = 0, and the solution M (+∞) converges to zero. This produces the Lyapunov equation in the
main text, A V + VAT = −D.
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