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Tunable atom-cavity interactions with configurable atomic chains
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We investigate atomic chains with different spatial configurations coupled to a ring cavity comprising
two counterpropagating traveling modes. We describe the collective atom-light scattering effect with a
structure factor of the atomic chain and demonstrate that the interactions between the atoms and the cavity
are controlled by the structure factor, resulting in distinctly different collective excitation modes and energy
spectrum than for Fabry-Pérot cavities. Remarkably, we observe that a cavity dark mode emerges when
the atomic spacings are integer multiples of the half-wavelength. The nodes of this standing-wave dark
mode align precisely with the atomic positions, enabling intracavity field conversion without free-space
scattering. By adjusting the configuration of the atomic chain, we realize tunable photon routing and a
large optical phase shift with almost no photon loss, which can be used to implement versatile building
blocks for optical quantum engineering.
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I. INTRODUCTION

Cavity quantum electrodynamics with cold atoms is
a powerful platform with promising potential applica-
tions in quantum information processing [1–3]. A primary
objective in this field is to achieve controlled collective
atom-light interactions when many emitters are coupled
to the same cavity modes [4–6]. This collective cou-
pling plays a crucial role in inducing versatile long-range
atom-atom interactions [7,8], realizing optical phase shifts
and photon gates [9,10], and generating entangled atomic
ensembles that are useful in quantum metrology [11–16].
Recently, there has been growing interest in extending
cavity-coupled systems beyond atomic ensembles. Experi-
ments have realized spatially ordered arrays of cold atoms
coupled to optical cavities, demonstrating collective cavity
scattering [17], superresolution of optical fields [18], high-
fidelity midcircuit measurement [19], and deterministic
loading of cavity-coupled arrays [20].

While most analyses have focused on the interactions
between atoms and two-mirror Fabry-Pérot cavities, ring
cavities offer markedly distinct physics [21–23]. In a
Fabry-Pérot cavity, the intracavity field is a standing wave
that is spatially fixed, with its placement determined by
the boundary conditions of two cavity mirrors. The atom-
cavity coupling strength is maximized when atoms are
at the antinodes and minimized when they are at the
nodes. In contrast, a ring cavity supports two counter-
propagating traveling waves, each with an independent
dynamical phase determined by the positions of atoms.
Atoms can generate any combination of traveling waves
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and standing waves inside the cavity. The intracavity field
patterns can dynamically follow the atoms, freely translat-
ing within the cavity, characterized by a U(1) symmetry
[24,25]. Our objective is to investigate the intriguing inter-
play between atom-cavity coupling and the structure of the
atomic arrays.

In this paper, we consider an atomic chain that can be
configured in different spatial structures. The atomic chain
is coupled to a ring cavity that contains two degener-
ate counterpropagating modes. When the cavity is driven
by an external pump laser from a single direction, the
backscattering of the atomic chain generates the cavity
photons in both directions. The intracavity field pattern is
completely determined by the atomic chain. The collec-
tive atom-cavity interactions can be controlled by varying
the spatial arrangement of the atoms, yielding different
collective excitation modes and cavity response spectra.
Specifically, when the interatomic distances are integer
multiples of the half-wavelength, two cavity standing-
wave modes can spontaneously emerge. One of these
modes is a “dark mode,” where the nodes of the stand-
ing wave align precisely with the atoms. This cavity dark
mode is decoupled from the atoms, similarly to the elec-
tromagnetically induced transparency (EIT). Conversely,
the other mode is a “bright mode,” where the antin-
odes of the standing wave align with the atoms. Driving
the atom-induced dark mode, we achieve lossless optical
mode conversion between the two cavity counterprop-
agating traveling waves. We further analyze the cavity
output fields and find that within a broad range of experi-
mentally achievable values for the collective atom-cavity
cooperativity, photon routing in two cavity output
directions with low photon loss and substantial tuning
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range can easily be realized with an atomic chain con-
taining a few atoms. Moreover, a large optical phase shift
of the cavity output can be realized by tuning the spa-
tial structure of the atomic chain. Our results demonstrate
that atom arrays coupled to a ring cavity with two trav-
eling waves exhibit distinctly different physics from con-
ventional single-mode Fabry-Pérot cavities in tuning the
collective interactions between the atoms and the cavities.
This offers new capabilities in manipulating the optical
fields with atomic chains and realizing versatile building
blocks for applications in quantum information processing
[2,3,26–29] and optical quantum computing [30,31].

The remainder of this paper is organized as follows. In
Sec. II, we present the theoretical model and provide the
equations of motion. Section III focuses on finding the
cavity spectrum under the weak drive and tuning the atom-
cavity interactions by the structure factor of the atomic
chain. In Sec. IV, we explore a specific scenario in which
the interatomic distances are integer multiples of the half-
wavelength, resulting in two distinct standing-wave modes
that are either bright or dark with respect to the atoms. In
Sec. V, we use the input-output relation to determine the
relative power and the phases of the cavity output fields,
proposing a protocol for achieving low-loss tunable photon
routing. In Sec. VI, we discuss the experimental feasibility
of the setup and analyze the effect of atoms’ spatial uncer-
tainty on photon-routing processes. Finally, we end with a
summary of our findings in Sec. VII.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a chain of N identical
two-level atoms trapped in a ring cavity. The ring cavity
contains two degenerate counterpropagating modes repre-
sented by the annihilation (creation) operators â+ (â†

+) and
â− (â†

−) for the forward-propagating and the backward-
propagating modes, respectively. The position along the
cavity axis of each atom, xi, can be adjusted individually.
A coherent laser field with frequency ωp and amplitude ε

drives the cavity fields. The drive field is injected through
one of the cavity mirrors, copropagating with the cav-
ity forward mode. The Hamiltonian in the rotating frame
relative to ωp is given by

Ĥ = Ĥ0 + ĤI + ĤP, (1)

where

Ĥ0 = −δâ†
+â+ − δâ†

−â− − �

N∑

i=1

σ̂+
i σ̂−

i , (2a)

FIG. 1. An atomic chain confined within a ring cavity. The
system consists of N two-level atoms undergoing internal transi-
tions between the states |g〉 ↔ |e〉. These atoms interact with two
counterpropagating cavity modes â+ and â− simultaneously. The
position along the cavity axis of each atom, xi, can be adjusted
individually. The configuration of the atomic chain is described
by the structure factor S . The decay rate of each cavity mirror is
given by κi, while the atomic spontaneous-emission rate is given
by γ . A coherent laser field is injected into the cavity through
one of its mirrors to drive the system.

ĤI =
N∑

i=1

(
gi,−σ̂+

i â− + gi,+σ̂+
i â+

) + H.c., (2b)

ĤP = √
κin

(
ε∗â+ + εâ†

+
)

. (2c)

Here Ĥ0 refers to the free Hamiltonian of two cavity
modes and atoms, where σ̂−

i = |g〉i〈e| (σ̂+
i = |e〉i〈g|) are

the lowering (raising) operators of the ith atom. Addition-
ally, δ = ωp − ωc and � = ωp − ωa denote the detunings
of the cavity-mode frequency and the atomic resonance
frequencies from the drive laser. ĤI is the interaction
Hamiltonian of the cavity and the atoms under the rotating-
wave approximation. It is a straightforward generalization
of the Tavis-Cummings model [32], with the coupling
gi,ν depending on the propagation directions of the cavity
modes and the atomic position, such that gi,+ = geikxi and
gi,− = ge−ikxi , respectively, where k = ωc/c is the wave
number of the cavity modes. We assume that the cavity
modes couple to atomic transitions with the same cou-
pling strengths

∣∣gi,−
∣∣ = ∣∣gi,+

∣∣ = g. ĤP is the Hamiltonian
of the drive field, and κin is the decay rate of the input mir-
ror. Without loss of generality, throughout this work, we
consider only the case where â+ is driven directly.

The dissipations stemming from the atomic spontaneous
emission and cavity photon loss are considered within the
Lindblad master equation of density matrix ρ, which reads

044028-2



TUNABLE ATOM-CAVITY INTERACTIONS. . . PHYS. REV. APPLIED 21, 044028 (2024)

(� = 1)

ρ̇ = −i[Ĥ , ρ] + La[ρ] + Lc[ρ], (3)

where the dissipation operators are

La[ρ] =
N∑

i=1

γ

2
(
2σ̂−

i ρσ̂+
i − σ̂+

i σ̂−
i ρ − ρσ̂+

i σ̂−
i

)
, (4a)

Lc[ρ] =
∑

ν

κ

2
(
2âνρâ†

ν − â†
ν âνρ − ρâ†

ν âν

)
, (4b)

with ν ∈ {+, −}. The atomic spontaneous-emission rate is
γ and the total cavity decay rate is κ = κin + κ1 + κ2.

The time evolution of the operator’s expectation values
for the system can be obtained with the master equation
above:

∂t
〈
â+

〉 =
(

iδ − κ

2

)
〈â+〉 − i

N∑

i=1

g∗
i,+

〈
σ̂−

i

〉 − i
√

κinε, (5a)

∂t
〈
â−

〉 =
(

iδ − κ

2

) 〈
â−

〉 − i
N∑

i=1

g∗
i,−

〈
σ−

i

〉
, (5b)

∂t
〈
σ̂−

i

〉 =
(

i� − γ

2

) 〈
σ̂−

i

〉 + i
∑

ν

gi,ν
〈
σ̂ z

i âν

〉
, (5c)

∂t
〈
σ̂ z

i

〉 = −γ
(
1 + 〈

σ̂ z
i

〉) − 2i
∑

ν

gi,ν
〈
σ̂+

i âν

〉 + H.c.

(5d)

The steady-state solutions of Eqs. (5a)–(5d) can be
obtained by setting ∂t

〈
â+

〉 = ∂t
〈
â−

〉 = ∂t
〈
σ̂−

i

〉 = ∂t
〈
σ̂ z

i

〉 =
0 for i = 1, . . . , N .

III. TUNING ATOM-CAVITY INTERACTIONS
WITH THE STRUCTURE FACTOR

To understand the effect of the atomic chain spatial con-
figurations on the atom-cavity interactions, we examine
the system under the drive field ε by applying the weak-
excitation approximation 〈σ̂ z

i âν〉 ≈ −〈âν〉. The equations
governing the cavity fields are derived by elimination of
〈σ̂−

i 〉:

∂t〈â+〉 = i
(

δ̃ − Ng2

�̃

)
〈â+〉 − ig2S∗

�̃
〈â−〉 − i

√
κinε,

(6a)

∂t〈â−〉 = i
(

δ̃ − Ng2

�̃

)
〈â−〉 − ig2S

�̃
〈â+〉, (6b)

where �̃ = � + iγ /2 and δ̃ = δ + iκ/2. This shows that
the two cavity traveling-wave modes are coupled to each

other through the backscattering of the atomic chain. Here
we define the structure factor

S =
N∑

i=1

e2ikxi (7)

to describe the effect of the atomic chain configuration
on the scattering between the two cavity traveling waves,
where the factor of 2k is due to the scattering from the
forward mode â+ to the backward mode â−. Our struc-
ture factor is analogous to the structure factors used in
condensed-matter physics and crystallography. By adjust-
ment of the axial position of each atom individually, the
absolute value |S| can be varied within the range from 0 to
N , and the phase of S is determined by the center of mass
of the atom array.

Equations (6a) and (6b) demonstrates that despite the
drive field ε being injected through the input mirror and
copropagating with the cavity mode â+, the other cav-
ity field â− can be generated as a result of coupling
between two cavity modes â+ and â− as long as |S| 	= 0.
To explain this phenomenon, we perform the cavity basis
transformations

ĉ1 = 1√
2

( S
|S| â++â−

)
, (8a)

ĉ2 = 1√
2

( S
|S| â+−â−

)
, (8b)

when |S| 	= 0. Therefore, Eqs. (6a) and (6b) become a new
set of equations:

∂t〈ĉ1〉 = i
(

δ̃ − Ng2

�̃
− |S| g2

�̃

)
〈ĉ1〉 − i

√
κin

2
S
|S|ε, (9a)

∂t〈ĉ2〉 = i
(

δ̃ − Ng2

�̃
+ |S| g2

�̃

)
〈ĉ2〉 − i

√
κin

2
S
|S|ε, (9b)

where the cavity modes ĉ1 and ĉ2 are decoupled from each
other. It is evident from Eqs. (9a) and (9b) that the cav-
ity drive field ε in the â+ direction simultaneously excites
both the ĉ1 mode and the ĉ2 modes, with the steady-state
intracavity fields obtained by solving Eqs. (9a) and (9b) as

〈ĉ1〉ss = S√
κinε√

2 |S|
(
δ̃ − Ng2

�̃
− |S|g2

�̃

) , (10a)

〈ĉ2〉ss = S√
κinε√

2 |S|
(
δ̃ − Ng2

�̃
+ |S|g2

�̃

) . (10b)

Transformation of the decoupled basis ĉ1, ĉ2 back to the
original traveling-wave basis â+, â− with use of Eqs. (8a)
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and (8b) gives the steady-state solution of 〈â+〉 and 〈â−〉 as

〈
â+

〉
ss =

�̃
(
�̃ · δ̃ − g2N

)√
κin ε

(
�̃ · δ̃ − g2N

)2
− g4|S|2

, (11a)

〈
â−

〉
ss = �̃g2S√

κin ε
(
�̃ · δ̃ − g2N

)2
− g4|S|2

, (11b)

which can also be derived from Eqs. (6a) and (6b) directly.
In Fig. 2, we present the normalized steady-state

intracavity photon number for each cavity mode n+ =
κ

∣∣〈â+
〉
ss

∣∣2
/4|ε|2 and n− = κ

∣∣〈â−
〉
ss

∣∣2
/4|ε|2, as well as the

total intracavity photon number ntot = n+ + n− for vari-
ous values of |S|. Here the normalization factor for n+ and
n− is the photon number of the resonantly driven empty
cavity, 4|ε|2/κ . For simplicity, we consider that the ring
cavity has only one partially transmitting mirror, while all
the other mirrors are perfectly reflecting, such that κin = κ .
When |S| is minimized such that |S| = 0, the spectrum
of the system resembles that of a single-mode Fabry-Pérot
cavity. The â− mode is not excited in this case because the
backscattering of the atomic chain is zero. For intermedi-
ate values of |S|, for example, |S|/N = 1/2, the spectrum
exhibits two sets of shifted cavity spectra. When the atomic
chain is ordered such that the atomic spacings are integer
multiples of λ/2, |S| reaches its maximum value such that
|S|/N = 1. In this scenario, the spectrum of ntot has an
unshifted cavity mode centered at δ = 0.

In addition to the analysis of intracavity optical fields,
we also investigate the collective atomic excitations. We
simplify the system within the single-excitation states,
assuming that the cavity fields and atoms are weakly
excited. This assumption allows us to confine our focus to
the following relevant states: the photonic single-excited
states, |+〉 = â†

+|vac〉 and |−〉 = â†
−|vac〉, respectively, as

well as |Ei〉 = σ̂+
i |vac〉, where |vac〉 is the vacuum state,

with the number of cavity photons being zero and all of
the atoms being in the ground state. By restricting our
analysis to this basis, the effective undriven Hamiltonian
is expressed as follows:

Ĥeff = ω̃c(|+〉〈+| + |−〉〈−|) + ω̃a

N∑

i=1

|Ei〉 〈Ei|

+
N∑

i=1

(
gi,+|+〉 〈

Ei
∣∣+gi,−

∣∣ −〉 〈Ei|
) + H.c., (12)

where ω̃c = ωc − iκ/2 and ω̃a = ωa − iγ /2. Equation (12)
can also be equivalently represented in matrix form as

(
Hcav G
G† Hatom

)
.

Here Hcav = ω̃cI2 represents the cavity modes and Hatom =
ω̃aIN represents the atoms, where IN is the N -by-N identity
matrix. The interaction terms are as follows:

G =
(

ge−ik·r1 · · · ge−ik·rN

geik·r1 · · · geik·rN

)
.

We decompose G using singular-value decomposition as
G = U�V† [33,34]. When |S| > 0, from U we can find
two superposed single-photon states of the cavity c1 and c2
modes as follows:

|C1〉 = 1√
2

( S∗

|S| |+〉 + |−〉
)

, (13a)

|C2〉 = 1√
2

( S∗

|S| |+〉 − |−〉
)

. (13b)

From V we find two collective atomic excitations

|A1〉 = 1
N

N∑

i=1

α+
i |Ei〉 , (14a)

|A2〉 = 1
N

N∑

i=1

α−
i |Ei〉 (14b)

coupled to the cavity modes |C1〉 and |C2〉, respectively.
Here α±

i = eikxiS∗ ± e−ikxi |S| represents the coefficient of
each component and N is the normalization factor. The
nonzero elements of � are the singular values of G given
by

G1 = g
√

N + |S|, (15a)

G2 = g
√

N − |S|. (15b)

G1 is the coupling between the cavity mode |C1〉 and the
collective atomic excitation |A1〉, and G2 is the coupling
between |C2〉 and |A2〉, as shown in Fig. 3(b). Conse-
quently, the Hamiltonian (12) can be rewritten as

Ĥeff =
2∑

i=1

(ω̃c |Ci〉 〈Ci| + ω̃a |Ai〉 〈Ai| +Gi |Ci〉 〈Ai| +H.c.).

(16)

From this expression, we observe that the system can
be essentially interpreted as two cavity modes interacting
with two atomic excitations, respectively. The eigenval-
ues of the system are obtained by diagonalization of the
Hamiltonian (16), which yields

Ek,± =
(ω̃a + ω̃c) ±

√
(ω̃a − ω̃c)2 + 4G2

k

2
, (17)

where k = 1, 2. Equation (17) illustrates maximally four
nondegenerate polariton states. The real part corresponds
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(d) (e) (f)

(g) (h) (i)

(a) (b) (c)

FIG. 2. Mean values of the normalized intracavity photon number for three different atomic spatial configurations described by
|S|/N , when the cavity is driven by a pump laser propagating in the direction of the â+ mode. (a)–(c) Normalized total intracavity
photon number ntot as a function of the atom-cavity detuning �ac = ωc − ωa and the drive-cavity detuning δ = ωp − ωc. The eigenen-
ergies of the system, determined by Eq. (17), are represented by dashed white lines. The cuts through the dashed black lines are shown
in (d)–(i). The normalized intracavity photon numbers n+ in the â+ mode (solid red line), n− in the â− mode (solid blue line), and ntot
(dashed gray line) as a function of δ for cases when the atoms are (d)–(f) detuned from the cavity (�ac = 10γ ) and (g)–(i) resonant
with the cavity (�ac = 0). The other parameters are κ = 0.1γ , g = 0.5γ , and N = 20.

to the system’s spectrum as depicted by the dashed white
lines in Figs. 2(a)–2(c) and the imaginary part corresponds
to the linewidth of the spectral peaks. When the cavity and
atoms are on resonance (�ac = 0), the eigenfrequencies
are ±g

√
N ± |S|. In the dispersive regime, the frequency

shifts of the cavity modes are ±g2(N ± |S|)/�ac.
When |S| = 0, the singular-value-decomposition pro-

cess reveals that |C1〉 = |+〉 and |C2〉 = |−〉, with the cor-
responding collective atomic excitations given by |A1〉 =
1/

√
N

∑N
i=1 eikxi |Ei〉 and |A2〉 = 1/

√
N

∑N
i=1 e−ikxi |Ei〉 and

the couplings given by G1 = G2 = g
√

N . This indicates
that the â+ and â− traveling modes are independently cou-
pled with the atomic chain. Therefore, the drive field ε

propagating in the forward direction will excite only the
cavity â+ mode and the photon number of the â− mode
n− = 0 as shown in Figs. 2(d) and 2(g). In this special case,
the spectrum of the system is reminiscent of the spectrum
for a standing-wave Fabry-Pérot cavity.

IV. CAVITY BRIGHT AND DARK MODES WHEN
|S|/N = 1

The atomic chain is maximally structured with |S|/N =
1 when the atoms are distributed with the separations
equal to integer multiples of the half-wavelength. This
configuration gives rise to a cavity dark mode |C2〉 that
is decoupled from the atoms since the coupling G2 =
g
√

N − |S| = 0. The other cavity mode |C1〉 is referred
to as the “bright mode,” with collective coupling G1 =
g
√

N + |S| = g
√

2N . The dark mode corresponds to the
central peak at δ = 0 with the bare cavity linewidth κ for
any arbitrary �ac as depicted in Fig. 2(a). Remarkably,
cavity modes |C1〉 and |C2〉 are two distinct standing-wave
modes that are spontaneously generated through backscat-
tering of the cavity light by the atoms. As shown in Fig.
4(a), for the atom-induced dark mode |C2〉, the standing
wave is formed such that the locations of the nodes are
aligned with the atoms. For the bright mode |C1〉, the
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(a)

(b)

FIG. 3. Energy-level diagram of the system. (a) Two coun-
terpropagating cavity traveling modes |+〉 and |−〉 are cou-
pled to each of N atoms with position-dependent coupling
gi,+ = geikxi and gi,− = ge−ikxi as in Eq. (12). (b) The col-
lective interactions between the relevant atomic excitations
and the cavity modes are better revealed with two super-
posed cavity modes |C1〉 = 1√

2
[(S∗/|S|)|+〉 + |−〉] and |C2〉 =

1√
2

[(S∗/|S|)|+〉 − |−〉] that are coupled to two collective

atomic excitation modes |A1〉 = 1/N ∑N
i=1 α+

i |Ei〉 and |A2〉 =
1/N ∑N

i=1 α−
i |Ei〉 with coupling G1 = g

√
N + |S| and G2 =

g
√

N − |S|, respectively, as in Eq. (16). The remaining N − 2
atomic excitation modes |A3〉, . . . , |AN 〉 are decoupled from the
cavity.

antinodes are aligned with the atoms. Note that the stand-
ing waves of |C1〉 and |C2〉 will dynamically follow the
atoms when the atomic chain is displaced.

Figures 4(b)–4(d) show the frequencies and the
linewidths of the bright and dark modes in the disper-
sive regime. The bright mode |C1〉 is excited when the
drive field is tuned at the bright-mode eigenfrequency δ ≈
2Ng2/�ac. In this case, the free-space scattering is twice
as much as that in a Fabry-Pérot cavity, resulting in an
increased linewidth κ ′ ≈ κ + 2Nγ

�2
ac+γ 2/4

g2.
Conversely, the dark mode |C2〉 is excited when the

drive field is tuned to δ = 0. This situation presents a seem-
ingly counterintuitive photon transfer. Even though the
drive field ε directly excites only the â+ mode, an intracav-
ity field with equal amplitudes of the â+ and â− traveling
waves is established by the atoms through backscattering.
However, the atoms reside at the nodes of the induced
cavity standing wave. Therefore, there are no photons scat-
tered into the free space due to the zero coupling strength
between the cavity and the atoms at the nodes, resulting in
a nonbroadened linewidth κ ′ = κ in Fig. 4(c).

(a)

(b)

(c) (d)

FIG. 4. (a) The dark mode and the bright mode generated
by atoms when |S|/N = 1. The nodes of the dark mode and
the antinodes of the bright mode are aligned with the atoms.
The red and blue arrows represent the intracavity fields of the
â+ and â− traveling modes, respectively. The angle between
these two arrows denotes the relative phase between the two
traveling waves in different positions. (b) Total normalized intra-
cavity photon number given |S|/N = 1 for different values of
N . The cavity dark mode |C2〉 is centered at δ = 0. The shift
and the broadening of the bright mode |C1〉 increase with N . (c)
Linewidths and (d) frequency shifts of the |C1〉 (red) and |C2〉
(blue) cavity modes as a function of |S|. When |S|/N = 1, |C1〉
and |C2〉 correspond to the cavity bright and dark mode, respec-
tively. The other parameters are κ = 0.1γ , g = 0.5γ , � = 10γ ,
and N = 10.
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How can atoms transfer photons from the â+ mode to
the â− mode while residing at the nodes of the stand-
ing wave and having zero couplings to the cavity? The
dark mode |C2〉 and the bright mode |C1〉 are well sepa-
rated if δ = 2Ng2/�ac � κ ′ = κ + 2Ng2γ /�2

ac, or equiv-
alently

√
NC/2 � 1, where the collective cooperativity

NC = 4Ng2/κγ . At δ = 0, the dark mode is resonantly
excited, while the off-resonant bright mode is only weakly
generated, resulting in slightly higher power in the â+ trav-
eling wave than in the â− traveling wave. Therefore, the
intracavity field is a partial standing wave with the field
amplitudes at the positions of the atoms being minimal but
not zero, as depicted in Fig. 4(a). The atoms are weakly
coupled to the cavity, providing backscattering from the â+
mode to the â− mode, while introducing very low photon
loss into free space.

This nearly lossless photon transfer is analogous to the
EIT, with the cavity |+〉 and |−〉 modes being two ground
states and multiple atomic excited states as shown in Fig.
3. The destructive interference of different transition path-
ways from |+〉 and |−〉 to |E1〉, . . . , |EN 〉 leads to the
formation of the dark state |C1〉 with coupling G2 = 0
to |A2〉, inhibiting the excitation of the atomic states and
leading to zero free-space scattering.

This phenomenon is similar to the normal mode splitting
caused by coupling between two traveling waves through
the backscattering of atoms confined in optical lattices and
nanomembranes interacting with ring cavities [35,36] and
has been applied to detect nanoparticles with use of a high-
Q microresonator [37,38].

V. TUNABLE PHOTON ROUTING WITH LOW
PHOTON LOSS

Inspired by the lossless photon transfer between the two
cavity traveling waves â+ and â− originating from the
dark mode, we next demonstrate tunable low-loss photon
routing by varying the configuration of the atomic chain.
The ring cavity naturally supports two output modes âout

+
and âout

− in different directions that can be used for photon
routing, as shown in Fig. 5(a).

Using the standard input-output relations [39]

âin
± + âout

± = √
κinâ±, (18)

we obtain the steady-state output fields are obtained by
substitution of Eqs. (11a) and (11b) for â± into Eq. (18):

〈
âout

+
〉
ss =

�̃
(
�̃ · δ̃ − g2N

)
εκin

(
�̃ · δ̃ − g2N

)2
− g4|S|2

+ iε, (19a)

〈
âout

−
〉
ss = �̃g2Sεκin

(
�̃ · δ̃ − g2N

)2
− g4|S|2

, (19b)

(c)

(a)

(b)

(d)

FIG. 5. (a) Realization of tunable photon routing by the ring
cavity coupled to the configurable atomic chain. The normalized
photon number of the cavity output modes âout

+ , âout
− in two dif-

ferent directions with respect to δ in the case of (b) |S|/N = 1
and (c) |S| = 0. When the drive light is resonant with the cavity,
δ = 0, the output light is predominantly in the âout

− direction such
that nout

− ≈ 1 when |S|/N = 1 and is predominantly in the âout
+

direction such that nout
+ ≈ 1 when |S| = 0. (d) Normalized out-

put photon number as a function of the atomic structure factor
|S| at δ = 0. The power ratio between the two output modes can
be adjusted by variation of |S|, while the normalized total output
power (indicated by the black line) remains close to unity. This
demonstrates tunable photon routing with almost no photon loss.
The other parameters are κ = 0.1γ , g = 0.5γ , �ac = 10γ , and
N = 10.

where we assume that the drive field is injected through
one of the cavity mirrors and copropagates with the cavity
mode â+, such that

〈
âin

+
〉 = −iε and

〈
âin

−
〉 = 0.
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In Figs. 5(b) and 5(c), we present the cavity output
photon number normalized to the input photon number
denoted as nout

± = ∣∣〈âout
±

〉∣∣2
/
∣∣〈âin

+
〉∣∣2. The dependence of nout

±
on the input-light detuning δ is examined for two dis-
tinct atomic spatial configurations, |S|/N = 1 and |S| =
0, under the condition of a large atom-cavity detuning.
When |S|/N = 1, the output nout

− exhibits two peaks at the
eigenfrequencies of the atom-cavity system. Particularly,
when δ = 0, the output fields predominantly consist of the
transmitted light generated from the backscattering of the
atomic chain such that nout

− ≈ 1 and nout
+ ≈ 0. As discussed

in Sec. III, in this scenario, the intracavity field is an equal
superposition of |+〉 and |−〉, and the vanishing of nout

+ is
due to the destructive interference between the reflected
light and the transmitted light in the âout

+ direction at the
input-mirror interface.

However, when |S| = 0 and δ = 0, the output field
entirely comprises the light reflected from the mirror sur-
face such that nout

+ ≈ 1 and nout
− ≈ 0. In this situation, the

cavity mode â− remains unexcited, and the system behaves
akin to a standing-wave Fabry-Pérot cavity. Since the cav-
ity resonance frequency is shifted by 2g2N/�ac, the input
light with δ = 0 is far off resonance if

√
NC/2 � 1, result-

ing in nearly complete reflection of the input light. This is
consistent with Fig. 2(d), which shows that the intracavity
photon number is almost zero in this case.

For 0 < |S| < N , there are output fields in both direc-
tions âout

+ and âout
− . When δ = 0, the relative power of the

two output modes can be adjusted by change of the config-
uration |S| as shown in Fig. 5(d). Notably, the normalized
total output photon number nout

tot = nout
+ + nout

− is close to
unity for any value of |S| in the dispersive regime. Conse-
quently, a tunable photon router is realized with almost no
photon loss, as depicted in Fig. 5(a).

To assess the performance of the photon router with tun-
able relative power in two output ports, we consider two
crucial technical parameters in the following discussion.
The first parameter is

nloss = max
|S|

(
1 − nout

tot

)
, (20)

which is the maximum photon loss over different values of
|S| in Fig. 5(d), resulting from the free-space scattering.
The analytical result for the maximum photon loss [Eq.
(20)] can be derived as

1
NC + 1

+

√(
1 + 4�2

γ 2

) [
(NC + 1)2 + 4�2

γ 2

]

4(NC + 1)�2/γ 2 − γ 2

4�2

(21)

for NC > 2 and 2|�|
γ

< β, and as

4NC
(NC + 1)2 + 4�2/γ 2 (22)

for other situations. Here β = (NC + 1)√
(NC − 2)/3NC + 2. Note that � = �ac since the loss-

less tunable photon router works at δ = 0.
The second parameter is the tuning range of the pho-

ton router W = max|S|
(
nout

−
)
. It can be seen from Fig. 5(d)

that nout
− = 0 when |S| = 0, and nout

− reaches the maximum
value when |S|/N = 1. W is given by

W = 4N 2C2

(2NC + 1)2 + 4�2/γ 2 . (23)

Figure 6(a) illustrates the maximum photon loss nloss and
the tuning range W as a function of the collective cooper-
ativity NC and the atom-cavity detuning |�|/γ . The maxi-
mum loss nloss decreases with increasing |�| for fixed NC.
This is because a large detuning reduces the scattering of
photons into free space. Given a fixed |�|, the tuning range
W increases with NC because a higher collective coopera-
tivity generates a larger number of photons in the backward
â− mode. Tunable photon routing with the tuning range
W ≥ 0.9 and the maximum photon loss nloss ≤ 0.01 is
realized in the shaded area in Fig. 6(a), where NC > 278.
This means that with a single-atom cooperativity C ∼ 30
that is practically achievable in current experiments, an
atomic chain containing as few as ten atoms can serve
as an optical router. Note that the maximum photon loss
nloss converges to

(√
1 + 4�2/γ 2 − 1

)
/
(
4�2/γ 2

)
when

NC � 1, which indicates the existence of a minimum
detuning |�/γ |min ≈ 1/2nloss if nloss � 1.

So far we have assumed that only the input mirror of the
cavity is partially transmitting and that all the other mirrors
are perfectly reflecting. In reality the nonzero transmission
of the other mirrors as well as the mirror loss (κ > κin)
results in a reduction in the tuning range W , as demon-
strated in Fig. 6(b). This reduction occurs due to the
cavity field leakage through the other mirrors and loss. The
reflected field and the transmitted field in the âout

+ direction
at the input mirror can no longer interfere fully destruc-
tively, and nout

+ is not zero. Therefore, the photon-routing
range increases with the ratio of the input-mirror transmis-
sion rate to the cavity total decay rate κin/κ . The photon
leakage through other mirrors also leads to photon loss.
The maximum photon loss nloss is plotted as a function
of κin/κ in Fig. 6(c). The minimal loss nloss → 0 when
κin/κ → 0 because no light can be coupled into the system.

Moreover, a tunable optical phase shift of the output
fields can also be realized by a change of the atomic struc-
ture factor. As shown in Fig. 7(a), the phase ϕ+ of the
output mode âout

+ relative to the input mode âin
+ depends
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∆

in

= 278.3

|∆| ⁄ = 91.3

= 278.3

|∆| ⁄ = 91.3

lo
ss

(a)

(b)

(c)

FIG. 6. (a) Contour plot of the maximum photon loss nloss and
the tuning range W with the collective cooperativity NC and
the normalized detuning �/γ . The area to the right of the blue
(light-blue) contour corresponds to nloss < 0.01 (nloss < 0.02).
The region above the orange (light-orange) contour corresponds
to W > 0.9 (W > 0.8). The shaded region above the red star
indicates the overlap of nloss < 0.01 and W > 0.9. (b) Tuning
range W and (c) maximum photon loss nloss as a function of
κin/κ , with NC and �/γ corresponding to the values at the red
star in (a).

on the absolute value |S|. There can be a phase shift of
about π on the cavity output âout

+ when |S|/N is changed
at a given δ. For |S|/N = 1, the phase ϕ+ changes abruptly
at the dark-mode resonance and smoothly near the bright
mode. Similarly, for |S|/N = 1/2, there are two phase

empty 
cavity

|S|/N =
1

2

|S|/N = 1

|S|/N = 0

+
/

/

(a)

arg (S)/

(b)

(
+
−

−
) /

|S|/N = 0.5

|S|/N = 1 

|S|/N = 0.1

= 0

FIG. 7. Phase ϕ+ of the output mode âout
+ versus δ at selected

values of S compared with the empty cavity. There can be a
phase shift of up to π on the cavity output when |S|/N is changed
at a given δ. (b) The relative phase (ϕ+ − ϕ−) /π between the
modes âout

+ and âout
− can be tuned continuously by displacement

of the center of mass of the atomic chain described by the
phase of S . The phase variation is insensitive to the absolute
value of S . The other parameters are δ = 0, κ = 0.1γ , g = 0.5γ ,
�ac = 10γ , and N = 10.

crossovers near the two shifted cavity resonances. For
|S| = 0, the phase curve is akin to that of a Fabry-Pérot
cavity. In addition, we can also compute the phase ϕ− of
the output mode âout

− . The relative phase ϕ+ − ϕ− between
the output modes âout

+ and âout
− can be continuously tuned

by displacement of the center of mass of the atomic chain,
indicated by the phase of S as shown in Fig. 7(b). This
tunable phase shift may have potential applications in
realizing robust atom-photon quantum gates [2,3,26].

In summary, by tuning the structure factor S , photons
can be routed between the two output modes âout

+ and âout
− ,

and the relative phase between the two modes ϕ+ − ϕ−
can be shifted over an arbitrary range. This is because the
structure factor S offers two degrees of freedom that can
be independently controlled in experiments. One degree
of freedom is the relative structure of the array described
by |S|, determined by the relative distances between the
atoms. By toggling |S|/N between 1 and 0, photons are
routed or switched between the two output directions. The
second degree of freedom is the overall phase of S , given
by the center of mass of the atom array. By displacing the
atom array and changing its center of mass—thus alter-
ing the phase of S—the phase of the output photons can
be continuously shifted in multiples of 2π , enabling large
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FIG. 8. Numerical calculation of the reduction of the structure
factor |S|/N resulting from atomic position uncertainty at finite
temperature. The atom-array trap frequency is set to ωr/2π =
160 kHz, and the temperature T is approximately 2.5 µK, lead-
ing to a standard deviation σ of the atom position of 20 nm. The
dashed line is the analytical result for |S|/N = exp(−2k2σ 2)

valid for large atom number N .

phase shifts. Therefore, independent control over the rel-
ative structure of the array |S|/N and the center of mass
of the array (the phase of S) allows the realization of both
photon routing or switching and large optical phase shifts,
which is crucial in optical communication networks and
quantum information processing.

VI. EXPERIMENTAL FEASIBILITY

In this section, we discuss the experimental realization
of the setup. The one-dimensional configurable atomic
chain can be realized by the trapping of atoms in pro-
grammable optical tweezer arrays [40,41]. We evaluate
the effect of the atomic position uncertainty on the struc-
ture factor S and the photon-routing tuning range W . We
take rubidium atoms as an example, in a tightly focused
optical tweezer with typical beam waist w = 0.8 µm and
trapping depth U/h = 36 MHz, and radial trapping fre-
quency ωr =

√
4U/mw2 ≈ 2π × 160 kHz. With the stan-

dard Raman-sideband cooling, atoms can be cooled to
temperature T ∼ 2.5 µK, corresponding to approximately
95% population occupation in the trap vibrational ground
state. At this temperature, the standard deviation of the
atom position σ is 20 nm. The structure factor is given
by S = ∑N

i=1 exp
[
2ik(ri + σx,i)

]
, where xi is the trap cen-

ter position and σx,i is the position deviation of the ith
atom. When xi is an integer multiple of λ/2 such that ide-
ally |S|/N = 1, we randomly sample σx,i with standard
deviation σ = 20 nm and numerically calculate |S|/N
with the rubidium wavelength λ = 780 nm. As shown in
Fig. 8, |S|/N decreases to approximately 0.95 when N is
large. This is consistent with the analytical result |S|/N =

exp(−2k2σ 2) for large N . This reduction of |S|/N = 0.95
has a very negligible effect on the emergence of the cavity
bright and dark modes, changing the interaction strength,
the resonance frequencies, and the linewidths by only 5%.
For the photon-routing performance, the slight reduction of
|S|/N = 0.95 does not change the maximum photon loss
nloss, but reduces the tuning range to W = 0.86 with the
parameter values in Fig. 5(d).

VII. CONCLUSIONS

In conclusion, we have shown that the collective atom-
light interactions can be tuned by a configurable atomic
chain coupled to a ring cavity. Unlike a Fabry-Pérot cav-
ity with fixed standing-wave intracavity fields, the field
pattern inside a ring cavity is determined by the spatial
structure of the atomic chain. Therefore, the spectrum of
the atom-cavity system is governed by the structure fac-
tor S . When |S| = 0, the two traveling waves of the ring
cavity are not coupled, resulting in a spectrum similar to
that of a single-mode Fabry–Pérot cavity. However, when
|S| 	= 0, the atoms couple the two traveling waves through
backscattering. Driving of the cavity forward mode â+
also induces excitation in the backward mode â−. Espe-
cially when the atoms are distributed with separations
equal to integer multiples of the half-wavelength such that
|S|/N = 1, the system supports a dark mode with the
standing-wave nodes aligned with the atoms. This dark
mode has no frequency shift or broadening since it is
decoupled from the atoms. Remarkably, such a configu-
ration of |S|/N = 1 enables lossless photon transfer from
one traveling-wave mode to the other, similarly to the EIT.
Furthermore, we investigate the cavity output fields and
find that the photons can be routed in two cavity out-
going directions by changing the structure of the atomic
chain. The tuning range W > 0.9 and the maximum pho-
ton loss nloss < 0.01 can be reached when the collective
cooperativity NC � 278, which can be readily realized in
experiments with an atomic chain consisting of just a few
atoms. Moreover, a large optical phase shift of multiples of
2π on the cavity output can be achieved by displacement
of the atomic chain. As a result, the system of atom arrays
coupled to a ring cavity has significant potential for prac-
tical applications in quantum information processing and
optical quantum computing.

Note that while the coupling of the photon direction
with the atom-array structures can be used to realize pho-
ton switching and routing, we can reverse this capability
and use the emitted directional photons as an effective
quantum readout of the collective states of the atom array.
Unlike destructive fluorescence images acquired via high-
resolution microscopy, this readout is nondestructive since
the cavity photons reveal only collective properties of the
atomic system.
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